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A brief history

In the 1910s, Eddington proposed Cepheid variables as pulsating stars.
In 1940s-60s, Cox and others complete non-adiabatic pulsation theory.
Early 1960s, Chandrasekhar extended it to compact objects.

In 1967, Thorne linked oscillations to gravitational waves.

In 1980s, Numerical relativistic EOS-dependent mode studies.

In the 1990s, various g-modes and their detectability:
discontinuity, entropy, composition, ...

Up until today, No definitive observational confirmation of NS modes.



ODEs of Non-radial Oscillation

Eigen value problem of even quasi-normal modes

e Solve Einstein’s equations:

1
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with fluid perturbations, and metric perturbations:
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NS Asteroseismology

e Perturbations of the fluid
(Lagrangian displacement),

e ds? = — " (1 + Hy(r)e' Y, (¢, 0))c*dt? &= rl_le_%WY,{neiwt

e Regge-Wheeler metric,

+e* (1 — Hy(r)e™'Y,, (¢, 0))dr? &0 = — r2VopY, e
—2iwr™ H, (r)e' ™ dtdr £ = — ! V8¢Yl it
. . 2 m
+(1 = K(Ne™'Y,,, (¢, 0))r*dQ? sin°0
. : Static fluid:
Static metric:
e, P
)
. ] Fluid perturbation:
Metric perturbation: WV
Hy, H,, K ’
e Eigen value problem set by ODEs Eigen Valuei
derived from Einstein’s Equation: =271V + —

T



Static ODEs (TOV equations)
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Typical f-mode oscillation
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FIG. 14. Metric perturbation amplitudes, fluid perturba-
tion amplitudes for non-radial oscillations with £ = 2 with
(dashed curves) and without (solid curves) the Cowling ap-
proximation, and static metric functions (dotted curves) in-
side a 1.4Ms NS computed with the Sly4d EOS [85]. Ho, Hi
and K are in units of £, = 152.26 MeV fm 2, X is in units of
g2, and W, V, v and ) are dimensionless. Only real parts of
the perturbation amplitudes are plotted.
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Outside metric perturbation
(f-mode as example)
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ODEs of Non-radial Adiabatic Oscillation

Eigen value problem of even quasi-normal modes

(Inverse Cowling)
e Relativistic Cowling
approximation:
2 1st-order ODEs

or 1 2nd-order ODE
P. N. McDermott et. al. 1983

e Linearized Full GR:
4 1st ODEs (inside) Thorne, Kip S. 1967
1 2nd ODEs (outside)
Zerilli’'s Eq Fackerell, Edward D. 1971 Zhao, Constant

Lee Lindblom and Steven L. Detweiler 1983 Jaikumar, Prakas
https://arxiv.org/abs/

n limit for
perturbation

e Newtonian Cowling
approximation:

2 ODEs
Cowling, Thomas G 1941

e Newtonian: Cox, John P. 1980

2 1st ODEs + 1 2nd ODE
Analytical for some modes,
e.g. f-mode and interface g-mode
In stellar asteroseismology.
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Oscillations of NS

i

o * Radial oscillation (I=0): "= R'(r)e'! w = 271L + —
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Oscillation modes
A(r)e'™ o=om+t

Standing sound wave of order n:

2Nd_pk2 _VIT+Dn

Pressure supported

@

de 2R

n=0 f-mode (fundamental)
n=1 p-mode (pressure)



f-mode + I-love-Q universal relations
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Oscillation modes
A(r)e'™ o=om+t

Standing sound wave of order n:

2Nd_pk2 VD

Pressure supported

@

de 27R  Gravity & interface
n=0 f-mode (fundamental) r P
n=1 p-mode (pressure)

Stratified fluid in uniform gravity g: =
2 (8+ - 8_)gk

e, /tanh(kd,) + e_/tanh(kd_) ~
Discontinuity g-mode (interface gravity mode)



Discontinuity g-mode oy
First order transition D A, = Ae 0% c,
07 o B3(M,/M)(R/R)3(Ae/e)D tanh[D] &
$ " 1+ Aele, + tanh[D]/tanh[D(R/R, — 1)] :
. . R, M, Ae
les sensitive to structure factors, —, ,
R M ¢

2
Contour of Vg(nt, A, ¢ m=m.  Hz
max
c2=1/3 c2=2/3

Dotted: Chrial EFT
Uncertanty 5%

Dashed:
maximum mass

Frequency: 1, < 0.8 (1.5) kHz for cs2 = c?/3 (c?) Zhao & Lattimer 2022
Damping time: 7 > 100 (10000) s BACK
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Discontinuity g-mode

First order transition

* Transition pressure (chemical potential) decrease with temperature.

B—-eq. T =10 MeV B—eq. T =50 MeV
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n? k3Tmy Constantinou, Guerrini, Zhao, Han, Prakash 2026
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Oscillation modes
A(r)e'™ o=om+t

Standing sound wave of order n:

d VIT+1
a)2r@—pk2 . [(I+ 1)n

de 27R Gravity & interface

n=0 f-mode (fundamental)
n=1 p-mode (pressure)

Pressure supported

Stratified fluid in uniform gravity g: =
0)2 (8+ _ 8—)gk

e, /tanh(kd,) + e_/tanh(kd_)
Discontinuity g-mode (interface gravity mode)

n, n,
Buoyancy oscillation in uniform gravity g: {x} = {—.—.T,...}

2 42 de\ dx 2 1 1 ) 5 T
(1Y~ — e = —_
BY e \ox /) dr § c2 2
p eq Cld

Chemical g-mode (gravity with composition gradient)
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gravity mode (g-mode)

. ) ] Ambient environment:
Adiabatic (de)compression:

e—de,p—dp Gravity field g(r)

E, P

e Mechanical equilibrium: p—0p =p —dp
e Gravity as recovering: €—o0e>¢€e—de

op _ dp
« Non-convecting(stable): 2 =—>— =2
i g(_ ] ) a_d_l oe de 4
2 op o€

— dp | de
Cad_ o) P
Ot dr | dr |

o LOMB1 Ceg =

n, n
fix composition & entropy, e.g. {x} = {—p,—",S, .
Np Np




Adiabatic vs Equilibrium

Proton fraction x,
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Adiabatic compositional g-mode universal relation
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Proton fraction x,

Adiabatic vs Non-adiabatic

e Path of a fluid element as it is compressed and uncompressed.

o 12~ T T T T o 12~ T T T T 0.12 7
Adiabatic - Intermediate Equilibrium
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> v
= =
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16 10
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| © o
| & I | &
Ay 3 Ay
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e Pathin {xp, np} plane maps to path in {P, V} plane.

Traversing the path leads to dissipative work, ﬂgP -dV



Dissipation from [-reactions

* Nucleon weak f-equilibrium at low neutrino opacity,
N+)n—-p+e +v
N+)p+e —>n+v

n
leads to 6, = p,, — u, — pp, = 0, and x =n—z = Xy -
* off f-equilibrium, when 6, = x — x,,
1
0,0, = _(Fn—ﬁ? - Fp—”l)
np
N e " )
rdurea ¢ Xl X |%|2ﬁ1<1—];)(1—];)o<T5
“\ np.epv l n,p,e,w spins
NN IR T
roe~ || IL 5 || Zom| X 1P (1=1) g fo & T°
U ¢ n,p,LeJ,u ! ) \ per ) spins |
Frrln_)prca and I’ ]‘,}L,,fca have additional factors of d3p1’\’,“d3p§”t ol = fy) o« T?

*  Treat dUrca+mUrca jointly: Nucleon Width Appro. (Alford, Haber, & Zhang 2406.13717)



Dissipation from [-reactions

* Nucleon weak f-equilibrium at low neutrino opacity,
N+)n—-p+e +v
(NvH)p+e —-n+v

n
leadsto 6, = p,, — u, — pp, = 0, and x =25 Xog -
np
* off ,B—eqililibrium, when é, = x — Xog Lot :------I.--------:i_m
L TE Wiy
atéx — _(Fn—>p — 1—‘p—>n) ~ - yéx ’ 3 L : : 21 ]
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2 2

C,1—C
Dynamic sound speed ¢, = 2+~
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* Complex, frequency-dependent quantity derived from the period ansatz
that captures both restoring force and damping. ng(t) = ng + Ong cos(wt)
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2 2
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Bulk Viscosity of npe matter

: : _E+p ] 7
. Bulk viscosity { = ” Im [cdy] = i 2( = ceq)(e + p)
quantlcl?es energy dissipation from compressu)nal flow,
£
= — (V- v)?
o GV - V),

T

C~v/ (¥ +w)

n—ope v
e+p—-n+v
equilibrate x|

Bulk viscosity C

y slow y fast

/ No equilibration E Instant equilibration\ 1

Equilibration rate y(T)

e Even modes have divergence T (MeV)

(f'mOde’ g'mOdeS’ p—modes) T. Zhao, P. Rau, A. Haber, S. Harris,
V. E- 0.¢ — v . (V (Rn(r)Ylia(e’ ¢)eia)t)) C. Constantinou, S. Han 2025 ApJ 993 161

cven



Direct Urca Process
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ODEs of Non-radial Oscillation

Eigen value problem of even quasi-normal modes

e Solve Einstein’s equations:

1
370 <T/w — EgWT> =0R,,

with fluid perturbations, and metric perturbations:

gr, 0, ¢ _ V (Rn(r)Ylii(e, ¢)eia)z)

cven

6T, from &" % ¢ and

. To get eigenvalue w = 2zv + —,
r, 0, ¢

and eigenfunction &.; ..
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Impact of bulk viscosity on w = Re[w] + —
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e No impact to f-mode. e g-mode gets suppressed at larger T.

f-mode is semi divergence-free. Avoided crossing between g-modes.



Fluid perturbation
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Tidal Overlapping
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Dynamic Tide Effect

o Tidal fields =—=—Quadrupole moments

o A general deformation of NS can be decomposed into modes:

5 — ZAaga y wherea = -+, 83, 85,81, . 1, D2- P35+
a

« Quadropole deformation is a special deformation close to f-mode.

« Excitation of modes with periodic tidal external forces 81-]-6_2i“’t:

Aa + a)c%Aa — G)C%Ua y Wwhere Uy < < & | &, > g2t

with equilibrium solution:

602

a
Aa X 5 5 Ua , resonancing at w, = 2w
w; — 4w




Modes Important for Dynamic Tide

@ rbit ,S 500Hz
. f-mode frequency is a bit too high: 27

no significant impact to GW170817 [G. Pratten. et. al. 2019]

« Composition and discontinuity g-modes are important for GW
waveform:
Discontinuity g-modes[Z. Miao, et. al. 2024, A.R. Counsell et. al. 2025]
Composition g-modes[P. Jaikumar, et. al. 2021, T. Zhao, et. al. 2022]

« Resonant shattering flare during binary NS merger inspiraling:
Elasticity enhanced g-mode[D Neill, et. al. 2023]

o Intermode coupling might be important as well:
Resonance locking of g-modes [K. J. Kwon, et. al. 2025]



Oscillation in Gamma-ray Bursts

e Three equal spacing frequency observed GRBs g10711 and 931101B,

corresponds to f, — fo, fo, o +Jo
(for angular quantum number/ = 0, 2)
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To-do Next e

e More realistic composition & entropy profile.
o Consider the Neutrino-trapped scenario.
e Improve weak rates, e.g. NWA between dUrca and mUrca.

 Viscosity due to other degrees of freedom: muons, pions,
hyperons, deconfined quarks, and perhaps dark matter ...

Presenter: Tianqi Zhao
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