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Goal of ab initio nuclear structure
First-principles understanding of nature Nuclei from QCD
Can we understand the origin of “simple patterns in complex nuclei”?

i.e., emergent collective correlations

Ab initio?
Adapted from B. Schwarzschild, Physics Today 63(8), 16 (2010).
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1.7 Low-energy collective structure in doubly-even nuclei

4+  11400

4+   4123

4+   1858

4+     740

4+     417 4+     417

4+     233

4+     142

6+   8113

6+   3533

6+     852 6+     833

6+     483

6+     2942+   3040

2+   1369

2+     752

2+     261

2+     129 2+     131

2+       71
2+       43

0+         0 0+         0 0+         0 0+         0 0+         0 0+         0 0+         0 0+         0

4Be4
8

12Mg12
24

24Cr24
48

38Sr38
76

38Sr62
100

62Sm70
132

62Sm98
160

94Pu146
240

0

500

1000

0

5000

10000

E
x
ci

ta
ti
o

n
 e

n
e

rg
y
  

(k
e

V
)

Figure 1.65: Examples of rotational nuclei from across the entire mass surface with proton and neutron
numbers corresponding to mid-open-shell regions (cf. Figure 1.2). (The data are from Nuclear Data Sheets,
from Ajzenberg-Selove F. (1988), Nucl. Phys. A490, 1, and from Endt P.M. (1990), Nucl. Phys. A521, 1.)

where cos θ = z/R0 and that, to leading order in α, the points at distance

R(θ, ϕ) = R0

[
1 + αY10(θ, ϕ)

]
(1.55)

from the coordinate origin in spherical coordinates, form a sphere centred about

the point in (0, 0,
√

3
4π

αR0) in (x, y, z) coordinates, i.e., a Y10 shape component

is equivalent to a translation of the centre of mass.

1.22 Show that if
EI = E0 +AI(I + 1) +BI2(I + 1)2, (1.56)

then r6 = 22
5
r4 − 33

5
.

1.23 Calculate ℑrigid for the nuclei in Figures 1.60 and 1.65. (Convert the units of
your answers so that direct comparisons can be made.)

1.24 Derive Equation (1.43) from Equations (1.41) and (1.42).

1.25 For Q̄0(αK) = Q̄0 for all K and α, evaluate Equation (1.51) for Q(αKI) with
K = 0, I = 0, 2, 4; K = 2, I = 2, 3, 4; K = 4, I = 4.

1.26 For Equation (1.52) with K = 0, and B(E2;α0Ii → α0If ) = B(E2; I → I − 2) =
BI,I−2, show that B42/B20 = 10/7, B64/B20 = 225/143 and B86/B20 = 28/17.

1.27 From Equations (1.51) and (1.52), derive the relationship

Q(2+1 ) = −2

7

√
16πB(E2; 2+1 → 0+1 ) (1.57)

for the ground state (K = 0) rotational band of a doubly-even nucleus.

75

Figure from D. J. Rowe and J. L. Wood, Fundamentals of Nuclear Models: Foundational
Models (World Scientific, Singapore, 2010).
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Obtain detailed information on physical structure and excitation
phenomena from spectroscopic properties

– Level energies and quantum numbers
– Electromagnetic transition probabilities and multipolarities

Fermi’s golden rule Ti→ f ∝ |〈Ψf | T̂ |Ψi〉|2

Electromagnetic probes (e-scattering),α decay,β decay, nucleon
transfer reactions,. . .

M. A. Caprio, University of Notre Dame
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Outline

– No-core configuration interaction calculations
– Rotation and relative E2 strengths
– Calibration of E2 strengths to Q

– Calibration of E2 strengths to rp
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Solution of Schrödinger equation in a basis
Hamiltonian

Ĥ = −
~2

2m
d2

dx2 + V(x)
Eigenproblem

Ĥψ(x) = Eψ(x)
Expand wave function in basis (unknown coefficients ak)

ψ(x) =

∞∑
k=1

akϕk(x)

Matrix elements of Hamiltonian

Hij ≡ 〈ϕi | Ĥ |ϕj〉 =

∫
dxϕ∗i (x)Ĥϕj(x)

Reduces to matrix eigenproblem
H11 H12 · · ·

H21 H22 · · ·

...
...



a1
a2
...

 = E


a1
a2
...


x

yH
xL

One particle in one dimension
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No-core configuration interaction (NCCI) approach
a.k.a. no-core shell model (NCSM)

– Begin with orthonormal single-particle basis: 3-dim harmonic oscillator
– Construct many-body basis from product states (Slater determinants)
– Basis state described by distribution of nucleons over oscillator shells
– Basis must be truncated: Nmax truncation by oscillator excitations
– Results depend on truncation Nmax — and oscillator length (or ~ω)

Convergence towards exact result with increasing Nmax

B. R. Barrett, P. Navrátil, and J. P. Vary, Prog. Part. Nucl. Phys. 69, 131 (2013).
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Convergence of NCCI calculations
Results for calculation in finite space depend upon:

– Many-body truncation Nmax

– Single-particle basis scale: oscillator length b (or ~ω)

b =
(~c)

[(mNc2)(~ω)]1/2

Convergence of calculated results signaled by independence of Nmax & ~ω
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Dimension explosion for NCCI calculations

Dimension ∝
(
d
Z

)(
d
N

) d = number of single-particle states
Z = number of protons
N = number of neutrons
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Convergence of NCCI calculations
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Convergence of NCCI calculations

�

�

��

��

��

��� ��
+

-��

-��

-��

-��

-��

-��

�
(�
��

)

�� �� �� �� �� �� ��

ℏω (���)

�

�

��

��
��

��� ��
+

���

���

���

���

���

� �
(�
�
)

�� �� �� �� �� �� ��

ℏω (���)

JISP16 + Coulomb interaction



M. A. Caprio, University of Notre Dame

Convergence of NCCI calculations
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Separation of rotational degree of freedom
Factorization of wave function |ψJKM〉 J = K,K + 1, . . .
|φK〉 Intrinsic structure (K ≡ a.m. projection on symmetry axis)

DJ
MK(ϑ) Rotational motion in Euler angles ϑ

Rotational energy
E(J) = E0 + A

[
J(J + 1)+

Coriolis (K = 1/2)︷              ︸︸              ︷
a(−)J+1/2(J + 1

2 )
]

A ≡ ~
2

2J

Rotational relations (Alaga rules) on electromagnetic transitions
B(E2;Ji→ Jf ) ∝ (JiK20|Jf K)2(eQ0)2 eQ0 ∝ 〈φK |Q2,0|φK〉

A

E0
a Coriolis decoupling

E

1�2 3�2 5�2 7�2 9�2

J
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Rotational features emerge in ab initio calculations
P. Maris, M. A. Caprio, and J. P. Vary, Phys. Rev. C 91, 014310 (2015).
C. W. Johnson, Phys. Rev. C 91, 034313 (2015).
M. A. Caprio, P. J. Fasano, P. Maris, A. E. McCoy, J. P. Vary,

Eur. Phys. J. A 56, 120 (2020).

Valence shell structure? SU(3)
T. Dytrych et al., Phys. Rev. Lett. 111, 252501 (2013).

Multishell dynamics? Sp(3,R)
A. E. McCoy et al., Phys. Rev. Lett. 125, 102505 (2020).

Cluster rotation?
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9Be: NCCI calculated energies and E2 transitions

9Be (P=-)
Daejeon16 E0= 0.0MeV
Nmax=10 ℏω=15MeV
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9Be: Convergence of relative observables
9Be K = 3/2 ground state band
E(5/2−1 )−E(3/2−1 ) & B(E2;5/2−→ 3/2−)/B(E2;7/2−→ 3/2−)
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M. A. Caprio, P. J. Fasano, P. Maris, A. E. McCoy, J. P. Vary, Eur. Phys. J. A 56, 120 (2020).
Daejeon16 interaction.
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Enhanced (?) ground-state transition in 8Li

1+→ 2+ γ decay: M1
2+→ 1+ Coulomb excitation: E2

B(E2;2+→ 1+) = 55(15)e2fm4 or ≈ 58W.u. Brown 1991

Ab initio Green’s function Monte Carlo (GFMC) predicts ≈ 0.8e2fm4 Pastore 2013

Figure from D. R. Tilley et al., Nucl. Phys. A 745, 155 (2004).
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ANGELO CALCI AND ROBERT ROTH PHYSICAL REVIEW C 94, 014322 (2016)

which is why NCSM applications have not included these
effects so far.

Finally, chiral EFT also predicts the electromagnetic two-
body current contributions consistently with the interactions.
Also these contributions should be included for a complete
treatment of electromagnetic observables. Pioneering cal-
culation in a hybrid framework using chiral EFT currents
with an Argonne interaction have indicated a significant
influence of current contribution to electromagnetic moments
and transition strengths [73].

Addressing all these effects in a comprehensive fashion will
be the aim of our future studies of electromagnetic properties
starting from consistent chiral EFT inputs. In a preparatory
step towards the complete calculations, we study the impact of
the Hamiltonian on E2 and M1 observables. As a novel aspect
in the ab initio context, we explore correlations between pairs
of E2 or M1 observables involving the same states. As we
will see in the following, the study of such correlations in
an ab initio framework can be extremely beneficial. Recently,
correlations of E1 observables in closed-shell nuclei have been
exploited for impressive predictions of observables sensitive
to the charge and neutron distribution [74,75].

We start with the discussion of E2 observables involving
the first excited 2+ state and the 0+ ground state in 12C, i.e.,
the B(E2) transition strength form the 2+ state to the ground
state and the quadrupole moment of the 2+ state. In Fig. 4 we
present these two observables for the same set of chiral NN and
NN + 3N interactions used for the study of excitation spectra.
In addition we show the results for different model-space
truncations from Nmax = 2 to 8, which is important because
of the slow convergence of these observables. Thus each
symbol in the figure corresponds to a specific Hamiltonian
at a specific value of Nmax. The grey rectangle indicates the
experimental values for the B(E2) and the quadrupole moment
including their experimental uncertainty. The uncertainty for
the quadrupole moment is particularly large [77], but new
experiments are planned to reduce this uncertainty [78].

The picture that emerges from Fig. 4 is remarkable. All data
points fall onto the same line, irrespective of the underlying
chiral NN or NN + 3N interactions and of Nmax. There is a
strong and robust correlation between the two E2 observables
emerging from our ab initio calculations. The values of the
individual observables show a sizable dependence on the
underlying interaction and Nmax, but they always stay on
the correlation line. As a general trend, with increasing Nmax

the quadrupole moment and the B(E2) continue to increase, in-
dicating the slow convergence of these long-range observables.

The robust correlation between this pair of quadrupole
observables emerging from ab initio calculations can be
interpreted in terms of the simple rotational model by Bohr
and Mottelson [79], where both observables in the laboratory
frame are connected to the intrinsic quadrupole moment Q0

via the formulas

Q(J ) = 3K2 − J (J + 1)

(J + 1)(2J + 3)
Q0,s (3)

and

B(E2,Ji → Jf ) = 5

16π
Q2

0,t

(
Ji 2
K 0

∣∣∣∣ Jf

K

)
. (4)

FIG. 4. Correlation of quadrupole observables for the first 2+

state in 12C. Plotted is the reduced quadrupole transition strength
B(E2,2+ → 0+) to the ground state versus the quadrupole mo-
ment Q(2+) obtained with different chiral NN (open symbols)
and NN + 3N interactions (solid symbols): EM (box), N2LOopt

(circle), and EGM with cutoffs (�χ/�̃χ ) = {(450/500),(600/500),
(550/600),(450/700), (600/700)} MeV/c (diamond, triangle up,
triangle down, hexagon, cross). The IT-NCSM calculations are
performed at �	 = 16 MeV and α = 0.08 fm4 using a model space
of Nmax = 2 (blue), 4 (green), 6 (violet), and 8 (red symbols). The
error bars indicate the uncertainties of the threshold extrapolations
in the IT-NCSM. The dashed curves corresponds to the correlation
obtained from formula (5) with a quotient of the intrinsic quadrupole
moment set to one (grey) or fitted to theoretical data points (black).
The grey shaded area indicates the error band of the experimental
B(E2) [76] and Q [77] value. The blue shaded area corresponds to
a prediction for Q consistent with the theoretical correlation and the
B(E2) measurement.

Here J is the angular momentum with the index i and f
referring to the initial and final state, K is the projection
of the total angular momentum on the symmetry axis of the
intrinsically deformed nucleus. For the investigated nuclei 12C
and 6Li, K corresponds to the angular momentum of their
ground states. The indices s and t of the intrinsic quadrupole
moment indicate the “static” and “transition” observable Q and
B(E2), respectively. One can combine both formulas such that
the ratio of the intrinsic quadrupole moments Q0,t /Q0,s is the
only parameter that relates the two observables

B(E2,Ji → Jf ) = 5

16π

((J + 1)(2J + 3))2

(3K2 − J (J + 1))2

(
Ji 2
K 0

∣∣∣∣ Jf

K

)

×
(

Q0,t

Q0,s

)2

Q(J )2 . (5)

In a rigid rotor model the intrinsic quadrupole moments Q0,s

and Q0,t are expected to be equal. The correlation resulting

014322-6

Sensitivities and correlations of
nuclear structure observables
emerging from chiral interactions

A. Calci and R. Roth, Phys. Rev. C 94, 014322 (2016).

“. . . We find extremely robust correlations for E2 observables and illustrate
how these correlations can be used to predict one observable based on an
experimental datum for the second observable. In this way we circumvent
convergence issues and arrive at far more accurate results than any direct
ab initio calculation. A prime example for this approach is the quadrupole
moment of the first 2+ state in 12C . . . ”

IT-NCSM, ~ω = 16MeV, Nmax ≤ 8. EM/N2LOopt /EGM interactions.
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Dimensionless ratio of E2 observables
Compare. . .

B(E2;Ji→ Jf ) ∝
∣∣∣〈Jf ‖

∑
i∈p

r2
i Y2(r̂i)‖Ji〉

∣∣∣2 E2 transition strength

. . . with. . .

eQ(J) ∝ 〈JJ|
∑
i∈p

r2
i Y20(r̂i) |JJ〉 E2 moment

∝ 〈J‖
∑
i∈p

r2
i Y2(r̂i)‖J〉 . . . as reduced matrix element

Dimensionless ratio of like powers of E2 matrix elements

B(E2)
(eQ)2 ∝

∣∣∣∣∣∣ 〈· · · ‖
∑

i∈p r2
i Y2(r̂i)‖ · · ·〉

〈· · · ‖
∑

i∈p r2
i Y2(r̂i)‖ · · ·〉

∣∣∣∣∣∣2



M. A. Caprio, University of Notre Dame

6
Li

1+

Q

7
Li

3/2-

Q

8
Li

2+

Q

9
Li

3/2-

Q

11
Li

3/2-

Q

7
Be

3/2-

[8
Be]

0+

9
Be

3/2-

Q

10
Be

0+

11
Be

1/2+

12
Be

0+

8
B

2+

Q

[9
B]

3/2-

10
B

3+

Q

11
B

3/2-

Q

12
B

1+

Q

13
B

3/2-

Q

9
C

(3/2-)

10
C

0+

11
C

3/2-

Q

12
C

0+

13
C

1/2-

14
C

0+

12
N

1+

Q

13
N

1/2-

14
N

1+

Q

15
N

1/2-

13
O

(3/2-)

Q

14
O

0+

15
O

1/2-

16
O

0+

Li 3

Be 4

B 5

C 6

N 7

O 8
Z

3 4 5 6 7 8

N

Q = Q(g.s.) measured [N. J. Stone, ADNDT 111, 1 (2016)]



M. A. Caprio, University of Notre Dame

Ground-state transition in 7Li

1/2−→ 3/2− γ decay: M1
3/2−→ 1/2− Coulomb excitation: E2

B(E2;3/2−→ 1/2−) = 8.3(5)e2fm4 or ≈ 10W.u. Weller 1985

Figure from D. R. Tilley et al., Nucl. Phys. A 708, 3 (2002).
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8Li and neighbors: E2 strength by calibration to Q
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Q = Q(g.s.) measured [N. J. Stone, ADNDT 111, 1 (2016)]
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Dimensionless ratio of E2 and radius observables
Compare. . .

eQ(J) ∝ 〈JJ|
∑

i∈p r2
i Y20(r̂i) |JJ〉 E2 moment

. . . with. . .

M(J) ∝ 〈JJ|
∑

i∈p r2
i |JJ〉 E0 moment

Dimensionless ratio Of like powers of matrix elements

B(E2)
(e2r4

p)
∝

∣∣∣∣∣∣ 〈· · · ‖
∑

i∈p r2
i Y2(r̂i)‖ · · ·〉

〈· · · ‖
∑

i∈p r2
i ‖ · · ·〉

∣∣∣∣∣∣2 Q
r2

p
∝
〈· · · ‖

∑
i∈p r2

i Y2(r̂i)‖ · · ·〉

〈· · · ‖
∑

i∈p r2
i ‖ · · ·〉

Radius (r.m.s.) of proton density

rp =

〈
1
Z
∑

i∈p r2
i

〉1/2

Measured charge radius includes hadronic effects (finite size of nucleon)
r2

p = r2
c −R2

p− (N/Z)R2
n

e.g., L.-B. Wang et al., Phys. Rev. Lett. 93, 142501 (2004).
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7Li: E2 strength by calibration to radius
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Experimental and calculated bands in 10BeH. G. BOHLEN et al. PHYSICAL REVIEW C 75, 054604 (2007)

FIG. 7. (Color online) Band structure of 10Be states up to angular
momenta of J = 4. Four bands are shown: the ground-state band
(black circles), a K = 2+

2 band (open diamonds), the K = 1−
1 band

(red sqares), and the K = 0+
2 molecular band (blue filled diamonds).

Other known states at 9.56 MeV (2+
4 ) and 10.55 MeV (3−

2 ) are plotted
as single points (two filled triangles).

of two neutrons and two α-particles represented by Gaussian
density distributions at a variable distance Dα to reproduce the
slope parameter, very different values for the distance Dα are
obtained, 2.7 fm for the Kπ = 0+

1 band and 5.9 fm for the 0+
2

band. Yet the deformation parameter for the 10Be ground-state
band obtained from inelastic scattering is β2 = 1.13 [17], it is
one of the largest values observed.

A Kπ = 2+
2 band is predicted by many theoretical models

[4–6,8,13,14,16], with only two members: 2+
2 and 3+

1 . The
band head is localized in the region between excitation energies
of 4.5 MeV and 7.0 MeV. The experimental members of this
band can be identified with the known 2+

2 state at 5.96 MeV
as the band head and the (3+) state at 9.40 MeV ([22] and
this work). The value a(Kπ = 2+

2 ) = 570 keV for the slope
parameter is almost the same as for the ground-state band. The
Kπ = 2+

2 band is displaced in parallel by about 2.59 MeV
to higher excitation energies with respect to the ground-state
band. But its structure is different, as one can see, e.g., from
the QMC calculations [14] (see Sec. III D1). The ground-state
band is strongly populated in the two-proton pick-up reaction
12C(12C,14O), whereas this is not the case for the Kπ = 2+

2
band.

From the Kπ = 1−
1 odd-parity band with the members

(discussed here up to J = 4): 1−
1 , 5.96 MeV; 2−, 6.26 MeV;

3−, 7.37 MeV; 4− 9.27 MeV, only the states with natural

parity, 1− and 3−, are well populated in the 12C(12C,14O)
reaction, whereas the 2− state could not be identified in the
spectrum and the 4− state only indirectly by unfolding the
angular distribution of the peak at 9.5 MeV. As mentioned
already in Sec. III B, the structure of this band is described
by a main configuration of 9Beg.s. ⊗ ν(2s1d)1 [30,31]. The
excitation energies in this band do not very well follow a
linear dependence on J (J + 1). A mean value for the slope
parameter of a(1−

1 ) = 250 keV is obtained.
The three band heads of the Kπ = 0+

2 , 1−
1 , and 2+

2 bands
are weakly bound states with binding energies with respect to
the neutron threshold (Sn = 6.812 MeV) of only 0.633 MeV,
0.852 MeV and 0.854 MeV, respectively. The structure of these
band heads is well illustrated for example by the calculations
within the microscopic four-cluster model of Koji Arai (Fig. 3
in Ref. [8]), where the correlation discussed above between the
slope parameters a(Kπ ) and the extention of the form factors
is visible.

IV. CONCLUSIONS

The two-proton pick-up reaction 12C(12C,14O) has been
used at an incident energy of 211.4 MeV to study the structure
of states of 10Be up to 12 MeV excitation energy. Spin-
parity assignments have been obtained from the characteristic
shapes of the observed angular distributions and two new
assignments could be made. The states at 10.55 MeV and
11.8 MeV excitation energy have been firmly assigned as 3−
and 4+, respectively, and the latter has been identified as the
4+ member of the ground-state band. The coupled-channels
calculations describe the pronounced structures and the cross
sections of the experimental angular distributions consistently
with spectroscopic products for the two-proton pickup of about
the same strength for most of the cases.

The natural-parity members of the 1−
1 band at 5.96 MeV

have been populated with good cross sections, which are also
quantitatively described using two reaction steps for the main
transition branch, first the inelastic excitation to the 3−

1 state of
12C, and second, the pickup of the proton pair. Experimental
cross sections for the 2+

2 state at 5.96 MeV are an order of
magnitude smaller than for the 1−

1 state. The 2+
2 state forms

together with the tentatively assigned (3+) state at 9.4 MeV a
Kπ = 2+ band.
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10Be: E2 strengths by calibration to radius
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Ground state Q by calibration to radius
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Summary
Ab initio prediction of E2 observables hampered by sensitivity to

large-distance tails of wave function Poor convergence in NCCI
But. . . “Truncation error” correlated between E2 observables

Calibrate to one, predict another A. Calci and R. Roth, Phys. Rev. C 94, 014322 (2016).

Robust ab initio prediction of dimensionless ratio B(E2)/(eQ)2

Prediction of E2 observables by calibration to quadrupole moment
Robust ab initio prediction of B(E2)/(e2r4

p) or Q/r2
p

Prediction of E2 observables by calibration to charge radius
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