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Lattice QCD

• Discretise QCD onto 4D space-time


• Approximate path integral by 
Monte-Carlo methods


• Computationally intensive, large-
scale supercomputing


• Controlled systematics


• Lattice spacing, lattice volume, 
quark masses
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Lattice QCD

•Discretise QCD onto 4D space-time lattice 

•Approximate QCD path integral using 
Monte-Carlo methods and importance 
sampling 

•Run on supercomputers and dedicated 
clusters 

•Take limit of vanishing discretisation, 
infinite volume, physical quark masses

Numerical first-principles approach to  
non-perturbative QCD

Phiala Shanahan, MIT

Numerical first-principles approach 
to non-perturbative QCD
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Hadrons in the Standard Model: 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Controlling systematics

• Finer spacing 

• Improved actions


• Extrapolation


• Bigger volume 

• Exponentially suppressed


• Extrapolation


• Lighter quark masses 

• Extrapolation 
(or directly at physical point / 
interpolation)
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Hadron spectrum in lattice QCD
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21st Century Lattice QCD 7

lightest scalar glueball (26). The pseudoscalar, tensor, and first radially excited
scalar glueballs are all 800–900 MeV higher than the lowest scalar (24).

Lattice QCD has been used to verify the mass spectrum of quark-model hadrons
within a few percent. Figure 2 shows four broad efforts on the spectrum of
the isopsin-1 light mesons and the isospin-12 and -32 baryons (27, 28, 29, 30, 31).
All these simulations include 2 + 1 flavors of sea quarks, and the error bars in
References 27, 28, 30 reflect thorough analyses of the systematic uncertainties.
A satisfying feature of Figure 2 is that the results do not depend in a systematic
way on the fermion formulation chosen for the quarks. Even the latest results for
the difficult η-η′ splitting are encouraging (32,33,34).

Figure 2 includes predictions for mesons with quark content b̄c (38, 36, 39).
The prediction for the pseudoscalar Bc has been (subsequently) confirmed by
experiment (40,41), whereas the prediction for the vector B∗

c awaits confirmation.
These predictions build on successful calculations of the bb̄ and cc̄ spectra (37,
42,43,44,45), which reproduce the experimental results well.

The most striking aspect of the spectrum is how well it agrees with nature.
The nucleons provide almost all the mass in everyday objects, and their masses
have been verified within 3.5%. Their mass mostly comes, via m = E/c2, from
the kinetic energy of the quarks and the energy stored in the sausage-like flux
tube(s) holding the quarks together.

ρ K K∗ η φ N Λ Σ Ξ Δ Σ
∗

Ξ
∗ Ωπ ηʹ ω0
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© 2012 Andreas Kronfeld/Fermi Natl Accelerator Lab.

Figure 2: Hadron spectrum from lattice QCD. Comprehensive results for
mesons and baryons are from MILC (27, 28), PACS-CS (29), BMW (30), and
QCDSF (31). Results for η and η′ are from RBC & UKQCD (32), Hadron Spec-
trum (33) (also the only ω mass), and UKQCD (34). Results for heavy-light
hadrons from Fermilab-MILC (35), HPQCD (36), and Mohler & Woloshyn (37).
Circles, squares, and diamonds stand for staggered, Wilson, and chiral sea quarks,
respectively. Asterisks represent anisotropic lattices. Open symbols denote the
masses used to fix parameters. Filled symbols (and asterisks) denote results.
Red, orange, yellow, green, and blue stand for increasing numbers of ensembles
(i.e., lattice spacing and sea quark mass). Horizontal bars (gray boxes) denote
experimentally measured masses (widths). b-flavored meson masses are offset by
−4000 MeV.

Kronfeld AnnRevNuclPartSci2012

Collage of benchmark spectrum results by different collaborations

Low-lying (mostly) stable states



Nucleon axial charge
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Eur. Phys. J. C (2022) 82 :869 Page 197 of 296 869

Fig. 43 Lattice results and FLAG averages for the isovector axial charge gu−dA for N f = 2, 2 + 1 and 2 + 1 + 1 flavour calculations. Also shown
is the experimental result as quoted in the PDG [165]

that smeared gauge links reduce the leading discretization effects of O(a) substantially. The most recent publication (LHPC
19) is based on two ensembles within 1.5% of the physical pion, at two different values of the lattice spacing. Results
for gu−dA were determined using the summation and ratio methods, with and without including the first excitation in the
fit. LHPC quotes the result from the finer lattice spacing, with an error that covers the spread of uncertainties on both
ensembles.

The RBC/UKQCD collaboration has employed N f = 2 + 1 flavours of domain-wall fermions. The results quoted in
RBC/UKQCD 08B [883] and RBC/UKQCD 09B [884] were obtained at relatively heavy pion masses at a single value of the
lattice spacing, with only limited control over excited-state effects. While systematic investigation of different source-sink
separations has been recently performed on two ensembles at the same lattice spacing and pion masses of 250 and 170 MeV,
respectively [977], an estimate for gu−dA at the physical point has not been quoted.

The JLQCD collaboration (JLQCD 18 [890]) has performed a calculation using N f = 2 + 1 flavours of overlap fermions
and the Iwasaki gauge action. Owing to the large numerical cost of overlap fermions, which preserve exact chiral symmetry at
nonzero lattice spacing, they have only simulated four light quark masses with 290 < Mπ < 540 MeV and at a single lattice
spacing so far. Their simultaneous fit to the data for the correlator ratio RA(t, τ ) computed at six values of τ to a constant,
gives a low value for gu−dA at the physical point. Overlap valence quarks were also used by the χQCD collaboration in their
study of various nucleon matrix elements (χQCD 18 [101]), utilizing the gauge ensembles generated by RBC/UKQCD with
domain-wall fermions. The quoted estimate for the axial charge was obtained from a combination of two-state fits and the
summation method, applied over a range of source-sink separations.

Calculations with N f = 2 + 1 flavours of O(a) improved Wilson fermions have been performed by PACS, the Mainz
group and NME. The calculations by the PACS collaboration (PACS 18 [847] and PACS 18A [849]) were performed on very
large volumes (8.2 fm and 10.8 fm, respectively) at or near the physical pion mass. In PACS 18A, the ratio method without
including excited states was used to determine the isovector axial charge, which was found to be in good agreement with the
experimental value. However, only a single lattice spacing was used in PACS 18 and PACS 18A, so that these calculations
lack control over discretization effects. The Mainz group (Mainz 19 [102]) has presented results for the axial charge, obtained
by performing two-state fits to six different nucleon matrix elements (including the scalar and tensor charges), assuming that
the mass gap to the excited state can be more reliably constrained in this way. Up to six source-sink separations per ensemble
have been studied. The final results are obtained from a combined chiral, continuum and finite-volume extrapolation. The
NME collaboration (NME 21 [972]) has recently published the results from a calculation of various nucleon form factors and
charges. Results were obtained from multi-state fits, using up to four (three) states in the two-point (three-point) correlation
functions. In order to describe and control excited-state effects, Nπ and Nππ states with different relative momenta were
included in the analysis. The preferred result for gu−dA was obtained from the axial form factor GA(Q2) extrapolated to
Q2 = 0.

123

FLAG: Flavour Lattice Averaging Group 
Nucleon matrix elements included for first time in 2019
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D2. Project Description
PROJECT TITLE

Neutron lifetime — what’s the fuss over 10 seconds?

PROJECT AIMS AND BACKGROUND

Neutron lifetime puzzle:
Neutrons disappear from a storage

bottle faster than they are observed to
convert to protons in a beam.
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Figure 1: A nice caption.

The neutron lifetime puzzle is a longstanding issue in
the field of nuclear and particle physics, characterized by a
discrepancy in the measurement of the average lifetime of
a neutron. The neutron lifetime refers to the time it takes
for a neutron to decay into a proton, an electron, and an
electron antineutrino. Despite numerous experimental ef-
forts to determine the neutron lifetime, different methods
have produced conflicting results, with some yielding val-
ues that are significantly shorter or longer than others. The
resolution of this puzzle remains an important and ongoing
area of research.

Recently, advances in computational methods, partic-
ularly in lattice QCD (Quantum Chromodynamics), have
opened up the possibility of providing important theoreti-
cal guidance on the neutron lifetime puzzle. Lattice QCD
is a powerful tool for calculating the properties of strongly-
interacting particles, such as neutrons, from first principles.
By performing large-scale numerical simulations on high-
performance computing systems, it is now possible to compute the matrix elements that govern neutron
decay directly from QCD. These calculations have the potential to shed light on the neutron lifetime puzzle
and provide critical information for resolving the discrepancy in experimental measurements. They rep-
resent an exciting development in the effort to understand the behavior of neutrons and the fundamental
forces that govern their interactions.

However, achieving precision in these theoretical calculations requires good control of radiative correc-
tions, which arise from the emission and absorption of photons and other particles. These corrections can
have a significant impact on the neutron lifetime and must be carefully taken into account. This presents
a particular challenge for lattice QCD calculations, as radiative corrections are often difficult to model
in a controlled and systematic way. Nevertheless, recent progress in techniques for computing radiative
corrections in lattice QCD has opened up new avenues for attacking the neutron lifetime puzzle. By com-
bining accurate lattice QCD calculations with careful consideration of radiative corrections, it may now be
possible to provide a comprehensive and reliable theoretical prediction for the neutron lifetime, which can
help resolve the long-standing discrepancy in experimental measurements.

Aim 1: Perform a state-of-the-art calculation of the nucleon axial charge in lattice QCD.
Aim 2: Compute the low moments of the F3 structure function — to provide constraint on the

γW -box electroweak radiative corrections.
Aim 3: Perform a direct lattice calcution of the neutrino absorption rate, νn → pe−, including

QED — enabling a direct test of conventional techniques used in computing radiative
corrections.

Aim 4: Compute the lattice renormalisation of 4-point quark-quark-lepton-lepton operators.
Aim 5: Compute other forward nucleon matrix elements relevant for exotic (i.e. new physics)

decay channels of the neutron.

1



Our new results 
arXiv: 2304.02866

13



Lattice calculation

14

2

where ✏T and ✏S are the new-physics e↵ective couplings
and gT and gS are the tensor and scalar nucleon isovector
charges. Here b

BSM
v

is a correction term to the neutrino
asymmetry correlation coe�cient, B, and b

BSM is an
addition to the Fierz interference term b in Eq. 1. Data
taken at the Large Hadron Collider (LHC) is currently
looking at probing scalar and tensor interactions at the
. 10�3 level [7]. However to fully assess the discovery
potential of experiments at the 10�3 level it is crucial
to identify existing constraints on new scalar and tensor
operators.

Another quantity of interest is the neutron electric
dipole moment (EDM), which is a measure for CP viola-
tion. In extensions of the Standard Model quarks acquire
an EDM through the interaction of the photon with the
tensor current [8]. The contribution of the quark EDMs,
dq, to the EDM of the neutron, dn, is related to the quark
tensor charges, gq

T
, by [9–11]:

dn = dug
d

T
+ ddg

u

T
+ dsg

s

T
. (4)

Here du, dd, ds, are the new e↵ective couplings which
contain new CP violating interactions at the TeV scale.
The current experimental data gives an upper limit on
the neutron EDM of |dn| < 1.8 ⇥ 10�13

e.cm [12]. In
calculating the tensor charges and knowing a bound on
dn, we are able to constrain the couplings, dq, and hence
BSM theories.

In recent years there has been an increase in interest
from lattice QCD collaborations in calculating the axial,
scalar and tensor isovector charges due to their impor-
tance in interpreting the results of many experiments and
phenomena mediated by weak interactions [13–19]. The
QCDSF/UKQCD/CSSM collaborations have an ongoing
program investigating various hadronic properties using
the Feynman-Hellmann theorem [20–27]. Here we extend
this work to a dedicated study of the nucleon tensor,
scalar and axial charges. We discuss a flavour symmetry
breaking method to systematically approach the phys-
ical quark mass. We then extend this existing flavour
breaking expansion to also account for lattice spacing and
finite volume e↵ects to quantify systemic uncertainties.
Finally, we look at the potential impact of our results
on measurements of the Fierz interference term and the
neutron EDM.

II. SIMULATION DETAILS

For this work we use gauge field configurations that
have been generated with Nf = 2 + 1 flavours of dy-
namical fermions, using the tree-level Symanzik improved
gluon action and non-perturbatively O(a) improved Wil-
son fermions [28]. In our simulations, we have kept the
bare quark mass, m̄ = (mu + md + ms)/3, held fixed
approximately at its physical value, while systematically

varying the quark masses around the SU(3) flavour sym-
metric point, mu = md = ms, to extrapolate results to
the physical point [29]. We also have degenerate u and
d quark masses, mu = md ⌘ ml. The coverage of lattice
spacings and pion masses is represented graphically in
Fig. 1.

FIG. 1. Lattice ensembles that are used in this work charac-
terised by pion mass, m⇡, and lattice spacing, a. The hori-
zontal lines represent the physical pion and kaon masses and
the continuum limit occurs as a ! 0.

� a(fm) Volume (light,strange) m⇡ mK(MeV)
5.40 0.082 323 ⇥ 64 ( 0.119930 , 0.119930 ) 408 408

( 0.119989 , 0.119812 ) 366 424
( 0.120048 , 0.119695 ) 320 440
( 0.120084 , 0.119623 ) 290 450

5.50 0.074 323 ⇥ 64 ( 0.120900 , 0.120900 ) 468 468 *
( 0.121040 , 0.120620 ) 357 505 *
( 0.121095 , 0.120512 ) 315 526 *

5.50 0.074 323 ⇥ 64 ( 0.120950 , 0.120950 ) 403 403
( 0.121040 , 0.120770 ) 331 435
( 0.121099 , 0.120653 ) 270 454

5.65 0.068 483 ⇥ 96 ( 0.122005 , 0.122005 ) 412 412
( 0.122078 , 0.121859 ) 355 441
( 0.122130 , 0.121756 ) 302 457
( 0.122167 , 0.121682 ) 265 474

643 ⇥ 96 ( 0.122197 , 0.121623 ) 220 485
5.80 0.059 483 ⇥ 96 ( 0.122810 , 0.122810 ) 427 427

( 0.122880 , 0.122670 ) 357 456
( 0.122940 , 0.122551 ) 280 477

5.95 0.052 483 ⇥ 96 ( 0.123460 , 0.123460 ) 468 395
( 0.123411 , 0.123558 ) 418 418
( 0.123523 , 0.123334 ) 347 451

TABLE I. Details of lattice ensembles used in this work. *
indicates ensembles with a di↵erent value of m̄, further from
the physical m̄. The uncertainty on the pseudoscalar masses
is between 1-3MeV.

Further information about these ensembles is pre-
sented in Table I. We have five lattice spacings,
a = 0.082, 0.074, 0.068, 0.059, 0.052 fm [30], enabling
an extrapolation to the continuum limit as well as three
lattice volumes, 323⇥64, 483⇥96 and 643⇥96, allowing
an extension to the flavour-breaking expansion, which
describes the quark mass-dependence of the matrix

5 lattice spacings

pion masses

220 ↔ 500 MeV

0.052 ↔ 0.082 fm

3 volumes
2+1 flavour, NP-improved Wilson fermions



2-pt correlation function ⇒ energy eigenstates
• Stochastic sampling of vacuum gluon configurations 

• For each arrangement of the gluons, we compute propagation amplitude

15

Source 
“origin”

Sink

t = 0 t = t

Fourier project onto 3-volume at sink 
⇒ definite 3-momentum; e.g. p0 = 0e.g. 2-pt correlator: C(t)

quark propagator

Hadron Spectroscopy

Fourier project correlation function to zero momentum

C(t) =

Z
d3x

⌦
⌦
��O(~x , t)Ō(0)

��⌦
↵ large t

�!
e
�Et

2E
|A|

2

Define e↵ective mass

Ee↵.(t +
a

2
) =

1

a
ln


C(t)

C(t + a)

�
large t
�! E
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“Effective mass plot”

Ee↵. = � d

dt
hC(t)i

Euclidean time evolution: exp(�Ht)

lowest energy state dominates at large t

C(t) =
X

n

��hn| (0)|vac.i
��2 e�Ent
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3-pt functions
Sink

Source

J
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t, t0 � 1
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energy gap to 
lowest excitation
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Sink
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a ⌧ range that also satisfies a two-state initial fit assump-
tion. A detailed treatment of the two-exponential fit is
given in, for example, Ref. [36].
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FIG. 5. Graph of gdS extracted using the FH method shown by
the red points and shaded band compared with the result us-
ing the two-exponential fit method, calculated at a = 0.074fm,
(l, s) = (0.120900, 0.120900). The black, orange and blue
fits correspond to the two-exponential fit function constructed
and the purple shaded area corresponds to the gdS parameter
extracted from the two-exponential fit.

In our FH analysis, we have accounted for all sys-
tematic uncertainties arising from the choice of fit
window. However, the three-point analysis does not
have an equivalent error budget. To make a more
equitable comparison, we have selected the FH fit that
dominates the weighted average and used a time range
of t = 7 � 18, as indicated by the red band in Fig. 5.
Fig. 5 shows a comparison of the result for gd

S
extracted

using the FH method (red band) and the result using
the two-exponential fit method (purple band). We can
see that the results using the FH method is comparable
to using the standard three-point analysis.

Now that we have the quark contributions for multiple
lattice ensembles, in the next section we shall use a SU(3)
flavour symmetry breaking method to extrapolate results
for the nucleon isovector charges to the physical quark
mass.

VI. FLAVOUR SYMMETRY BREAKING

The QCD interaction is flavour-blind, which means
that the only distinction between quark flavours comes
from the quark masses when we disregard the electro-
magnetic and weak interactions. The theory behind
these interactions is easiest to understand when all three
quark flavours share the same mass, as this allows us to
use the full power of SU(3) flavour symmetry. Here we
have kept the bare quark mass, m̄ = (mu +md +ms)/3,
held fixed at its physical value, while systematically

varying the individual quark masses around the SU(3)
flavour symmetric point, mu = md = ms, in order to
constrain the extrapolation to the physical point. In this
work we simulate with degenerate u and d quark masses
mu = md ⌘ ml, restricting ourselves to nf = 2 + 1.

When SU(3) is unbroken all octet baryon matrix ele-
ments of a given octet operator can be expressed in terms
of just two couplings f and d. However, once SU(3) is
broken and we move away from the symmetric point we
can construct quantities (Di, Fi) which are equal at the
symmetric point but di↵er in the case where the quark
masses are di↵erent. The theory behind constructing
these quantities is described in detail in Ref. [37] and
is summarised below. The result of constructing these
quantities leads to ‘fan’ plots, with slope parameters (ri,
si) relating them. Following the method in Ref. [37]
we use the SU(3) expansion to extrapolate the nucleon
charges to the physical point.

A. Mass dependence of amplitudes

In order to find the allowed mass dependence of
the octet operators in hadrons we need the SU(3)
decomposition of the 8⌦ 8⌦ 8. SU(3) singlet and octet
coe�cients are constructed through group theory and
using a mass Taylor expansion, which can be seen in
Ref. [37]. Here we summarise the coe�cients in Table III.

1,1st class 8, 1st class
O(1) O(�ml)

f d d d d f f

I AB̄0FB f d r1 r2 r3 s1 s2
0 N̄⌘N

p
3 -1 1 0 0 0 -1

0 ⌃̄⌘⌃ 0 2 1 0 2
p
3 0 0

0 ⇤̄⌘⇤ 0 -2 1 2 0 0 0
0 ⌅̄⌘⌅ -

p
3 -1 1 0 0 0 1

1 N̄⇡0N 1
p
3 0 0 -2 2 0

1 ⌃̄⇡0⌃ 2 0 0 0 0 -2
p
3

1 ⌅̄⇡0⌅ 1 -
p
3 0 0 2 2 0

TABLE III. Coe�cients in the mass Taylor expansion of
AB̄0FB operator amplitudes: SU(3) singlet and octet, for first
class currents [37].

These coe�cients are used to construct equations
which are linear in �ml, where:

�ml = ml � m̄, (20)

is the di↵erence of the light quark mass to the SU(3)
symmetric point. Using the definitions in Table IV, we
introduce the notation for the matrix element transition
of B ! B

0 as follows:

AB̄0FB = hB
0
| J

F
|Bi , (21)

3-pt: 3 source–sink separations

2-exponential fit If you were a lattice audience, 
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Here the insertion is on the quark flavour q. For example,
we use the perturbed propagator for the d-quark in the
proton to get the d-quark contribution to the nucleon
isovector charge. The nucleon isovector charges are then
given by the di↵erence between the up and down quark
contributions:

g
u�d

T,A,S
= g

u

T,A,S
� g

d

T,A,S
. (16)

Here we only insert the operator into the propagators
used in the quark-line connected contributions; there are
no quark-line disconnected terms considered here as they
cancel in the case u� d. To improve the precision of our
results we can take advantage of the fact that we are
only interested in energy changes due to changes in �,
specifically the change in energy around the point � = 0,
with respect to the unperturbed energy. We consider
two correlation functions, one calculated at � = 0 and
the other at some finite value of �. If we take the ratio
of these two quantities, we find:

C�(t)

C(t)
large t
= e

�(E��E)t E

E�

|A�|
2

|A|2
. (17)

The exponential dependence on t now contains the di↵er-
ence in energies between the unperturbed energy and the
energy at some �. C and C� are both measured on the
same configurations, so both will have correlated noise.
Using this ratio to determine energy di↵erences has the
advantage that the noise will largely cancel, leaving to a
more reliable energy shift. We can also constrain our fit
function to pass through zero by construction as there is
no di↵erence in energies at � = 0.

FIG. 2. Proton e↵ective mass for the ratio (Eq. 17) divided
by �, for the down quark at two di↵erent values of �, calcu-
lated at a = 0.074fm, (l, s) = (0.120900, 0.120900) for the
tensor. The points have been o↵set slightly for clarity.

Here we observe some of the advantages that the
Feynman-Hellmann theorem has over standard meth-
ods. Since hadron energies are extracted from two-point
functions, control of excited state contamination in the
Feynman-Hellmann is simplified compared to standard
three-point analyses. For example Fig. 2 shows the e↵ec-
tive energy shift for the ratio (Eq. 17) divided by � for

the down quark at two di↵erent values of �. In Fig. 2
we see a plateau in the e↵ective mass and a control over
excited state contamination.

IV. WEIGHTED AVERAGING METHOD

The dependency of the fits on the time ranges used
is a source of systematic uncertainty. To address these
issues, we use a weighted averaging method on the fit
results to limit the impact of the fit window selection.
The weighted averaging method we use is a simplified
variation of that outlined in detail in Ref. [34] and has
similarities to that proposed in Ref. [35]. We proceed by
determining the energy shifts, �E = E� � E, by fitting
the ratio of perturbed to unperturbed correlation func-
tions using Eq. 17 for a variety of di↵erent Euclidean
time fit windows. The largest time slice employed in
each fit for each ensemble and operator is fixed to be the
last time slice before the signal is lost due to statistical
noise. For example, in Fig. 2 this would be chosen to
be tmax ⇡ 18. The start of the fit range, tmin, is var-
ied between tmin = 6, 7, 8, 9, 10 for ensembles with
� = 5.40, 5.50, 5.65, 5.80, 5.95, respectively and up to
the largest value of tmin such that no less than four time
slices are used in a fit. In the following we refer to the
value of �E for a single fit, f , as E

f . Each fit result is
then assigned a weight:

w
f =

pf (�Ef )�2

P
N

f 0=1 pf 0(�Ef 0)�2
, (18)

where f labels the choice of fit range specified by tmin for
a fixed tmax, pf = �(Ndof/2, �

2
/2)/�(Ndof/2) is the p-

value of the fit and �E
f is the uncertainty in the energy

shift, Ef , for fit f . Taking a weighted average of the N

fit findings, Ef , provides the final estimate of the energy
shift, E, and associated uncertainty �E,

E =
NX

f=1

w
f
E

f
,

�statE
2

=
NX

f=1

w
f (�Ef )2,

�sysE
2

=
NX

f=1

w
f (Ef

� E)2,

�E =

q
�statE

2
+ �sysE

2
.

(19)

The total error �E describes the combined statistical un-
certainty on E plus the systematic uncertainty arising
from the choice of fit range. The separating of this error
into �statE and �sysE only partially separates statisti-
cal and systematic uncertainties because �statE includes
statistical errors plus systematic uncertainties related to

Early times: 
great precision,  
but excited-state 
contamination.

Late times:  
ground-state dominance, 

but loss of statistical 
signal.

gT
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(a) (b) (c)

FIG. 3. Proton e↵ective mass for the ratio (Eq. 17) for the up quark at � = 0.0005, for spin-down in the tensor (a) and the
axial (b) with the scalar results show in (c), calculated at a = 0.074fm, (l, s) = (0.120900, 0.120900). The bar graph shows
the weight of each fit result for the value of tmin. The red band is the weighted average value, where the band includes the
combined statistical and systematic uncertainty.

(a) (b) (c)

FIG. 4. Proton energy shift, �E = E� � E, for di↵erent parameter values, with a linear fit. Calculated at a = 0.074fm,
(l, s) = (0.120900, 0.120900). Note that the error bars are smaller than the points displayed in some cases. Results for the
tensor (a), axial (b) and scalar (c) operators

fluctuations among the �E
f . The final estimate, E, pro-

vides an estimate of the energy of the hadron with re-
duced systematic bias arising from choice of fit window.
Fig. 3 shows the proton e↵ective energy shift for the ra-
tio (Eq. 17), using the standard definition of an e↵ective
mass. The final estimate of the energy shift, E, when
using the weighted averaging method is indicated by the
red band. Fig. 3 also includes a bar graph for the weights
assigned to each fit value.

V. DETERMINATION OF MATRIX ELEMENTS

Now that we have a procedure for reliably determining
the energy shifts, we are now in a position to determine
�E at multiple values of � for a fixed ensemble and
operator. In Fig. 4 we plot the calculated proton energy
shifts �E for each value of � for the a = 0.074fm en-
semble with (l, s) = (0.120900, 0.120900). Fig. 4(a)
shows results for the tensor operator, while Fig. 4(b)
shows those for the axial operator. Now performing a
linear fit to Eq. 14 and extracting the slope we obtain
the following results, gu

T
= 0.828(12), gd

T
= �0.2083(37),

g
u

A
= 0.871(32) and g

d

A
= �0.320(20), with the tensor

results, renormalised at µ = 2 GeV in the MS scheme
using the renormalisation factors given in Table II.
Similarly for the scalar charge, in Fig. 4(c) we perform
a linear fit to Eq. 15 and by extracting the slope
we find, g

u

S
= 2.97(16) and g

d

S
= 1.78(15), again

renormalised at µ = 2 GeV in the MS. The above
process has been repeated for all pion masses on each
of the lattice spacings as well as for the ⌃ and ⌅ baryons.

A. Two-exponential fit method

Here we compare the FH method results to the popu-
lar “two-exponential fit” method using three point func-
tions. This is undertaken by expanding the two-point
and three-point functions to the second energy state and
fitting to obtain the parameters of interest. The process
for the two-exponential fit is to fit the two-point correla-
tor over a sink time range in which the two-state initial
fit assumption is justified. Then using these extracted
parameters in the fit to the three-point correlator using

Minimum time used in fit

Weights Combined result

gA

w̃f =
pf

σ2
f

(Non-normalised) weights:

fit p-value

result uncertainty

see also: 
Beane et al. NPLQCD/QCDSF, PRD(2021) 
Rinaldi et al., PRD(2019)
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where ✏T and ✏S are the new-physics e↵ective couplings
and gT and gS are the tensor and scalar nucleon isovector
charges. Here b

BSM
v

is a correction term to the neutrino
asymmetry correlation coe�cient, B, and b

BSM is an
addition to the Fierz interference term b in Eq. 1. Data
taken at the Large Hadron Collider (LHC) is currently
looking at probing scalar and tensor interactions at the
. 10�3 level [7]. However to fully assess the discovery
potential of experiments at the 10�3 level it is crucial
to identify existing constraints on new scalar and tensor
operators.

Another quantity of interest is the neutron electric
dipole moment (EDM), which is a measure for CP viola-
tion. In extensions of the Standard Model quarks acquire
an EDM through the interaction of the photon with the
tensor current [8]. The contribution of the quark EDMs,
dq, to the EDM of the neutron, dn, is related to the quark
tensor charges, gq

T
, by [9–11]:

dn = dug
d

T
+ ddg

u

T
+ dsg

s

T
. (4)

Here du, dd, ds, are the new e↵ective couplings which
contain new CP violating interactions at the TeV scale.
The current experimental data gives an upper limit on
the neutron EDM of |dn| < 1.8 ⇥ 10�13

e.cm [12]. In
calculating the tensor charges and knowing a bound on
dn, we are able to constrain the couplings, dq, and hence
BSM theories.

In recent years there has been an increase in interest
from lattice QCD collaborations in calculating the axial,
scalar and tensor isovector charges due to their impor-
tance in interpreting the results of many experiments and
phenomena mediated by weak interactions [13–19]. The
QCDSF/UKQCD/CSSM collaborations have an ongoing
program investigating various hadronic properties using
the Feynman-Hellmann theorem [20–27]. Here we extend
this work to a dedicated study of the nucleon tensor,
scalar and axial charges. We discuss a flavour symmetry
breaking method to systematically approach the phys-
ical quark mass. We then extend this existing flavour
breaking expansion to also account for lattice spacing and
finite volume e↵ects to quantify systemic uncertainties.
Finally, we look at the potential impact of our results
on measurements of the Fierz interference term and the
neutron EDM.

II. SIMULATION DETAILS

For this work we use gauge field configurations that
have been generated with Nf = 2 + 1 flavours of dy-
namical fermions, using the tree-level Symanzik improved
gluon action and non-perturbatively O(a) improved Wil-
son fermions [28]. In our simulations, we have kept the
bare quark mass, m̄ = (mu + md + ms)/3, held fixed
approximately at its physical value, while systematically

varying the quark masses around the SU(3) flavour sym-
metric point, mu = md = ms, to extrapolate results to
the physical point [29]. We also have degenerate u and
d quark masses, mu = md ⌘ ml. The coverage of lattice
spacings and pion masses is represented graphically in
Fig. 1.

FIG. 1. Lattice ensembles that are used in this work charac-
terised by pion mass, m⇡, and lattice spacing, a. The hori-
zontal lines represent the physical pion and kaon masses and
the continuum limit occurs as a ! 0.

� a(fm) Volume (light,strange) m⇡ mK(MeV)
5.40 0.082 323 ⇥ 64 ( 0.119930 , 0.119930 ) 408 408

( 0.119989 , 0.119812 ) 366 424
( 0.120048 , 0.119695 ) 320 440
( 0.120084 , 0.119623 ) 290 450

5.50 0.074 323 ⇥ 64 ( 0.120900 , 0.120900 ) 468 468 *
( 0.121040 , 0.120620 ) 357 505 *
( 0.121095 , 0.120512 ) 315 526 *

5.50 0.074 323 ⇥ 64 ( 0.120950 , 0.120950 ) 403 403
( 0.121040 , 0.120770 ) 331 435
( 0.121099 , 0.120653 ) 270 454

5.65 0.068 483 ⇥ 96 ( 0.122005 , 0.122005 ) 412 412
( 0.122078 , 0.121859 ) 355 441
( 0.122130 , 0.121756 ) 302 457
( 0.122167 , 0.121682 ) 265 474

643 ⇥ 96 ( 0.122197 , 0.121623 ) 220 485
5.80 0.059 483 ⇥ 96 ( 0.122810 , 0.122810 ) 427 427

( 0.122880 , 0.122670 ) 357 456
( 0.122940 , 0.122551 ) 280 477

5.95 0.052 483 ⇥ 96 ( 0.123460 , 0.123460 ) 468 395
( 0.123411 , 0.123558 ) 418 418
( 0.123523 , 0.123334 ) 347 451

TABLE I. Details of lattice ensembles used in this work. *
indicates ensembles with a di↵erent value of m̄, further from
the physical m̄. The uncertainty on the pseudoscalar masses
is between 1-3MeV.

Further information about these ensembles is pre-
sented in Table I. We have five lattice spacings,
a = 0.082, 0.074, 0.068, 0.059, 0.052 fm [30], enabling
an extrapolation to the continuum limit as well as three
lattice volumes, 323⇥64, 483⇥96 and 643⇥96, allowing
an extension to the flavour-breaking expansion, which
describes the quark mass-dependence of the matrix

pion masses

we want to 
be here!
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where ✏T and ✏S are the new-physics e↵ective couplings
and gT and gS are the tensor and scalar nucleon isovector
charges. Here b

BSM
v

is a correction term to the neutrino
asymmetry correlation coe�cient, B, and b

BSM is an
addition to the Fierz interference term b in Eq. 1. Data
taken at the Large Hadron Collider (LHC) is currently
looking at probing scalar and tensor interactions at the
. 10�3 level [7]. However to fully assess the discovery
potential of experiments at the 10�3 level it is crucial
to identify existing constraints on new scalar and tensor
operators.

Another quantity of interest is the neutron electric
dipole moment (EDM), which is a measure for CP viola-
tion. In extensions of the Standard Model quarks acquire
an EDM through the interaction of the photon with the
tensor current [8]. The contribution of the quark EDMs,
dq, to the EDM of the neutron, dn, is related to the quark
tensor charges, gq

T
, by [9–11]:

dn = dug
d

T
+ ddg

u

T
+ dsg

s

T
. (4)

Here du, dd, ds, are the new e↵ective couplings which
contain new CP violating interactions at the TeV scale.
The current experimental data gives an upper limit on
the neutron EDM of |dn| < 1.8 ⇥ 10�13

e.cm [12]. In
calculating the tensor charges and knowing a bound on
dn, we are able to constrain the couplings, dq, and hence
BSM theories.

In recent years there has been an increase in interest
from lattice QCD collaborations in calculating the axial,
scalar and tensor isovector charges due to their impor-
tance in interpreting the results of many experiments and
phenomena mediated by weak interactions [13–19]. The
QCDSF/UKQCD/CSSM collaborations have an ongoing
program investigating various hadronic properties using
the Feynman-Hellmann theorem [20–27]. Here we extend
this work to a dedicated study of the nucleon tensor,
scalar and axial charges. We discuss a flavour symmetry
breaking method to systematically approach the phys-
ical quark mass. We then extend this existing flavour
breaking expansion to also account for lattice spacing and
finite volume e↵ects to quantify systemic uncertainties.
Finally, we look at the potential impact of our results
on measurements of the Fierz interference term and the
neutron EDM.

II. SIMULATION DETAILS

For this work we use gauge field configurations that
have been generated with Nf = 2 + 1 flavours of dy-
namical fermions, using the tree-level Symanzik improved
gluon action and non-perturbatively O(a) improved Wil-
son fermions [28]. In our simulations, we have kept the
bare quark mass, m̄ = (mu + md + ms)/3, held fixed
approximately at its physical value, while systematically

varying the quark masses around the SU(3) flavour sym-
metric point, mu = md = ms, to extrapolate results to
the physical point [29]. We also have degenerate u and
d quark masses, mu = md ⌘ ml. The coverage of lattice
spacings and pion masses is represented graphically in
Fig. 1.

FIG. 1. Lattice ensembles that are used in this work charac-
terised by pion mass, m⇡, and lattice spacing, a. The hori-
zontal lines represent the physical pion and kaon masses and
the continuum limit occurs as a ! 0.

� a(fm) Volume (light,strange) m⇡ mK(MeV)
5.40 0.082 323 ⇥ 64 ( 0.119930 , 0.119930 ) 408 408

( 0.119989 , 0.119812 ) 366 424
( 0.120048 , 0.119695 ) 320 440
( 0.120084 , 0.119623 ) 290 450

5.50 0.074 323 ⇥ 64 ( 0.120900 , 0.120900 ) 468 468 *
( 0.121040 , 0.120620 ) 357 505 *
( 0.121095 , 0.120512 ) 315 526 *

5.50 0.074 323 ⇥ 64 ( 0.120950 , 0.120950 ) 403 403
( 0.121040 , 0.120770 ) 331 435
( 0.121099 , 0.120653 ) 270 454

5.65 0.068 483 ⇥ 96 ( 0.122005 , 0.122005 ) 412 412
( 0.122078 , 0.121859 ) 355 441
( 0.122130 , 0.121756 ) 302 457
( 0.122167 , 0.121682 ) 265 474

643 ⇥ 96 ( 0.122197 , 0.121623 ) 220 485
5.80 0.059 483 ⇥ 96 ( 0.122810 , 0.122810 ) 427 427

( 0.122880 , 0.122670 ) 357 456
( 0.122940 , 0.122551 ) 280 477

5.95 0.052 483 ⇥ 96 ( 0.123460 , 0.123460 ) 468 395
( 0.123411 , 0.123558 ) 418 418
( 0.123523 , 0.123334 ) 347 451

TABLE I. Details of lattice ensembles used in this work. *
indicates ensembles with a di↵erent value of m̄, further from
the physical m̄. The uncertainty on the pseudoscalar masses
is between 1-3MeV.

Further information about these ensembles is pre-
sented in Table I. We have five lattice spacings,
a = 0.082, 0.074, 0.068, 0.059, 0.052 fm [30], enabling
an extrapolation to the continuum limit as well as three
lattice volumes, 323⇥64, 483⇥96 and 643⇥96, allowing
an extension to the flavour-breaking expansion, which
describes the quark mass-dependence of the matrix
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Baryon matrix elements
• Consider general flavour matrix elements of octet baryons: 

• In exact SU(3) limit, just 2 independent constants 
• F- and D-type couplings 

• At linear order in SU(3) breaking: 5 slope parameters 
(3 D’s & 2 F’s) 
• # of parameters (polynomials/operators) reduced  

by restricting to m-bar constant line
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⟨B′ |JF |B⟩ = AB′ FB

Bickerton, Horsley et al. [CSSM/QCDSF/UKQCD], PRD(2019)
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Index Baryon (B) Meson (F ) Current (JF )
1 n K0 d̄�s
2 p K+ ū�s
3 ⌃� ⇡� d̄�u
4 ⌃0 ⇡0 1p

2

�
ū�u� d̄�d

�

5 ⇤0 ⌘ 1p
6

�
ū�u+ d̄�d� 2s̄�s

�

6 ⌃+ ⇡+ ū�d
7 ⌅� K� s̄�u
8 ⌅0 K̄0 s̄�d
0 ⌘0 1p

6

�
ū�u+ d̄�d+ s̄�s

�

TABLE IV. The conventions for the generalised currents. We
use the convention that current (i.e. operator) numbered by
i has the same e↵ect as absorbing a meson with the index i.
Here � represents an arbitrary Dirac matrix [37].

where J
F is the appropriate operator, or current, from

Table IV and F represents the flavour structure of the
operator. From Table III we can now read o↵ the expan-
sions of the various matrix elements, where the f and d

terms are independent of �ml and the coe�cients r1, r2,
r3 and s1, s2 are the leading order �ml terms. For exam-
ple if we look at the ⌃̄⇡⌃ term, we have to first order in
�ml:

h⌃+
| J

⇡
0

|⌃+
i = A⌃̄⇡⌃ = 2f + (�2s1 +

p
3s2)�ml.

(22)

B. Mass Dependence: ‘Fan Plots’

Since we hold the average quark mass, m̄, fixed, while
moving away from the symmetric point, we only need to
consider the non-singlet polynomials in the quark mass.
In this sub-section quantities (Di, Fi) are constructed
which are equal at the symmetric point and di↵er in
the case where the quark masses are di↵erent. We can
then evaluate the the violation of SU(3) symmetry that
emerges from the di↵erence in ms �ml.

1. The d-fan

Following Ref. [37], we construct the following combi-
nations of matrix elements which have the same value,
2d, at the SU(3)d symmetric point:

D1 ⌘ �(AN̄⌘N +A⌅̄⌘⌅) = 2d� r1�ml,

D2 ⌘ A⌃̄⌘⌃ = 2d+ (r1 + 2
p
3r3)�ml,

D3 ⌘ �A⇤̄⌘⇤ = 2d� (r1 + 2r2)�ml,

D4 ⌘
1
p
3
(AN̄⇡N �A⌅̄⇡⌅) = 2d�

4
p
3
r3�ml,

D5 ⌘ A⌃̄⇡⇤ = 2d+ (r2 �
p
3r3)�ml,

D6 ⌘
1
p
6
(AN̄K⌃ +A⌃̄K⌅) = 2d+

2
p
3
r3�ml,

D7 ⌘ �(AN̄K⇤ +A⇤̄K⌅) = 2d� 2r2�ml.

(23)

By constructing these quantities the result is a ‘fan’ plot
with seven lines and three slope parameters (r1, r2 and
r3) constraining them. The slope parameters can be con-
strained by calculating octet baryon matrix elements on
a set of ensembles with varying quark masses at fixed lat-
tice spacing, such as those given in Table I, and construct-
ing the Dis. For the forward matrix elements considered
here, these Dis can also be written as linear combina-
tions of the di↵erent quark contributions to the baryon
charges. For example, using Table IV we see:

D1 = � (AN̄⌘N +A⌅̄⌘⌅)

= �

✓
1
p
6
(gu

p
+ g

d

p
) +

1
p
6
(gu⌅ � 2gs⌅)

◆
,

(24)

where we introduce the notation g
q

B
to denote the quark,

q, contribution to the overall charge in the baryon, B. In
this work we only consider the flavour diagonal matrix
terms, i.e. there are no transition terms. Therefore, only
the diagonal D terms, D1, D2 and D4, are used. An
‘average D’ can also be constructed from the diagonal
amplitudes:

XD =
1

6
(D1 + 2D2 + 3D4) = 2d+O(�m2

l
), (25)

which is constant in �ml up to terms O(�m2
l
). When con-

structing these fan plots it is useful to plot D̃i = Di/XD

to find the average fit to reduce statistical fluctuations.

2. The f-fan

Similarly another five quantities, Fi, can be con-
structed which all have the same value, 2f , at the SU(3)f
symmetric point:

F1 ⌘
1
p
3
(AN̄⌘N �A⌅̄⌘⌅) = 2f �

2
p
3
s2�ml,

F2 ⌘ (AN̄⇡N +A⌅̄⇡⌅) = 2f + 4s1�ml,

F3 ⌘ A⌃̄⇡⌃ = 2f + (�2s1 +
p
3s2)�ml,

F4 ⌘
1
p
2
(A⌃̄K⌅ �AN̄K⌃) = 2f � 2s1�ml,

F5 ⌘
1
p
3
(A⇤̄K⌅ �AN̄K⇤) = 2f +

2
p
3
(
p
3s1 � s2)�ml.

(26)
Again, an ‘average F’ can be calculated through:

XF =
1

6
(3F1 + F2 + 2F3) = 2f +O(�m2

l
). (27)

In this work, only the connected quark-line terms are
computed. Quark-line disconnected terms only show
up in the r1 coe�cient and r

discon
1 cancels in the case

g
u�d

T,A,S
= g

u

T,A,S
� g

d

T,A,S
. Unlike the d-fan, the f -fan to

linear order, has no error from dropping the quark-line
disconnected contributions, as none of the ri parameters
appear in the f -fan.
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C. Fan Plot Results

Here we present results using the a = 0.074fm ensem-
ble. Results from other lattice spacings are similar. In
Section VII, we will extend this method to include all
ensembles and present the final results for gT,A,S .

FIG. 6. XD and XF for each �ml for the a = 0.074fm en-
semble for the tensor matrix element. The dashed lines are
constant fits and the black stars represent the physical point.

(a)

(b)

FIG. 7. (a) The three fits D1, D2 and D4 (b) The three fits
F1, F2 and F3 for the tensor. The vertical black dotted line
represents the physical point. Results for the three ensembles
with the heaviest pion masses at a = 0.074fm ensemble. The
flavour o↵-diagonal terms D6, F4 and F5 are also predicted
and plotted.

The singlet quantities XD and XF are calculated us-
ing Eq. 25 and Eq. 27. In Fig. 6 XD and XF are plot-
ted against �ml and fitted to a constant. Since in Sec-
tion VII we will work to O(�m2

l
) in our flavour-breaking

expansions, we fit XD and XF to constants in order
to determine their values at the physical quark masses.
Here we extrapolate to the physical point, where we use
�m

⇤
l
= �0.01103, previously determined in Ref [38]. The

constant fits to the a = 0.074fm data are shown by the
dashed lines in Fig. 6. In Fig. 7(a) we present the D-‘fan’
plot which shows the �ml dependence of the D̃i = Di/XD

for i = 1, 2 and 4. Here the lines correspond to the linear
in �ml fits using Eq. 23. From these linear fits the slope
parameters r̃1 = r1/XD and r̃3 = r3/XD are determined.
It is interesting to note that these parameters also lead to
a prediction for the flavour o↵-diagonal term for i = 6,
which is also shown. Similarly in Fig. 7(b) we present
the F-‘fan’ plot for F̃i = Fi/XF , i = 1, 2 and 3, where
the lines correspond to the linear fits using Eq. 26. Sim-
ilarly, the parameters s̃1 = s1/XF and s̃2 = s2/XF are
determined from the linear fits. Again, the correspond-
ing o↵-diagonal terms for i = 4, 5 are also predicted and
plotted. By forming appropriate linear combinations, we
reconstruct the matrix elements for an individual quark
flavour in a particular hadron:

hp| ū�u |pi = 2
p
2f +

⇣r3

2
r1 �

p
2r3 +

p
2s1

�

r
3

2
s2

⌘
�ml,

hp| d̄�d |pi =
p
2(f �

p
3d) +

⇣r3

2
r1 +

p
2r3 �

p
2s1

�

r
3

2
s2

⌘
�ml,

(28)
and hence the nucleon isovector charges can be deter-
mined:

g
u�d

T,A,S
= hp| ū�u |pi � hp| d̄�d |pi , (29)

for � = �34�5, �3�5 and I. To obtain an extrapolation
of gT,A,S to the physical point, we evaluate the expres-
sions in Eq. 28 at �ml ! �m

⇤
l
and substitute in the

estimated values for ri = r̃iXD and si = s̃iXF . For the
a = 0.074fm results presented here as an example, this
gives the results gT = 1.0262(38), gA = 1.200(18) and
gS = 0.982(23) renormalised at µ = 2 GeV in the MS
scheme. Noting these errors are purely statistical. In or-
der to quantify systemic uncertainties we will now extend
this flavour breaking expansion method further.

VII. GLOBAL FITS

The flavour breaking expansion described in Section VI
only accounts for the quark mass-dependence of the ma-
trix elements. However, in order to quantify systematic

F fan

Can form a “singlet” combination
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Index Baryon (B) Meson (F ) Current (JF )
1 n K0 d̄�s
2 p K+ ū�s
3 ⌃� ⇡� d̄�u
4 ⌃0 ⇡0 1p

2

�
ū�u� d̄�d

�

5 ⇤0 ⌘ 1p
6

�
ū�u+ d̄�d� 2s̄�s

�

6 ⌃+ ⇡+ ū�d
7 ⌅� K� s̄�u
8 ⌅0 K̄0 s̄�d
0 ⌘0 1p

6

�
ū�u+ d̄�d+ s̄�s

�

TABLE IV. The conventions for the generalised currents. We
use the convention that current (i.e. operator) numbered by
i has the same e↵ect as absorbing a meson with the index i.
Here � represents an arbitrary Dirac matrix [37].

where J
F is the appropriate operator, or current, from

Table IV and F represents the flavour structure of the
operator. From Table III we can now read o↵ the expan-
sions of the various matrix elements, where the f and d

terms are independent of �ml and the coe�cients r1, r2,
r3 and s1, s2 are the leading order �ml terms. For exam-
ple if we look at the ⌃̄⇡⌃ term, we have to first order in
�ml:

h⌃+
| J

⇡
0

|⌃+
i = A⌃̄⇡⌃ = 2f + (�2s1 +

p
3s2)�ml.

(22)

B. Mass Dependence: ‘Fan Plots’

Since we hold the average quark mass, m̄, fixed, while
moving away from the symmetric point, we only need to
consider the non-singlet polynomials in the quark mass.
In this sub-section quantities (Di, Fi) are constructed
which are equal at the symmetric point and di↵er in
the case where the quark masses are di↵erent. We can
then evaluate the the violation of SU(3) symmetry that
emerges from the di↵erence in ms �ml.

1. The d-fan

Following Ref. [37], we construct the following combi-
nations of matrix elements which have the same value,
2d, at the SU(3)d symmetric point:

D1 ⌘ �(AN̄⌘N +A⌅̄⌘⌅) = 2d� r1�ml,

D2 ⌘ A⌃̄⌘⌃ = 2d+ (r1 + 2
p
3r3)�ml,

D3 ⌘ �A⇤̄⌘⇤ = 2d� (r1 + 2r2)�ml,

D4 ⌘
1
p
3
(AN̄⇡N �A⌅̄⇡⌅) = 2d�

4
p
3
r3�ml,

D5 ⌘ A⌃̄⇡⇤ = 2d+ (r2 �
p
3r3)�ml,

D6 ⌘
1
p
6
(AN̄K⌃ +A⌃̄K⌅) = 2d+

2
p
3
r3�ml,

D7 ⌘ �(AN̄K⇤ +A⇤̄K⌅) = 2d� 2r2�ml.

(23)

By constructing these quantities the result is a ‘fan’ plot
with seven lines and three slope parameters (r1, r2 and
r3) constraining them. The slope parameters can be con-
strained by calculating octet baryon matrix elements on
a set of ensembles with varying quark masses at fixed lat-
tice spacing, such as those given in Table I, and construct-
ing the Dis. For the forward matrix elements considered
here, these Dis can also be written as linear combina-
tions of the di↵erent quark contributions to the baryon
charges. For example, using Table IV we see:

D1 = � (AN̄⌘N +A⌅̄⌘⌅)

= �

✓
1
p
6
(gu

p
+ g

d

p
) +

1
p
6
(gu⌅ � 2gs⌅)

◆
,

(24)

where we introduce the notation g
q

B
to denote the quark,

q, contribution to the overall charge in the baryon, B. In
this work we only consider the flavour diagonal matrix
terms, i.e. there are no transition terms. Therefore, only
the diagonal D terms, D1, D2 and D4, are used. An
‘average D’ can also be constructed from the diagonal
amplitudes:

XD =
1

6
(D1 + 2D2 + 3D4) = 2d+O(�m2

l
), (25)

which is constant in �ml up to terms O(�m2
l
). When con-

structing these fan plots it is useful to plot D̃i = Di/XD

to find the average fit to reduce statistical fluctuations.

2. The f-fan

Similarly another five quantities, Fi, can be con-
structed which all have the same value, 2f , at the SU(3)f
symmetric point:

F1 ⌘
1
p
3
(AN̄⌘N �A⌅̄⌘⌅) = 2f �

2
p
3
s2�ml,

F2 ⌘ (AN̄⇡N +A⌅̄⇡⌅) = 2f + 4s1�ml,

F3 ⌘ A⌃̄⇡⌃ = 2f + (�2s1 +
p
3s2)�ml,

F4 ⌘
1
p
2
(A⌃̄K⌅ �AN̄K⌃) = 2f � 2s1�ml,

F5 ⌘
1
p
3
(A⇤̄K⌅ �AN̄K⇤) = 2f +

2
p
3
(
p
3s1 � s2)�ml.

(26)
Again, an ‘average F’ can be calculated through:

XF =
1

6
(3F1 + F2 + 2F3) = 2f +O(�m2

l
). (27)

In this work, only the connected quark-line terms are
computed. Quark-line disconnected terms only show
up in the r1 coe�cient and r

discon
1 cancels in the case

g
u�d

T,A,S
= g

u

T,A,S
� g

d

T,A,S
. Unlike the d-fan, the f -fan to

linear order, has no error from dropping the quark-line
disconnected contributions, as none of the ri parameters
appear in the f -fan.

All matrix elements identical 
in the SU(3) symmetric limit

XF = 1
6 (3F1 + F2 + 2F3) = 2f + 𝒪(δm2

ℓ)

Normalisation from singlet

General result: Singlet quantities only 
vary at 2nd-order in SU(3) breaking.

gT
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• Free parameter to encode leading 
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[functional form from chiral EFT, 
see Beane & Savage PRD(2004)]
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where ✏T and ✏S are the new-physics e↵ective couplings
and gT and gS are the tensor and scalar nucleon isovector
charges. Here b

BSM
v

is a correction term to the neutrino
asymmetry correlation coe�cient, B, and b

BSM is an
addition to the Fierz interference term b in Eq. 1. Data
taken at the Large Hadron Collider (LHC) is currently
looking at probing scalar and tensor interactions at the
. 10�3 level [7]. However to fully assess the discovery
potential of experiments at the 10�3 level it is crucial
to identify existing constraints on new scalar and tensor
operators.

Another quantity of interest is the neutron electric
dipole moment (EDM), which is a measure for CP viola-
tion. In extensions of the Standard Model quarks acquire
an EDM through the interaction of the photon with the
tensor current [8]. The contribution of the quark EDMs,
dq, to the EDM of the neutron, dn, is related to the quark
tensor charges, gq

T
, by [9–11]:

dn = dug
d

T
+ ddg

u

T
+ dsg

s

T
. (4)

Here du, dd, ds, are the new e↵ective couplings which
contain new CP violating interactions at the TeV scale.
The current experimental data gives an upper limit on
the neutron EDM of |dn| < 1.8 ⇥ 10�13

e.cm [12]. In
calculating the tensor charges and knowing a bound on
dn, we are able to constrain the couplings, dq, and hence
BSM theories.

In recent years there has been an increase in interest
from lattice QCD collaborations in calculating the axial,
scalar and tensor isovector charges due to their impor-
tance in interpreting the results of many experiments and
phenomena mediated by weak interactions [13–19]. The
QCDSF/UKQCD/CSSM collaborations have an ongoing
program investigating various hadronic properties using
the Feynman-Hellmann theorem [20–27]. Here we extend
this work to a dedicated study of the nucleon tensor,
scalar and axial charges. We discuss a flavour symmetry
breaking method to systematically approach the phys-
ical quark mass. We then extend this existing flavour
breaking expansion to also account for lattice spacing and
finite volume e↵ects to quantify systemic uncertainties.
Finally, we look at the potential impact of our results
on measurements of the Fierz interference term and the
neutron EDM.

II. SIMULATION DETAILS
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gluon action and non-perturbatively O(a) improved Wil-
son fermions [28]. In our simulations, we have kept the
bare quark mass, m̄ = (mu + md + ms)/3, held fixed
approximately at its physical value, while systematically

varying the quark masses around the SU(3) flavour sym-
metric point, mu = md = ms, to extrapolate results to
the physical point [29]. We also have degenerate u and
d quark masses, mu = md ⌘ ml. The coverage of lattice
spacings and pion masses is represented graphically in
Fig. 1.

FIG. 1. Lattice ensembles that are used in this work charac-
terised by pion mass, m⇡, and lattice spacing, a. The hori-
zontal lines represent the physical pion and kaon masses and
the continuum limit occurs as a ! 0.

� a(fm) Volume (light,strange) m⇡ mK(MeV)
5.40 0.082 323 ⇥ 64 ( 0.119930 , 0.119930 ) 408 408

( 0.119989 , 0.119812 ) 366 424
( 0.120048 , 0.119695 ) 320 440
( 0.120084 , 0.119623 ) 290 450

5.50 0.074 323 ⇥ 64 ( 0.120900 , 0.120900 ) 468 468 *
( 0.121040 , 0.120620 ) 357 505 *
( 0.121095 , 0.120512 ) 315 526 *

5.50 0.074 323 ⇥ 64 ( 0.120950 , 0.120950 ) 403 403
( 0.121040 , 0.120770 ) 331 435
( 0.121099 , 0.120653 ) 270 454

5.65 0.068 483 ⇥ 96 ( 0.122005 , 0.122005 ) 412 412
( 0.122078 , 0.121859 ) 355 441
( 0.122130 , 0.121756 ) 302 457
( 0.122167 , 0.121682 ) 265 474

643 ⇥ 96 ( 0.122197 , 0.121623 ) 220 485
5.80 0.059 483 ⇥ 96 ( 0.122810 , 0.122810 ) 427 427

( 0.122880 , 0.122670 ) 357 456
( 0.122940 , 0.122551 ) 280 477

5.95 0.052 483 ⇥ 96 ( 0.123460 , 0.123460 ) 468 395
( 0.123411 , 0.123558 ) 418 418
( 0.123523 , 0.123334 ) 347 451

TABLE I. Details of lattice ensembles used in this work. *
indicates ensembles with a di↵erent value of m̄, further from
the physical m̄. The uncertainty on the pseudoscalar masses
is between 1-3MeV.

Further information about these ensembles is pre-
sented in Table I. We have five lattice spacings,
a = 0.082, 0.074, 0.068, 0.059, 0.052 fm [30], enabling
an extrapolation to the continuum limit as well as three
lattice volumes, 323⇥64, 483⇥96 and 643⇥96, allowing
an extension to the flavour-breaking expansion, which
describes the quark mass-dependence of the matrix

we want to 
be here!

fL(m) = ( m
Xπ )

2
e−mL

mL
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Fit XD �2/dof XF �2/dof gT �2/dof D-Fan �2/dof F-Fan
1. �m2

l 0.5126(44) 1.81 0.5971(59) 1.68 1.022(12) 1.28 1.89
2. a, �m2

l 0.5307(79) 1.54 0.62(1) 1.43 1.004(27) 0.67 1.10
3. a2, �m2

l 0.5228(58) 1.55 0.6077(74) 1.36 1.012(18) 0.71 1.13
4. a, �m2

l , m⇡L 0.5339(85) 1.63 0.6198(99) 1.42 1.009(67) 0.67 1.10
5. a2, �m2

l , m⇡L 0.5232(58) 1.64 0.608(74) 1.44 1.013(18) 0.71 1.13
6. �m2

l , m⇡L 0.5126(44) 1.91 0.5992(58) 1.78 1.027(13) 1.28 1.89
Fit XD �2/dof XF �2/dof gA �2/dof D-Fan �2/dof F-Fan
1. �m2

l 0.583(21) 1.38 0.652(22) 0.74 1.249(64) 0.81 1.54
2. a, �m2

l 0.57(4) 1.45 0.655(44) 0.78 1.24(16) 0.79 1.56
3. a2, �m2

l 0.575(27) 1.44 0.653(29) 0.78 1.239(95) 0.79 1.56
4. a, �m2

l , m⇡L 0.566(39) 1.53 0.650(39) 0.83 1.24(18) 0.79 1.56
5. a2, �m2

l , m⇡L 0.570(30) 1.53 0.648(30) 0.83 1.238(92) 0.79 1.56
6. �m2

l , m⇡L 0.588(24) 1.46 0.659(23) 0.78 1.248(69) 0.81 1.54
Fit XD �2/dof XF �2/dof gS �2/dof D-Fan �2/dof F-Fan
1. �m2

l �0.599(51) 1.58 2.47(12) 2.0 1.07(19) 1.41 4.00
2. a, �m2

l �0.62(98) 1.66 2.63(18) 2.03 0.88(49) 1.46 4.21
3. a2, �m2

l �0.609(68) 1.67 2.56(13) 2.00 0.97(3) 1.46 4.21
4. a, �m2

l , m⇡L �0.67(10) 1.63 2.53(19) 2.06 0.79(51) 1.46 4.21
5. a2, �m2

l , m⇡L �0.623(69) 1.63 2.54(13) 2.05 0.95(31) 1.46 4.21
6. �m2

l , m⇡L �0.585(54) 1.61 2.51(12) 1.94 1.10(19) 1.41 4.00

TABLE V. Table of results for each fit and the corresponding �2/dof . The notation in the first column shows which corrections
are included in Eq. 32, 34 and 35. For example Fit 4 includes all corrections a, �m2

l and m⇡L, while Fit 1 only includes an
added �m2

l term, i.e. c1 = c2 = bi = ei = 0.

(a) (b)

(c) (d)

FIG. 8. As an example of some fits we have for the tensor: (a) XF results for each ensemble using Eq. 32 where c1 = c2 = 0

(Fit 1), plotted against
m2

⇡�X2
⇡

X2
⇡

. (b) The three fits F1, F2 and F3 using Eq. 35 with ei = 0 (Fit 1). (c) XF results using all

corrections in Eq. 32 (Fit 4), plotted against
m2

⇡�X2
⇡

X2
⇡

. The black line is a fit to Eq. 32 in the limit a ! 0 and m⇡L ! 1. (d)

The three fits F1, F2 and F3 using Eq. 35, where once again the data points are shifted in the limit a ! 0. The black stars
represent the physical point.
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corrections in Eq. 32 (Fit 4), plotted against
m2

⇡�X2
⇡

X2
⇡

. The black line is a fit to Eq. 32 in the limit a ! 0 and m⇡L ! 1. (d)

The three fits F1, F2 and F3 using Eq. 35, where once again the data points are shifted in the limit a ! 0. The black stars
represent the physical point.
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Fit XD �2/dof XF �2/dof gT �2/dof D-Fan �2/dof F-Fan
1. �m2

l 0.5126(44) 1.81 0.5971(59) 1.68 1.022(12) 1.28 1.89
2. a, �m2

l 0.5307(79) 1.54 0.62(1) 1.43 1.004(27) 0.67 1.10
3. a2, �m2

l 0.5228(58) 1.55 0.6077(74) 1.36 1.012(18) 0.71 1.13
4. a, �m2

l , m⇡L 0.5339(85) 1.63 0.6198(99) 1.42 1.009(67) 0.67 1.10
5. a2, �m2

l , m⇡L 0.5232(58) 1.64 0.608(74) 1.44 1.013(18) 0.71 1.13
6. �m2

l , m⇡L 0.5126(44) 1.91 0.5992(58) 1.78 1.027(13) 1.28 1.89
Fit XD �2/dof XF �2/dof gA �2/dof D-Fan �2/dof F-Fan
1. �m2

l 0.583(21) 1.38 0.652(22) 0.74 1.249(64) 0.81 1.54
2. a, �m2

l 0.57(4) 1.45 0.655(44) 0.78 1.24(16) 0.79 1.56
3. a2, �m2

l 0.575(27) 1.44 0.653(29) 0.78 1.239(95) 0.79 1.56
4. a, �m2

l , m⇡L 0.566(39) 1.53 0.650(39) 0.83 1.24(18) 0.79 1.56
5. a2, �m2

l , m⇡L 0.570(30) 1.53 0.648(30) 0.83 1.238(92) 0.79 1.56
6. �m2

l , m⇡L 0.588(24) 1.46 0.659(23) 0.78 1.248(69) 0.81 1.54
Fit XD �2/dof XF �2/dof gS �2/dof D-Fan �2/dof F-Fan
1. �m2

l �0.599(51) 1.58 2.47(12) 2.0 1.07(19) 1.41 4.00
2. a, �m2

l �0.62(98) 1.66 2.63(18) 2.03 0.88(49) 1.46 4.21
3. a2, �m2

l �0.609(68) 1.67 2.56(13) 2.00 0.97(3) 1.46 4.21
4. a, �m2

l , m⇡L �0.67(10) 1.63 2.53(19) 2.06 0.79(51) 1.46 4.21
5. a2, �m2

l , m⇡L �0.623(69) 1.63 2.54(13) 2.05 0.95(31) 1.46 4.21
6. �m2

l , m⇡L �0.585(54) 1.61 2.51(12) 1.94 1.10(19) 1.41 4.00

TABLE V. Table of results for each fit and the corresponding �2/dof . The notation in the first column shows which corrections
are included in Eq. 32, 34 and 35. For example Fit 4 includes all corrections a, �m2

l and m⇡L, while Fit 1 only includes an
added �m2

l term, i.e. c1 = c2 = bi = ei = 0.
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FIG. 8. As an example of some fits we have for the tensor: (a) XF results for each ensemble using Eq. 32 where c1 = c2 = 0

(Fit 1), plotted against
m2

⇡�X2
⇡

X2
⇡

. (b) The three fits F1, F2 and F3 using Eq. 35 with ei = 0 (Fit 1). (c) XF results using all

corrections in Eq. 32 (Fit 4), plotted against
m2

⇡�X2
⇡

X2
⇡

. The black line is a fit to Eq. 32 in the limit a ! 0 and m⇡L ! 1. (d)

The three fits F1, F2 and F3 using Eq. 35, where once again the data points are shifted in the limit a ! 0. The black stars
represent the physical point.
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FIG. 8. As an example of some fits we have for the tensor: (a) XF results for each ensemble using Eq. 32 where c1 = c2 = 0

(Fit 1), plotted against
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. (b) The three fits F1, F2 and F3 using Eq. 35 with ei = 0 (Fit 1). (c) XF results using all
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The three fits F1, F2 and F3 using Eq. 35, where once again the data points are shifted in the limit a ! 0. The black stars
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FIG. 9. Weighted average results for gT , gA and gS . The x-axis displays the fit number as shown in Table V and the y-axis
displays the corresponding nucleon isovector charge results. The bar graph shows the weight of each fit result. The red band
shows the final weighted average result using Eq. 40, with statistical and systematic errors combined in quadrature and the
grey band is the FLAG Review result [42].

A. Results

In order to combine these results we extend our
weighted averaging method described in section IV. To
do this we combine the �2 and degrees of freedom of XD,
XF , D-fan and F -fan; enumerated by i = 1, 2, 3, 4, re-
spectively, in the following:
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where f labels one of the six fit types. Each fit is then
assigned a weight using the combined �
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of the fit f and �g
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is the uncertainty in the nu-

cleon isovector charges calculated using Eq. 37. Taking
a weighted average of the six fit results, gf
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, provides

a final estimate of the nucleon isovector charges, gT,A,S ,
and associated uncertainty:
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(40)

Fig. 9 shows the results for each fit and their assigned
weight. The final estimate of the nucleon isovector

charges, g
T,A,S

, renormalised at µ = 2 GeV in the MS
are:

gT = 1.009(20)stat(03)sys, (41)

gA = 1.246(69)stat(05)sys, (42)

gS = 1.06(10)stat(03)sys. (43)

These final results, with statistical and systematic errors
combined in quadrature, are shown by the red bands
in Fig. 9. We note our results for gT , gA and gS are
all comparable with the FLAG Review results [42],
represented by the grey bands in Fig. 9. Of particular
note is that we have determined gT to the ⇡ 2% level.
However, work is still needed in order reduce the uncer-
tainties on, gS and gA, to understand it at the same level.

As a check on our method for combining the results
from the six di↵erent fits given in Table V, we employ the
widely used Akaike Information Criterion (AIC). Here
results obtained from the various fits are weighted using
the Akaike weights [43]:

wf =
exp(� 1

2AICf (�))P
f 0 exp(� 1

2AICf 0(�))
. (44)

Akaike’s information criterion takes on the simple form
for models with normally distributed errors:

AICf (�) = �
2
f
+ 2pf , (45)

where �2
f
is the same as that calculated in Eq. 38 and pf

is the number of parameters in each fit. As a result the
AIC weight prefers the models with lower �2 values, but
penalises those with too many fit parameters. The above
method was repeated using the AIC weights. This gives
the following results for the nucleon isovector charges,
gT = 1.006(25)stat(03)sys, gA = 1.230(65)stat(07)sys and
gS = 1.08(19)stat(03)sys. These results are in agreement
with those in Eq. 41, 42 and 43.
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Fit XD �2/dof XF �2/dof gT �2/dof D-Fan �2/dof F-Fan
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l 0.5126(44) 1.81 0.5971(59) 1.68 1.022(12) 1.28 1.89
2. a, �m2

l 0.5307(79) 1.54 0.62(1) 1.43 1.004(27) 0.67 1.10
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Fit XD �2/dof XF �2/dof gS �2/dof D-Fan �2/dof F-Fan
1. �m2

l �0.599(51) 1.58 2.47(12) 2.0 1.07(19) 1.41 4.00
2. a, �m2

l �0.62(98) 1.66 2.63(18) 2.03 0.88(49) 1.46 4.21
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l , m⇡L �0.585(54) 1.61 2.51(12) 1.94 1.10(19) 1.41 4.00

TABLE V. Table of results for each fit and the corresponding �2/dof . The notation in the first column shows which corrections
are included in Eq. 32, 34 and 35. For example Fit 4 includes all corrections a, �m2

l and m⇡L, while Fit 1 only includes an
added �m2

l term, i.e. c1 = c2 = bi = ei = 0.
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FIG. 8. As an example of some fits we have for the tensor: (a) XF results for each ensemble using Eq. 32 where c1 = c2 = 0

(Fit 1), plotted against
m2

⇡�X2
⇡

X2
⇡

. (b) The three fits F1, F2 and F3 using Eq. 35 with ei = 0 (Fit 1). (c) XF results using all

corrections in Eq. 32 (Fit 4), plotted against
m2

⇡�X2
⇡

X2
⇡

. The black line is a fit to Eq. 32 in the limit a ! 0 and m⇡L ! 1. (d)

The three fits F1, F2 and F3 using Eq. 35, where once again the data points are shifted in the limit a ! 0. The black stars
represent the physical point.
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FIG. 9. Weighted average results for gT , gA and gS . The x-axis displays the fit number as shown in Table V and the y-axis
displays the corresponding nucleon isovector charge results. The bar graph shows the weight of each fit result. The red band
shows the final weighted average result using Eq. 40, with statistical and systematic errors combined in quadrature and the
grey band is the FLAG Review result [42].

A. Results

In order to combine these results we extend our
weighted averaging method described in section IV. To
do this we combine the �2 and degrees of freedom of XD,
XF , D-fan and F -fan; enumerated by i = 1, 2, 3, 4, re-
spectively, in the following:
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Fig. 9 shows the results for each fit and their assigned
weight. The final estimate of the nucleon isovector

charges, g
T,A,S

, renormalised at µ = 2 GeV in the MS
are:

gT = 1.009(20)stat(03)sys, (41)

gA = 1.246(69)stat(05)sys, (42)

gS = 1.06(10)stat(03)sys. (43)

These final results, with statistical and systematic errors
combined in quadrature, are shown by the red bands
in Fig. 9. We note our results for gT , gA and gS are
all comparable with the FLAG Review results [42],
represented by the grey bands in Fig. 9. Of particular
note is that we have determined gT to the ⇡ 2% level.
However, work is still needed in order reduce the uncer-
tainties on, gS and gA, to understand it at the same level.

As a check on our method for combining the results
from the six di↵erent fits given in Table V, we employ the
widely used Akaike Information Criterion (AIC). Here
results obtained from the various fits are weighted using
the Akaike weights [43]:

wf =
exp(� 1

2AICf (�))P
f 0 exp(� 1

2AICf 0(�))
. (44)

Akaike’s information criterion takes on the simple form
for models with normally distributed errors:

AICf (�) = �
2
f
+ 2pf , (45)

where �2
f
is the same as that calculated in Eq. 38 and pf

is the number of parameters in each fit. As a result the
AIC weight prefers the models with lower �2 values, but
penalises those with too many fit parameters. The above
method was repeated using the AIC weights. This gives
the following results for the nucleon isovector charges,
gT = 1.006(25)stat(03)sys, gA = 1.230(65)stat(07)sys and
gS = 1.08(19)stat(03)sys. These results are in agreement
with those in Eq. 41, 42 and 43.
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Fig. 45 Lattice results and FLAG averages for the isovector tensor charge gu−dT for N f = 2, 2+1, and 2+1+1 flavour calculations. Also shown
are phenomenological results using measures of transversity [986–990] (circles)

uncertainty due to the various extrapolations is small. Also shown for comparison in Fig. 45 are phenomenological results
using measures of transversity [986–990].

As in FLAG 19, for 2+1+1 flavours, only PNDME 18 [98], which supersedes PNDME 16 [881], PNDME 15 [879] and
PNDME 13 [878], meets all the criteria for inclusion in the average. The details for this calculation are the same as those for
gu−dS described in the previous section (Sect. 10.3.2), except that three-state fits were used to remove excited-state effects.
The details of the 2+1+1 flavour calculation by ETM 19, which does not meet the criteria for averaging, are also the same as
those described in the previous section for gu−dS .

For 2+1-flavour calculations, only Mainz 19 [102] meets all criteria for inclusion in the averages. Details of this calculation
are the same as for gu−dS , described in the previous section.

Details for the 2+1-flavour NME 21, RBC/UKQCD 19, LHPC 19, Mainz 18, JLQCD 18, and LHPC 12A, calculations
are identical to those presented previously in Sect. 10.3.2. The earlier RBC/UKQCD 10 calculation was performed using
domain-wall fermions on the Iwasaki gauge action, with two volumes and several pion masses. The lowest pion mass used
was Mπ ∼ 330 MeV and does not meet the criteria for chiral extrapolation. In addition, the single lattice spacing and single
source-sink separation do not meet the criteria for continuum extrapolation and excited states.

Two-flavour calculations include RQCD 14, with details identical to those described in Sect. 10.3.2. There are two calcu-
lations, ETM 15D [873] and ETM 17 [877], which employed twisted-mass fermions on the Iwasaki gauge action. The earlier
work utilized three ensembles, with three volumes and two pion masses down to the physical point. The more recent work
used only the physical pion mass ensemble. Both works used only a single lattice spacing a ∼ 0.09 fm, and therefore do not
meet the criteria for continuum extrapolation. The early work by RBC 08 with domain-wall fermions used three heavy values
for the pion mass, and a single value for the lattice spacing, volume, and source-sink separation, and therefore do not meet
many of the criteria.

The final FLAG value for gu−dT is

N f = 2 + 1 + 1 : gu−dT = 0.989(34) Ref. [98], (437)

N f = 2 + 1 : gu−dT = 0.965(61) Ref. [102]. (438)

10.4 Flavour diagonal charges

Three examples of interactions for which matrix elements of flavour-diagonal operators (q"q where " defines the Lorentz
structure of the bilinear quark operator) are needed are the neutral current interactions of neutrinos, elastic scattering of
electrons off nuclei, and the scattering of dark matter off nuclei. In addition, these matrix elements also probe intrinsic properties
of nucleons (the spin, the nucleon sigma term and strangeness content, and the contribution of the electric dipole moment
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Table 70 Overview of results for gu−dS
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gu−dS

ETM 19 [971] 2+1+1 A ! ◦ ! ! ◦ 1.35(17)

PNDME 18 [98] 2+1+1 A !‡ ! ! ! ◦ 1.022(80)(60)

PNDME 16 [881] 2+1+1 A ◦‡ ! ! ! ◦ 0.97(12)(6)

PNDME 13 [878] 2+1+1 A !‡ ! ! ! ◦ 0.72(32)

NME 21 [972] 2+1 P ◦‡ ! ! ! ◦ 1.06(10)(6)

χQCD 21A [978] 2+1 P ! ! ! ! ◦ 0.94(10)(6)

RBC/UKQCD 19 [977] 2+1 A ! ◦ ! ! ! 0.9(3)

Mainz 19 [102] 2+1 A ! ◦ ! ! ◦ 1.13(11)(7
6)

LHPC 19 [851] 2+1 A !‡ ! ! ! ◦ 0.927(303)

JLQCD 18 [890] 2+1 A ! ◦ ◦ ! ◦ 0.88(8)(3)(7)

LHPC 12 [979] 2+1 A !‡ ! ! ! ◦ 1.08(28)(16)

ETM 17 [877] 2 A ! ◦ ◦ ! ◦ 0.930(252)(48)(204)

RQCD 14 [869] 2 A ◦ ! ! ! ! 1.02(18)(30)

‡The rating takes into account that the action is not fully O(a) improved by requiring an additional lattice spacing

Fig. 44 Lattice results and FLAG averages for the isovector scalar charge gu−dS for N f = 2, 2+ 1, and 2+ 1+ 1 flavour calculations. Also shown
is a phenomenological result obtained using the conserved vector current (CVC) relation [966] (circle)

10.3.2 Results for gu−dS

Calculations of the isovector scalar charge have, in general, larger errors than the isovector axial charge as can be seen from
the compilation given in Table 70 and plotted in Fig. 44. The isovector scalar charge can also be determined indirectly via the
conserved vector current (CVC) relation from results for the neutron-proton mass difference [147,172,221,980–985] and the
down and up quark mass difference (see Sect. 3.1.6). For comparison, Fig. 44 also shows an indirect determination obtained
using lattice and phenomenological input [966].
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Beyond the vanilla 
calculation of gA
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Beyond pure QCD in isospin symmetric limit
• Data-driven phenomenological analyses seek to measure the connection 

between the neutron lifetime and the axial coupling 

• To state the obvious: the axial charge includes all standard model (and beyond) 
effects 

• Theory: need electromagnetic and strong isospin breaking in fundamental 
matrix element

29

τn ↔ λ

⟨p |A−
μ |n⟩ ∼ gAsμ

gA = g0
A(1 + ΔQED + Δm + …)



Strong isospin breaking
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FIG. 3. Illustration of the fit to the first spin-independent moments – data from Ref. [8].

described in section III A into the full SU(3), isospin-
broken, perturbation theory expressions for the CSV

terms. For example, ��um may be expressed as a func-
tion of quark mass in the form [17]:

��um = hxm
i
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and expressions for the (subtracted) integrals eJ are
given in the previous section. Clearly, entirely analo-
gous expressions may be written for ��dm and the spin-
independent CSV terms. These, taken from Ref. [17],
are given in appendix A. We remind the reader that, to
the same order in the broken SU(3) symmetry, analo-
gous expressions for each quark flavour combination in

each octet baryon are expressed in terms of di↵erent lin-
ear combinations of the same coe�cients. The general
case is given in Ref. [17].

Shanahan, Thomas & RDY, PRD(2013)

up quark

down quark

δΔd ≃ − 0.0018(6)

δΔ(u − d) ≃ − 0.0043(14?)

δΔu ≃ − 0.0061(13)

~0.5%-ish 
Heavy quark masses (~1/3 * ms)



Compton on the 
lattice
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gamma-W box
• Dispersive evaluation of gamma-W boxes 

• Integration over Nachtmann moments: 

• Towards moments (and their Q2 dependence) from lattice QCD?

32

14

Universal RC from dispersion relations
ImTμν

γW = … +
iεμναβpαqβ

2(pq) FγW
3 (x, Q2)Interference  structure functionsγW

Figure 4: (Color online) Blue curve: The Wick rotation contour of the ⌫-integral. Red lines and

dots: Cuts and poles at ⌫ = ⌫ 0. Green dot: The pole ⌫ = Ee + |~pe � ~q|� i". Purple dots: Possible

positions of the pole ⌫ = Ee � |~pe � ~q|+ i".

combining the Wick and residue contributions we obtain
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where Emin ⌘ (⌫ 0 +
p
⌫ 02 +Q2)/2. One finds that the even piece is associated to F3,� and

the odd piece to F3,+. Finally, a small-Ee expansion gives:
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(42)

which recovers Eq.(10) in Ref.[73] upon correcting the typos in the latter. Notice that

we removed the factor M2
W/(M2

W + Q2) in ⇤b,odd
�W because the integral does not probe the

Q2
⇠ M2

W region.

Next we study ⇤a
�W , with Eq.(26) as the starting point. Rather than giving the dispersive

representation of T1,± and T2,± with the full Ee-dependence, we retain only the O(Ee) terms

16

After some algebra (isospin decomposition, loop integration)

Advantage to previous approach (Marciano & Sirlin):  
- Explicit 2-fold integral, isospin decomposition and energy dependence

M3(n, Q2) = n + 1
n + 2 ∫

1

0

dxξn

x2
2x(n + 1) − nξ

n + 1 F3(x, Q2), ξ = 2x
1 + 1 + 4M2x2 /Q2

Nachtmann moments 
play a role in DIS

moment,

M 0
1,+(2, Q

2) ⌘
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⌫ 0
2⌫ 0
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, (48)

which reduces to the respective Mellin moment at large Q2, M 0
1,+(2, Q

2) ! M̃1,+(2, Q2). In

terms of these Nachtmann moments, Eqs.(42), (45) become
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Assuming these two pieces together give a precise enough description of the nuclear �W -box

diagram (which needs to be checked by studying its convergence speed), we write,

Re⇤nucl
�W �⇤n
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Z 1
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dQ2
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2,� (1, Q2)

�o
. (50)

Above, the factor M2
W/(M2

W + Q2) was removed because the physics at Q2
⇠ M2

W is not

probed. As is well-known, the asymptotic contribution to ⇤�W is process-independent and

cancels between Mnucl
3,� and Mn

3,�. Plugging this into Eq.(30) gives us a closed expression for

�NS. Below we discuss some aspects important for evaluating it.

Relevant region of the Q2-integral:

While the integral in Eq.(50) is insensitive to asymptotically high Q2, we need to find out,

starting from which value of Q2 = Q2
nucl the cancellation between the nuclear and nucleon

boxes is at such a level that a precise enough determination of �NS can already be obtained

with Q2
nucl as an upper limit. The first Nachtmann moment for a free nucleon, Mn

3,�(1, Q
2),

has been studied recently as a function of Q2 using phenomenological [15, 16, 19, 20] and

indirect lattice inputs [18]. It was found that by Q2
⇡ 2GeV2 the perturbative description

sets in, and we can expect that Q2
nucl < 2GeV2. A trial calculation of Mnucl

3,+ (1, Q2) at

Q ⇠ 100 � 300 MeV may already provide a useful hint. As evidenced by the entries in

Table I, even a ⇠ 10% determination of Mnucl
3,+ (1, Q2) will significantly improve the precision

of �NS for most nuclei.
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Hiding the nu-integration in the Nachtmann moments:

M. Gorshteyn (yesterday) 
Chien-Yeah Seng 
…
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J
<latexit sha1_base64="3HMLJjoaeI9j8KIUISueICOrsb0=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnriFm8BL+IpAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO5MRVPRBweO9KqrqebHgShPyYRWWlldW14rrpY3Nre2d8u5eW0WJZNBikYhk16MKBA+hpbkW0I0l0MAT0PEmV3O/cw9S8Si81dMY3ICOQu5zRrWRmjeDcoXYZ8S5PD/BxCYZMlJzqjXs5EoF5WgMyu/9YcSSAELNBFWq55BYuymVmjMBs1I/URBTNqEj6Bka0gCUm2aHzvCRUYbYj6SpUONM/T6R0kCpaeCZzoDqsfrtzcW/vF6i/Zqb8jBONIRsschPBNYRnn+Nh1wC02JqCGWSm1sxG1NJmTbZlEwIX5/i/0m7ajvEdpqnlXo9j6OIDtAhOkYOukB1dI0aqIUYAvSAntCzdWc9Wi/W66K1YOUz++gHrLdP3jSM9w==</latexit><latexit sha1_base64="3HMLJjoaeI9j8KIUISueICOrsb0=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnriFm8BL+IpAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO5MRVPRBweO9KqrqebHgShPyYRWWlldW14rrpY3Nre2d8u5eW0WJZNBikYhk16MKBA+hpbkW0I0l0MAT0PEmV3O/cw9S8Si81dMY3ICOQu5zRrWRmjeDcoXYZ8S5PD/BxCYZMlJzqjXs5EoF5WgMyu/9YcSSAELNBFWq55BYuymVmjMBs1I/URBTNqEj6Bka0gCUm2aHzvCRUYbYj6SpUONM/T6R0kCpaeCZzoDqsfrtzcW/vF6i/Zqb8jBONIRsschPBNYRnn+Nh1wC02JqCGWSm1sxG1NJmTbZlEwIX5/i/0m7ajvEdpqnlXo9j6OIDtAhOkYOukB1dI0aqIUYAvSAntCzdWc9Wi/W66K1YOUz++gHrLdP3jSM9w==</latexit><latexit sha1_base64="3HMLJjoaeI9j8KIUISueICOrsb0=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnriFm8BL+IpAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO5MRVPRBweO9KqrqebHgShPyYRWWlldW14rrpY3Nre2d8u5eW0WJZNBikYhk16MKBA+hpbkW0I0l0MAT0PEmV3O/cw9S8Si81dMY3ICOQu5zRrWRmjeDcoXYZ8S5PD/BxCYZMlJzqjXs5EoF5WgMyu/9YcSSAELNBFWq55BYuymVmjMBs1I/URBTNqEj6Bka0gCUm2aHzvCRUYbYj6SpUONM/T6R0kCpaeCZzoDqsfrtzcW/vF6i/Zqb8jBONIRsschPBNYRnn+Nh1wC02JqCGWSm1sxG1NJmTbZlEwIX5/i/0m7ajvEdpqnlXo9j6OIDtAhOkYOukB1dI0aqIUYAvSAntCzdWc9Wi/W66K1YOUz++gHrLdP3jSM9w==</latexit><latexit sha1_base64="3HMLJjoaeI9j8KIUISueICOrsb0=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnriFm8BL+IpAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO5MRVPRBweO9KqrqebHgShPyYRWWlldW14rrpY3Nre2d8u5eW0WJZNBikYhk16MKBA+hpbkW0I0l0MAT0PEmV3O/cw9S8Si81dMY3ICOQu5zRrWRmjeDcoXYZ8S5PD/BxCYZMlJzqjXs5EoF5WgMyu/9YcSSAELNBFWq55BYuymVmjMBs1I/URBTNqEj6Bka0gCUm2aHzvCRUYbYj6SpUONM/T6R0kCpaeCZzoDqsfrtzcW/vF6i/Zqb8jBONIRsschPBNYRnn+Nh1wC02JqCGWSm1sxG1NJmTbZlEwIX5/i/0m7ajvEdpqnlXo9j6OIDtAhOkYOukB1dI0aqIUYAvSAntCzdWc9Wi/W66K1YOUz++gHrLdP3jSM9w==</latexit>

⌧
<latexit sha1_base64="hZTn5r5kc5EX34Srd003gUPNyXc=">AAAB63icdVBNS8NAEN3Ur1q/qh69LBbBU9jYgvVW8OKxgv2ANpTNdtMu3WzC7kQooX/BiwdFvPqHvPlv3LQRVPTBwOO9GWbmBYkUBgj5cEpr6xubW+Xtys7u3v5B9fCoa+JUM95hsYx1P6CGS6F4BwRI3k80p1EgeS+YXed+755rI2J1B/OE+xGdKBEKRiGXhkDTUbVG3PqVRRMTt0EI8UhBSB17Llmihgq0R9X34ThmacQVMEmNGXgkAT+jGgSTfFEZpoYnlM3ohA8sVTTixs+Wty7wmVXGOIy1LQV4qX6fyGhkzDwKbGdEYWp+e7n4lzdIIWz6mVBJClyx1aIwlRhinD+Ox0JzBnJuCWVa2Fsxm1JNGdh4KjaEr0/x/6R74XrE9W4btVariKOMTtApOkceukQtdIPaqIMYmqIH9ISench5dF6c11VrySlmjtEPOG+fd12OgQ==</latexit><latexit sha1_base64="hZTn5r5kc5EX34Srd003gUPNyXc=">AAAB63icdVBNS8NAEN3Ur1q/qh69LBbBU9jYgvVW8OKxgv2ANpTNdtMu3WzC7kQooX/BiwdFvPqHvPlv3LQRVPTBwOO9GWbmBYkUBgj5cEpr6xubW+Xtys7u3v5B9fCoa+JUM95hsYx1P6CGS6F4BwRI3k80p1EgeS+YXed+755rI2J1B/OE+xGdKBEKRiGXhkDTUbVG3PqVRRMTt0EI8UhBSB17Llmihgq0R9X34ThmacQVMEmNGXgkAT+jGgSTfFEZpoYnlM3ohA8sVTTixs+Wty7wmVXGOIy1LQV4qX6fyGhkzDwKbGdEYWp+e7n4lzdIIWz6mVBJClyx1aIwlRhinD+Ox0JzBnJuCWVa2Fsxm1JNGdh4KjaEr0/x/6R74XrE9W4btVariKOMTtApOkceukQtdIPaqIMYmqIH9ISench5dF6c11VrySlmjtEPOG+fd12OgQ==</latexit><latexit sha1_base64="hZTn5r5kc5EX34Srd003gUPNyXc=">AAAB63icdVBNS8NAEN3Ur1q/qh69LBbBU9jYgvVW8OKxgv2ANpTNdtMu3WzC7kQooX/BiwdFvPqHvPlv3LQRVPTBwOO9GWbmBYkUBgj5cEpr6xubW+Xtys7u3v5B9fCoa+JUM95hsYx1P6CGS6F4BwRI3k80p1EgeS+YXed+755rI2J1B/OE+xGdKBEKRiGXhkDTUbVG3PqVRRMTt0EI8UhBSB17Llmihgq0R9X34ThmacQVMEmNGXgkAT+jGgSTfFEZpoYnlM3ohA8sVTTixs+Wty7wmVXGOIy1LQV4qX6fyGhkzDwKbGdEYWp+e7n4lzdIIWz6mVBJClyx1aIwlRhinD+Ox0JzBnJuCWVa2Fsxm1JNGdh4KjaEr0/x/6R74XrE9W4btVariKOMTtApOkceukQtdIPaqIMYmqIH9ISench5dF6c11VrySlmjtEPOG+fd12OgQ==</latexit><latexit sha1_base64="hZTn5r5kc5EX34Srd003gUPNyXc=">AAAB63icdVBNS8NAEN3Ur1q/qh69LBbBU9jYgvVW8OKxgv2ANpTNdtMu3WzC7kQooX/BiwdFvPqHvPlv3LQRVPTBwOO9GWbmBYkUBgj5cEpr6xubW+Xtys7u3v5B9fCoa+JUM95hsYx1P6CGS6F4BwRI3k80p1EgeS+YXed+755rI2J1B/OE+xGdKBEKRiGXhkDTUbVG3PqVRRMTt0EI8UhBSB17Llmihgq0R9X34ThmacQVMEmNGXgkAT+jGgSTfFEZpoYnlM3ohA8sVTTixs+Wty7wmVXGOIy1LQV4qX6fyGhkzDwKbGdEYWp+e7n4lzdIIWz6mVBJClyx1aIwlRhinD+Ox0JzBnJuCWVa2Fsxm1JNGdh4KjaEr0/x/6R74XrE9W4btVariKOMTtApOkceukQtdIPaqIMYmqIH9ISench5dF6c11VrySlmjtEPOG+fd12OgQ==</latexit>

4-pt functions

Compton on the lattice
Feynman–Hellmann

Source

Sink

t
<latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit><latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit><latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit><latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit>

�J
<latexit sha1_base64="yQOsk4nGnHud9IzMoFTH/28X4Vw=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXQ6a+6q7gRlxVsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829MpyOo6IHA4Zxzyb0nSDjTBqEPZ2FxaXlltbRWXt/Y3Nqu7Oy2dZwqQlsk5rHqBlhTziRtGWY47SaKYhFw2gnGlzO/c0+VZrG8NZOE+gIPJYsYwcZKd31uoyGG14NKFbmnyLs4O4bIRTlyUvdqdegVShUUaA4q7/0wJqmg0hCOte55KDF+hpVhhNNpuZ9qmmAyxkPas1RiQbWf5QtP4aFVQhjFyj5pYK5+n8iw0HoiApsU2Iz0b28m/uX1UhPV/YzJJDVUkvlHUcqhieHsehgyRYnhE0swUczuCskIK0yM7ahsS/i6FP5P2jXXQ653c1JtNIo6SmAfHIAj4IFz0ABXoAlagAABHsATeHaU8+i8OK/z6IJTzOyBH3DePgFqq5Ak</latexit><latexit sha1_base64="yQOsk4nGnHud9IzMoFTH/28X4Vw=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXQ6a+6q7gRlxVsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829MpyOo6IHA4Zxzyb0nSDjTBqEPZ2FxaXlltbRWXt/Y3Nqu7Oy2dZwqQlsk5rHqBlhTziRtGWY47SaKYhFw2gnGlzO/c0+VZrG8NZOE+gIPJYsYwcZKd31uoyGG14NKFbmnyLs4O4bIRTlyUvdqdegVShUUaA4q7/0wJqmg0hCOte55KDF+hpVhhNNpuZ9qmmAyxkPas1RiQbWf5QtP4aFVQhjFyj5pYK5+n8iw0HoiApsU2Iz0b28m/uX1UhPV/YzJJDVUkvlHUcqhieHsehgyRYnhE0swUczuCskIK0yM7ahsS/i6FP5P2jXXQ653c1JtNIo6SmAfHIAj4IFz0ABXoAlagAABHsATeHaU8+i8OK/z6IJTzOyBH3DePgFqq5Ak</latexit><latexit sha1_base64="yQOsk4nGnHud9IzMoFTH/28X4Vw=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXQ6a+6q7gRlxVsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829MpyOo6IHA4Zxzyb0nSDjTBqEPZ2FxaXlltbRWXt/Y3Nqu7Oy2dZwqQlsk5rHqBlhTziRtGWY47SaKYhFw2gnGlzO/c0+VZrG8NZOE+gIPJYsYwcZKd31uoyGG14NKFbmnyLs4O4bIRTlyUvdqdegVShUUaA4q7/0wJqmg0hCOte55KDF+hpVhhNNpuZ9qmmAyxkPas1RiQbWf5QtP4aFVQhjFyj5pYK5+n8iw0HoiApsU2Iz0b28m/uX1UhPV/YzJJDVUkvlHUcqhieHsehgyRYnhE0swUczuCskIK0yM7ahsS/i6FP5P2jXXQ653c1JtNIo6SmAfHIAj4IFz0ABXoAlagAABHsATeHaU8+i8OK/z6IJTzOyBH3DePgFqq5Ak</latexit><latexit sha1_base64="yQOsk4nGnHud9IzMoFTH/28X4Vw=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXQ6a+6q7gRlxVsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829MpyOo6IHA4Zxzyb0nSDjTBqEPZ2FxaXlltbRWXt/Y3Nqu7Oy2dZwqQlsk5rHqBlhTziRtGWY47SaKYhFw2gnGlzO/c0+VZrG8NZOE+gIPJYsYwcZKd31uoyGG14NKFbmnyLs4O4bIRTlyUvdqdegVShUUaA4q7/0wJqmg0hCOte55KDF+hpVhhNNpuZ9qmmAyxkPas1RiQbWf5QtP4aFVQhjFyj5pYK5+n8iw0HoiApsU2Iz0b28m/uX1UhPV/YzJJDVUkvlHUcqhieHsehgyRYnhE0swUczuCskIK0yM7ahsS/i6FP5P2jXXQ653c1JtNIo6SmAfHIAj4IFz0ABXoAlagAABHsATeHaU8+i8OK/z6IJTzOyBH3DePgFqq5Ak</latexit>

t � 1

�E
<latexit sha1_base64="efDtfWmPcgwIs+DmaoOOmtdvy1I=">AAACAHicdVDJSgNBEO2JW4zbqAcPXhqD4GnoMQHjLaCCxwhmgUwIPZ2epEnPQneNEIa5+CtePCji1c/w5t/YWQQVfVDweK+Kqnp+IoUGQj6swtLyyupacb20sbm1vWPv7rV0nCrGmyyWser4VHMpIt4EAZJ3EsVp6Eve9scXU799x5UWcXQLk4T3QjqMRCAYBSP17QPwhkPsBYqyzM0z75JLoPgq79tl4lTODWqYOFVCiEsWhFSw65AZymiBRt9+9wYxS0MeAZNU665LEuhlVIFgkuclL9U8oWxMh7xraERDrnvZ7IEcHxtlgINYmYoAz9TvExkNtZ6EvukMKYz0b28q/uV1UwhqvUxESQo8YvNFQSoxxHiaBh4IxRnIiSGUKWFuxWxETRhgMiuZEL4+xf+T1qnjEse9qZbrtUUcRXSIjtAJctEZqqNr1EBNxFCOHtATerburUfrxXqdtxasxcw++gHr7RNu8ZZE</latexit><latexit sha1_base64="efDtfWmPcgwIs+DmaoOOmtdvy1I=">AAACAHicdVDJSgNBEO2JW4zbqAcPXhqD4GnoMQHjLaCCxwhmgUwIPZ2epEnPQneNEIa5+CtePCji1c/w5t/YWQQVfVDweK+Kqnp+IoUGQj6swtLyyupacb20sbm1vWPv7rV0nCrGmyyWser4VHMpIt4EAZJ3EsVp6Eve9scXU799x5UWcXQLk4T3QjqMRCAYBSP17QPwhkPsBYqyzM0z75JLoPgq79tl4lTODWqYOFVCiEsWhFSw65AZymiBRt9+9wYxS0MeAZNU665LEuhlVIFgkuclL9U8oWxMh7xraERDrnvZ7IEcHxtlgINYmYoAz9TvExkNtZ6EvukMKYz0b28q/uV1UwhqvUxESQo8YvNFQSoxxHiaBh4IxRnIiSGUKWFuxWxETRhgMiuZEL4+xf+T1qnjEse9qZbrtUUcRXSIjtAJctEZqqNr1EBNxFCOHtATerburUfrxXqdtxasxcw++gHr7RNu8ZZE</latexit><latexit sha1_base64="efDtfWmPcgwIs+DmaoOOmtdvy1I=">AAACAHicdVDJSgNBEO2JW4zbqAcPXhqD4GnoMQHjLaCCxwhmgUwIPZ2epEnPQneNEIa5+CtePCji1c/w5t/YWQQVfVDweK+Kqnp+IoUGQj6swtLyyupacb20sbm1vWPv7rV0nCrGmyyWser4VHMpIt4EAZJ3EsVp6Eve9scXU799x5UWcXQLk4T3QjqMRCAYBSP17QPwhkPsBYqyzM0z75JLoPgq79tl4lTODWqYOFVCiEsWhFSw65AZymiBRt9+9wYxS0MeAZNU665LEuhlVIFgkuclL9U8oWxMh7xraERDrnvZ7IEcHxtlgINYmYoAz9TvExkNtZ6EvukMKYz0b28q/uV1UwhqvUxESQo8YvNFQSoxxHiaBh4IxRnIiSGUKWFuxWxETRhgMiuZEL4+xf+T1qnjEse9qZbrtUUcRXSIjtAJctEZqqNr1EBNxFCOHtATerburUfrxXqdtxasxcw++gHr7RNu8ZZE</latexit><latexit sha1_base64="efDtfWmPcgwIs+DmaoOOmtdvy1I=">AAACAHicdVDJSgNBEO2JW4zbqAcPXhqD4GnoMQHjLaCCxwhmgUwIPZ2epEnPQneNEIa5+CtePCji1c/w5t/YWQQVfVDweK+Kqnp+IoUGQj6swtLyyupacb20sbm1vWPv7rV0nCrGmyyWser4VHMpIt4EAZJ3EsVp6Eve9scXU799x5UWcXQLk4T3QjqMRCAYBSP17QPwhkPsBYqyzM0z75JLoPgq79tl4lTODWqYOFVCiEsWhFSw65AZymiBRt9+9wYxS0MeAZNU665LEuhlVIFgkuclL9U8oWxMh7xraERDrnvZ7IEcHxtlgINYmYoAz9TvExkNtZ6EvukMKYz0b28q/uV1UwhqvUxESQo8YvNFQSoxxHiaBh4IxRnIiSGUKWFuxWxETRhgMiuZEL4+xf+T1qnjEse9qZbrtUUcRXSIjtAJctEZqqNr1EBNxFCOHtATerburUfrxXqdtxasxcw++gHr7RNu8ZZE</latexit>
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Figure 2. Q2 dependence of the lowest moments of F2 for the
proton. Filled stars are the experimental Cornwall-Norton
moments of F2 [28]. Red band is the fit (Eq. (14)) to the
483 × 96 data points.
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Figure 3. Lowest moment of the proton’s longitudinal struc-
ture function M (L)

2,p as a function of Q2. We compare our re-
sults (Direct) to the experimental Nachtmann moments (open
black squares) taken from [7]. Asymmetric error bars indi-
cate that our posterior distributions are highly skewed (non-
Gaussian). We also show the moments (twist-2) determined

via the relation, Eq. (15), using our determination of M (2)
2,p

from the current work. Twist-2 points are displaced for clar-
ity.

M (2)
2,p (Q

2
) from the current work as an approximation.

We use the value of ↵s(Q
2
) at µ = Q2 at the four-loop

order by running its value from the µ0 = M⌧ scale with
nf = 3 active flavours using the CRunDec package [32, 33].

The Q2 behaviour is in good agreement with experi-
mental points as shown in Fig. 3. With improved pre-
cision in future studies, contrasting the direct determi-
nation and twist-2 part of the lowest few moments of

FL would provide improved constraints on higher-twist
e↵ects.

Conclusions.—We have presented a simultaneous ex-
traction of the lowest moments of the proton structure
functions F2,L. A first look into the moments of FL is
given. This has been possible in a lattice QCD setting for
the first time thanks to our recent advances in calculat-
ing the forward Compton amplitude via an application
of the second-order Feynman-Hellmann theorem.

Already at unphysical quark masses, we find good
agreement with the moments determined from experi-
ments. Our investigations solidify the versatility of the
Compton amplitude approach and pave the way for reli-
able and systematically improvable first-principles stud-
ies of the structure functions and power corrections, com-
plementing the experiments and other lattice or non-
lattice methods.
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The ! dependence of the Compton structure functions
is mapped by extracting the amplitude for each pair of
(q,p). Subsequently, extraction of the moments from
the Compton structure functions follows the methodol-
ogy described in [18]. A simultaneous fit of F1 (Eq. (7))
and F2�! (Eq. (11)) is performed in a Bayesian frame-
work to determine the first few Mellin moments of the
structure functions. We truncate both series at n = 4
(inclusive) when determining the moments. These mo-
ments are enforced to be positive definite and monotoni-
cally decreasing. Note that the positivity bound does not
hold for the ud contributions but they are constrained by

�Mud
2n (Q

2
)�
2
≤ 4Muu

2n (Q
2
)Mdd

2n(Q
2
), since the total inclu-

sive cross section (hence each moment) is positive for any
value of the quark charges and at all kinematics. The se-
quences of individual uu, dd or ud moments are selected
according to the standard probability distribution, where
the diagonal of the full covariance matrix is used in the
�2 function. We account for the correlations between the
data points by doing a bootstrap analysis.

Results.—We show the ! dependence of the Compton
structure functions along with their fit curves in Fig. 1
for a representative case of Q2

= 4.86GeV2 calculated on
the 483 × 96 ensemble. We keep terms up to O(w8

) in
the fit polynomials Eqs. (7) and (11). The lowest two
moments are insensitive to the addition of higher order
terms.

The lowest moments of the structure functions F2,L

obtained from the 323 × 64 and 483 × 96 ensembles are
shown in Figures 2 and 3 as a function of Q2 for the
proton. Note that the moments of the proton are con-

structed via M (2,L)
2,p =

4
9M

(2,L)
2,uu +

1
9M

(2,L)
2,dd −

2
9M

(2,L)
2,ud . Our

F2 moments are in remarkable agreement with the ex-
perimental moments [28].

Since the Compton amplitude includes all power cor-
rections, we can estimate the leading power correction
(i.e. twist-4) by studying the Q2 behaviour of the mo-
ments. Higher-twist contributions are suppressed by
powers of 1�Q2 so one expects to have sizeable contri-
butions for intermediate to low Q2. Their e↵ect (at the
lowest order) can be modelled by the twist expansion,

M (2)
2,h (Q

2
) =M (2)

2,h +C
(2)
2,h�Q

2
+O(1�Q4

), (14)

where h ∈ {uu, dd, p}. We utilise only the M (2)
2 (Q

2
) mo-

ments obtained on the 483 × 96 ensemble to study the
power corrections. We show our fit (Eq. (14)) in Fig. 2.

The extracted values for M (2)
2,h and C(2)2,h are collected in

Table I. We note that our results could be useful for stud-
ies investigating the power corrections in the language of
infrared renormalons [29–31].

We compare the lowest (Cornwall-Norton) moment of
FL to the experimentally determined Nachtmann mo-
ments [7] in Fig. 3. While we are unable to resolve a
definitive signal for the FL moments, we are able to set

0

1

2

3

Fuu
1 Fuu

2 /� Fuu
L

0.0

0.5

1.0

1.5 Fdd
1 Fdd

2 /� Fdd
L

0.0 0.2 0.4 0.6 0.8 1.0
�

�0.075

�0.050

�0.025

0.000

0.025

0.050

0.075

Fud
1 Fud

2 /� Fud
L

Figure 1. ! dependence of the Compton structure functionsF1, F2, and FL at Q2 = 4.86GeV2. We show the uu (top),
dd (middle) and ud (bottom) contributions. Coloured shaded
bands show the fits with their 68% credible region of the high-
est posterior density. Points are displaced for clarity.

Table I. Extracted asymptotic values of the moments and
the coe�cients of the power correction terms. The power
corrections are quoted at the scale of the nucleon mass Q2 =
M2

N .

h M (2)
2,h C(2)2,h�M2

N

uu 0.268(13) 0.206(24)

dd 0.146(7) 0.024(14)

p 0.135(6) 0.091(11)

an upper bound that is compatible with the experimental
moments.
It is interesting to compare M (L)

2 determined from the
relation [1],

M (L),twist−2
2,p (Q2

) =
4

9⇡
↵s(Q

2
)M (2),twist−2

2,p (Q2
), (15)

where we replace the leading-twist moment on RHS with

Figure 1: The so called ‘handbag’ diagram (left panel) and ‘cats-ears’ diagram (right panel).

and, alternatively,

T33(p, q) = 4ω

∫ 1

0

dx
ωx

1 − (ωx)2
F1(x, q2) . (10)

For |ω| > 1 the principal value has to be taken. The matrix element T33(p, q) can be computed

most efficiently, including singlet matrix elements, by a simple extension of existing implemen-
tations of the Feynman-Hellmann technique to lattice QCD [9]. For simplicity, we consider the
local vector current only. The appropriate renormalization factor ZV can be computed unambigu-

ously [10]. No further renormalization is needed. To compute the Compton amplitude from the
Feynman-Hellmann relation, we introduce the perturbation to the Lagrangian

L(x)→ L(x) + λJ3(x) , J3(x) = ZV cos(#q · #x) e f ψ̄ f (x)γ3ψ f (x) , (11)

where ψ f is the quark field of flavor f = u, d, s, · · · to which the photon is attached, and e f is
its electric charge. Note that λ has dimension mass. Taking the second derivative of the nucleon

two-point function 〈N(#p, t)N̄(#p, 0)〉λ % Cλ e−Eλ(p,q) t with respect to λ on both sides, we obtain

−2Eλ(p, q)
∂2

∂λ2
Eλ(p, q)

∣

∣

∣

λ=0
= T33(p, q) . (12)

The derivation of (12) would go beyond the scope of this Letter and will be presented in a sep-
arate publication. Provided we compute at sufficiently large q2, standard factorization theorems

state that the Compton amplitude will be dominated by the ‘handbag’ diagram shown in the left
panel of Fig. 1. Nevertheless, the amplitude does encompass all contributions, including the

power-suppressed ‘cats-ears’ diagram shown in the right panel. Thereby, varying q2 will allow
us to test the twist expansion and, in particular, isolate twist-four contributions. A conventional
calculation of the four-point function 〈p, λ|Jµ(x)Jν(0)|p, λ〉, in contrast, would involve all-to-all

quark propagators twice consecutively, which is not practicable.
Knowing T33(p, q) for sufficiently many values of ω, we can solve (9) for the moments µn =

∫ 1

0
dxxnF1(x, q2) and (10) directly for F1(x, q2). We want to keep the photon momentum #q fixed,

but vary the nucleon momentum #p. This amounts to a relatively cheap calculation, as all nucleon
energies Eλ(p, q) can be computed from a single set of background field configurations (per
value of λ). For nonsinglet quantities, in which the currents couple to valence quarks only, no

additional gauge field configurations will have to be generated at all.
Regarding (9), the task is to compute (say) the lowest M moments µ from a finite number of

sampled points
ti = T33(ωi) , i = 1, · · · ,N (13)

4

du

flavour-interference 
structure functions  
* small in magnitude 
* non-trivial signal for 
longitudinal structure 
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Figure 1: A nice caption.

The neutron lifetime puzzle is a longstanding issue in
the field of nuclear and particle physics, characterized by a
discrepancy in the measurement of the average lifetime of
a neutron. The neutron lifetime refers to the time it takes
for a neutron to decay into a proton, an electron, and an
electron antineutrino. Despite numerous experimental ef-
forts to determine the neutron lifetime, different methods
have produced conflicting results, with some yielding val-
ues that are significantly shorter or longer than others. The
resolution of this puzzle remains an important and ongoing
area of research.

Recently, advances in computational methods, partic-
ularly in lattice QCD (Quantum Chromodynamics), have
opened up the possibility of providing important theoreti-
cal guidance on the neutron lifetime puzzle. Lattice QCD
is a powerful tool for calculating the properties of strongly-
interacting particles, such as neutrons, from first principles.
By performing large-scale numerical simulations on high-
performance computing systems, it is now possible to compute the matrix elements that govern neutron
decay directly from QCD. These calculations have the potential to shed light on the neutron lifetime puzzle
and provide critical information for resolving the discrepancy in experimental measurements. They rep-
resent an exciting development in the effort to understand the behavior of neutrons and the fundamental
forces that govern their interactions.

However, achieving precision in these theoretical calculations requires good control of radiative correc-
tions, which arise from the emission and absorption of photons and other particles. These corrections can
have a significant impact on the neutron lifetime and must be carefully taken into account. This presents
a particular challenge for lattice QCD calculations, as radiative corrections are often difficult to model
in a controlled and systematic way. Nevertheless, recent progress in techniques for computing radiative
corrections in lattice QCD has opened up new avenues for attacking the neutron lifetime puzzle. By com-
bining accurate lattice QCD calculations with careful consideration of radiative corrections, it may now be
possible to provide a comprehensive and reliable theoretical prediction for the neutron lifetime, which can
help resolve the long-standing discrepancy in experimental measurements.

Aim 1: Perform a state-of-the-art calculation of the nucleon axial charge in lattice QCD.
Aim 2: Compute the low moments of the F3 structure function — to provide constraint on the

γW -box electroweak radiative corrections.
Aim 3: Perform a direct lattice calcution of the neutrino absorption rate, νn → pe−, including

QED — enabling a direct test of conventional techniques used in computing radiative
corrections.

Aim 4: Compute the lattice renormalisation of 4-point quark-quark-lepton-lepton operators.
Aim 5: Compute other forward nucleon matrix elements relevant for exotic (i.e. new physics)

decay channels of the neutron.
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(a) (b) (c)

FIG. 9. Weighted average results for gT , gA and gS . The x-axis displays the fit number as shown in Table V and the y-axis
displays the corresponding nucleon isovector charge results. The bar graph shows the weight of each fit result. The red band
shows the final weighted average result using Eq. 40, with statistical and systematic errors combined in quadrature and the
grey band is the FLAG Review result [42].

A. Results

In order to combine these results we extend our
weighted averaging method described in section IV. To
do this we combine the �2 and degrees of freedom of XD,
XF , D-fan and F -fan; enumerated by i = 1, 2, 3, 4, re-
spectively, in the following:

�
2
f
=

4X

i=1

�
2
i
, Ndof,f =

4X

i=1

Ndof,i, (38)

where f labels one of the six fit types. Each fit is then
assigned a weight using the combined �

2
f
:

w̃
f =

pf (�g
f

T,A,S
)�2

P12
f 0=1 pf 0(�gf

0

T,A,S
)�2

, (39)

where pf = �(Ndof,f/2, �2
f
/2)/�(Ndof,f/2) is the p-value

of the fit f and �g
f

T,A,S
is the uncertainty in the nu-

cleon isovector charges calculated using Eq. 37. Taking
a weighted average of the six fit results, gf

T,A,S
, provides

a final estimate of the nucleon isovector charges, gT,A,S ,
and associated uncertainty:

g
T,A,S

=
6X

f=1

w
f
g
f

T,A,S
,

�statg
2
T,A,S

=
6X

f=1

w
f (�gf

T,A,S
)2,

�sysg
2
T,A,S

=
6X

f=1

w
f (gf

T,A,S
� g

T,A,S
)2,

�g
T,A,S

=
q
�statg

2
T,A,S

+ �sysg
2
T,A,S

.

(40)

Fig. 9 shows the results for each fit and their assigned
weight. The final estimate of the nucleon isovector

charges, g
T,A,S

, renormalised at µ = 2 GeV in the MS
are:

gT = 1.009(20)stat(03)sys, (41)

gA = 1.246(69)stat(05)sys, (42)

gS = 1.06(10)stat(03)sys. (43)

These final results, with statistical and systematic errors
combined in quadrature, are shown by the red bands
in Fig. 9. We note our results for gT , gA and gS are
all comparable with the FLAG Review results [42],
represented by the grey bands in Fig. 9. Of particular
note is that we have determined gT to the ⇡ 2% level.
However, work is still needed in order reduce the uncer-
tainties on, gS and gA, to understand it at the same level.

As a check on our method for combining the results
from the six di↵erent fits given in Table V, we employ the
widely used Akaike Information Criterion (AIC). Here
results obtained from the various fits are weighted using
the Akaike weights [43]:

wf =
exp(� 1

2AICf (�))P
f 0 exp(� 1

2AICf 0(�))
. (44)

Akaike’s information criterion takes on the simple form
for models with normally distributed errors:

AICf (�) = �
2
f
+ 2pf , (45)

where �2
f
is the same as that calculated in Eq. 38 and pf

is the number of parameters in each fit. As a result the
AIC weight prefers the models with lower �2 values, but
penalises those with too many fit parameters. The above
method was repeated using the AIC weights. This gives
the following results for the nucleon isovector charges,
gT = 1.006(25)stat(03)sys, gA = 1.230(65)stat(07)sys and
gS = 1.08(19)stat(03)sys. These results are in agreement
with those in Eq. 41, 42 and 43.



Thanks

• Utku Can (Adelaide)


• Alec Hannaford-Gunn (PhD soon)


• Kim Somfleth (PhD 2020)


• Alex Chambers (PhD 2018)

36

R. Horsley (Edinburgh) 
W. Kamleh (Adelaide) 

Y. Nakamura (RIKEN, Kobe) 
H. Perlt (Leipzig) 

P. Rakow (Liverpool) 
G. Schierholz (DESY) 
H. Stüben (Hamburg) 
J. Zanotti (Adelaide)

Granada, Lattice 2017

• Zeno Kordov (PhD 2022) → TUM


• Rose Smail (PhD later) 

• Mischa Batelaan (PhD soon)


• Tomas Howson (PhD soon)


• Joshua Crawford (PhD later)

QCDSF / UKQCD /CSSM


