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We need relativistic DISSIPATIVE hydro!
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What does “dissipation”  mean?
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Dissipation is irreversibility
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Heat equation vs Backward heat equation

𝜕𝑡𝑇 = 𝜕𝑥
2𝑇

𝑡

𝑥

−𝜕𝑡𝑇 = 𝜕𝑥
2𝑇

𝑥

𝑡Dissipative Unstable

Time reversal



Goal: Implement this behaviour in relativity

We know that it is possible (Israel-Stewart, divergence-type, BDNK,…). 
But for some reason it is hard!
There is something about dissipation that makes it “delicate”.



Goal: Implement this behaviour in relativity

We know that it is possible (Israel-Stewart, divergence-type, BDNK,…). 
But for some reason it is hard!
There is something about dissipation that makes it “delicate”.

Example:  
- Misner-Thorne-Wheeler (“Gravitation”): Exercise 22.7;
- Weinberg (“Gravitation and cosmology”): Pages 53-58; 

They present the theory of Eckart, the first relativistic viscous theory (1940).



Eckart theory
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Eckart theory

The ocean accelerates!

Assume  𝑝𝑥 = 0
𝑥

𝑄

𝑣

𝑡 10−34𝑠

𝑣

𝑐



Diffusion equation

𝜕𝑡𝑇 = 𝜕𝑥
2𝑇

It is first order in time. Thus, you need to fix 𝑇 0, 𝑥 .
Boost it! 

𝛾 𝜕𝑡′ − 𝑣𝜕𝑥′ 𝑇 = 𝛾2 𝜕𝑥′
2 − 2𝑣𝜕𝑥′𝜕𝑡′ − 𝑣2𝜕𝑡′

2 𝑇

It is second order in time. Thus, you need to fix 𝑇 0, 𝑥′ , 𝜕𝑡′𝑇(0, 𝑥
′).

You have ‘double’ solutions.
𝑇 𝑡′, 𝑥′ = 𝑇𝐷 𝑡′, 𝑥′ + 𝑇𝑈 𝑡′, 𝑥′

Dissipative

Looks like 
" 𝜕𝑡𝑇 = 𝜕𝑥

2𝑇 "

Unstable

Looks like 
" − 𝜕𝑡𝑇 = 𝜕𝑥

2𝑇 "



Apparently,  Λ 𝐷𝑖𝑠𝑠𝑖𝑝𝑎𝑡𝑖𝑣𝑒 = 𝑈𝑛𝑠𝑡𝑎𝑏𝑙𝑒
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It is time to explain this!
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Perturbations in the real world…
Dissipative Dissipative



𝑡𝐵

𝑥𝐵

𝑡𝐴

𝑥𝐴

…But what if, for some reason, something 
propagates outside the lightcone?

Dissipative Unstable!!!

Dissipation cares about chronology. Causality violations reverse it in Bob’s frame.



A concrete example

Metal Rod

Alice

Bob

𝑣 ≈ 𝑐

𝜕𝑇

𝜕𝑡𝐴
=
𝜕2𝑇

𝜕𝑥𝐴
2 + 𝑆𝑜𝑢𝑟𝑐𝑒



Minkowski Diagram

𝑇 𝑡𝐴, 𝑥𝐴 =
Θ 𝑡𝐴

4𝜋𝑡𝐴
exp −

𝑥𝐴
2

4𝑡𝐴

Retarded Green function:

𝜕𝑡𝐴𝑇 = 𝜕𝑥𝐴
2 𝑇 + 𝛿 𝑡 𝛿 𝑥



Superluminal propagation

Some heat 
propagates 
faster than 
light

𝑇 𝑡𝐴, 𝑥𝐴 =
Θ 𝑡𝐴

4𝜋𝑡𝐴
exp −

𝑥𝐴
2

4𝑡𝐴

Retarded Green function:

𝜕𝑡𝐴𝑇 = 𝜕𝑥𝐴
2 𝑇 + 𝛿 𝑡 𝛿 𝑥



The effect precedes the cause

Some heat 
propagates 
backward in 
time Violation of causality: 

the heat is there before 
Alice injects it!



Some snapshots

𝑡𝐵 = −3

𝑡𝐵 = −1

Looks like " − 𝝏𝒕𝑻 = 𝝏𝒙
𝟐𝑻" (unstable)



Recall :    𝑇 𝑡′, 𝑥′ = 𝑇𝐷 𝑡′, 𝑥′ + 𝑇𝑈 𝑡′, 𝑥′

𝑡𝐵 = −3 Pure 𝑻𝑼
Looks like " − 𝝏𝒕𝑻 = 𝝏𝒙

𝟐𝑻" (unstable)

𝑡𝐵 = 3

𝑡𝐵 = 5
Pure 𝑻𝑫
Looks like "𝝏𝒕𝑻 = 𝝏𝒙

𝟐𝑻" (dissipative)

𝑡𝐵 = −1



Main message

1) If you break causality, then 
dissipation cannot be 
Lorentz-invariant.

2) If causality holds, then all 
observers agree on whether the 
fluid is dissipative or unstable.
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A useful theorem
Theorem: If a causal linear theory presents a growing Fourier mode in some 
reference frame, then it is unstable in all reference frames. 

Proof: Boost it    𝜑 𝑡′, 𝑥′ = 𝑒𝛾(𝑡
′+𝑣𝑥′) sin 𝑘′𝑥′ − 𝜔′𝑡′
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A useful theorem
Theorem: If a causal linear theory presents a growing Fourier mode in some 
reference frame, then it is unstable in all reference frames. 

Proof: Boost it    𝜑 𝑡′, 𝑥′ = 𝑒𝛾(𝑡
′+𝑣𝑥′) sin 𝑘′𝑥′ − 𝜔′𝑡′

𝑥′
𝑒−1

𝑒0

𝑒+1

𝑒+2

𝑒−2

𝑒+3
𝑡′

𝜑 0, 𝑥′
Note: it diverges in space as x′ → +∞

𝑥′



A useful theorem
Theorem: If a causal linear theory presents a growing Fourier mode in some 
reference frame, then it is unstable in all reference frames. 
Proof: Construct a new solution by “gluing” initial data.

𝑒−1

𝑒0

𝑒+1

𝜑∗ 0, 𝑥′

Now the initial state is “innocent”.

𝑥′

𝑡′

𝑥′

?

Causality implies that we can “glue” 
the solutions in the respective Cauchy 
developments.



A useful theorem
Theorem: If a causal linear theory presents a growing Fourier mode in some 
reference frame, then it is unstable in all reference frames. 
Proof: Construct a new solution by “gluing” initial data.

𝑒−1

𝑒0

𝑒+1

𝜑∗ 0, 𝑥′

Now the initial state is “innocent”.

𝑥′

𝑡′

𝑥′

?

𝜑∗ 𝑡′, −𝑡′ − 1 = 𝜑 𝑡′, −𝑡′ − 1 ∝

𝑒𝛾 1−𝑣 𝑡′ → +∞. Unstable!   Q.E.D.

−1



In conclusion

Dissipation is Lorentz-invariant if and only if 
information cannot travel faster than light.



In conclusion

Dissipation is Lorentz-invariant if and only if 
information cannot travel faster than light.

Thank you for 
your attention!



Appendices



𝑡𝐵

𝑥𝐵

The instability is violent!

It is the growth time (not 
the growth rate!) that 
changes sign smoothly 
when we go from the 
stable to the unstable 
reference frames.

In some frame, the 
instability is infinitely fast!

Δ𝑡𝐵



p

The result is general



𝑡0

𝑡0 + Δ𝑡

p

Alice’s point of  view

𝑡0 + 2Δ𝑡



p

Bob’s point of  view

There is at least one 
growing solution of the 
source-less equations 
⟹ instability!



In summary

Dissipation is compatible with Special Relativity 
only if information cannot travel than light (i.e. causality).

Why “information”?

Alice can choose whether to perturb the system of not.
Thus, she can send a binary message (True-False) to all 
observes who sit inside the acoustic cone!



Causality is a tricky beast!

Simulations of the QGP in a heavy-ion 
collision:
- Red = acausal;
- Purple = unknown;
- Blue = causal.

The best simulations currently 
available propagate information faster 
than light!

If you do not believe me, ask the 
authors ☺

(Phys. Rev. C 105, L061901, 2022)



Acausal simulations are everywhere

This accretion disk, if simulated 
correctly, should explode within one 
numerical timestep.

(P. Chris Fragile et al 2018 ApJ 857 1)



What if  you have simulated an acausal theory?

Plot the acoustic cone…

Time-step of the simulation

Good!
Bad!



Cold Neutron Stars

Cold neutron stars are superfluid.
We need a relativistic generalization of 
Landau’s two-fluid model.



Neutron Mergers

Bulk-viscous effects due to nuclear 
reactions may be important.



Cosmology

Also the Universe is bulk-viscous!



And, of  course, the quark-gluon plasma!

But I leave this topic to better people…



Example: boosted heat equation

𝜕𝑇

𝜕𝑡′
− 𝑣

𝜕𝑇

𝜕𝑥′
= 𝐷𝛾

𝜕2𝑇

𝜕𝑥′2
− 2𝑣

𝜕2𝑇

𝜕𝑥′𝜕𝑡′
+ 𝑣2

𝜕2𝑇

𝜕𝑡′2

𝜕𝑇

𝜕𝑡′
= 𝐷𝛾𝑣2

𝜕2𝑇

𝜕𝑡′2

𝑇 = 𝑇0 +
ሶ𝑇0

Γ+
𝑒Γ+ 𝑡′ − 1 Γ+ =

1

𝐷𝛾𝑣2
> 0

t’

T

Thermal runaway!Homogeneous limit:

The rate diverges when we 
approach 𝑣 = 0… as expected.

𝜕𝑇

𝜕𝑡
= 𝐷

𝜕2𝑇

𝜕𝑥2



The curious case of  bulk viscosity

Navier-Stokes:      Π = −𝜁∇𝜇𝑢
𝜇

Bad! Acausal, unstable, breaks the arrow of 
time.
Experiment: mixture of two species {𝑎, 𝑏} with 
a reaction

𝑎 + 𝑎 ↔ 𝑏 + 𝑏
This is a thermodynamically consistent theory!
Introduce the affinity 𝐴 = 𝜇𝑏 − 𝜇𝑎 (= 0 at 
equilibrium)
Expand in the affinity. Eventually you get

𝜏 ሶΠ + Π = −𝜁∇𝜇𝑢
𝜇

Now yes! Causal, stable and consistent with the 
arrow of time.

First fully General-Relativistic bulk-viscous 
simulation of neutron star oscillations 
(Camelio et al. arXiv:2204.11810 )

https://arxiv.org/abs/2204.11810


Brief  recap: Lorentz boost



“True”  equation does not imply “true”  solution

Newton’s second law
𝑚 ሶ𝑣 = −𝛾𝑣

Solutions:
𝑣 𝑡 = 𝑣 0 𝑒−𝛾𝑡/𝑚

Its derivative
𝑚 ሷ𝑣 = −𝛾 ሶ𝑣

You have an unphysical solution: 𝑣 𝑡 = 𝑣 0 .

A “true” fact about the system

A reliable tool to predict the future
(i.e. an equation of motion)

A “true” fact about the system

A non-reliable tool to predict the future
(it is not a proper equation of motion)



A well-known example: radiation reaction

Abraham-Lorentz-Dirac radiation reaction force:

𝑚 ሷ𝑥 = 𝐹𝑒 𝑥, ሶ𝑥 + 𝑏ഺ𝑥

Space of possible states: 𝑥, ሶ𝑥, ሷ𝑥

The phase space is larger than the usual space 𝑥, ሶ𝑥 of 
dynamical systems. You have many more solutions. 
Most of them blow up!

Dirac’s proposal: the only physical solutions are those 
that don’t blow up.  Use future knowledge to set 

ሷ𝑥 = ሷ𝑥 𝑥, ሶ𝑥 .



Another example: the boosted heat equation

𝜕𝑇

𝜕𝑡′
− 𝑣

𝜕𝑇

𝜕𝑥′
= 𝐷𝛾

𝜕2𝑇

𝜕𝑥′2
− 2𝑣

𝜕2𝑇

𝜕𝑥′𝜕𝑡′
+ 𝑣2

𝜕2𝑇

𝜕𝑡′2

𝜕𝑇

𝜕𝑡
= 𝐷

𝜕2𝑇

𝜕𝑥2
ቊ
𝑡′ = 𝛾 𝑡 − 𝑣𝑥

𝑥′ = 𝛾 𝑥 − 𝑣𝑡
Boost it!

I define 𝑇−1 ≔ −𝛽𝜈𝛽
𝜈, so I 

do not need to “transform” 𝑇

Let’s take a look at the state space:
In the rest frame 𝑇(𝑥) ;
In the boosted frame 𝑇 𝑥′ , 𝜕𝑡′𝑇 𝑥′ ;
There are many more solutions. Most of them blow up! Example:   𝑇 𝑡′, 𝑥′ = exp 𝑡′/𝐷𝛾𝑣2

Dirac-like solution: use future knowledge to set  𝜕𝑡′𝑇 𝑡′=0 = 𝜕𝑡′𝑇[𝑇𝑡′=0].  Not very practical…


