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Introduction

o Quantum Chromodynamics (QCD) and its (chiral) phase structure

[1] Peter Senger. Probing dense QCD matter in the laboratory—
The CBM experiment at FAIR. Phys. Scripta, 95(7):074003,
2020
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[2] Wei-jie Fu, Jan M. Pawlowski, and Fabian Rennecke.
QCD phase structure at finite temperature and density. Phys.
Rev. D, 101(5):054032, 2020.



Introduction

o Renormalization group acrossing the critical scale [3]
E.g.: RG flow of 4-fermion coupling in massless gauged-NJL, with fixed gauge coupling.
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Introduction

o Dynamical bosonization and meson fluctuations

4-fermion coupling? Chiral susceptibility!

62Ty, 1 0°W, - _
X ~5w@ae@y X S =L<(¢¢)x ()o),

Divergence arised from the massless mode propagation:

L
W ;

Emergence of the mesonic resonances: Sce, e.g, W.-j. Fu, etal. [2] and J. Braun, et al. [4].
oy (p) = / [&Ak(q — P, q)]&(q —p)I'¥(q)
]

Enters the flow, tunned to absorb the flow of 4-fermion




Introduction

o Question:
Is the mesonic fluctuations necessary to get into the broken phase?

o “Conclusion” from this work:

No in principle, and yes in practice.

* NO:  See eg K-I. Aoki, et al. [5]. * In this work:
Weak solution of fRG. * Functional renormalization group
(fRG) equation for QCD (fermion) in
the medium;
* YS! See, e.g Wl Fu, etal. [2]. * Local potential approximation (LPA)

and its modification, ladder and non-

Mesonic fluctuation S
ladder approximations.

and chiral criticality Weak soluti
« Weak solution;

* Phase diagram in (ug, T)-plane.
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FRG setup

o FRG setups for QCD fermionic potential: LPA’ Mean ficld

approximation

QCD action at UV:
1 a a
Sbare[q)] — / [ZFILLVF,LLV +

QCD action at IR:

3e OV + 50+ igu = mi uqmw]

Z} Z} . .
rufe] = [ | ZEELF + e 0uAL? + 2050 + iga— i)~ Vel D)

* Flow equation of average one-partical effective action (1PIEA)

2

k 4 I'vv==S8
Wetterich equation [6]:
OTk[®] = - STr (Fk +Rk) O, R { o
Gn -,

g2

I'r = T'ip1



FRG setup

Regulator function: sharp cutoff t =log (k/A)

1 2
Ry (1)) = ZYipr) (/). Oy [®] = — = / strlog FEC ) 8tR€
R (Ipl) = 2{p*r} (/) shell .
rA =Y = R —1 /‘phll Z/ =9
kab = \Hpp Hpp
« Fierz subspace projection o = 9
Vie(, 1) 3 (@AIQP)z + (@Vi%iﬁf +.. /> Vi(, ) =V (oit)
e Large-N leading order
LN, _3 VY — s 0
ST (—pu) F 0l " o) 0T ()
5 0 g —i(pyp—qy) g Y g _ —i(pyp—qy)
WT(—pw)Vk 0T (~qp) +1t0tal/x TGV ), 515(2%)% 5aw) ltOtal/x TV,
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FRG setup

* General structure of the flow equation

1
0V (o:t) — nyod,V(o;t) tr 1ogS ») +1log( (ST (p )) ]—i—

shell

%%%

* Truncating the loops: “ladder” and “non-ladder” approximations

DN |

/ tr’ log{é“bé,w + AL+ Bg’;}
p,shell

tr'log(l1+ A+ B) =

' (A+ B)"

E.g.: (Part of) RG flow of

4-fermion coupling. Non-ladder diagram:

Ladder
—

& J

Cy \2
Color factors: N, x N,
Ol10r 1ractors <4Nc> 0.8
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FRG setup

 Partial defferential equations [7] oV(o;t)=—F(0,V,o;t)
0V (o;t) —nyo0,V(o;t) = —% / tr [log S~(p ») 1 log (S(T) _1]—1—% / tr/ log{é“béw + AZ’,’, + BZI;}
shell p,shell
Ladder:
Non-ladder:

0V (o;t) = nypo0,V(0;t)

K 0V (o;t) =nyo0d,V(o;t
—Tzﬁlog(wim—i—(\/m—uqf) WV(o3t) =y (o3%)

1
~3 [Flowg Y7 (g, My) + Flow, " (o, Md,)} .
—T E ﬁlog (W?p7n+(\/ k2+M2+Mq)2),

Now, the fermionic sector is ready, leaving gluonic sector (gauge coupling) unknown.
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FRG setup

o Gluonic sector and running coupling

Difficulty: running coupling

Missing: >< > 5 is not accessable...

) ) 2.5 : :
* (Quark-gluon) gauge coupling as input ! T o)~ (300.0) e
3 S g ke
| — — Qi-loop
Renormalized gauge coupling:

1 g2 3
De = ——— — 1
S ZA4r

0.5

10t
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FRG setup

G NG R
* Quantitative result of the quark-gluon dressing G (k) = Agaq (P = k)

(b) 5 F angulardependen::: ;
Padé approximation to fit the runng coupling [8]: v °T -
(k) — 02301 +0.4411 k + 0.3967 k2 —
95 = 10,0832 + 0.0838 k -+ 0.4502 k2 :

P [GeV]

A. K. Cyrol, et al. [8]

* Quantitative result of the gluon propagator wave function 74 — s (p = k)

HTL approximation to the thermal mass
(quark vacuum polarization):

T
fRG-DSE

————— fRG
lattice
ran 47 3 1 20 F N | lattice fit
25 (0) = Zuae(p) + o™ <T2 + Wgug) o
=15} .
Gluon dressing at vanishing temperature and quark S 20|
chemical potential: (see, e.g., F. Gao, et al. [9].) — 1or 5 st
2k (k) | A
2a?+k2 ‘ ‘ TS ‘ 10, ‘ 10t
= — W e 5 5 005 1 2 3 4 5
ME(k?) + k2 [1 + clog(d?k? + e2 MZ(k2))] p[CeV]

F. Gao, et al. [9]

Flavor: (2+1) at physical point.
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FRG setup

* Rescale the gauge coupling: controlling IR quantities

OKS%C_VSZS‘OZS
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Searching for the weak solution of fRG equations

o Why divergence of 4-fermi matters? o =Py

* Center object:

Fermionic potential
0V (o;t) = —F(0,V, 0;t)
e Definning:
Mass function 4-fermion coupling

M(o;t) =0,V (o;t), G(o;t) =02V (o;t)

e “Problem” we meet:

E.g., chiral limit

(MOt <t.)# MOt <t
Discontinuit
!G(Oi;tj)‘%oo — - -
Critical scale L aaV(O+,t < tc) 7é 80‘/(0_; 4 < tc)

Non-analyticity

At some points, flow equation is not defined below the critical scale.

(* Possible solution: divide the field space, e.g.: K.-1. Aoki et al. PTEP, 2013:043B04 [7];

Singularities appears elsewhere (@ finite chemical potential or beyond chiral limit. *)
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Searching for the weak solution of fRG equations

o Weak form of the RG equations

* Original RG equation vs. weak form of the RG equation
0V (oyt) = —F(0,V,0;t)
Deformation: “ Oy

oOF oM OF
Original RG: 8tM(0_,t) = —30F(M(O,t),0,t) — _8M . a — —8
“Conservation law” o o
Arbitary smooth test function Slngularm‘es at
O_Emoo o(o;t) =0, t—ljl—noo @(o;t) =0 some points

Weak RG: / dt/ do ( 890 F(;go) —/ do (M Sp)tzo
o — o0

Discontinuity is allowed!

» Weak solution of the weak RG equation

Mass function satisfies the weak RG equation is the weak solution.
* Containing finite numbers of discontinuity points (o-direction);
 Satisfies the original RG elsewhere.
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Searching for the weak solution of fRG equations

: : . t
o Rankine-Hugoniot condition 4o o (t)
L
* Condition for weak solution dt M)
M) —— »F(MR)
(M<L> . M<R>) do* = [F(M(L)) . F(M(R>)] dt. M (B)
 Continuity condition from “conserved charge” o
AV EB) (6% (1)) = ov do* + ov dt t v 4 qy@ o ( t)
9 \(1/m) I w/m) ~
= ME/Bde* — F(ME/R)dt. N
\U/ dt v 4 qv )
(L)
. do™

AV E) (6% (t);t) — AV E) (a*(t); 1) = 0.
Potential stays continues during the flow. VR o
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Searching for the weak solution of fRG equations

» Extract weak solution according to RH condition

E.g.: solution of fermionic potential and mass function from NJL-type model @ finite chemical potential [10].

Determines the unique weak solution from a multi-values solution.
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Searching for the weak solution of fRG equations

o Method of characteristics

Method of obtainning the “strong” solution.

* Characteristic curve in (g, t)-plane

d _ OF(M,5;t)
—a(t) = . |
dt oM
* PDE vs. coupled ODE
d _ 0M(oit)| d_  0M(5;t)
T T | @'t
- OF (M, o;t
a 80' o=0

(Also the integral form of fermionic potential.)
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Searching for the weak solution of fRG equations

* Examples: laddar w/o. A.D., chiral limit @ T = 10 MeV

k € [40,1073) GeV pp € {1.1,1.125,1.139,1.15,1.175,1.2} GeV
0.4 . . —— ; 0.4
0.3} , /";;E 0.3 T
L = |
0.2 - 0.2
- D -
C 01 N ‘ _ v 01
< e — S |
| — = ol
/ﬁ: 4‘ Q '''''
O ~ } WX Bl — {5
\
=3 — = 4
s s R g
! B 0 e
v — b=~ =
0.4 ‘ : -0.4

0 - 0
o (GeV?) X107 o (GeV?) x 1074
ug =0 k~ 1072 GeV
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Searching for the weak solution of fRG equations

e Strategy in this work

Method of chara. Weak solution
condition

Get the “strong” solution Keeping the “superium” of Extract “physical
for original RG. the potential. quantities” from weak RG.

* Numerical implement

Two coupled ODE, 5-th Runge-Kutta method with initial condition

5(0) =00, M(5(0);0) =my

We are ready.
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Results and discussions

o Quark mass function and parameter fixing

* Quark mass function withp = k

Mq(p) = M(0; k = p)

0.35
0.4
0.3} 03 i
g 02
o 0.25 o4 H
U .
N—
3 0.2 00 0.2 0.4 0.6 0.8 il
< 015
I
|
B o1
IE —L:yY =0, m; =2.76 x 107° GeV
0.05 || ——L: 1 # 0, m; = 2.49 x 1072 GeV
’ —-=-NL: ¥ = 0, my = 2.57 x 1073 GeV
——NL: ¥ #0, m; = 2.35 x 1073 GeV
0
107! 10°

* Parameter fixing (5437ml)

my ~ 2M(0;00) = 2M,
ma f ~ 2my ()

where

i
<QZ¢> _ N A 3 [ M, (p) oy ]
22 J U M2() T PPl
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Results and discussions

Case Parameters| Values| Observables ?/ﬁleu\(;;
m; (MeV) 0 M, 350.4
Qs 0.1529
ny = 0| m; (MeV) | 2.76 M, 350.2
Qs 0.1493 M 134.9
44 ” fTF 832
Ladder mi (MeV) | 0 M, 351.1
Qs 0.1331
ny # 0] m; (MeV) | 2.49 M, 350.1
Qs 0.1294 M 135.3
fr 80.0
m; (MeV) | 2.57 M, 350.3
Ny =0 Qs 0.1640 My 135.0
“Non- fr 80.6
ladder” m; (MeV) | 2.35 M, 350.3
Ny 7 0 Qs 0.1410 My 136.2
I 78.1

TABLE I. Parameter fixing in the current work. We demon-
strate in the case with “ladder” and “non-ladder”, with or
without quark anomalous dimension, and also the case of the
chiral limit in the “ladder” case.



Results and discussions

o Phase diagram of dynamical chiral symmetry breaking

T T T S T T
JobkB S BB o BB
0.18 ST B SR I
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0.14 ]
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(05 0.1 |
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Results and discussions

o Quantitative results from the phase diagram
* (Psudo-) Phase transition temperature (@ vanishing chemical potential
T.(0) = Te(up = 0)

* Curvature of the transition temperature line ~ vanishing chemical potential

Tous) (T%)Q L

» Position of the critical end point (CEP)

(Tca ,UB,C)
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Results and discussions

Cases | Observables |  Values
T.(0) (MeV) 178.8
m; =0 K 0.0197
. (TC7 ,uB,c)
Ny =0 (MeV) (94.16,874.6)
T.(0) (MeV) 176.8
0 K 0.0193
“Ladder” m #
(TC7 ILLB)C) _
(MeV)
T.(0) (MeV) 169.6
m; =0 K 0.0183
(TC7 :LLB,C>
Ny 7 0 (MeV) (93.31,813.6)
T.(0) (MeV) 166.3
my # 0 K 0.0187
(TC? ILLB7C)
(MeV) (47.22,1058)
T.(0) (MeV)|  166.1
Ny =0 K 0.0176
« » (TC7 MB,C)
Non-ladder my # 0 (MeV) -
T.(0) (MeV) 158.0
Ny 7 0 K 0.0198
(T07 ,LLB,C)
(MeV) (35.85,1078)

TABLE II. Observables related to the QCD phase diagram in

Figure 7.
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Summary

In this work, we revisit the problem of realizing the broken phase in RG method and
the QCD phase structure;

By truncating the IR effective action at the leading order of derivative expansion, we
isolate the minimum quarkonic fluctuation we need;

Utilizing the “ladder” and its beyond, we closed the RG equation at finite temperature
and baryon chemical potential;

Through weak RG formalism, we obtain the weak solution to read off the physical
observables;

We obtain the QCD chiral phase diagram through the dynamical mass:

* In the vicinity of vanishing baryon chemical potential, the “non-ladder” approx. works well in terms of
the phase transition temperature and the curvature of the Tc-line, compared to the other functional
approaches;

* The position of the CEP deviate from those previous approaches, which, in part, is as we expected,
indicating the importance of the mesonic fluctuation around the chiral criticality.
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