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Overview

Overarching goals:

• Manifestation of QCD in terms of hadrons and/or nuclei using EFTs

• Understanding how nuclear physics arises from QCD

Pionless EFT in three-body systems and approximate symmetries:

• Wigner-SU(4) symmetry

- Cold neutron-deuteron radiative capture

• Large Nc expansion

- Dark matter (DM) scattering off light nuclei

Four-body systems

• Renormalization group (RG) behavior of four-body observables

- Role of three-body Efimov states
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Motivation

Figure 1: Source: https://universe.nasa.gov/universe/basics/
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Motivation

Figure 2: Proton-Proton chain. Source:
https://en.wikipedia.org/wiki/Proton%E2%80%93proton_chain#/media/File:Fusion_in_the_Sun.svg
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Pionless EFT

• Expansion parameter: Q ∼
Mlow
Mhigh

∼
γt

mπ
≈

1
3

• LO two-nucleon interactions and low-energy coefficients (LECs) in the partial wave basis:

C
3S1

(
NTP

3S1
i N

)† (
NTP

3S1
i N

)
, C

1S0
(
NTP

1S0
a N

)† (
NTP

1S0
a N

)
• Sum over all diagrams of the same order and match LECs to two-body poles:

C
3S1 =

4π
mN

1
γt − µ

, C
1S0 =

4π
mN

1
γs − µ

,

µ: subtraction point in power divergence subtraction scheme (Kaplan, Savage, and Wise 1998);
µ ∼ linear divergence from two-body loop diagram in three-spatial dimension.
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Two- and Three-Nucleon Systems

Figure 3: Geometric sum for dressed dibaryon

Figure 4: Three-body integral equation for scattering amplitude. Equivalent to Faddeev equation.

Figure 5: Three-body force (P. Bedaque, Hammer, and van Kolck 1999; P. F. Bedaque, Rupak, Grießhammer, and
Hammer 2003)
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Dressed Trimer and Trimer Vertex Function

Figure 6: Geometric sum for dressed trimer

Figure 7: Integral equation for trimer vertex function

• Dressed trimer propagator can be used to calculate three-body force and trimer wavefunction
renormalization factor

• Trimer vertex function G is needed in any calculation involving a three-body bound state (e.g., form
factor, breakup, elastic scatterings)
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Three-Nucleon Systems: Cold nd Capture

Cold radiative nd Capture
(Lin, Singh, Springer, and Vanasse 2023)

• Necessary for studying proton-deuteron capture

• Five parity-violating (PV) interactions at LO in pionless EFT for two and three nucleons. PV
observables in nd and pd capture? (See pionless EFT study of PV in np capture by Schindler and
Springer 2010 and in nd scattering by Vanasse 2012)

• Approximate symmetries, power counting, renormalization group (RG) behavior

• Numerical and analytical method for more complicated processes, e.g., proton-deuteron capture,
four-nucleon systems with external currents.
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Three-Nucleon Systems: Form Factor and Breakup Diagrams

Figure 8: Example diagrams for trimer form factor

Figure 9: Example diagrams for trimer breakup.
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Three-Nucleon Systems: Observables up to NLO

LO
(
O(Q0)

)
NLO

(
O(Q1)

)
Strong interactions

γt/s

h(Λ)
rt/s

M1 transitions κ0, κ1 L(0)1 , L(0)2

σnp [mb], exp = 334.2(5) 325.2 22.1+ 27.3
(
L(0)1 [fm]+ 6.41

)
µ3H

[
e

2mN

]
, exp = 2.98 2.75 0.03+ 0.28

(
L(0)1 [fm]+ 6.41

)
σnd [mb], exp = 0.508(15) 0.31 −0.07 + 0.13

(
L(0)1 [fm]+ 6.41

)
Table 1: Parameters and observables with M1 transitions. σnp and µ3H are calculated by Chen, Rupak, and Savage
1999 and Vanasse 2018, respectively. σnd is from our calculation Lin, Singh, Springer, and Vanasse 2023.
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Three-Nucleon Systems: Observables up to NLO

LO
(
O(Q0)

)
NLO

(
O(Q1)

)
σnp [mb], exp = 334.2(5) 325.2 22.1+ 27.3

(
L(0)1 [fm]+ 6.41

)
µ3H

[
e

2mN

]
, exp = 2.98 2.75 0.03+ 0.28

(
L(0)1 [fm]+ 6.41

)
σnd [mb], total 0.31 −0.07 + 0.13

(
L(0)1 [fm]+ 6.41

)
σnd [mb], Spin=

1
2

0.16 0.01 + 0.16
(
L(0)1 [fm]+ 6.41

)
σnd [mb], Spin=

3
2

0.15 −0.08 − 0.035
(
L(0)1 [fm]+ 6.41

)
Table 2: Parameters and observables with M1 transitions. σnp and µ3H are calculated by Chen, Rupak, and Savage
1999 and Vanasse 2018, respectively.
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Wigner-SU(4) Symmetry

Wigner-SU(4) Symmetry

Background:

• Approximate symmetry of nuclear interactions with four degrees of freedom (p ↑, p ↓, n ↑, n ↓)

• First studied byWigner 1937

• Recent lattice results using Wigner-SU(4) symmetric nuclear interactions given by Lu et al. 2019

Example of two-nucleon interactions at LO:

• In the Wigner basis:

CI

(
N†N

)2
, Cσ

(
N†σiN

)2
, Cτ

(
N†τ aN

)2
, Cστ

(
N†σiτ aN

)2
• Two independent interactions (Fierz identities):

− 1
2 C̃I

(
N†N

)2
, − 1

2 C̃σ

(
N†σiN

)2
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Wigner-SU(4) Symmetry

Example of two-nucleon interactions at LO:

• In the Wigner basis:

CI

(
N†N

)2
, Cσ

(
N†σiN

)2
, Cτ

(
N†τ aN

)2
, Cστ

(
N†σiτ aN

)2
• Two independent interactions (Fierz identities):

− 1
2 C̃I

(
N†N

)2
, − 1

2 C̃σ

(
N†σiN

)2
• Transform to partial wave basis:

C
3S1 = C̃I − 3C̃σ , C

1S0 = C̃I + C̃σ

• C̃σ breaks Wigner-SU(4) symmetry. In the Wigner-SU(4) limit, C̃σ → 0, which means

C
3S1 = C

1S0 −→ γt = γs

Some intuition about Wigner-SU(4) symmetry:

• Cancellation of e.g., spin-dependent forces

• Relates nuclear systems to bosonic systems, e.g., three-nucleon system and three-boson system

• Emerges (Kaplan and Savage 1996) in the limit of large number of QCD colors (large Nc limit)
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Wigner-SU(4) Symmetry: Parameterizations

In the Wigner-SU(4) limit, we take

γt/s → γ =
1
2
(
γt + γs

)
, rt/s → r =

1
2
(rt + rs) (1)

Parameterization of Wigner-SU(4) breaking:

δ =
1
2
(
γt − γs

)
, δr =

1
2
(rt − rs) (2)

Relative sizes of the Wigner-SU(4) breaking:

δ

γ
≈ 50%,

δr

r
≈ 10% ∼ Q2 (3)

• Two-nucleon systems and three-nucleon scatterings at low energies: generally non-perturbative
in δ, but perturbative in δr which enters at N3LO.
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Wigner-SU(4) Symmetry: Three-Body Bound State Properties

Figure 10: Example diagrams for trimer form factor

Q: What about three-body bound states? Is it perturbative in δ?
A: Yes! ∼ 10% correction from δ.(Vanasse and Phillips 2017; Vanasse 2018).

• Wigner-SU(4) symmetry and separation between two- and three-body scales

• Triton vertex function dominated (∼ 90%) by Wigner-SU(4) symmetric part

In the limit of Wigner-SU(4) symmetry (Vanasse 2018),

µLO3H =
〈
3H

∣∣∣ 3∑
i=1

(
κ0 + κ1τ

i
)
σi

∣∣∣3H〉 = κ0 + κ1 = µp = 2.79

[
e

2mN

]
, (4)

to be compared with µexp3H = 2.98 and µLO3H = 2.75 with physical paramters.
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Wigner-SU(4) Symmetry: nd Capture with M1 Transitions

Figure 11: Example diagrams for trimer form factor

Q: What about neutron-deuteron capture?
A: Although t is not perturbative in δ (δ/pn), in the limit of Wigner-SU(4) symmetry we have

ALOnd =
〈
nd

∣∣ 3∑
i=1

(
κ0 + κ1τ

i
)
σi

∣∣∣3H〉 = (κ0 + κ1)
〈
nd

∣∣∣3H〉 = 0, (5)

which explains why σnd is so small at LO!

Q: Is pionless EFT expansion alone sufficient to understand nd capture?
A: No, we also need the approximate Wigner-SU(4) symmetry.
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Wigner-SU(4) Symmetry: nd Capture with M1 Transitions

Figure 11: Example diagrams for trimer form factor

Q: Higher orders and multi-nucleon currents?
A: That’s tricky. At NLO,

• in the Wigner-SU(4) limit, two-body currents not required for RG invariance, σNLOnd = 0;

• in the physical limit, two-body current needed for RG invariance and fit to other observables. nd
capture can be sensitive to two-body currents.

At NNLO,

• Orthogonality does not work for energy-dependent three-body force H2(E,Λ) (see, e.g., Formánek,
Lombard, and Mareš 2004)→ enhanced contribution from H2(E,Λ)

• More divergence
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nd Capture: Combined Pionless EFT and Wigner-SU(4) Expansion

• Pionless EFT expansion alone:

• Wigner-SU(4) expansion for the LO term: δw = δ/κ∗
3 , where κ

∗
3 is a three-body scale:

A(1)
Q0 = A(1)

Q0δ0w︸ ︷︷ ︸
0

+A(1)
Q0δ1w

+ · · ·

• Combined expansion (superscript H2 indicates contribution from H2(E,Λ)):

And =



0︸︷︷︸
O(Q0)

+A(1)
Q0δ1w︸ ︷︷ ︸

O(Q1)

+

(
A(1)
Q1δ1w

+ A(1, H2)
Q2δ0w

+ A(2)
Q1δ1w

+ A(3)
Q2δ0w

)
︸ ︷︷ ︸

O(Q2)

, if δw ∼ Q

0︸︷︷︸
O(Q0)

+ 0︸︷︷︸
O(Q1)

+

(
A(1)
Q0δ1w

+ A(1, H2)
Q2δ0w

+ A(3)
Q2δ0w

)
︸ ︷︷ ︸

O(Q2)

, if δw ∼ Q2
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nd Capture: Cutoff Dependence at NNLO

LO
(
O(Q0)

)
NLO

(
O(Q1)

)
NNLO

(
O(Q2)

)
Strong interactions

γt/s (2N)
h(Λ) (3N)

rt/s (2N) H2(E,Λ) (3N)

M1 transitions κ0, κ1 (1N) L(0)1 , L(0)2 (2N) L(1)1 , L(1)2 (2N)
? (3N)

Table 3: Parameters up to NNLO

Figure 12: Cutoff dependence of NNLO correction to
triton magnetic moment without three-nucleon magnetic
moment counterterm
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Figure 13: Counterterm needed to renormalize
µ3H at NNLO. κ̃0(Λ) − κ̃1(Λ) is fit to µexp

3H
.
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nd Capture: Cutoff Dependence at NNLO

LO
(
O(Q0)

)
NLO

(
O(Q1)

)
NNLO

(
O(Q2)

)
Strong interactions

γt/s (2N)
h(Λ) (3N)

rt/s (2N) H2(E,Λ) (3N)

M1 transitions κ0, κ1 (1N) L(0)1 , L(0)2 (2N) L(1)1 , L(1)2 (2N)
κ̃0(Λ), κ̃1(Λ) (3N)

Table 4: Parameters up to NNLO

Figure 14: Counterterm needed to renormalize σnd at
NNLO. κ̃0(Λ) − κ̃1(Λ) is fit to µexp

3H
.

Figure 15: Cutoff dependence of σNNLO
nd including

κ̃0(Λ) − κ̃1(Λ).
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nd Capture: Sensitivity to Two-Nucleon Currents and Results

Figure 16: Correlation between L(0)1 and L(1)1 . Error bars (colored regions) represent naive pionless EFT error at NLO
(at NNLO) for each observable. “NLO overlap” represents the range of L(0)1 that reproduces all three observables within
NLO error. “×” is the best fit to all three observables at NNLO. Table shows σNNLO

nd for two different fittings.

• High sensitivity of σNLOnd to L(0)1 is reflected by the red error bar being much shorter.

• At NLO there exists an overlap among all three error bars.

• At NNLO there exists an overlap among all shaded regions.
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Large Nc Expansion

Large Nc Expansion

• Additional symmetry for SU(Nc) gauge theory in the limit Nc → ∞, where Nc is the number of
colors in QCD, and use 1/Nc as an expansion parameter (’t Hooft 1974; Witten 1979).

• Constrain relative sizes of LECs of nucleon interactions (Kaplan and Savage 1996) at a given EFT
order→ increase predictive power of combined EFT-large-Nc expansion

• Very useful when data is insufficient to fit all LECs at a given EFT order, e.g., parity violation
(Schindler, Springer, and Vanasse 2016), DM-light-nuclei elastic scatterings (Richardson, Lin, and
Nguyen 2022)
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Large Nc Expansion

1. Single-baryon matrix element of m-quark operators (Dashen, Jenkins, and Manohar 1995):

⟨B′|O(m)
I,S /N

m
c |B⟩ ≲ N−|I−S|

c , S : spin, I : isospin (6)

2. Two-nucleon matrix element factorizes in the large-Nc limit (Kaplan and Savage 1996):

⟨NαNβ |O1O2|NγNδ⟩
Nc→∞−−−−→ ⟨Nα|O1|Nγ⟩⟨Nβ |O2|Nδ⟩+ cross term (7)

3.1 Scalings of (overcomplete) LO LECs in pionless EFT, for example:

CI,Cστ ∼ O(Nc), Cσ ,Cτ ∼ O
(

1
Nc

)
(8)

3.2 Set of independent LECs (caution!):

C̃I ∼ O(Nc), C̃σ ∼ O
(

1
Nc

)
(9)

4. Transform to partial wave basis

C
3S1 = C̃I − 3C̃σ (10)

Nc→∞
= C

1S0 = C̃I + C̃σ (11)
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Large Nc Expansion and Dark Matter

Application: Dark Matter Scattering off Light Nuclei
(Richardson, Lin, and Nguyen 2022)

• Large Nc scaling of for single- and two-nucleon-WIMP (spin = 1/2) operators

• Combined Pionless-EFT-large-Nc expansion for DM-light-nuclei (up to 3H/3He) elastic scatterings

• Useful for understanding the character of DM with future DM direct detection experiment using
3He/4He as targets
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Large Nc Expansion and Dark Matter

Large Nc scaling of single-nucleon-DM current can be obtained using the scaling of single-baryon matrix
element. To get the scaling of two-nucleon-DM matrix element ⟨NαNβχ|OχNN|NγNδχ⟩, we assume
(Richardson and Schindler 2020)

• nucleonic part takes a Hartree form, just like the nucleon-nucleon interaction, in the large Nc limit

• nucleonic part factorizes in the large Nc limit

Large Nc scaling is then obtained in a similar manner to nucleon-nucleon interactions, e.g.,

LχNN =
(
χ†χ

)[
C1,χNN

(
N†N

)2
+ C2,χNN

(
N†σiN

)2
+C3,χNN

(
N†τ aN

)2
+ C4,χNN

(
N†σiτ aN

)2]
(12)

LECs scale as

C1,χNN, C4,χNN ∼ O(Nc), (13)

C2,χNN, C3,χNN ∼ O(
1
Nc

) (14)

(then reduce to independent LECs, · · · ). Seven independent zero-derivative two-nucleon-DM LECs,
three ∼ O(Nc), three ∼ O(1), one ∼ O(1/Nc).
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Low-energy DM-3He Elastic Scatterings

Relevance for future DM direct detection experiment using 3He/4He as targets

• Ratios between DM-light-nuclei cross sections:

σSI
0, 3He

σSD
0, 3He

∼ O(1) ∼
σSI
0, 3He

σSI
0, 2H

,
σSD
0, 3He

σSD
0, 2H

∼ O(N2
c), where SI: · · ·

(
χ†χ

)
, SD: · · ·

(
χ†σiχ

)
(15)

Figure 17: Response function |F|2 of 3He for scalar DM
omitting iso-vector interactions. x is fit to |F|2 of
deuteron from QMC + ChEFT by Andreoli, Cirigliano,
Gandolfi, and Pederiva 2019.

Figure 18: Response function |F|2 of 3He for scalar DM
including iso-vector interactions.
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Four-Body Systems

Four-Body Systems
Why?

• Four-boson, four-nucleon, four-body nuclear systems, and universalities

• renormalization group behavior of four-body observables and role of Efimov physics

Figure 19: Three-boson binding energies B3 as a function of cutoff. Previous studies limited to relatively low cutoffs.
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Four-Body Integral Equation

Figure 20: Diagrammatic 4B integral equation without 3B force (Brodsky et al. 2006)

Γ′3: 4-boson amplitude for outgoing dimer-two-single-boson.

Γ2: 4-boson amplitude for outgoing dimer-dimer states.

• 3B amplitude and thus 3B bound-state poles do not appear explicitly

Oct. 24, 2023 27 Lin, Xincheng



Four-Body Integral Equation with Three-Body Amplitudes

Figure 21: 4B integral equation with 3B amplitudes (Lin 2023). t′ is half off-shell.

• 3B poles and residues of t can be obtained explicitly using

• Use Cauchy’s principal value prescription to include/subtract 3B poles. Cutoff barrier removed!
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Four-Body Results for Cold 4He Atoms

Figure 22: Tetramer binding energies as a function
cutoff (Lin 2023)

E(0)
4 : tetramer ground state

E(1)
4 : tetramer excited state

B(0)
3 : trimer ground state

• Convergence at Λ ≳ 1000
√
mB2

• Misleading plateau at Λ ≲ 250
√
mB2

Table 5: Results for cold 4He atoms. Three-boson force fit to the starred (*) value.

B(0)
3 [mK] E(1)

4 [mK] E(0)
4 [mK]

Our results *128.500 128.503(1) 523.4(5)
Platter et al. 2004 127 128[3] 492[25]

Blume and Greene 2000 125.5 132.7 559.7
Lazauskas and Carbonell 2006 126.39 127.5 557.7
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Four-Body Results for Cold 4He Atoms

Figure 22: Tetramer binding energies as a function
cutoff (Lin 2023)

E(0)
4 : tetramer ground state

E(1)
4 : tetramer excited state

B(0)
3 : trimer ground state

• Convergence at Λ ≳ 1000
√
mB2

• Misleading plateau at Λ ≲ 250
√
mB2
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Lazauskas and Carbonell 2006 126.39 127.5 557.7
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Correlations between the trimer and tetramer binding energies

Figure 23: Correlations between trimer and tetramer binding energies, Tjon lines (Tjon 1975) in nuclear physics. a is
the two-boson scattering length.
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Results near the unitary limit

Figure 24: Correlations between E(0)
4 and E(1)

4 near the unitary limit Hadizadeh et al. 2011 with our results
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Results near the unitary limit

Figure 24: Correlations between E(0)
4 and E(1)

4 near the unitary limit Hadizadeh et al. 2011 with our results

E(0)
4 /B(0)

3 Γ
(0)
4 /(2B(0)

3 ) E(1)
4 /B(0)

3 Γ
(1)
4 /(2B(0)

3 )

Our results 4.58(1) 0.0151(1) 1.0015(3) 2.06(2)× 10−4

Deltuva 2010 4.6108 0.01484 1.00228 2.38× 10−4

von Stecher 2010 4.55 - 1.003 -
von Stecher et al. 2009

(Supp., with V3b)
4.55 - 1.001 -
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Results near the unitary limit

Figure 24: Correlations between E(0)
4 and E(1)

4 near the unitary limit Hadizadeh et al. 2011 with our results

• E(1)
4 being close to B(0)

3 in the unitary limit carries over to the physical limit of cold 4He atoms.
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Summary and Outlook

Summary of what we did:
• 3B systems in Pionless EFT combined with

- Approximate Wigner-SU(4) symmetry to understand cold nd capture and relatively large
contribution from multi-nucleon currents. Important because Pionless EFT expansion alone is not
sufficient to understand cold nd capture, and Wigner-SU(4) symmetry alters its power counting.

- Large Nc expansion to constrain DM-light-nuclei scatterings. Useful for future DM direct
detection experiments using 3He and 4He as targets and help understand the character of DM.

• 4B systems

- Include/Subtract 3B poles to study RG behavior at large cutoffs. Demonstrated convergence of
B4 at large cutoffs, and verified that no 4B force is needed at LO. Also important for higher-order
calculations due to slower convergences there.

Outlook:
• Parity violation in nuclear reactions, e.g., nd capture, n 3He scattering

• DM-4He scattering with large Nc constraints

• Other four-body systems (e.g., cluster systems) and techniques (e.g., quantum simulation)

Acknowledgement: I would like to thank Jared Vanasse and Roxanne Springer for their support and comments. This
material is based upon work supported by the U.S. Department of Energy, Office of Science, Office of Nuclear Physics,
under Award Number DE-FG02-05ER41368
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nd Capture: Result and Comparison

Figure 24: Pionless EFT results compared with potential model calculations (Marcucci et al. 2005) and experiment
(Jurney, Bendt, and Browne 1982). Solid and short dashed lines represent errors from naive pionless EFT expansion.
Long dashed lines represent propagated errors from L(0)/(1)1 fit.
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Error Analysis

Naive error of an observable at m-th order (denoted Om):

∆N(Om) =
∣∣∣βQm+1Om

∣∣∣ (16)

where the subscript “N” indicates “naive” error. Suppose a LEC Cm at m-th order is fit to the
experimental value of the observable (Oexp), the error above can be propagated to Cm:

∆Cm =

∣∣∣∣∣ ∆N(Om)

∂Om/∂Cm

∣∣∣∣∣ (17)

=

∣∣∣∣∣βQm+1Oexp

∂Om/∂Cm

∣∣∣∣∣ ,
Calculating a different observable O′

m using this Cm will lead to an error on O′
m:

∆P(O′
m) =

∣∣∣∣∣∂O′
m

∂Cm

∣∣∣∣∣∆Cm (18)

where the subscript “P” indicates “propagated” error
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Preliminary Results of E1 Contributions

• One-, two-, and three-nucleon currents obtained from gauging kinetic terms

Figure 25: Preliminary results on triton photo-disintegration cross section as a function of photon energy. Experimental
data from Faul, Berman, Meyer, and Olson 1981.
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Large Nc Expansion

Consider one-quark operator,

Si = q†
σi

2
q, Ia = q†

τ a

2
q, Gia = q†

σi

2
τ a

2
q. (19)

For physical baryon, the large Nc scaling of their single-baryon matrix elements is given by

⟨B| Si |B⟩ ∼ ⟨B| Ia |B⟩ ∼ O(1) (20)
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