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Radiative corrections 
Searches for new physics 

in the proton weak 
charge. 

Require knowledge of 
gamma-Z interference 

structure functions. 

We begin our discussion by outlining in Sec. II the
dispersion relation formalism used to compute the !Z
corrections in terms of !Z interference structure functions.
The latter are the main input into the calculations and are
reviewed in detail in Sec. III. In particular, we discuss the
uncertainties in determining the !Z structure functions
from electromagnetic data for both the resonance and
nonresonant background contributions. Constraints from
parton distribution functions in the deep-inelastic scatter-
ing (DIS) region and new data from the parity-violating
electron-deuteron scattering experiment E08-011 at
Jefferson Lab [15] in the resonance region are used in
Sec. IV to limit the uncertainty range in models for the
!Z structure functions, and to provide more reliable bounds
on the box corrections. The resulting hV

!Z correction is

presented in Sec. V, where we contrast the revised uncer-
tainties with those estimated in previous unconstrained
analyses. Predictions are also made for parity-violating
deuteron asymmetries in the deep-inelastic region, as well
as for the recently completed inelastic measurement by the
Qweak Collaboration [16]. Finally, we draw some general
conclusions from this analysis in Sec. VI and explore
possibilities to further reduce the uncertainties on the !Z
corrections in the future.

II. DISPERSIVE ANALYSIS OF PARITY-
VIOLATING ELECTRON-HADRON SCATTERING

The !Z interference correctionh!Z can be decomposed
into two parts, arising from the electron vector with had-
ronic axial-vector coupling to the Z boson (hA

!Z) and from

the electron axial-vector with vector hadronic coupling to
the Z (hA

!Z):

h!ZðEÞ ¼ hA
!ZðEÞ þhV

!ZðEÞ: (5)

At very low energies, such as those relevant for atomic
parity violation experiments [17,18], the hA

!Z term domi-

nates, while the contribution from thehV
!Z is negligible. At

the energy of the Qweak experiment, however, both terms
provide significant contributions. The hA

!Z corrections

were first computed some time ago by Marciano and
Sirlin [7,8] and were updated recently within a dispersion
relation framework by Blunden et al. [19,20], with reduced
errors. The vector hadron correction,hV

!Z, which is subject

to significantly larger uncertainty, will be the focus of the
rest of this analysis. We will consider only the inelastic
contribution toh!Z; the elastic contribution has previously
been considered in Refs. [7,8,21,22] and is strongly sup-
pressed by an additional factor Qp

W .
For forward scattering, the dispersion relation for the

real part of hV
!Z is given by

<ehV
!ZðEÞ ¼

2E

"
P
Z 1

0
dE0 1

E02 % E2 =mhV
!ZðE0Þ; (6)

where P denotes the principal value integral, and we have
used the fact that hV

!Z is odd under the interchange E0 $
%E0. From the optical theorem, the imaginary part of the
PV !Z exchange amplitude can be written as [10–12]

2=mMðPVÞ
!Z ¼ %4

ffiffiffi
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Z

L!Z
$%W
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!Z ; (7)

where Q2 ¼ %q2 represents the virtuality of the ex-
changed boson, and the integration variable k0 ¼ k% q.
The !Z lepton tensor is given by

L!Z
$% ¼ !uðk;&ÞðgeV!$ % geA!$!5Þ6k0!%uðk;&Þ; (8)

where the vector and axial-vector couplings of the electron
to the weak current are geV ¼ %ð1% 4sin 2'WÞ=2 and
geA ¼ %1=2, respectively, and & is the lepton helicity.
The hadronic tensor for a nucleon initial state is defined as

W$%ðp;qÞ¼ 1

2M

X

X

hNðpÞjJ$ð0ÞjXðpXÞi

& hXðpXÞjJ%ð0ÞjNðpÞið2"Þ3(ð4Þðqþp%pXÞ;
(9)

where J$! and J$Z are the electromagnetic and weak neutral
currents, respectively, and pX is the four-momentum of the
hadronic intermediate state X. Using isospin symmetry, the
matrix elements of the vector component of the Z current
for a proton target can be related to the proton and neutron
matrix elements of the electromagnetic current by

hXjJ$Z jpi ¼ ð1% 4sin 2'WÞhXjJ$! jpi% hXjJ$! jni; (10)

k k

p p

q

pp

q

k k

FIG. 1. Interference !Z box (left) and crossed box (right) diagrams. The wavy and dashed lines represent the exchanged ! and Z
bosons, with the electron, hadron and virtual photon momenta labeled by k, p, and q, respectively.
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Introduction ​:​​ ​want​ ​<<​ ​400​ ​words ​ ​(Shelley).​ ​Have​ ​215.  
In​ ​the​ ​electroweak​ ​SM,​ ​elastic​ ​scattering​ ​is ​ ​mediated​ ​by 
the​ ​exchange​ ​of​ ​neutral​ ​currents ​ ​(virtual​ ​photons ​ ​and​ ​Z​0 
bosons)​ ​between​ ​fundamental​ ​particles.​ ​The​ ​Z​0​​ ​exchange 
contribution​ ​to​ ​electron-proton​ ​scattering​ ​can​ ​be​ ​isolated 
via​ ​the​ ​weak​ ​interaction’s ​ ​unique​ ​PV ​ ​signature​ ​(see​ ​Fig. 
1).​ ​Interference​ ​between​ ​EM ​ ​and​ ​weak​ ​scattering 
amplitudes ​ ​leads ​ ​to​ ​a​ ​PV ​ ​asymmetry​ ​A ​ep ​​ ​that​ ​can​ ​be 
measured​ ​with​ ​a​ ​longitudinally-polarized​ ​electron​ ​beam 
incident​ ​on​ ​an​ ​unpolarized-proton​ ​target: 
 

​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​(1) 
 
Here​ ​σ​±​​ ​represents ​ ​the​ ​helicity-dependent​ ​elastic 
scattering​ ​ p​ ​cross ​ ​section​ ​integrated​ ​over​ ​the 
scattered-electron​ ​detector​ ​acceptance.​ ​Helicity​ ​(±1) 
indicates ​ ​the​ ​spin​ ​direction​ ​of​ ​the​ ​electrons ​ ​in​ ​the​ ​beam 
either​ ​parallel​ ​or​ ​anti-parallel​ ​to​ ​their​ ​momentum. 
 
Measuring​ ​A ​ep ​​ ​at​ ​small​ ​four-momentum​ ​transfer​ ​(Q ​2​) 
suppresses ​ ​contributions ​ ​from​ ​the​ ​proton's ​ ​extended 
structure​ ​relative​ ​to​ ​the​ ​proton’s ​ ​weak​ ​charge.​ ​However, 
A ​ep ​​ ​is ​ ​smaller​ ​at​ ​smaller​ ​Q ​2​,​ ​making​ ​its ​ ​measurement 
more​ ​challenging.​ ​In​ ​this ​ ​low ​ ​Q ​2​​ ​limit,​ ​the​ ​PV ​ ​asymmetry 
can​ ​be​ ​expressed​citeEKM2003 ​​ ​as 
 
A ​ep ​​ ​/​ ​A ​0​​ ​=​ ​Q ​w ​

p​​ ​+​ ​Q ​2​​ ​B(Q ​2​,θ),​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​(2) 
 
where ​ ​​–Q ​2​​ ​is ​ ​the​ ​four-momentum​ ​transferA , 0 = 4πα√2

−G QF
2

 
squared,​ ​B(Q ​2​,θ)​ ​represents ​ ​the​ ​proton’s ​ ​extended 
structure​ ​defined​ ​in​ ​terms ​ ​of​ ​EM,​ ​strange​ ​and​ ​axial​ ​form 
factors,​ ​θ​ ​is ​ ​the​ ​polar​ ​scattering​ ​angle​ ​of​ ​the​ ​electron​ ​in 
the​ ​lab​ ​frame,​ ​G ​F ​​ ​is ​ ​the​ ​Fermi​ ​constant,​ ​and​ ​⍺​ ​is ​ ​the​ ​fine 
structure​ ​constant.  

 
Figure​ ​1​ ​| ​​ ​​Schematic​ ​showing​ ​the​ ​basic​ ​features ​ ​of 
parity-violating​ ​electron ​ ​scattering​ ​from​ ​the​ ​proton,​ ​with 
its ​ ​three​ ​constituent​ ​quarks.​ ​​The​ ​incoming​ ​electron​ ​with 
helicity​ ​-1​ ​scatters ​ ​up,​ ​away​ ​from ​ ​the​ ​plane​ ​of​ ​the​ ​“PV 
mirror”.​ ​The​ ​image​ ​in​ ​the​ ​PV​ ​mirror ​ ​shows ​ ​the​ ​incoming 
electron​ ​with​ ​the​ ​opposite​ ​helicity​ ​(+1),​ ​and​ ​instead​ ​of 
scattering​ ​into​ ​the​ ​plane​ ​of​ ​the​ ​PV​ ​mirror ​ ​(as ​ ​it​ ​would​ ​in​ ​a 
real​ ​mirror),​ ​it​ ​scatters ​ ​up,​ ​out​ ​of​ ​the​ ​plane​ ​of​ ​the​ ​PV 
mirror.​ ​The​ ​dominant​ ​electromagnetic​ ​interaction, 
mediated​ ​by​ ​the​ ​photon​ ​(blue​ ​wave),​ ​conserves ​ ​parity.​ ​The 
weak​ ​interaction,​ ​mediated​ ​by​ ​the​ ​neutral​ ​Z ​0​​ ​boson 
(dashed​ ​red​ ​line),​ ​violates ​ ​parity.​ ​The​ ​weak​ ​interaction​ ​is 
studied​ ​experimentally​ ​by​ ​exploiting​ ​PV​ ​through​ ​reversals 
of​ ​the​ ​incident​ ​beam ​ ​helicity,​ ​which​ ​mimic​ ​the​ ​PV​ ​mirror 
“reflection”.  

Experiment​:​ ​​want​ ​<​ ​300​ ​words.​ ​Have​ ​228​ ​here. 

The​ ​Q ​weak​​ ​experiment​citeNIM ​​ ​employed​ ​a​ ​beam​ ​of 
longitudinally​ ​polarized​ ​electrons ​ ​accelerated​ ​to​ ​1.16​ ​GeV 
at​ ​the​ ​Thomas ​ ​Jefferson​ ​National​ ​Accelerator​ ​Facility. 
Three​ ​sequential​ ​acceptance-defining​ ​lead​ ​collimators 
matched​ ​to​ ​an​ ​eight-sector​ ​azimuthally-symmetric 
toroidal​ ​magnet​ ​selected​ ​electrons ​ ​scattered​ ​between​ ​4.9° 
and​ ​10.9°​ ​from​ ​a​ ​liquid-hydrogen​ ​target.​ ​​ ​In​ ​each​ ​octant, 
elastically-scattered​ ​electrons ​ ​were​ ​directed​ ​to​ ​a​ ​quartz 
detector​ ​fronted​ ​by​ ​lead​ ​pre-radiators.​ ​Cherenkov​ ​light 
produced​ ​by​ ​the​ ​EM ​ ​shower​ ​passing​ ​through​ ​the​ ​quartz 
was ​ ​converted​ ​to​ ​a​ ​current​ ​by​ ​photomultiplier​ ​tubes ​ ​at 
each​ ​end​ ​of​ ​the​ ​quartz​ ​bars.​ ​These​ ​currents ​ ​were 
integrated​ ​for​ ​each​ ​one-ms-long​ ​helicity​ ​state​ ​of​ ​the​ ​beam. 
For​ ​calibration​ ​purposes,​ ​and​ ​to​ ​demonstrate 
understanding​ ​of​ ​the​ ​acceptance​ ​and​ ​backgrounds,​ ​drift 
chambers ​ ​were​ ​periodically​ ​inserted​ ​to​ ​track​ ​individual 
particles ​ ​when​ ​running​ ​at​ ​much​ ​lower​ ​beam​ ​currents.  
 

 
QwkDraft3.0,​ ​Sep.​ ​20,​ ​2017 

Z
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FIG. 9 Total neutrino and antineutrino per nucleon CC cross sections (for an isoscalar target) divided by neutrino energy and
plotted as a function of energy. Data are the same as in Figures 28, 11, and 12 with the inclusion of additional lower energy
CC inclusive data from N (Baker et al., 1982), ⇤ (Baranov et al., 1979), ⌅ (Ciampolillo et al., 1979), and ? (Nakajima et al.,
2011). Also shown are the various contributing processes that will be investigated in the remaining sections of this review.
These contributions include quasi-elastic scattering (dashed), resonance production (dot-dash), and deep inelastic scattering
(dotted). Example predictions for each are provided by the NUANCE generator (Casper, 2002). Note that the quasi-elastic
scattering data and predictions have been averaged over neutron and proton targets and hence have been divided by a factor
of two for the purposes of this plot.

19. Structure functions 23

NOTE: THE FIGURES IN THIS SECTION ARE INTENDED TO SHOW THE REPRESENTATIVE DATA.

THEY ARE NOT MEANT TO BE COMPLETE COMPILATIONS OF ALL THE WORLD’S RELIABLE DATA.
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Figure 19.8: The proton structure function F p
2 measured in electromagnetic scattering of electrons and

positrons on protons (collider experiments H1 and ZEUS for Q2 ≥ 2 GeV2), in the kinematic domain
of the HERA data (see Fig. 19.10 for data at smaller x and Q2), and for electrons (SLAC) and muons
(BCDMS, E665, NMC) on a fixed target. Statistical and systematic errors added in quadrature are shown.
The H1+ZEUS combined values are obtained from the measured reduced cross section and converted to F p

2

with a HERAPDF NLO fit, for all measured points where the predicted ratio of F p
2

to reduced cross-section
was within 10% of unity. The data are plotted as a function of Q2 in bins of fixed x. Some points have
been slightly offset in Q2 for clarity. The H1+ZEUS combined binning in x is used in this plot; all other
data are rebinned to the x values of these data. For the purpose of plotting, F p

2
has been multiplied by 2ix ,

where ix is the number of the x bin, ranging from ix = 1 (x = 0.85) to ix = 24 (x = 0.00005). References:
H1 and ZEUS—H. Abramowicz et al., Eur. Phys. J. C75, 580 (2015) (for both data and HERAPDF
parameterization); BCDMS—A.C. Benvenuti et al., Phys. Lett. B223, 485 (1989) (as given in [86]) ;
E665—M.R. Adams et al., Phys. Rev. D54, 3006 (1996); NMC—M. Arneodo et al., Nucl. Phys. B483, 3
(1997); SLAC—L.W. Whitlow et al., Phys. Lett. B282, 475 (1992).
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Optical theorem

2

Forward Compton amplitude

P

q

P

q

(Compton) structure functions

Cross section ~ Hadron tensor

Structure functions

Wµ⌫ ⇠
Z

d4x eiq.xhp| [Jµ(x), J⌫(0)] |pi Tµ⌫ ⇠
Z

d4x eiq.xhp|TJµ(x)J⌫(0)|pi

F1,2(P · q,Q2)
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Optical theorem:

F1,2(P · q,Q2)
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= 4

Z 1

0
dx
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high-W: NMC, PLB(1995) 
low-W: Bosted-Christy, PRC(2010)
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Minkowski Compton 
(spin, Lorentz suppressed)T (p, q) = i

Z
d4z eiq·zhp|T {J(z)J(0)} |pi

=
XZ

X

Z 1

0
dt i ei(q0+Ep�EX+i✏)thp|J(0)|X(p+ q)ihX(p+ q)|J(0)|pi+ (q ! �q)
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Euclidean Compton
T E(p, q) =

Z 1

0
d⌧

Z
d3ze�iq·zhp|J(z, ⌧)J(0)|pi

=
XZ

X

Z 1

0
d⌧ e(q0+Ep�EX)⌧ hp|J(0)|X(p+ q)ihX(p+ q)|J(0)|pi+ (q ! �q)
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(EX � Ep � q0 � i✏)
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and if EX > Ep + q0 there are no singularities in

Z 1

Eth

dEX
<latexit sha1_base64="RPVg2RPzSDeTU6KJ1zznyzi5kvo="></latexit><latexit sha1_base64="RPVg2RPzSDeTU6KJ1zznyzi5kvo="></latexit><latexit sha1_base64="RPVg2RPzSDeTU6KJ1zznyzi5kvo="></latexit><latexit sha1_base64="RPVg2RPzSDeTU6KJ1zznyzi5kvo="></latexit>

if EX(p±q) > Ep ± q0 ) T E(p, q) = T (p, q)
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Euclidean hadron tensor 
Unintegrated form 
Inversion problem, see Keh-Fei Liu
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of 2-point correlation functions using spectroscopic tech-
niques. We note that other related background field
methods also offer alternatives to the direct evaluation of
lattice 4-point functions [56,57].
In order to compute the forward Compton amplitude via

the Feynman-Hellmann relation, we introduce the follow-
ing perturbation to the fermion action,

SðλÞ ¼ Sþ λ
Z

d4zðeiq·z þ e−iq·zÞJ μðzÞ; ð22Þ

where λ is the strength of the coupling between the quarks
and the external field, J μðxÞ ¼ ZVq̄ðxÞγμqðxÞ is the
electromagnetic current coupling to the quarks along the
μ direction, q is the external momentum inserted by
the current and ZV is the renormalization constant for
the local electromagnetic current.
The general strategy for deriving Feynman-Hellmann in

a lattice QCD context is to consider the general spectral
decomposition of a correlator in the presence of the
background field. The differentiation of this correlation
function with respect to the external field reveals a distinct
temporal signature for the energy shift. By explicit evalu-
ation of the perturbed correlator, one is able to identify this
signature and hence resolve the desired relationship
between the energy shift and matrix element. Our principal
theoretical result here is that for the perturbed action
described in Eq. (22), the second-order energy shift of
the nucleon is found to be

∂2ENλ
ðpÞ

∂λ2
!!!!
λ¼0

¼ −
Tμμðp; qÞ þ Tμμðp;−qÞ

2ENðpÞ
; ð23Þ

where T is the Compton amplitude defined in Eq. (3), q ¼
ðq; 0Þ is the external momentum encoded by Eq. (22), and
ENλ

ðpÞ is the nucleon energy atmomentump in the presence
of a background field of strength λ. In the following we
sketch the main steps of the derivation, and refer the
interested reader to Appendix B for further details.
In the presence of the external field introduced in

Eq. (22), we define the two-point correlation function
projected to definite momentum as,

Gð2Þ
λ ðp; tÞ≡

Z
d3xe−ip·xΓhΩλjχðx; tÞχ̄ð0ÞjΩλi; ð24Þ

where here and in the following, a trace over Dirac indices
with the spin-parity projection matrix Γ is understood, and
jΩλi is the vacuum in the presence of the external field. The
asymptotic behavior of the correlator at large Euclidean
times takes the familiar form,

Gð2Þ
λ ðp; tÞ ≃ AλðpÞe−ENλ

ðpÞt; ð25Þ

whereENλ
ðpÞ is the energy of the ground state nucleon in the

external field and AλðpÞ the corresponding overlap factor.

For the purpose of current presentation, a nucleon
interpolating operator is assumed for χ. However, the
derivation applies to any ground-state hadron, provided
the ground state in the presence of the external field is
perturbatively close to the free-field state. A simple counter
example could be a Σ baryon in the presence of a
strangeness-changing current, where at λ ¼ 0 the correlator
behaves as e−EΣt but at any finite λ this will eventually be
dominated by e−ENt (kinematics permitting).
It is for a similar physical reason that one must work with

nucleon states that have the least possible kinetic energy
among all states connected to any number of current
insertions. This same condition guarantees the connection
between the Euclidean and Minkowski Compton ampli-
tudes described in the previous section. In the presence of
the background field, the Hamiltonian of the system will
mix momentum states connected by integer multiples of
the momentum transfer q. We hence choose the Fourier
projection of our correlation function, Eq. (24), such that p
corresponds to the lowest energy of all these coupled states
at finite λ. An example is given in Fig. 1, where we show
the single nucleon energy plotted along the direction of q,
E ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

N þ ðpþ nqÞ2
p

. In the example plotted, if the
Fourier projection were chosen at n ¼ 1 (i.e., pþ q) the
asymptotic behavior of the correlator would be dominated
by a state near that of the free particle at n ¼ 0 (with an
amplitude suppressed by λ and the elastic form factor).
When there is a degeneracy in the lowest energy states,

this corresponds precisely to Breit-frame kinematics, where
a linear response in λ isolates the elastic form factors, see
Ref. [50]. For the purposes of the kinematics discussed

FIG. 1. The lower curve shows the nucleon energy for momenta
along the direction of q, E ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

N þ ðpþ nqÞ2
p

. At finite
external field strength, all momentum states connected by integer
multiples of q will be coupled, these are emphasized by the large
dots for the ground-state nucleon. We choose an example
kinematic point from the numerical results presented in the
following section: p¼ 2π=Lð−1;−1;0Þ and q ¼ 2π=Lð4; 1; 0Þ.
The upper curve shows the (noninteracting) two-particle Nπ
threshold, with the small dots representing the discrete nature of
this two-body “cut” on the lattice.
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dispersion relation 

Eth = m2
N + (p + nq)2

 
threshold
Nπ

discrete set of states

Must only consider nucleon momenta to correspond to lowest 
energy connected by discrete multiples of q



(First) numerical 
results: 
!1 → moments of F1
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Compton on the lattice
• Forward spin-averaged Compton amplitude 

• Choose simplest kinematics to directly isolate F1

Tµ⌫(p, q) = ⇢ss0
Z

d4x eiq·xhp, s0|T {Jµ(x)J⌫(0)} |p, si

=

✓
�gµ⌫ +

qµq⌫

q2

◆
F1(!, Q

2) +
1

p · q

✓
pµ � p · q

q2
qµ

◆✓
p⌫ � p · q

q2
q⌫
◆
F2(!, Q

2)
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Obligatory slide on lattice specs

• Local EM current insertion,  
(valence only) 

• Feynman–Hellmann propagators at 4 field 
strengths,  

• Up to  measurements for each pair of  
and 

Jμ(x) = ZVq̄(x)γμq(x)

λ = [±0.0125, ± 0.025]

"(104) Q2

λ

14

Unmodified 
QCD background

MeV, ~SU(3) mπ ∼ [470
420]

a = [0.074
0.068] fmmπL ∼ [5.6

6.9]

QCDSF/UKQCD configurations  

, 2+1 flavor (u/d+s)  

 NP-improved Clover action 

Phys. Rev. D 79, 094507 (2009), 
arXiv:0901.3302 [hep-lat]

(323 × 64
483 × 96)

β = (5.50
5.65),
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Effective energies 

2 external field strengths

�E = E(�)� E0
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Isolate 2nd derivative 
(almost “exact” quadratic)

�E = 1
2�

2 @
2E

@�2
+ . . .
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Kinematic coverage

�J
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Blue dots: different nucleon Fourier momenta

External momentum

Can access different ! by 
varying the nucleon 
momenta

spread of 
% values

! =
2p · q
Q2

=
2p · q
q2
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q4 = 0
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Moments
• Recall dispersion integral: 

• Positivity constraint: 

• Use Bayesian fit enforcing monotonicity of moments

Moments

F1(!, Q
2) = 2!2

Z 1

0
dx

2xF1(x,Q2)

1� (x!)2
= 2

1X

n=1

!2nM (1)
2n (Q2)
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Low moments
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A hint of power
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The ! dependence of the Compton structure functions
is mapped by extracting the amplitude for each pair of
(q,p). Subsequently, extraction of the moments from
the Compton structure functions follows the methodol-
ogy described in [18]. A simultaneous fit of F1 (Eq. (7))
and F2�! (Eq. (11)) is performed in a Bayesian frame-
work to determine the first few Mellin moments of the
structure functions. We truncate both series at n = 4
(inclusive) when determining the moments. These mo-
ments are enforced to be positive definite and monotoni-
cally decreasing. Note that the positivity bound does not
hold for the ud contributions but they are constrained by

�Mud
2n (Q

2
)�
2
≤ 4Muu

2n (Q
2
)Mdd

2n(Q
2
), since the total inclu-

sive cross section (hence each moment) is positive for any
value of the quark charges and at all kinematics. The se-
quences of individual uu, dd or ud moments are selected
according to the standard probability distribution, where
the diagonal of the full covariance matrix is used in the
�2 function. We account for the correlations between the
data points by doing a bootstrap analysis.

Results.—We show the ! dependence of the Compton
structure functions along with their fit curves in Fig. 1
for a representative case of Q2

= 4.86GeV2 calculated on
the 483 × 96 ensemble. We keep terms up to O(w8

) in
the fit polynomials Eqs. (7) and (11). The lowest two
moments are insensitive to the addition of higher order
terms.

The lowest moments of the structure functions F2,L

obtained from the 323 × 64 and 483 × 96 ensembles are
shown in Figures 2 and 3 as a function of Q2 for the
proton. Note that the moments of the proton are con-

structed via M (2,L)
2,p =

4
9M

(2,L)
2,uu +

1
9M

(2,L)
2,dd −

2
9M

(2,L)
2,ud . Our

F2 moments are in remarkable agreement with the ex-
perimental moments [28].

Since the Compton amplitude includes all power cor-
rections, we can estimate the leading power correction
(i.e. twist-4) by studying the Q2 behaviour of the mo-
ments. Higher-twist contributions are suppressed by
powers of 1�Q2 so one expects to have sizeable contri-
butions for intermediate to low Q2. Their e↵ect (at the
lowest order) can be modelled by the twist expansion,

M (2)
2,h (Q

2
) =M (2)

2,h +C
(2)
2,h�Q

2
+O(1�Q4

), (14)

where h ∈ {uu, dd, p}. We utilise only the M (2)
2 (Q

2
) mo-

ments obtained on the 483 × 96 ensemble to study the
power corrections. We show our fit (Eq. (14)) in Fig. 2.

The extracted values for M (2)
2,h and C(2)2,h are collected in

Table I. We note that our results could be useful for stud-
ies investigating the power corrections in the language of
infrared renormalons [29–31].

We compare the lowest (Cornwall-Norton) moment of
FL to the experimentally determined Nachtmann mo-
ments [7] in Fig. 3. While we are unable to resolve a
definitive signal for the FL moments, we are able to set
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Figure 1. ! dependence of the Compton structure functionsF1, F2, and FL at Q2 = 4.86GeV2. We show the uu (top),
dd (middle) and ud (bottom) contributions. Coloured shaded
bands show the fits with their 68% credible region of the high-
est posterior density. Points are displaced for clarity.

Table I. Extracted asymptotic values of the moments and
the coe�cients of the power correction terms. The power
corrections are quoted at the scale of the nucleon mass Q2 =
M2

N .

h M (2)
2,h C(2)2,h�M2

N

uu 0.268(13) 0.206(24)

dd 0.146(7) 0.024(14)

p 0.135(6) 0.091(11)

an upper bound that is compatible with the experimental
moments.
It is interesting to compare M (L)

2 determined from the
relation [1],

M (L),twist−2
2,p (Q2

) =
4

9⇡
↵s(Q

2
)M (2),twist−2

2,p (Q2
), (15)

where we replace the leading-twist moment on RHS with
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(q,p). Subsequently, extraction of the moments from
the Compton structure functions follows the methodol-
ogy described in [18]. A simultaneous fit of F1 (Eq. (7))
and F2�! (Eq. (11)) is performed in a Bayesian frame-
work to determine the first few Mellin moments of the
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according to the standard probability distribution, where
the diagonal of the full covariance matrix is used in the
�2 function. We account for the correlations between the
data points by doing a bootstrap analysis.

Results.—We show the ! dependence of the Compton
structure functions along with their fit curves in Fig. 1
for a representative case of Q2

= 4.86GeV2 calculated on
the 483 × 96 ensemble. We keep terms up to O(w8

) in
the fit polynomials Eqs. (7) and (11). The lowest two
moments are insensitive to the addition of higher order
terms.

The lowest moments of the structure functions F2,L
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shown in Figures 2 and 3 as a function of Q2 for the
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F2 moments are in remarkable agreement with the ex-
perimental moments [28].

Since the Compton amplitude includes all power cor-
rections, we can estimate the leading power correction
(i.e. twist-4) by studying the Q2 behaviour of the mo-
ments. Higher-twist contributions are suppressed by
powers of 1�Q2 so one expects to have sizeable contri-
butions for intermediate to low Q2. Their e↵ect (at the
lowest order) can be modelled by the twist expansion,
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) mo-

ments obtained on the 483 × 96 ensemble to study the
power corrections. We show our fit (Eq. (14)) in Fig. 2.

The extracted values for M (2)
2,h and C(2)2,h are collected in

Table I. We note that our results could be useful for stud-
ies investigating the power corrections in the language of
infrared renormalons [29–31].

We compare the lowest (Cornwall-Norton) moment of
FL to the experimentally determined Nachtmann mo-
ments [7] in Fig. 3. While we are unable to resolve a
definitive signal for the FL moments, we are able to set
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Figure 1. ! dependence of the Compton structure functionsF1, F2, and FL at Q2 = 4.86GeV2. We show the uu (top),
dd (middle) and ud (bottom) contributions. Coloured shaded
bands show the fits with their 68% credible region of the high-
est posterior density. Points are displaced for clarity.

Table I. Extracted asymptotic values of the moments and
the coe�cients of the power correction terms. The power
corrections are quoted at the scale of the nucleon mass Q2 =
M2

N .

h M (2)
2,h C(2)2,h�M2
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uu 0.268(13) 0.206(24)

dd 0.146(7) 0.024(14)

p 0.135(6) 0.091(11)

an upper bound that is compatible with the experimental
moments.
It is interesting to compare M (L)
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Longitudinal Compton amplitude

Figure 1: The so called ‘handbag’ diagram (left panel) and ‘cats-ears’ diagram (right panel).

and, alternatively,

T33(p, q) = 4ω

∫ 1

0

dx
ωx

1 − (ωx)2
F1(x, q2) . (10)

For |ω| > 1 the principal value has to be taken. The matrix element T33(p, q) can be computed

most efficiently, including singlet matrix elements, by a simple extension of existing implemen-
tations of the Feynman-Hellmann technique to lattice QCD [9]. For simplicity, we consider the
local vector current only. The appropriate renormalization factor ZV can be computed unambigu-

ously [10]. No further renormalization is needed. To compute the Compton amplitude from the
Feynman-Hellmann relation, we introduce the perturbation to the Lagrangian

L(x)→ L(x) + λJ3(x) , J3(x) = ZV cos(#q · #x) e f ψ̄ f (x)γ3ψ f (x) , (11)

where ψ f is the quark field of flavor f = u, d, s, · · · to which the photon is attached, and e f is
its electric charge. Note that λ has dimension mass. Taking the second derivative of the nucleon

two-point function 〈N(#p, t)N̄(#p, 0)〉λ % Cλ e−Eλ(p,q) t with respect to λ on both sides, we obtain

−2Eλ(p, q)
∂2

∂λ2
Eλ(p, q)

∣

∣

∣

λ=0
= T33(p, q) . (12)

The derivation of (12) would go beyond the scope of this Letter and will be presented in a sep-
arate publication. Provided we compute at sufficiently large q2, standard factorization theorems

state that the Compton amplitude will be dominated by the ‘handbag’ diagram shown in the left
panel of Fig. 1. Nevertheless, the amplitude does encompass all contributions, including the

power-suppressed ‘cats-ears’ diagram shown in the right panel. Thereby, varying q2 will allow
us to test the twist expansion and, in particular, isolate twist-four contributions. A conventional
calculation of the four-point function 〈p, λ|Jµ(x)Jν(0)|p, λ〉, in contrast, would involve all-to-all

quark propagators twice consecutively, which is not practicable.
Knowing T33(p, q) for sufficiently many values of ω, we can solve (9) for the moments µn =

∫ 1

0
dxxnF1(x, q2) and (10) directly for F1(x, q2). We want to keep the photon momentum #q fixed,

but vary the nucleon momentum #p. This amounts to a relatively cheap calculation, as all nucleon
energies Eλ(p, q) can be computed from a single set of background field configurations (per
value of λ). For nonsinglet quantities, in which the currents couple to valence quarks only, no

additional gauge field configurations will have to be generated at all.
Regarding (9), the task is to compute (say) the lowest M moments µ from a finite number of

sampled points
ti = T33(ωi) , i = 1, · · · ,N (13)

4

u u
+…



Moments: Simultaneous fits
• Dispersion relation for FL: 

• Parameterise in terms of moments of F1 and FL 

• Fit to two independent amplitudes F1 and F2
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independently positive definite
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3

The ! dependence of the Compton structure functions
is mapped by extracting the amplitude for each pair of
(q,p). Subsequently, extraction of the moments from
the Compton structure functions follows the methodol-
ogy described in [18]. A simultaneous fit of F1 (Eq. (7))
and F2�! (Eq. (11)) is performed in a Bayesian frame-
work to determine the first few Mellin moments of the
structure functions. We truncate both series at n = 4
(inclusive) when determining the moments. These mo-
ments are enforced to be positive definite and monotoni-
cally decreasing. Note that the positivity bound does not
hold for the ud contributions but they are constrained by

�Mud
2n (Q

2
)�
2
≤ 4Muu

2n (Q
2
)Mdd

2n(Q
2
), since the total inclu-

sive cross section (hence each moment) is positive for any
value of the quark charges and at all kinematics. The se-
quences of individual uu, dd or ud moments are selected
according to the standard probability distribution, where
the diagonal of the full covariance matrix is used in the
�2 function. We account for the correlations between the
data points by doing a bootstrap analysis.

Results.—We show the ! dependence of the Compton
structure functions along with their fit curves in Fig. 1
for a representative case of Q2

= 4.86GeV2 calculated on
the 483 × 96 ensemble. We keep terms up to O(w8

) in
the fit polynomials Eqs. (7) and (11). The lowest two
moments are insensitive to the addition of higher order
terms.

The lowest moments of the structure functions F2,L

obtained from the 323 × 64 and 483 × 96 ensembles are
shown in Figures 2 and 3 as a function of Q2 for the
proton. Note that the moments of the proton are con-

structed via M (2,L)
2,p =

4
9M

(2,L)
2,uu +

1
9M

(2,L)
2,dd −

2
9M

(2,L)
2,ud . Our

F2 moments are in remarkable agreement with the ex-
perimental moments [28].

Since the Compton amplitude includes all power cor-
rections, we can estimate the leading power correction
(i.e. twist-4) by studying the Q2 behaviour of the mo-
ments. Higher-twist contributions are suppressed by
powers of 1�Q2 so one expects to have sizeable contri-
butions for intermediate to low Q2. Their e↵ect (at the
lowest order) can be modelled by the twist expansion,

M (2)
2,h (Q

2
) =M (2)

2,h +C
(2)
2,h�Q

2
+O(1�Q4

), (14)

where h ∈ {uu, dd, p}. We utilise only the M (2)
2 (Q

2
) mo-

ments obtained on the 483 × 96 ensemble to study the
power corrections. We show our fit (Eq. (14)) in Fig. 2.

The extracted values for M (2)
2,h and C(2)2,h are collected in

Table I. We note that our results could be useful for stud-
ies investigating the power corrections in the language of
infrared renormalons [29–31].

We compare the lowest (Cornwall-Norton) moment of
FL to the experimentally determined Nachtmann mo-
ments [7] in Fig. 3. While we are unable to resolve a
definitive signal for the FL moments, we are able to set
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Figure 1. ! dependence of the Compton structure functionsF1, F2, and FL at Q2 = 4.86GeV2. We show the uu (top),
dd (middle) and ud (bottom) contributions. Coloured shaded
bands show the fits with their 68% credible region of the high-
est posterior density. Points are displaced for clarity.

Table I. Extracted asymptotic values of the moments and
the coe�cients of the power correction terms. The power
corrections are quoted at the scale of the nucleon mass Q2 =
M2

N .

h M (2)
2,h C(2)2,h�M2

N

uu 0.268(13) 0.206(24)

dd 0.146(7) 0.024(14)

p 0.135(6) 0.091(11)

an upper bound that is compatible with the experimental
moments.
It is interesting to compare M (L)

2 determined from the
relation [1],

M (L),twist−2
2,p (Q2

) =
4

9⇡
↵s(Q

2
)M (2),twist−2

2,p (Q2
), (15)

where we replace the leading-twist moment on RHS with
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(i.e. twist-4) by studying the Q2 behaviour of the mo-
ments. Higher-twist contributions are suppressed by
powers of 1�Q2 so one expects to have sizeable contri-
butions for intermediate to low Q2. Their e↵ect (at the
lowest order) can be modelled by the twist expansion,

M (2)
2,h (Q

2
) =M (2)

2,h +C
(2)
2,h�Q

2
+O(1�Q4

), (14)

where h ∈ {uu, dd, p}. We utilise only the M (2)
2 (Q

2
) mo-

ments obtained on the 483 × 96 ensemble to study the
power corrections. We show our fit (Eq. (14)) in Fig. 2.

The extracted values for M (2)
2,h and C(2)2,h are collected in

Table I. We note that our results could be useful for stud-
ies investigating the power corrections in the language of
infrared renormalons [29–31].

We compare the lowest (Cornwall-Norton) moment of
FL to the experimentally determined Nachtmann mo-
ments [7] in Fig. 3. While we are unable to resolve a
definitive signal for the FL moments, we are able to set
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Table I. Extracted asymptotic values of the moments and
the coe�cients of the power correction terms. The power
corrections are quoted at the scale of the nucleon mass Q2 =
M2

N .

h M (2)
2,h C(2)2,h�M2

N

uu 0.268(13) 0.206(24)

dd 0.146(7) 0.024(14)

p 0.135(6) 0.091(11)

an upper bound that is compatible with the experimental
moments.
It is interesting to compare M (L)

2 determined from the
relation [1],

M (L),twist−2
2,p (Q2

) =
4
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↵s(Q

2
)M (2),twist−2

2,p (Q2
), (15)

where we replace the leading-twist moment on RHS with
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and, alternatively,

T33(p, q) = 4ω

∫ 1

0

dx
ωx

1 − (ωx)2
F1(x, q2) . (10)

For |ω| > 1 the principal value has to be taken. The matrix element T33(p, q) can be computed

most efficiently, including singlet matrix elements, by a simple extension of existing implemen-
tations of the Feynman-Hellmann technique to lattice QCD [9]. For simplicity, we consider the
local vector current only. The appropriate renormalization factor ZV can be computed unambigu-

ously [10]. No further renormalization is needed. To compute the Compton amplitude from the
Feynman-Hellmann relation, we introduce the perturbation to the Lagrangian

L(x)→ L(x) + λJ3(x) , J3(x) = ZV cos(#q · #x) e f ψ̄ f (x)γ3ψ f (x) , (11)

where ψ f is the quark field of flavor f = u, d, s, · · · to which the photon is attached, and e f is
its electric charge. Note that λ has dimension mass. Taking the second derivative of the nucleon

two-point function 〈N(#p, t)N̄(#p, 0)〉λ % Cλ e−Eλ(p,q) t with respect to λ on both sides, we obtain

−2Eλ(p, q)
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∣

∣

∣

λ=0
= T33(p, q) . (12)

The derivation of (12) would go beyond the scope of this Letter and will be presented in a sep-
arate publication. Provided we compute at sufficiently large q2, standard factorization theorems

state that the Compton amplitude will be dominated by the ‘handbag’ diagram shown in the left
panel of Fig. 1. Nevertheless, the amplitude does encompass all contributions, including the

power-suppressed ‘cats-ears’ diagram shown in the right panel. Thereby, varying q2 will allow
us to test the twist expansion and, in particular, isolate twist-four contributions. A conventional
calculation of the four-point function 〈p, λ|Jµ(x)Jν(0)|p, λ〉, in contrast, would involve all-to-all

quark propagators twice consecutively, which is not practicable.
Knowing T33(p, q) for sufficiently many values of ω, we can solve (9) for the moments µn =

∫ 1

0
dxxnF1(x, q2) and (10) directly for F1(x, q2). We want to keep the photon momentum #q fixed,

but vary the nucleon momentum #p. This amounts to a relatively cheap calculation, as all nucleon
energies Eλ(p, q) can be computed from a single set of background field configurations (per
value of λ). For nonsinglet quantities, in which the currents couple to valence quarks only, no

additional gauge field configurations will have to be generated at all.
Regarding (9), the task is to compute (say) the lowest M moments µ from a finite number of

sampled points
ti = T33(ωi) , i = 1, · · · ,N (13)
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Figure 2. Q2 dependence of the lowest moments of F2 for the
proton. Filled stars are the experimental Cornwall-Norton
moments of F2 [28]. Red band is the fit (Eq. (14)) to the
483 × 96 data points.

0 2 4 6 8
Q2 [GeV2]

0

10

20

30

40

M
(L

)
2
,p

(Q
2
)

�10�3

323 � 64

Direct

twist-2

483 � 96

Direct

twist-2

Exp.

Figure 3. Lowest moment of the proton’s longitudinal struc-
ture function M (L)

2,p as a function of Q2. We compare our re-
sults (Direct) to the experimental Nachtmann moments (open
black squares) taken from [7]. Asymmetric error bars indi-
cate that our posterior distributions are highly skewed (non-
Gaussian). We also show the moments (twist-2) determined

via the relation, Eq. (15), using our determination of M (2)
2,p

from the current work. Twist-2 points are displaced for clar-
ity.

M (2)
2,p (Q

2
) from the current work as an approximation.

We use the value of ↵s(Q
2
) at µ = Q2 at the four-loop

order by running its value from the µ0 = M⌧ scale with
nf = 3 active flavours using the CRunDec package [32, 33].

The Q2 behaviour is in good agreement with experi-
mental points as shown in Fig. 3. With improved pre-
cision in future studies, contrasting the direct determi-
nation and twist-2 part of the lowest few moments of

FL would provide improved constraints on higher-twist
e↵ects.

Conclusions.—We have presented a simultaneous ex-
traction of the lowest moments of the proton structure
functions F2,L. A first look into the moments of FL is
given. This has been possible in a lattice QCD setting for
the first time thanks to our recent advances in calculat-
ing the forward Compton amplitude via an application
of the second-order Feynman-Hellmann theorem.

Already at unphysical quark masses, we find good
agreement with the moments determined from experi-
ments. Our investigations solidify the versatility of the
Compton amplitude approach and pave the way for reli-
able and systematically improvable first-principles stud-
ies of the structure functions and power corrections, com-
plementing the experiments and other lattice or non-
lattice methods.
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2,p as a function of Q2. We compare our re-
sults (Direct) to the experimental Nachtmann moments (open
black squares) taken from [7]. Asymmetric error bars indi-
cate that our posterior distributions are highly skewed (non-
Gaussian). We also show the moments (twist-2) determined

via the relation, Eq. (15), using our determination of M (2)
2,p

from the current work. Twist-2 points are displaced for clar-
ity.
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We use the value of ↵s(Q
2
) at µ = Q2 at the four-loop

order by running its value from the µ0 = M⌧ scale with
nf = 3 active flavours using the CRunDec package [32, 33].

The Q2 behaviour is in good agreement with experi-
mental points as shown in Fig. 3. With improved pre-
cision in future studies, contrasting the direct determi-
nation and twist-2 part of the lowest few moments of

FL would provide improved constraints on higher-twist
e↵ects.

Conclusions.—We have presented a simultaneous ex-
traction of the lowest moments of the proton structure
functions F2,L. A first look into the moments of FL is
given. This has been possible in a lattice QCD setting for
the first time thanks to our recent advances in calculat-
ing the forward Compton amplitude via an application
of the second-order Feynman-Hellmann theorem.

Already at unphysical quark masses, we find good
agreement with the moments determined from experi-
ments. Our investigations solidify the versatility of the
Compton amplitude approach and pave the way for reli-
able and systematically improvable first-principles stud-
ies of the structure functions and power corrections, com-
plementing the experiments and other lattice or non-
lattice methods.
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Figure 1: The so called ‘handbag’ diagram (left panel) and ‘cats-ears’ diagram (right panel).

and, alternatively,

T33(p, q) = 4ω

∫ 1
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1 − (ωx)2
F1(x, q2) . (10)

For |ω| > 1 the principal value has to be taken. The matrix element T33(p, q) can be computed

most efficiently, including singlet matrix elements, by a simple extension of existing implemen-
tations of the Feynman-Hellmann technique to lattice QCD [9]. For simplicity, we consider the
local vector current only. The appropriate renormalization factor ZV can be computed unambigu-

ously [10]. No further renormalization is needed. To compute the Compton amplitude from the
Feynman-Hellmann relation, we introduce the perturbation to the Lagrangian

L(x)→ L(x) + λJ3(x) , J3(x) = ZV cos(#q · #x) e f ψ̄ f (x)γ3ψ f (x) , (11)

where ψ f is the quark field of flavor f = u, d, s, · · · to which the photon is attached, and e f is
its electric charge. Note that λ has dimension mass. Taking the second derivative of the nucleon

two-point function 〈N(#p, t)N̄(#p, 0)〉λ % Cλ e−Eλ(p,q) t with respect to λ on both sides, we obtain

−2Eλ(p, q)
∂2

∂λ2
Eλ(p, q)

∣

∣

∣

λ=0
= T33(p, q) . (12)

The derivation of (12) would go beyond the scope of this Letter and will be presented in a sep-
arate publication. Provided we compute at sufficiently large q2, standard factorization theorems

state that the Compton amplitude will be dominated by the ‘handbag’ diagram shown in the left
panel of Fig. 1. Nevertheless, the amplitude does encompass all contributions, including the

power-suppressed ‘cats-ears’ diagram shown in the right panel. Thereby, varying q2 will allow
us to test the twist expansion and, in particular, isolate twist-four contributions. A conventional
calculation of the four-point function 〈p, λ|Jµ(x)Jν(0)|p, λ〉, in contrast, would involve all-to-all

quark propagators twice consecutively, which is not practicable.
Knowing T33(p, q) for sufficiently many values of ω, we can solve (9) for the moments µn =

∫ 1

0
dxxnF1(x, q2) and (10) directly for F1(x, q2). We want to keep the photon momentum #q fixed,

but vary the nucleon momentum #p. This amounts to a relatively cheap calculation, as all nucleon
energies Eλ(p, q) can be computed from a single set of background field configurations (per
value of λ). For nonsinglet quantities, in which the currents couple to valence quarks only, no

additional gauge field configurations will have to be generated at all.
Regarding (9), the task is to compute (say) the lowest M moments µ from a finite number of

sampled points
ti = T33(ωi) , i = 1, · · · ,N (13)

4

u u
+…

M (L)
0 ⇠ M (2)

2
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Background The Feynman-Hellmann method Results Conclusions and Outlook

Why the Compton amplitude?

• 3-pt moments and quasi leading-order
• In DVCS expt., hard scale isn’t huge:

Q2 ≤ 12 GeV2 ⇒ corrections
• Unknown subtraction function, S1

Calculate OFCA on lattice more parallels
to experiment

• Q2 dependence [Latt. 2021 PoS 324]
• higher-order terms [Latt. 2019 PoS 278]
• subtraction function [Latt. 2021 PoS 028]

For the forward (P = P ′) Compton
amplitude, we have calculated these
properties with Feynman-Hellmann.

Alec Hannaford Gunn
GPDs from lattice QCD 5 / 17

power  
corrections

subtraction 
“constant”
S1(t, Q

2)
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Tµ⌫(P, q, q0) =
18X

i=1

Ai(!, ✓, t, Q
2
)Lµ⌫

i
<latexit sha1_base64="pbiShtG9aHZB2piPuTyCesgKBes="></latexit><latexit sha1_base64="pbiShtG9aHZB2piPuTyCesgKBes="></latexit><latexit sha1_base64="pbiShtG9aHZB2piPuTyCesgKBes="></latexit><latexit sha1_base64="pbiShtG9aHZB2piPuTyCesgKBes="></latexit>

18 tensor structures 
P = 1

2 (P + P 0), q = 1
2 (q + q0), � = P 0 � P
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t = �2, Q
2
= �q2,

! =
2P · q
Q

2 , ✓ = �� · q
Q

2
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3

T̄µ⌫ =
1

2P̄ · q̄


�
⇣
h · q̄H1 + e · q̄E1

⌘
gµ⌫ +

1

P̄ · q̄

⇣
h · q̄H2 + e · q̄E2

⌘
P̄µP̄⌫ + H3h{µP̄⌫}

�

+
i

2P̄ · q̄
✏µ⌫⇢q̄

⇢

⇣
h̃
H̃1 + ẽ

Ẽ1

⌘
+

i

2(P̄ · q̄)2
✏µ⌫⇢q̄

⇢

h�
P̄ · q̄h̃

 � h̃ · q̄P̄

�
H̃2 +

�
P̄ · q̄ẽ

 � ẽ · q̄P̄

�
Ẽ2

i

+
⇣
P̄µq

0
⌫

+ P̄⌫qµ

⌘⇣
h · q̄K1 + e · q̄K2

⌘
+

⇣
P̄µq

0
⌫

� P̄⌫qµ

⌘⇣
h · q̄K3 + e · q̄K4

⌘
+ qµq

0
⌫

�
h · q̄ � e · q̄

�
K5

+ h[µP̄⌫]K6 +
⇣
hµq

0
⌫

+ h⌫qµ

⌘
K7 +

⇣
hµq

0
⌫

� h⌫qµ

⌘
K8 + P̄{µū(P 0)i�⌫}↵u(P )q̄↵K9,

(4)

where we have introduced the Dirac bilinears

h
µ = ū

0
�
µ
u, e

µ = ū
0 i�

µ↵�↵

2mN

u,

h̃
µ = ū

0
�
µ
�5u, ẽ

µ =
�µ

2mN

ū
0
�5u.

(5)

In Eq. (4), there are nine K, five unpolarised (H and E)
and four polarised (H̃ and Ẽ) amplitudes, which gives
18 in total.

The basis in Eq. (4) is chosen to match onto the high-
energy limit, which we will derive in section IV. While
this does introduce kinematic singularities into our ba-
sis, these are not relevant to the leading-twist contribu-
tion or our numerical calculation.

The amplitudes of Eq. (4) also reduce in the forward
(t ! 0) limit to the more well-known functions of the
forward Compton amplitude:

H1
t!0�! F1, H2 + H3

t!0�! F2,

H̃1
t!0�! g̃1, H̃2

t!0�! g̃2,

where F1,2 are the Compton structure functions [58]
and Img̃1,2 = 2⇡g1,2, for g1,2 the spin-dependent, deep
inelastic structure functions [65]. On the other hand,
the K amplitudes vanish in the forward limit.

Dispersion Relation

As in the forward case, we can use the analytic fea-
tures of the amplitudes in Eq. (4) to write out a disper-
sion relation. For instance, following Refs. [47, 66], H1

and E1 satisfy subtracted dispersion relations:

H1(!̄,#, t, Q̄
2) = S1(#, t, Q̄

2) + H1(!̄,#, t, Q̄
2),

E1(!̄,#, t, Q̄
2) = �S1(#, t, Q̄

2) + E1(!̄,#, t, Q̄
2),

(6)

where we have introduced

H1(!̄,#, t, Q̄
2) =

2!̄2

⇡

Z 1

0
dx

xImH1(!̄,#, t, Q̄
2)

1 � x2!̄2 � i✏
,

and similarly for H1 ! E1.
The subtraction function in Eq. (6) is a generalisation

of the forward Compton amplitude subtraction function

[67]: S1(#, t, Q̄
2)

t!0�! S1(Q2), which has been studied
elsewhere [50, 51]. The amplitudes H2,3 and E2 require
no subtraction in their dispersion relations [47, 66].

The forward limit of H1 is

H1(!̄,#, t, Q̄
2)

t!0�! 4!2

Z 1

0
dx

xF1(x, Q
2)

1 � x2!2 � i✏
,

where F1 is the deep inelastic scattering structure func-
tion [47]. However, unlike the forward case, there is no
optical theorem to relate ImH1,2 to an inclusive cross
section. Instead, these amplitudes can be measured di-
rectly by exclusive processes such as DVCS.

Generalised Parton Distributions

At high energies (Q̄2 � ⇤2
QCD

), the amplitudes of
Eq. (4) are dominated by convolutions of GPDs [2, 68]:

A '
Z

dxG(x,#/!̄, t)


!̄

1 + x!̄ � i✏
± !̄

1 � x!̄ � i✏

�
,

where G is a GPD. Or, in the Euclidean region, |!̄| < 1,

A '
X

n

!̄
n

Z
dxx

n�1
G(x,#/!̄, t).

Formally, GPDs are defined by the off-forward matrix
element of a light-cone operator. For a light-like vector
n
µ such that n · P̄ = 1 (and hence ⇠ = �n · �/2) and

taking light-cone gauge n · U = 0, we have [2, 69]
Z

d�

2⇡
e
i�xhP 0| ̄q(��n/2)/n q(�n/2)|P i

= H
q(x,#/!̄, t)ū(P 0)�µnµu(P )

+ E
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where we have introduced the Dirac bilinears
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In Eq. (4), there are nine K, five unpolarised (H and E)
and four polarised (H̃ and Ẽ) amplitudes, which gives
18 in total.

The basis in Eq. (4) is chosen to match onto the high-
energy limit, which we will derive in section IV. While
this does introduce kinematic singularities into our ba-
sis, these are not relevant to the leading-twist contribu-
tion or our numerical calculation.

The amplitudes of Eq. (4) also reduce in the forward
(t ! 0) limit to the more well-known functions of the
forward Compton amplitude:

H1
t!0�! F1, H2 + H3

t!0�! F2,

H̃1
t!0�! g̃1, H̃2

t!0�! g̃2,

where F1,2 are the Compton structure functions [58]
and Img̃1,2 = 2⇡g1,2, for g1,2 the spin-dependent, deep
inelastic structure functions [65]. On the other hand,
the K amplitudes vanish in the forward limit.

Dispersion Relation

As in the forward case, we can use the analytic fea-
tures of the amplitudes in Eq. (4) to write out a disper-
sion relation. For instance, following Refs. [47, 66], H1

and E1 satisfy subtracted dispersion relations:
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and similarly for H1 ! E1.
The subtraction function in Eq. (6) is a generalisation

of the forward Compton amplitude subtraction function
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t!0�! S1(Q2), which has been studied
elsewhere [50, 51]. The amplitudes H2,3 and E2 require
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where F1 is the deep inelastic scattering structure func-
tion [47]. However, unlike the forward case, there is no
optical theorem to relate ImH1,2 to an inclusive cross
section. Instead, these amplitudes can be measured di-
rectly by exclusive processes such as DVCS.

Generalised Parton Distributions

At high energies (Q̄2 � ⇤2
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), the amplitudes of
Eq. (4) are dominated by convolutions of GPDs [2, 68]:
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where H
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q are the unpolarised twist-two GPDs
for a quark of flavour q. It is not possible to directly
calculate the quantity in Eq. (7) on the lattice, due to
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Instead, we can relate GPDs to a basis of leading-
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simple mapping to forward limit
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Lattice Compton amplitude
OFCA parameterised in terms of Compton form factors:

Tµν =
1

2P̄ · q̄

[
−

(
h · q̄H1 + e · q̄E1

)
gµν +

1
P̄ · q̄

(
h · q̄H2 + e · q̄E2

)
P̄µP̄ν +H3h{µP̄ν}

]
+ . . .

In unphysical lattice kinematics, |ω̄| ≤ 1

CFF(ω̄, t, Q̄2) = 2
∑

n
ω̄nMn(t, Q̄2)

• uses ξ = 0 kinematics,
• power series in

ω̄ =
2(P + P ′) · (q + q′)

(q + q′)2

• t determines how off-forward
• Q̄2 → ∞ isolates LO GPDs

Perform OPE to match each of these CFF
to their GPD contributions (see AHG et
al. PRD, 2022)
What we determine then are Mellin
moments:

Mn(t, Q̄2)
Q̄2→∞−→

∫ 1

−1
dxxn−1GPD

For us, this is just a guide. Like experiment,
we are at finite Q̄2, so can match
measurements and predict scaling
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of GPDs
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8

Finally, since we take Q̄
2 ⇠ 7 GeV2, we will consider

the remaining amplitudes, K1,2,5,7 to be suppressed,
since they have no leading-twist contribution.

Although a more complete study of the Q̄
2-

dependence is essential, for this exploratory work we
will neglect the Q̄

2 suppressed K1,2,5,7 amplitudes, keep-
ing only the H1,2,3 and E1,2 amplitudes.

Therefore, Eq. (22) is

R(!̄, t, Q̄
2) =

1

EN + mN

⇢
�⇢�

⇥
(EN + mN )H1 +

t

4mN

E1

⇤
+

P̄⇢P̄�

P̄ · q̄

h
(EN + mN )

�
H2 + H3

�
+

t

4mN

E2

i�
P3⇢P�3,

(23)

with Pµ⌫ as defined in Eq. (3), and using Euclidean
conventions now to match the lattice.

Next, we subtract off the !̄ = 0 contribution:

R(!̄, t, Q̄
2) = R(!̄, t, Q̄

2) � R(!̄ = 0, t, Q̄
2), (24)

which is equivalent to replacing H1 ! H1 and E1 ! E1

in Eq. (23).
As in our previous study of the forward Compton

amplitude, we find anomalous asymptotic behaviour of

the S1 subtraction function. A method for controlling
this behaviour has been presented in the forward case,
where the anomalous behaviour of S1 is found to have
minimal effect on the !-dependence [95]. An extension
to the OFCA is a goal of future work.

We then take only the leading-twist contributions to
the amplitudes, a full list of which is given in Eq. (B2).

Imposing the off-forward Callan-Gross relation re-
duces the number of linearly independent amplitudes
in Eq. (23) from five to two. The final form is then

R(!̄, t, Q̄
2) = 2K33

1X

n=2,4,6

!̄
n
⇥
A

q

n,0(t) +
t

4mN (EN + mN )
B

q

n,0(t)
⇤
, (25)

where EN =
p

m
2
N

+ p2 is the sink energy, and

Kµ⌫ =
P̄µq̄⌫ + P̄⌫ q̄µ + �[µP̄⌫]

P̄ · q̄
+

Q̄
2

(P̄ · q̄)2
P̄µP̄⌫ + �µ⌫ .

(26)
For a first approximation of extracting the GPD mo-
ments, we will calculate

R(!̄, t, Q̄
2)/K33(P̄3, q̄3, P̄ · q̄, Q̄

2).

Since our lattice calculations are in frames that are
roughly near the rest frame (i.e. EN ⇡ mN ), we can ap-
proximately treat the combination of GFFs in Eq. (25)
as a Lorentz scalar:

M
q

n
(t) ⌘ A

q

n,0(t) +
t

8m
2
N

B
q

n,0(t). (27)

A determination of the A and B GFFs independently,
rather than the linear combination defined in Eq. (27),
is desirable. To this end, note that we can also use the
spin-parity projector,

� =
1

2
(I + �4)�k�5, k = 1, 2, 3,

which would give linearly independent combinations of
the A and B form factors compared with Eq. (25), in a
manner analogous to the separation of F1 and F2 elec-
tromagnetic form factors. Hence a separation of the A

and B form factors by varying the spin-parity projector
is a goal of future work.

V. SIMULATION DETAILS

For this calculation, we use the same gauge ensembles
as Ref. [58]. Note, in particular, that we are at the
SU(3) flavour symmetric point, l = s, with a larger-
than-physical pion mass, m⇡ = 466(13) MeV, and a
lattice spacing of a = 0.074(2) fm. See Table I for a
summary of the gauge configurations.

Feynman-Hellmann Implementation

The Feynman-Hellmann implementation is almost
identical to our previous study of the forward Compton
amplitude [58]. In practice, the objects we calculate are

Resolving t-dependence of leading and sub-leading moment!
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<latexit sha1_base64="yQOsk4nGnHud9IzMoFTH/28X4Vw=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXQ6a+6q7gRlxVsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829MpyOo6IHA4Zxzyb0nSDjTBqEPZ2FxaXlltbRWXt/Y3Nqu7Oy2dZwqQlsk5rHqBlhTziRtGWY47SaKYhFw2gnGlzO/c0+VZrG8NZOE+gIPJYsYwcZKd31uoyGG14NKFbmnyLs4O4bIRTlyUvdqdegVShUUaA4q7/0wJqmg0hCOte55KDF+hpVhhNNpuZ9qmmAyxkPas1RiQbWf5QtP4aFVQhjFyj5pYK5+n8iw0HoiApsU2Iz0b28m/uX1UhPV/YzJJDVUkvlHUcqhieHsehgyRYnhE0swUczuCskIK0yM7ahsS/i6FP5P2jXXQ653c1JtNIo6SmAfHIAj4IFz0ABXoAlagAABHsATeHaU8+i8OK/z6IJTzOyBH3DePgFqq5Ak</latexit><latexit sha1_base64="yQOsk4nGnHud9IzMoFTH/28X4Vw=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXQ6a+6q7gRlxVsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829MpyOo6IHA4Zxzyb0nSDjTBqEPZ2FxaXlltbRWXt/Y3Nqu7Oy2dZwqQlsk5rHqBlhTziRtGWY47SaKYhFw2gnGlzO/c0+VZrG8NZOE+gIPJYsYwcZKd31uoyGG14NKFbmnyLs4O4bIRTlyUvdqdegVShUUaA4q7/0wJqmg0hCOte55KDF+hpVhhNNpuZ9qmmAyxkPas1RiQbWf5QtP4aFVQhjFyj5pYK5+n8iw0HoiApsU2Iz0b28m/uX1UhPV/YzJJDVUkvlHUcqhieHsehgyRYnhE0swUczuCskIK0yM7ahsS/i6FP5P2jXXQ653c1JtNIo6SmAfHIAj4IFz0ABXoAlagAABHsATeHaU8+i8OK/z6IJTzOyBH3DePgFqq5Ak</latexit><latexit sha1_base64="yQOsk4nGnHud9IzMoFTH/28X4Vw=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXQ6a+6q7gRlxVsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829MpyOo6IHA4Zxzyb0nSDjTBqEPZ2FxaXlltbRWXt/Y3Nqu7Oy2dZwqQlsk5rHqBlhTziRtGWY47SaKYhFw2gnGlzO/c0+VZrG8NZOE+gIPJYsYwcZKd31uoyGG14NKFbmnyLs4O4bIRTlyUvdqdegVShUUaA4q7/0wJqmg0hCOte55KDF+hpVhhNNpuZ9qmmAyxkPas1RiQbWf5QtP4aFVQhjFyj5pYK5+n8iw0HoiApsU2Iz0b28m/uX1UhPV/YzJJDVUkvlHUcqhieHsehgyRYnhE0swUczuCskIK0yM7ahsS/i6FP5P2jXXQ653c1JtNIo6SmAfHIAj4IFz0ABXoAlagAABHsATeHaU8+i8OK/z6IJTzOyBH3DePgFqq5Ak</latexit><latexit sha1_base64="yQOsk4nGnHud9IzMoFTH/28X4Vw=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXQ6a+6q7gRlxVsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829MpyOo6IHA4Zxzyb0nSDjTBqEPZ2FxaXlltbRWXt/Y3Nqu7Oy2dZwqQlsk5rHqBlhTziRtGWY47SaKYhFw2gnGlzO/c0+VZrG8NZOE+gIPJYsYwcZKd31uoyGG14NKFbmnyLs4O4bIRTlyUvdqdegVShUUaA4q7/0wJqmg0hCOte55KDF+hpVhhNNpuZ9qmmAyxkPas1RiQbWf5QtP4aFVQhjFyj5pYK5+n8iw0HoiApsU2Iz0b28m/uX1UhPV/YzJJDVUkvlHUcqhieHsehgyRYnhE0swUczuCskIK0yM7ahsS/i6FP5P2jXXQ653c1JtNIo6SmAfHIAj4IFz0ABXoAlagAABHsATeHaU8+i8OK/z6IJTzOyBH3DePgFqq5Ak</latexit>

Feynman–Hellmann

@E

@�

����
�!0

/ hN |J |Ni
<latexit sha1_base64="0GeqJhgAQP+R0mZk5q+ErJd0Rx8="></latexit><latexit sha1_base64="0GeqJhgAQP+R0mZk5q+ErJd0Rx8="></latexit><latexit sha1_base64="0GeqJhgAQP+R0mZk5q+ErJd0Rx8="></latexit><latexit sha1_base64="0GeqJhgAQP+R0mZk5q+ErJd0Rx8="></latexit>

t, t0 � 1

�E
<latexit sha1_base64="80x66JJPaIS8kB7c0Ec+oEiGHg4=">AAACA3icdVDLSgNBEJyNrxhfq970MhhED7LMmoDxFlDBYwQTA9kQZiezyZDZBzO9QlgCXvwVLx4U8epPePNvnDwEFS1oKKq66e7yEyk0EPJh5ebmFxaX8suFldW19Q17c6uh41QxXmexjFXTp5pLEfE6CJC8mShOQ1/yG39wNvZvbrnSIo6uYZjwdkh7kQgEo2Ckjr0DR3Dg9XrYCxRlmTvKvHMugeKLUccuEqd0alDBxCkTQlwyI6SEXYdMUEQz1Dr2u9eNWRryCJikWrdckkA7owoEk3xU8FLNE8oGtMdbhkY05LqdTX4Y4X2jdHEQK1MR4In6fSKjodbD0DedIYW+/u2Nxb+8VgpBpZ2JKEmBR2y6KEglhhiPA8FdoTgDOTSEMiXMrZj1qQkDTGwFE8LXp/h/0jh2XOK4V+VitTKLI4920R46RC46QVV0iWqojhi6Qw/oCT1b99aj9WK9Tltz1mxmG/2A9fYJH4CXKQ==</latexit><latexit sha1_base64="80x66JJPaIS8kB7c0Ec+oEiGHg4=">AAACA3icdVDLSgNBEJyNrxhfq970MhhED7LMmoDxFlDBYwQTA9kQZiezyZDZBzO9QlgCXvwVLx4U8epPePNvnDwEFS1oKKq66e7yEyk0EPJh5ebmFxaX8suFldW19Q17c6uh41QxXmexjFXTp5pLEfE6CJC8mShOQ1/yG39wNvZvbrnSIo6uYZjwdkh7kQgEo2Ckjr0DR3Dg9XrYCxRlmTvKvHMugeKLUccuEqd0alDBxCkTQlwyI6SEXYdMUEQz1Dr2u9eNWRryCJikWrdckkA7owoEk3xU8FLNE8oGtMdbhkY05LqdTX4Y4X2jdHEQK1MR4In6fSKjodbD0DedIYW+/u2Nxb+8VgpBpZ2JKEmBR2y6KEglhhiPA8FdoTgDOTSEMiXMrZj1qQkDTGwFE8LXp/h/0jh2XOK4V+VitTKLI4920R46RC46QVV0iWqojhi6Qw/oCT1b99aj9WK9Tltz1mxmG/2A9fYJH4CXKQ==</latexit><latexit sha1_base64="80x66JJPaIS8kB7c0Ec+oEiGHg4=">AAACA3icdVDLSgNBEJyNrxhfq970MhhED7LMmoDxFlDBYwQTA9kQZiezyZDZBzO9QlgCXvwVLx4U8epPePNvnDwEFS1oKKq66e7yEyk0EPJh5ebmFxaX8suFldW19Q17c6uh41QxXmexjFXTp5pLEfE6CJC8mShOQ1/yG39wNvZvbrnSIo6uYZjwdkh7kQgEo2Ckjr0DR3Dg9XrYCxRlmTvKvHMugeKLUccuEqd0alDBxCkTQlwyI6SEXYdMUEQz1Dr2u9eNWRryCJikWrdckkA7owoEk3xU8FLNE8oGtMdbhkY05LqdTX4Y4X2jdHEQK1MR4In6fSKjodbD0DedIYW+/u2Nxb+8VgpBpZ2JKEmBR2y6KEglhhiPA8FdoTgDOTSEMiXMrZj1qQkDTGwFE8LXp/h/0jh2XOK4V+VitTKLI4920R46RC46QVV0iWqojhi6Qw/oCT1b99aj9WK9Tltz1mxmG/2A9fYJH4CXKQ==</latexit><latexit sha1_base64="80x66JJPaIS8kB7c0Ec+oEiGHg4=">AAACA3icdVDLSgNBEJyNrxhfq970MhhED7LMmoDxFlDBYwQTA9kQZiezyZDZBzO9QlgCXvwVLx4U8epPePNvnDwEFS1oKKq66e7yEyk0EPJh5ebmFxaX8suFldW19Q17c6uh41QxXmexjFXTp5pLEfE6CJC8mShOQ1/yG39wNvZvbrnSIo6uYZjwdkh7kQgEo2Ckjr0DR3Dg9XrYCxRlmTvKvHMugeKLUccuEqd0alDBxCkTQlwyI6SEXYdMUEQz1Dr2u9eNWRryCJikWrdckkA7owoEk3xU8FLNE8oGtMdbhkY05LqdTX4Y4X2jdHEQK1MR4In6fSKjodbD0DedIYW+/u2Nxb+8VgpBpZ2JKEmBR2y6KEglhhiPA8FdoTgDOTSEMiXMrZj1qQkDTGwFE8LXp/h/0jh2XOK4V+VitTKLI4920R46RC46QVV0iWqojhi6Qw/oCT1b99aj9WK9Tltz1mxmG/2A9fYJH4CXKQ==</latexit>

t � 1

�E
<latexit sha1_base64="efDtfWmPcgwIs+DmaoOOmtdvy1I=">AAACAHicdVDJSgNBEO2JW4zbqAcPXhqD4GnoMQHjLaCCxwhmgUwIPZ2epEnPQneNEIa5+CtePCji1c/w5t/YWQQVfVDweK+Kqnp+IoUGQj6swtLyyupacb20sbm1vWPv7rV0nCrGmyyWser4VHMpIt4EAZJ3EsVp6Eve9scXU799x5UWcXQLk4T3QjqMRCAYBSP17QPwhkPsBYqyzM0z75JLoPgq79tl4lTODWqYOFVCiEsWhFSw65AZymiBRt9+9wYxS0MeAZNU665LEuhlVIFgkuclL9U8oWxMh7xraERDrnvZ7IEcHxtlgINYmYoAz9TvExkNtZ6EvukMKYz0b28q/uV1UwhqvUxESQo8YvNFQSoxxHiaBh4IxRnIiSGUKWFuxWxETRhgMiuZEL4+xf+T1qnjEse9qZbrtUUcRXSIjtAJctEZqqNr1EBNxFCOHtATerburUfrxXqdtxasxcw++gHr7RNu8ZZE</latexit><latexit sha1_base64="efDtfWmPcgwIs+DmaoOOmtdvy1I=">AAACAHicdVDJSgNBEO2JW4zbqAcPXhqD4GnoMQHjLaCCxwhmgUwIPZ2epEnPQneNEIa5+CtePCji1c/w5t/YWQQVfVDweK+Kqnp+IoUGQj6swtLyyupacb20sbm1vWPv7rV0nCrGmyyWser4VHMpIt4EAZJ3EsVp6Eve9scXU799x5UWcXQLk4T3QjqMRCAYBSP17QPwhkPsBYqyzM0z75JLoPgq79tl4lTODWqYOFVCiEsWhFSw65AZymiBRt9+9wYxS0MeAZNU665LEuhlVIFgkuclL9U8oWxMh7xraERDrnvZ7IEcHxtlgINYmYoAz9TvExkNtZ6EvukMKYz0b28q/uV1UwhqvUxESQo8YvNFQSoxxHiaBh4IxRnIiSGUKWFuxWxETRhgMiuZEL4+xf+T1qnjEse9qZbrtUUcRXSIjtAJctEZqqNr1EBNxFCOHtATerburUfrxXqdtxasxcw++gHr7RNu8ZZE</latexit><latexit sha1_base64="efDtfWmPcgwIs+DmaoOOmtdvy1I=">AAACAHicdVDJSgNBEO2JW4zbqAcPXhqD4GnoMQHjLaCCxwhmgUwIPZ2epEnPQneNEIa5+CtePCji1c/w5t/YWQQVfVDweK+Kqnp+IoUGQj6swtLyyupacb20sbm1vWPv7rV0nCrGmyyWser4VHMpIt4EAZJ3EsVp6Eve9scXU799x5UWcXQLk4T3QjqMRCAYBSP17QPwhkPsBYqyzM0z75JLoPgq79tl4lTODWqYOFVCiEsWhFSw65AZymiBRt9+9wYxS0MeAZNU665LEuhlVIFgkuclL9U8oWxMh7xraERDrnvZ7IEcHxtlgINYmYoAz9TvExkNtZ6EvukMKYz0b28q/uV1UwhqvUxESQo8YvNFQSoxxHiaBh4IxRnIiSGUKWFuxWxETRhgMiuZEL4+xf+T1qnjEse9qZbrtUUcRXSIjtAJctEZqqNr1EBNxFCOHtATerburUfrxXqdtxasxcw++gHr7RNu8ZZE</latexit><latexit sha1_base64="efDtfWmPcgwIs+DmaoOOmtdvy1I=">AAACAHicdVDJSgNBEO2JW4zbqAcPXhqD4GnoMQHjLaCCxwhmgUwIPZ2epEnPQneNEIa5+CtePCji1c/w5t/YWQQVfVDweK+Kqnp+IoUGQj6swtLyyupacb20sbm1vWPv7rV0nCrGmyyWser4VHMpIt4EAZJ3EsVp6Eve9scXU799x5UWcXQLk4T3QjqMRCAYBSP17QPwhkPsBYqyzM0z75JLoPgq79tl4lTODWqYOFVCiEsWhFSw65AZymiBRt9+9wYxS0MeAZNU665LEuhlVIFgkuclL9U8oWxMh7xraERDrnvZ7IEcHxtlgINYmYoAz9TvExkNtZ6EvukMKYz0b28q/uV1UwhqvUxESQo8YvNFQSoxxHiaBh4IxRnIiSGUKWFuxWxETRhgMiuZEL4+xf+T1qnjEse9qZbrtUUcRXSIjtAJctEZqqNr1EBNxFCOHtATerburUfrxXqdtxasxcw++gHr7RNu8ZZE</latexit>

energy gap to 
lowest excitation
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Matrix elements from Feynman–Hellmann
• Feynman–Hellmann in quantum mechanics: 

 

• matrix elements of the derivative of the Hamiltonian determined by derivative of 
corresponding energy eigenvalues 

• Lattice QCD: evaluate energy shifts with respect to weak external fields 

• Modify action with external field: 

• Calculation of matrix element  hadron spectroscopy [2-pt functions only]

dEn

d�
= hn|@H
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|ni
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S ! S + �

Z
d4xO(x)

real parameter
local operator, e.g. q̄(x)�5�3q(x)
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Spin content [connected]

• Modify action


• Nucleon energy shift isolates 
spin content

S ! S + �
X
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q̄(x)i�5�3q(x)
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ce Slope → matrix element
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[Chambers et al. PRD(2014)]

Strength of external field

3-pt function → 2-pt function
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Sink

Source

J
<latexit sha1_base64="3HMLJjoaeI9j8KIUISueICOrsb0=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnriFm8BL+IpAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO5MRVPRBweO9KqrqebHgShPyYRWWlldW14rrpY3Nre2d8u5eW0WJZNBikYhk16MKBA+hpbkW0I0l0MAT0PEmV3O/cw9S8Si81dMY3ICOQu5zRrWRmjeDcoXYZ8S5PD/BxCYZMlJzqjXs5EoF5WgMyu/9YcSSAELNBFWq55BYuymVmjMBs1I/URBTNqEj6Bka0gCUm2aHzvCRUYbYj6SpUONM/T6R0kCpaeCZzoDqsfrtzcW/vF6i/Zqb8jBONIRsschPBNYRnn+Nh1wC02JqCGWSm1sxG1NJmTbZlEwIX5/i/0m7ajvEdpqnlXo9j6OIDtAhOkYOukB1dI0aqIUYAvSAntCzdWc9Wi/W66K1YOUz++gHrLdP3jSM9w==</latexit><latexit sha1_base64="3HMLJjoaeI9j8KIUISueICOrsb0=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnriFm8BL+IpAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO5MRVPRBweO9KqrqebHgShPyYRWWlldW14rrpY3Nre2d8u5eW0WJZNBikYhk16MKBA+hpbkW0I0l0MAT0PEmV3O/cw9S8Si81dMY3ICOQu5zRrWRmjeDcoXYZ8S5PD/BxCYZMlJzqjXs5EoF5WgMyu/9YcSSAELNBFWq55BYuymVmjMBs1I/URBTNqEj6Bka0gCUm2aHzvCRUYbYj6SpUONM/T6R0kCpaeCZzoDqsfrtzcW/vF6i/Zqb8jBONIRsschPBNYRnn+Nh1wC02JqCGWSm1sxG1NJmTbZlEwIX5/i/0m7ajvEdpqnlXo9j6OIDtAhOkYOukB1dI0aqIUYAvSAntCzdWc9Wi/W66K1YOUz++gHrLdP3jSM9w==</latexit><latexit sha1_base64="3HMLJjoaeI9j8KIUISueICOrsb0=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnriFm8BL+IpAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO5MRVPRBweO9KqrqebHgShPyYRWWlldW14rrpY3Nre2d8u5eW0WJZNBikYhk16MKBA+hpbkW0I0l0MAT0PEmV3O/cw9S8Si81dMY3ICOQu5zRrWRmjeDcoXYZ8S5PD/BxCYZMlJzqjXs5EoF5WgMyu/9YcSSAELNBFWq55BYuymVmjMBs1I/URBTNqEj6Bka0gCUm2aHzvCRUYbYj6SpUONM/T6R0kCpaeCZzoDqsfrtzcW/vF6i/Zqb8jBONIRsschPBNYRnn+Nh1wC02JqCGWSm1sxG1NJmTbZlEwIX5/i/0m7ajvEdpqnlXo9j6OIDtAhOkYOukB1dI0aqIUYAvSAntCzdWc9Wi/W66K1YOUz++gHrLdP3jSM9w==</latexit><latexit sha1_base64="3HMLJjoaeI9j8KIUISueICOrsb0=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnriFm8BL+IpAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO5MRVPRBweO9KqrqebHgShPyYRWWlldW14rrpY3Nre2d8u5eW0WJZNBikYhk16MKBA+hpbkW0I0l0MAT0PEmV3O/cw9S8Si81dMY3ICOQu5zRrWRmjeDcoXYZ8S5PD/BxCYZMlJzqjXs5EoF5WgMyu/9YcSSAELNBFWq55BYuymVmjMBs1I/URBTNqEj6Bka0gCUm2aHzvCRUYbYj6SpUONM/T6R0kCpaeCZzoDqsfrtzcW/vF6i/Zqb8jBONIRsschPBNYRnn+Nh1wC02JqCGWSm1sxG1NJmTbZlEwIX5/i/0m7ajvEdpqnlXo9j6OIDtAhOkYOukB1dI0aqIUYAvSAntCzdWc9Wi/W66K1YOUz++gHrLdP3jSM9w==</latexit>

t
<latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit><latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit><latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit><latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit>

t0
<latexit sha1_base64="lPKRgpBxcchIfX/fOCWi/6Pi7ec=">AAAB6XicdVBNSwMxEM3Wr1q/qh69BIvoacnagvVW8OKxiv2AdinZNNuGZrNLMiuUpf/AiwdFvPqPvPlvTNsVVPTBwOO9GWbmBYkUBgj5cAorq2vrG8XN0tb2zu5eef+gbeJUM95isYx1N6CGS6F4CwRI3k00p1EgeSeYXM39zj3XRsTqDqYJ9yM6UiIUjIKVbuF0UK4Qt3ppUcfErRFCPJITUsWeSxaooBzNQfm9P4xZGnEFTFJjeh5JwM+oBsEkn5X6qeEJZRM64j1LFY248bPFpTN8YpUhDmNtSwFeqN8nMhoZM40C2xlRGJvf3lz8y+ulENb9TKgkBa7YclGYSgwxnr+Nh0JzBnJqCWVa2FsxG1NNGdhwSjaEr0/x/6R97nrE9W5qlUYjj6OIjtAxOkMeukANdI2aqIUYCtEDekLPzsR5dF6c12VrwclnDtEPOG+fltyNYg==</latexit><latexit sha1_base64="lPKRgpBxcchIfX/fOCWi/6Pi7ec=">AAAB6XicdVBNSwMxEM3Wr1q/qh69BIvoacnagvVW8OKxiv2AdinZNNuGZrNLMiuUpf/AiwdFvPqPvPlvTNsVVPTBwOO9GWbmBYkUBgj5cAorq2vrG8XN0tb2zu5eef+gbeJUM95isYx1N6CGS6F4CwRI3k00p1EgeSeYXM39zj3XRsTqDqYJ9yM6UiIUjIKVbuF0UK4Qt3ppUcfErRFCPJITUsWeSxaooBzNQfm9P4xZGnEFTFJjeh5JwM+oBsEkn5X6qeEJZRM64j1LFY248bPFpTN8YpUhDmNtSwFeqN8nMhoZM40C2xlRGJvf3lz8y+ulENb9TKgkBa7YclGYSgwxnr+Nh0JzBnJqCWVa2FsxG1NNGdhwSjaEr0/x/6R97nrE9W5qlUYjj6OIjtAxOkMeukANdI2aqIUYCtEDekLPzsR5dF6c12VrwclnDtEPOG+fltyNYg==</latexit><latexit sha1_base64="lPKRgpBxcchIfX/fOCWi/6Pi7ec=">AAAB6XicdVBNSwMxEM3Wr1q/qh69BIvoacnagvVW8OKxiv2AdinZNNuGZrNLMiuUpf/AiwdFvPqPvPlvTNsVVPTBwOO9GWbmBYkUBgj5cAorq2vrG8XN0tb2zu5eef+gbeJUM95isYx1N6CGS6F4CwRI3k00p1EgeSeYXM39zj3XRsTqDqYJ9yM6UiIUjIKVbuF0UK4Qt3ppUcfErRFCPJITUsWeSxaooBzNQfm9P4xZGnEFTFJjeh5JwM+oBsEkn5X6qeEJZRM64j1LFY248bPFpTN8YpUhDmNtSwFeqN8nMhoZM40C2xlRGJvf3lz8y+ulENb9TKgkBa7YclGYSgwxnr+Nh0JzBnJqCWVa2FsxG1NNGdhwSjaEr0/x/6R97nrE9W5qlUYjj6OIjtAxOkMeukANdI2aqIUYCtEDekLPzsR5dF6c12VrwclnDtEPOG+fltyNYg==</latexit><latexit sha1_base64="lPKRgpBxcchIfX/fOCWi/6Pi7ec=">AAAB6XicdVBNSwMxEM3Wr1q/qh69BIvoacnagvVW8OKxiv2AdinZNNuGZrNLMiuUpf/AiwdFvPqPvPlvTNsVVPTBwOO9GWbmBYkUBgj5cAorq2vrG8XN0tb2zu5eef+gbeJUM95isYx1N6CGS6F4CwRI3k00p1EgeSeYXM39zj3XRsTqDqYJ9yM6UiIUjIKVbuF0UK4Qt3ppUcfErRFCPJITUsWeSxaooBzNQfm9P4xZGnEFTFJjeh5JwM+oBsEkn5X6qeEJZRM64j1LFY248bPFpTN8YpUhDmNtSwFeqN8nMhoZM40C2xlRGJvf3lz8y+ulENb9TKgkBa7YclGYSgwxnr+Nh0JzBnJqCWVa2FsxG1NNGdhwSjaEr0/x/6R97nrE9W5qlUYjj6OIjtAxOkMeukANdI2aqIUYCtEDekLPzsR5dF6c12VrwclnDtEPOG+fltyNYg==</latexit>

J
<latexit sha1_base64="3HMLJjoaeI9j8KIUISueICOrsb0=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnriFm8BL+IpAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO5MRVPRBweO9KqrqebHgShPyYRWWlldW14rrpY3Nre2d8u5eW0WJZNBikYhk16MKBA+hpbkW0I0l0MAT0PEmV3O/cw9S8Si81dMY3ICOQu5zRrWRmjeDcoXYZ8S5PD/BxCYZMlJzqjXs5EoF5WgMyu/9YcSSAELNBFWq55BYuymVmjMBs1I/URBTNqEj6Bka0gCUm2aHzvCRUYbYj6SpUONM/T6R0kCpaeCZzoDqsfrtzcW/vF6i/Zqb8jBONIRsschPBNYRnn+Nh1wC02JqCGWSm1sxG1NJmTbZlEwIX5/i/0m7ajvEdpqnlXo9j6OIDtAhOkYOukB1dI0aqIUYAvSAntCzdWc9Wi/W66K1YOUz++gHrLdP3jSM9w==</latexit><latexit sha1_base64="3HMLJjoaeI9j8KIUISueICOrsb0=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnriFm8BL+IpAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO5MRVPRBweO9KqrqebHgShPyYRWWlldW14rrpY3Nre2d8u5eW0WJZNBikYhk16MKBA+hpbkW0I0l0MAT0PEmV3O/cw9S8Si81dMY3ICOQu5zRrWRmjeDcoXYZ8S5PD/BxCYZMlJzqjXs5EoF5WgMyu/9YcSSAELNBFWq55BYuymVmjMBs1I/URBTNqEj6Bka0gCUm2aHzvCRUYbYj6SpUONM/T6R0kCpaeCZzoDqsfrtzcW/vF6i/Zqb8jBONIRsschPBNYRnn+Nh1wC02JqCGWSm1sxG1NJmTbZlEwIX5/i/0m7ajvEdpqnlXo9j6OIDtAhOkYOukB1dI0aqIUYAvSAntCzdWc9Wi/W66K1YOUz++gHrLdP3jSM9w==</latexit><latexit sha1_base64="3HMLJjoaeI9j8KIUISueICOrsb0=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnriFm8BL+IpAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO5MRVPRBweO9KqrqebHgShPyYRWWlldW14rrpY3Nre2d8u5eW0WJZNBikYhk16MKBA+hpbkW0I0l0MAT0PEmV3O/cw9S8Si81dMY3ICOQu5zRrWRmjeDcoXYZ8S5PD/BxCYZMlJzqjXs5EoF5WgMyu/9YcSSAELNBFWq55BYuymVmjMBs1I/URBTNqEj6Bka0gCUm2aHzvCRUYbYj6SpUONM/T6R0kCpaeCZzoDqsfrtzcW/vF6i/Zqb8jBONIRsschPBNYRnn+Nh1wC02JqCGWSm1sxG1NJmTbZlEwIX5/i/0m7ajvEdpqnlXo9j6OIDtAhOkYOukB1dI0aqIUYAvSAntCzdWc9Wi/W66K1YOUz++gHrLdP3jSM9w==</latexit><latexit sha1_base64="3HMLJjoaeI9j8KIUISueICOrsb0=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnriFm8BL+IpAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO5MRVPRBweO9KqrqebHgShPyYRWWlldW14rrpY3Nre2d8u5eW0WJZNBikYhk16MKBA+hpbkW0I0l0MAT0PEmV3O/cw9S8Si81dMY3ICOQu5zRrWRmjeDcoXYZ8S5PD/BxCYZMlJzqjXs5EoF5WgMyu/9YcSSAELNBFWq55BYuymVmjMBs1I/URBTNqEj6Bka0gCUm2aHzvCRUYbYj6SpUONM/T6R0kCpaeCZzoDqsfrtzcW/vF6i/Zqb8jBONIRsschPBNYRnn+Nh1wC02JqCGWSm1sxG1NJmTbZlEwIX5/i/0m7ajvEdpqnlXo9j6OIDtAhOkYOukB1dI0aqIUYAvSAntCzdWc9Wi/W66K1YOUz++gHrLdP3jSM9w==</latexit>

⌧
<latexit sha1_base64="hZTn5r5kc5EX34Srd003gUPNyXc=">AAAB63icdVBNS8NAEN3Ur1q/qh69LBbBU9jYgvVW8OKxgv2ANpTNdtMu3WzC7kQooX/BiwdFvPqHvPlv3LQRVPTBwOO9GWbmBYkUBgj5cEpr6xubW+Xtys7u3v5B9fCoa+JUM95hsYx1P6CGS6F4BwRI3k80p1EgeS+YXed+755rI2J1B/OE+xGdKBEKRiGXhkDTUbVG3PqVRRMTt0EI8UhBSB17Llmihgq0R9X34ThmacQVMEmNGXgkAT+jGgSTfFEZpoYnlM3ohA8sVTTixs+Wty7wmVXGOIy1LQV4qX6fyGhkzDwKbGdEYWp+e7n4lzdIIWz6mVBJClyx1aIwlRhinD+Ox0JzBnJuCWVa2Fsxm1JNGdh4KjaEr0/x/6R74XrE9W4btVariKOMTtApOkceukQtdIPaqIMYmqIH9ISench5dF6c11VrySlmjtEPOG+fd12OgQ==</latexit><latexit sha1_base64="hZTn5r5kc5EX34Srd003gUPNyXc=">AAAB63icdVBNS8NAEN3Ur1q/qh69LBbBU9jYgvVW8OKxgv2ANpTNdtMu3WzC7kQooX/BiwdFvPqHvPlv3LQRVPTBwOO9GWbmBYkUBgj5cEpr6xubW+Xtys7u3v5B9fCoa+JUM95hsYx1P6CGS6F4BwRI3k80p1EgeS+YXed+755rI2J1B/OE+xGdKBEKRiGXhkDTUbVG3PqVRRMTt0EI8UhBSB17Llmihgq0R9X34ThmacQVMEmNGXgkAT+jGgSTfFEZpoYnlM3ohA8sVTTixs+Wty7wmVXGOIy1LQV4qX6fyGhkzDwKbGdEYWp+e7n4lzdIIWz6mVBJClyx1aIwlRhinD+Ox0JzBnJuCWVa2Fsxm1JNGdh4KjaEr0/x/6R74XrE9W4btVariKOMTtApOkceukQtdIPaqIMYmqIH9ISench5dF6c11VrySlmjtEPOG+fd12OgQ==</latexit><latexit sha1_base64="hZTn5r5kc5EX34Srd003gUPNyXc=">AAAB63icdVBNS8NAEN3Ur1q/qh69LBbBU9jYgvVW8OKxgv2ANpTNdtMu3WzC7kQooX/BiwdFvPqHvPlv3LQRVPTBwOO9GWbmBYkUBgj5cEpr6xubW+Xtys7u3v5B9fCoa+JUM95hsYx1P6CGS6F4BwRI3k80p1EgeS+YXed+755rI2J1B/OE+xGdKBEKRiGXhkDTUbVG3PqVRRMTt0EI8UhBSB17Llmihgq0R9X34ThmacQVMEmNGXgkAT+jGgSTfFEZpoYnlM3ohA8sVTTixs+Wty7wmVXGOIy1LQV4qX6fyGhkzDwKbGdEYWp+e7n4lzdIIWz6mVBJClyx1aIwlRhinD+Ox0JzBnJuCWVa2Fsxm1JNGdh4KjaEr0/x/6R74XrE9W4btVariKOMTtApOkceukQtdIPaqIMYmqIH9ISench5dF6c11VrySlmjtEPOG+fd12OgQ==</latexit><latexit sha1_base64="hZTn5r5kc5EX34Srd003gUPNyXc=">AAAB63icdVBNS8NAEN3Ur1q/qh69LBbBU9jYgvVW8OKxgv2ANpTNdtMu3WzC7kQooX/BiwdFvPqHvPlv3LQRVPTBwOO9GWbmBYkUBgj5cEpr6xubW+Xtys7u3v5B9fCoa+JUM95hsYx1P6CGS6F4BwRI3k80p1EgeS+YXed+755rI2J1B/OE+xGdKBEKRiGXhkDTUbVG3PqVRRMTt0EI8UhBSB17Llmihgq0R9X34ThmacQVMEmNGXgkAT+jGgSTfFEZpoYnlM3ohA8sVTTixs+Wty7wmVXGOIy1LQV4qX6fyGhkzDwKbGdEYWp+e7n4lzdIIWz6mVBJClyx1aIwlRhinD+Ox0JzBnJuCWVa2Fsxm1JNGdh4KjaEr0/x/6R74XrE9W4btVariKOMTtApOkceukQtdIPaqIMYmqIH9ISench5dF6c11VrySlmjtEPOG+fd12OgQ==</latexit>

4-pt functions

Compton on the lattice
Feynman–Hellmann

Source

Sink

t
<latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit><latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit><latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit><latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit>

�J
<latexit sha1_base64="yQOsk4nGnHud9IzMoFTH/28X4Vw=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXQ6a+6q7gRlxVsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829MpyOo6IHA4Zxzyb0nSDjTBqEPZ2FxaXlltbRWXt/Y3Nqu7Oy2dZwqQlsk5rHqBlhTziRtGWY47SaKYhFw2gnGlzO/c0+VZrG8NZOE+gIPJYsYwcZKd31uoyGG14NKFbmnyLs4O4bIRTlyUvdqdegVShUUaA4q7/0wJqmg0hCOte55KDF+hpVhhNNpuZ9qmmAyxkPas1RiQbWf5QtP4aFVQhjFyj5pYK5+n8iw0HoiApsU2Iz0b28m/uX1UhPV/YzJJDVUkvlHUcqhieHsehgyRYnhE0swUczuCskIK0yM7ahsS/i6FP5P2jXXQ653c1JtNIo6SmAfHIAj4IFz0ABXoAlagAABHsATeHaU8+i8OK/z6IJTzOyBH3DePgFqq5Ak</latexit><latexit sha1_base64="yQOsk4nGnHud9IzMoFTH/28X4Vw=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXQ6a+6q7gRlxVsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829MpyOo6IHA4Zxzyb0nSDjTBqEPZ2FxaXlltbRWXt/Y3Nqu7Oy2dZwqQlsk5rHqBlhTziRtGWY47SaKYhFw2gnGlzO/c0+VZrG8NZOE+gIPJYsYwcZKd31uoyGG14NKFbmnyLs4O4bIRTlyUvdqdegVShUUaA4q7/0wJqmg0hCOte55KDF+hpVhhNNpuZ9qmmAyxkPas1RiQbWf5QtP4aFVQhjFyj5pYK5+n8iw0HoiApsU2Iz0b28m/uX1UhPV/YzJJDVUkvlHUcqhieHsehgyRYnhE0swUczuCskIK0yM7ahsS/i6FP5P2jXXQ653c1JtNIo6SmAfHIAj4IFz0ABXoAlagAABHsATeHaU8+i8OK/z6IJTzOyBH3DePgFqq5Ak</latexit><latexit sha1_base64="yQOsk4nGnHud9IzMoFTH/28X4Vw=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXQ6a+6q7gRlxVsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829MpyOo6IHA4Zxzyb0nSDjTBqEPZ2FxaXlltbRWXt/Y3Nqu7Oy2dZwqQlsk5rHqBlhTziRtGWY47SaKYhFw2gnGlzO/c0+VZrG8NZOE+gIPJYsYwcZKd31uoyGG14NKFbmnyLs4O4bIRTlyUvdqdegVShUUaA4q7/0wJqmg0hCOte55KDF+hpVhhNNpuZ9qmmAyxkPas1RiQbWf5QtP4aFVQhjFyj5pYK5+n8iw0HoiApsU2Iz0b28m/uX1UhPV/YzJJDVUkvlHUcqhieHsehgyRYnhE0swUczuCskIK0yM7ahsS/i6FP5P2jXXQ653c1JtNIo6SmAfHIAj4IFz0ABXoAlagAABHsATeHaU8+i8OK/z6IJTzOyBH3DePgFqq5Ak</latexit><latexit sha1_base64="yQOsk4nGnHud9IzMoFTH/28X4Vw=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXQ6a+6q7gRlxVsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829MpyOo6IHA4Zxzyb0nSDjTBqEPZ2FxaXlltbRWXt/Y3Nqu7Oy2dZwqQlsk5rHqBlhTziRtGWY47SaKYhFw2gnGlzO/c0+VZrG8NZOE+gIPJYsYwcZKd31uoyGG14NKFbmnyLs4O4bIRTlyUvdqdegVShUUaA4q7/0wJqmg0hCOte55KDF+hpVhhNNpuZ9qmmAyxkPas1RiQbWf5QtP4aFVQhjFyj5pYK5+n8iw0HoiApsU2Iz0b28m/uX1UhPV/YzJJDVUkvlHUcqhieHsehgyRYnhE0swUczuCskIK0yM7ahsS/i6FP5P2jXXQ653c1JtNIo6SmAfHIAj4IFz0ABXoAlagAABHsATeHaU8+i8OK/z6IJTzOyBH3DePgFqq5Ak</latexit>

t � 1

�E
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Feynman–Hellman (2nd order)
• Field theory version of 2nd order perturbation theory: 

• Final result. We study second-order perturbation on the lattice
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Perspective
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Compton on the lattice provides clean determination 
of integrated quantities

Moments provide useful benchmarking tool 

Ultimately, would wish to use Compton 
constraints directly with phenomenological 

analyses
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Figure 2. Q2 dependence of the lowest moments of F2 for the
proton. Filled stars are the experimental Cornwall-Norton
moments of F2 [28]. Red band is the fit (Eq. (14)) to the
483 × 96 data points.
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Figure 3. Lowest moment of the proton’s longitudinal struc-
ture function M (L)

2,p as a function of Q2. We compare our re-
sults (Direct) to the experimental Nachtmann moments (open
black squares) taken from [7]. Asymmetric error bars indi-
cate that our posterior distributions are highly skewed (non-
Gaussian). We also show the moments (twist-2) determined

via the relation, Eq. (15), using our determination of M (2)
2,p

from the current work. Twist-2 points are displaced for clar-
ity.

M (2)
2,p (Q

2
) from the current work as an approximation.

We use the value of ↵s(Q
2
) at µ = Q2 at the four-loop

order by running its value from the µ0 = M⌧ scale with
nf = 3 active flavours using the CRunDec package [32, 33].

The Q2 behaviour is in good agreement with experi-
mental points as shown in Fig. 3. With improved pre-
cision in future studies, contrasting the direct determi-
nation and twist-2 part of the lowest few moments of

FL would provide improved constraints on higher-twist
e↵ects.

Conclusions.—We have presented a simultaneous ex-
traction of the lowest moments of the proton structure
functions F2,L. A first look into the moments of FL is
given. This has been possible in a lattice QCD setting for
the first time thanks to our recent advances in calculat-
ing the forward Compton amplitude via an application
of the second-order Feynman-Hellmann theorem.

Already at unphysical quark masses, we find good
agreement with the moments determined from experi-
ments. Our investigations solidify the versatility of the
Compton amplitude approach and pave the way for reli-
able and systematically improvable first-principles stud-
ies of the structure functions and power corrections, com-
plementing the experiments and other lattice or non-
lattice methods.
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