Ground state degeneracy on torus
In topologically ordered phases
& In symmetry-broken phases

Haruki Watanabe (U Tokyo)
Collaborators: Yohei Fuji (U Tokyo), Meng Cheng (Yale)
Refs: HW, M. Cheng, Y. Fuiji, arXiv:2211.00299
Y. Hu and HW, arXiv:2302.01207

the standard Z, toric code

Z \ toric code with parameter a

> O . O 0O C C O ~_4Q 0O 0 )
A 7
A A - _a A
> o p o4 o q o Z o p oz O e )
) 6 4 5 0O C C o 475 e 0 )
X 51—
) q I q 0 o S - fol )
o oI Xe 9, o o—|Xe - o
> C ) 0;, ¢ 0 0 ‘e )
e eX




Introduction



Defining properties of phases (textbook)

e.g. B. Zeng, X. Chen,
D.-L. Zhou, X.-G.Wen,

Symmetry-protected topological/trivial phases Springer (2019)

Topologically-ordered phases



Defining properties of phases (textbook)

e.g. B. Zeng, X. Chen,
D.-L. Zhou, X.-G.Wen,

Symmetry-protected topological/trivial phases Springer (2019)

* Unigue GS with excitation gap.
e Stable against symmetry-preserving perturbations.

 Can be connected to product states by local unitaries if symmetries are broken.
(Exceptions: 1D Kitaev chain, integer quantum Hall systems, ...)

e Trivial excitations in the bulk.
Anomalous states on symmetry-preserving boundaries.

Topologically-ordered phases



Defining properties of phases (textbook)

e.g. B. Zeng, X. Chen,
D.-L. Zhou, X.-G.Wen,

Symmetry-protected topological/trivial phases Springer (2019)

* Unigue GS with excitation gap.
e Stable against symmetry-preserving perturbations.

 Can be connected to product states by local unitaries if symmetries are broken.
(Exceptions: 1D Kitaev chain, integer quantum Hall systems, ...)

e Trivial excitations in the bulk.
Anomalous states on symmetry-preserving boundaries.

Topologically-ordered phases

* Degenerate GS with excitation gap.
Degeneracy does not originate from spontaneous breaking of symmetries.

e Stable against any local perturbations.

e Cannot be connected to product state by any local unitaries.
Topological entanglement entropy.

* Fractionalized (anyonic) excitations in the bulk. Anyons must appear in pairs.



Defining properties of phases (textbook)

e.g. B. Zeng, X. Chen,
D.-L. Zhou, X.-G.Wen,

Symmetry-protected topological/trivial phases Springer (2019)

* Unigue GS with excitation gap.
e Stable against symmetry-preserving perturbations.

 Can be connected to product states by local unitaries if symmetries are broken.
(Exceptions: 1D Kitaev chain, integer quantum Hall systems, ...)

* Trivial excitations i This standard understanding of phases
Anomalous states || be questioned by our new example.

Topologically-ordered phases

* Degenerate GS with excitation gap.
Degeneracy does not originate from spontaneous breaking of symmetries.

e Stable against any local perturbations.

e Cannot be connected to product state by any local unitaries.
Topological entanglement entropy.
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Periodic boundary condition (PBC) with system size L; and L, = System is put on

torus.
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Vertex and plaquette operators:
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* Periodic boundary condition (PBC) with system size L, and L, — System is put on
torus.

 \Vertex and plaquette operators:
> Ay = KomL )X mmyt- 2K om—LmyyX omymy—1)

— 1 1 1
> B(m1+%,m2+%) Z(m1+1,m2+%)Z(m1+7,m2+I)Z(ml,m2+7)Z(m1+7,m2)

e Since A% = El% = ], the eigenvalues of AV and Ep are = 1. Any state with eigenvalues
+1 for all vertices and plaquettes is a ground state.
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Global constraints HAV = H I§p = 1 — Not all stabilizers are independent.
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Topological ground state degeneracy

Global constraints HAV = H I§p = 1 — Not all stabilizers are independent.
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we can generate four degenerate GSs:

X
Starting from a GS | ®,) with +1 eigenvalues of Z(1), Z(*),

@), XV @), XP|Dg), XDXD| @)
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Three key features of Z, toric code

1. Ground state degeneracy (GSD): Ndeg = 4 on torus (g = 1).

More generally, Ny, = 45 on closed 2D manifold with genus g.

2. Topological entanglement entropy (TEE): Stop = — log 2.

von Neumann entropy of the subregion R: Sy = — tr[pg log pr] = S, + | OR | .

op

3. Anyons: 27 species. {1,e} X {1,m} = {1l,e,m, f}
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The minimum system size is 10 X 10; the total Hilbert space dimension = 112%,

— Nearly impossible to realize in any numerical study.
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The minimum system size is 10 X 10; the total Hilbert space dimension = 112%,

— Nearly impossible to realize in any numerical study.

2. Topological entanglement entropy (TEE): Stop =

log N, independent of L, and L,.

3. Anyons: N” species characterized by the electric charge q, = 1,2,---,N and the

magnetic charge g, = 1,2,---, N.
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Features of new model

More generally,

1. Ground state degeneracy (GSD) Ny,

> Nyeg = [ged(alt — 1,at2 — 1,N)]?
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More generally,

1. Ground state degeneracy (GSD) Ny,

> Nyeg = [gcd(al — 1,al2 — 1,N)]?

2. Anyons: Ng species characterized by the electric charge g, = 1,2,---, N, and the magnetic charge
q,=12,-,N,
Translation permutes anyons as T : (q,,q,,) — (ag,.a™'q,).
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More generally,

1. Ground state degeneracy (GSD) Ny,

> Nyeg = [gcd(al — 1,al2 — 1,N)]?

2. Anyons: Ng species characterized by the electric charge g, = 1,2,---, N, and the magnetic charge

q,=12,-,N,
Translation permutes anyons as T; : (q,,q,,) — (ag,.a”'q,).

e N

., = the largest divisor of N that is coprime to a.

» N, # lifais not a multiple of rad(N) — Topologically-ordered phases

» N, = 1if ais a multiple of rad(N) — SPT phases

n
Prime factorization N = Hpjrf =p;'D,* "Dy

j=1

Radical of N: rad(V) = Hpj = DDy "Dy
j=1

N level spin”
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Symmetry-protected topological/trivial phases

e Unique GS with excitation gap

e Stable against symmetry-preserving perturbations.

 Can be connected to product states by local unitaries if symmetries are broken.
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Degeneracy does not originate from spontaneous breaking of symmetries.

e Stable against any local perturbations.

e Cannot be connected to product state by any local unitaries.
Topological entanglement entropy.

* Fractionalized (anyonic) excitations in the bulk. Anyons must appear in pairs.
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Symmetry-protected topological/trivial phases

e Unique GS with excitation gap for any sequence of L, and L.

e Stable against symmetry-preserving perturbations.

 Can be connected to product states by local unitaries if symmetries are broken.
(Exceptions: 1D Kitaev chain, integer Quantum Hall systems, ...)

e Trivial excitations in the bulk.
Anomalous states on symmetry-preserving boundaries.
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o Degenerate GS with excitation gap for a sequence of L, and L..
Degeneracy does not originate from spontaneous breaking of symmetries.

e Stable against any local perturbations.

e Cannot be connected to product state by any local unitaries.
Topological entanglement entropy.

* Fractionalized (anyonic) excitations in the bulk -ARyens-must-appear-ii-Paiks.-



Talk plan

Introduction v/

Definition & basic properties of Z,, toric code model with parameter a

» Case 1: a = 1 (the standard choice)

» Case 2: a = N (a product state)

More general cases

» Case3: Nisaprime(e.g. N=11anda = 2)

> Formulas for the general case

» Cased:a’=N (a subsystem-symmetry protected topological phase)

Another example: quantum Ising model (on-going)

Summary



Definition & basic properties
of our model



N level spins

e Generalization of Pauli matrices to N > 2 level spins

Lz-ﬂ\ & 53 & o & @
( 1\ (1 ) ® ® Z_1c> ® ® @
1 w O O O e ®
X = 1 /4= w* & 26 p oL o 0 ¢
O ' o O O
\ 1 ) \ a)N_1) 0 IR Q O ¢
2 o O O—1+—0 o
2 X Z 5 group with phase @ = e% ¢ 0 D ©
° N N g p p - R R X X—a .
( 1\ 1 O O o +—© O
o $ 0 0O oY © @
0 & & = = =
/X =wX/ = w2
0 1 2 L+
N-1
ZN=xN =1 \ w )

e A N level spin is placed on every bond. They satisfy Z,,)A(r, = @ )A(,,Z,, and Z,{V = )A(,],V = 1.
e Periodic boundary condition (PBC) with system size L; and L, — System is put on torus.

« Total Hilbert space dimension is N2Hil2,



Z \ toric code with parameter a

Vertex and plaquette operators. All commute regardless of the choice of a.

> A(ml,mz) — X(m1+%’m2)X(ml,m2+%)X(ml_%,mZ)X(mme_% L2 ~ ~ ~ ~ ~
D — 5 Z—1 & —a Za O Q A 49 ® @ O
g B(m1+%’m2+%) Z(m1+1’m2+%)Z(m1+%,mz+1)Z(m1,m2+%)z(m1+%,m2) O Zo O O O
o Z 6 p oz 0 0
X O A. O O O
Hamiltonian is the sum of stabilizers: Q 6 4 o Q Q Q
A 1 1 . 2 O O O—1—0 O
A==, ~(A+he)= ) —(B,+he) ol e L]
vET PESP 1 o o Xe 5 Xr O
0 0 O oX © 0
0 O O O O O
Translation symmetry: l-X,,T:r = X,., and Tl-Z,,TlT =/, o 1 2 Ly
A. Kitaev, Ann. Phys. (2003).
a=1,2,---, Nis avery important parameter. M. D. Schulz, et al, New J. Phys (2012).

M. Barkeshli et al Math. Phys. (2020).
J. C. Bridgeman et al, PRB (2017).
Y. Fuji, PRB (2019)

» a = N — 1: discussed previously but GSD on torus was not investigated.

» a = 1: the standard choice.



A ground state

e Since szv = Eg = 1, the eigenvalues of Av and IAEP are N-fold: 1,w, ++-, @™ 1.
Any state with eigenvalues +1 for all vertices and plaguettes is a ground state.

* A ground state can be constructed by
(i) starting from the ferromagnetic state Z.| ¢y) = | py) (Vr € A)

(i) applying the projector P = N;Lz H Nzlfif with the following properties.
ve? =0

» P2=P

» AP=PA =P

. B p=PB

» T.,P = PT,

Then| @) « P|¢,) has eigenvalues +1 for all vertices and plaquettes.

This extends the standard discussion in literature.
e.g. H. Tasaki’s textbook, Springer (2020)



Casel1:a =1

This case is the standard choice. Basically the same as the original toric code.
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e GSD: Nyeo = N*. TEE: Stop = — log N. Anyons: N? species
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Proof of GSD via explicit construction of all states
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Open string operators
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501 o o o o . o o 0 o o
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Calculation of TEE

o Kitaev-Preskill prescription A. Kitaev and J. Preskill, PRL (2006)

0
o}
o}
o}

o

> Siopo = (54 + 55 + 5¢) = (Sap + Spc + Sca) + Sasc

o

> SR —— tI'[ﬁR lOg pAR] o) ovv

O
\J

o

o Useful formula: Sy = ng log N —log | Gy | N S

) ) )
S S .

> Ny is the number of N-level spins in R.

_ _ N. Linden et al TQC (2013).
» Gy, is the subgroup of G supported in R. L. Zou and J. Haah, PRB (2016).

» (G is the multiplicative group generated by all Av’s v e ), I;’p’s p € &), and

possible closed string operators for which | (I)O) has the eigenvalue +1.

> Mg is the number of generators of G supported in R.

* There can be spurious contribution, D. J. Williamson et al, PRL (2019)
which characterize SSPT phase. D. T. Stephen et al, PRB (2019)




This is the other extreme case.

. H=") h,with

e GSD: Ny, = 1. TEE: §,, = 0. No anyons.

reA

h(mlva) =

2

Lo

(X(m1—%,m2)X(m1,m2_%) + h.C.)

Case2:a=N

Completely decoupled — product state.
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More general cases



Loop operators for general a

e Unlessa =1, S|mple Ioop operator do not commute with stabilizers

1)
XV = X0y X 1yt X a1y Xt~ Ly 1y

The same is true for Z loops.
O ~_ 19

)
J

)
J

Z
-0 o
Z76 p oz
—© o

Z

7 7
*  Modified, trial loop operator Needs to be connected to
y(D) — a a a - X! under PBC.
X X(O M+~ )X(l Tyt )X(z myt+L) X(L1—1 my+L) (0,my+7)

Commutes with the boundary plaquette only when a®' — 1 =0 mod N.

A A A 2 N L

7A€ SR, ¢ GNP, ST S, ¢ S 2.4




Excited states for general a

e Applying open strings of X and Z creates a pair of electric and magnetic particles.

 Translation permutes anyons (i.e. changes the electric and magnetic charges).

Xl _
O O w o w %0 O O ol O 8)1 O cBl O
® O O O ® ® +Z O T /e 0/ O
O O—1—0—+—0 O —— O O O O
X X a 2 w l A A
® O (W ©----- 0w %0 ® O o) 4 0 7% ©
W ~
O O O O O O O O Q O o/% O
O O W ©O----- O ---=- ow %o O O O O Q O
my—m my—nm, ,
x _ f(a'f 7(2) _ H Zamz—mz—f
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=0 =0



Single anyon

Mismatch at the boundary implies a single anyon excitation without a pair.
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Global constraints

e GSD is given by Ndeg = N% (Recall the original toric code. Can be proven.)

» N is the number of global constraints:

HAf =10<¢ <N-1).
VETY

> There will be an equal number of constraints:

Afp_
HBP =1(0<¢,<N-1)
pPEP



Global constraints

Trial global constraints:

L,-1L,—1 L1
A qm1tm I I X—aml(aL2—1) “ X_amz(aLl 1)

I l l l (mlamz) (my,—~ 27m2)

L—-1L,—1 L-1 L,—1

H H Ba(Ll Lomp)+Ly=1-my) _ H Za(Ll—ll—ml)(aLz 1) H Z_a(Lz 1-m)(gL1— D
(my+5.my+5) (my+-,0) (0,my+7)
m,=0

m1=0 m2=0 m1=0



Global constraints

Trial global constraints:

L—1 L1 L1
L TTAG = [ e H Xt
(myma) (m,—% (=.m))
L—1 L1 L—1 L1
H H Ba(Ll l—m)+(Ly—1- m2) _ H Za(Ll—l—ml)(aLz 1) H Z_a(Lz 1— mz)(al‘l 1)
(my+5.my+5) (m;+7.0) (0,my+7)
A _au
O . )(O A O
Xg | X °
A U A

O
O



Global constraints

Trial global constraints:

L=l L1 L—1
(ml 7m2) (ml, -3 ,mz)
L—1 L,—1 L—1 L—1
H H Ba(Ll l—m)+(Ly—1- m2) _ H Za(Ll—l—ml)(aLz 1) H Z_a(Lz 1— mz)(al‘l 1)
(my+5.my+5) (m;+7.0) (0,my+7)
~ _au O N O
O )(O A Q O ‘)Q) * O
X X—a Xa’ X_G’Q
O v O O O
O OX O Q OXCL O




Global constraints

Trial global constraints:

L—1L,—1 L1

L TTAG -1 X H X el
(myma) (my,—+ (—5.my)

L—1L,—1 L1 L1

H H Ba(Ll l=m)+(Ly=1-mp) _ H Za(Ll—ll—ml)(aLz 1) H Z_a(Lz 1=mp)(gL1— 1)
(my 45 my+) (m+5,0) (0,my+5)

m1=0 m2=0 m1=0 mz—

Q
Q
Q



Global

Trial global constraints:

L—1L,—1

LA

m;=0 m,=0

L—1L,—1

LA

ml =O m2=0

L—1
qm1tm A_aml(aLz_l) —a
( ) = X X
my,mo- (ml’
m1=0 m2—
L—1
(Ll 1—- m1)+(L2 1- m2) Za(Ll 1— ml)(a
(m1+2,m2+2) II (m1+2,0)
ml—
o O o——9
2
_q —a
I CO 2XcB 0
X ko] [ ke ..
O PXCL C ()Xa, O
O o . ¢ X$ Q
Xo | & ¢ X
o ,lj ) O O, oo o
O )X C OXCL O

m2(aL1— 1)

L,—1

Ly_1) 2

constraints

_a(Lz 1— m2)(aL1 1)

(0,my+7)



(General case

n
Prime factorization N = Hpjrf =P, PPy

Jj=1
n
Radical of N: rad(V) = pr = D1DP>"* D,y
j=1
N_ = the largest divisor of N that is coprime to a.
» N_ # 1 ifais not a multiple of rad(/V) — Topologically-ordered phases

» N_ = 1ifais amultiple of rad(/N) = SPT phases

GSD Ngep = d? with d, = ged(ah — 1,a%> — 1,N) in general.
= Ngeg = | regardless of L;, L, when a is a multiple of rad(N).

Anyons: Ng species characterized by the electric charge g, = 1,2,---, N, and the
magnetic charge g, = 1,2,---, N,

a-

Translation T; : (q,.q,) — (aq,,a™'q ).



Justification of V., = d?

e (Consider their n-th power of the trial global constraints:

L—1 L1 L—1 L1
a™tmy o—a™(al2—1)n o—a™(a1—-1)n
Ana™ I I X I I X :
H H (my,my) (my,—+ (—+.m,)
L—1 L,—1
Bna(Ll—ll—ml)+§L2—l—m2) Za(Ll 1- ml)(aL2 1)7’1 Z a(Lz 1—- mz)(al‘l l)n.
II II (my+=,my+75) II (m;+%.,0) II (0,my+5)

e Weneed (al'— n=(a">—1n=0 mod N.
N
Solution: n = ) with d, = ged(a™ — 1,a™2— 1,N)).

a
The eigenvalues of AVO and BP() can be written as @4’ & =0,1,---,n,—1).

Only the value of x (x = 0,1,---, d ) is automatically fixed by global constraints.

— The part associated with “genuine” closed strings is Ndeg = dg.



Proof of GSD via explicit construction of all states

A N A N _ > 0 0--1--0 o Po o o e e 0 Q q
[AVO] da gand [Bpo] da gre fixed 3 S I S IR S PN B
by global constraints. S I T I A ¢ ¢ o e o «

Xf o é < ¢ O O O O O
o 10 O 1 0 O + 0 e o o o YA
X :
. @ @ Q Q O O O O O
Open string operators SRS RSREE I

" = @ + O 1+ O O 0 O Q o Q (@} 0/ ¢
CorA1troI the eigenvalues of X | o s d ] o o b
o AV (V c %, Vv Sé VO) Q e e e e e e e o e O q

D o o o o o Moo o o——o o

B,(p € P p#py

Lo O——0—+—05 o 0 e O e O O
|95 SRS GO S SRR A -7 Zé 0 e O 0 c

O O O O ¢ O O O O O
0 0 0 O 10 ZA? e e O 0 G

Closed string operators X' and Z o——¢ S N N N
Control the eigenvalues of T 7 if(‘% Z 77 7 7
» Residual part of A and B 0 o i o e e e O 0 G

e Genuine closed strlngs. [X(l)]”l’a and [Z(D]hat—o ‘X S B S B
0 o ! 0 0 0 0 0 0 G

0 i o l o i o O bX -MYO...—,H& o- ® °

: AN AR




P

Case3:a’=N

GSD: Ny, = 1. No anyons. But S, # 0 & Sgyrions 7 0- 2 o
Here we consider model rotated by 45 degree. 10
0y
* Subsystem symmetries for each row 0
L1 L -
A _ A . ~ Aa —O
> my H X(f”_’ll,n—”lz) o HA(2J1+1,m2)A(2j1,ﬁ12+1) X, X
L—1 _ L,/2 B
7 :H2<—1>m1 :HE . Ba
» (17 ,1m,) (2j1= L= 1) (2j,,1,-2) 2
* This phase turns out to be o

a subsystem-symmetry protected topological (SSPT) phase |
We confirmed

> Charge pumping under subsystem-symmetry flux insertion. Z~

> Zero energy edge states under open boundary condition. |




Generalized Ising model

Yaozong Hu and HW
arXiv:2302.01207



Defining properties of phases (textbook)

Symmetry breaking phase of discrete symmetries

* Degenerate ground states characterized by order parameter.

e Stable against symmetry-preserving perturbations.

* The large volume limit and the vanishing field limit do not commute!

lim lim (Z) =0

/ V—o00 €40
N fim lim (3) # 0

€—>+0 Vo000

(2)




N-state clock model
(generalized transverse-field Ising model)

L—-1

A 1 5
@)= =5 Y, |22 +ho) +8X;+ho)
) 2 i=0
( 1) (1 \
1 Q)
N level spin: X = 1 , £ = >
\ L \ Ay
L A A A
_ Symmetry: HX =X e Xy e —— XX = w2
i=0
L=l /
_ Order parameter: 7 = T Z; —_(ZO+Zl + - +ZL 1)

=0

e Phases

» 1> g > 0: Ordered phase. Spontaneous breaking of Z, symmetry.

» 1 < g: Disordered phase. No symmetries are broken.
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Exact-diagonalization results for the standard N-

state clock model with N = 2 [(a)—(c)] and N = 3 [(d)—(f)].

(a),(d): The energy difference Ay = E;

— FEo between the

ground state and the first excited state in a finite system.

(b),(e): The long-range order m = /(®o|212|®o).

(c),(f):

A1/(2Lm) [(c)] and A;/(Lm) [(f)] that approximate e.(L).

The insets in (a),(b),(d),(e) show the g dependence.
curves in (a)-(c) are the analytic expressions in Egs. (20),(21),

and (27).

The

(N,a) =(2,1) I (N,a) = (3,1) I
0 ~ 0 *2 ~ 0 *2
() Rel(2(”(c)|2|25” ()] *5 (d) Re[(@5” (c) 2|5 (6))]
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FIG. 2. Exact-diagonalization results for the standard N-

state clock model with symmetry-breaking field € (¢, = 0) for
N =2 [(a)~(c)] and for N = 3 [(d)~(f)]. (a),(b),(d),(e): The
order parameter Re[(®{” (¢)|2|® " (¢))] for g = 0.5 [(a),(c)]
and g = 1.5 [(b),(e)]. (c),(f): The magnetic field e.(L) at
the transition point, which is determined by the crossing
point of two fitting lines (gray lines) in the log-log plot of
Re[(<I>(O)(e)|z|<I>(O) (¢))]. The curves in (c) are the analytic ex-
pression in Eq. (27).

A 0) | A
H(e) = H — EGL (Z+ h.c.)



Generalized N-state clock model

. =
. H(g) = —EZ [(Z_a 1+hc)+g(X +hc)]
i=0
| |
1 0
N level spin: X = 1 , £ = >
1 N1
=
_ Symmetry: X = ?lzXX Xallfa =1 mod N.
i=0
1 = —1 A L A _L—1 A
Order parameter: 7 = — Za =—(Z, +247 +--+2Z.
g L L
=0

» X5XT=wZ if at=1 mod N



Example: (V,a) = (3,2)

. N,a)= (3,2
ZN symmetry is absent. (a) A, Hhe)= 5,2 (d)Re]

(@ (€)|w* 2B ()]

1.2¢ ogo.z =k ; i L
No ground state degeneracy. z?zi T S =05 5/’ Ii
] . A § € v
04t s R M| I 005 010 015 020 0,125":0.130 035 o 11
Still a gap closingat g = 1! A S /O S S S
(b) Re[(®o|2|o)] (©) Re[(@5” (e) " 2|85 (6))]
Still the large L limit and vanishing € limit 2 REK(D L ﬁ P
do not commutel!! S BT L
A A 1 ZjZﬁ 02 . d vis B o s
H%)(¢) = H — EGL (a)_"ﬂ‘)z + h.c.) v L

() m (f) e.(L)

1.0lm o 0 0 [ m A .902 8 .go_z
Spontaneous symmetry breaking PR i : Toe
without exact symmetry NI P .

o2l 02 g " ~
or ground state degeneracy... M= e D A )

o e

1.0

05}
A _c B 9
-0.5 05 10 15 “20 )



Ref: HW, M. Cheng, Y. Fuiji,
Summary 1 0 Sheng

e We introduced a family of Z,, toric code with an integer parameter a.

» a = ]: the standard choice.

» a = N — 1: discussed previously but GSD on torus was not investigated.

» a=2,3,---,N — 1 showed interesting behavior.

e N

. = the largest divisor of NV that is coprime to a.

» N_ # lif ais not a multiple of rad(/V) — Topologically-ordered phases
» N_ = 1if ais amultiple of rad(N) — (S)SPT phases
. GSD N, = d with d, = ged(a"™ — 1,a"» — L,N).

e Anyons: Ng species characterized by the electric charge g, = 1,2,---, N, and the
magnetic charge ¢,, = 1,2,---, N,..
Translation T; : (g,,q,) — (ag,.a™'q,).



Ref: HW, M. Cheng, Y. Fuiji,

S u m m ary 2 arxXiv:2211.00299

Symmetry-protected topological/trivial phases

» Unique GS with excitation gap for any sequence of L; and L.

e Stable against symmetry-preserving perturbations.

 Can be connected to product states by local unitaries if symmetries are broken.
(Exceptions: 1D Kitaev chain, integer Quantum Hall systems, ...)

e Trivial excitations in the bulk.
Anomalous states on symmetry-preserving boundaries.

Topologically-ordered phases

o Degenerate GS with excitation gap for a sequence of L, and L.
Degeneracy does not originate from spontaneous breaking of symmetries.

e Stable against any local perturbations.

e Cannot be connected to product state by any local unitaries.
Topological entanglement entropy.

* Fractionalized (anyonic) excitations in the bulk. ARyenrs-must-appearin-pairs—



Summary 3

Symmetry breaking phase of discrete symmetries

e Degenerate ground states for a sequence of L, and L,
characterized by order parameter.

e Stable against symmetry-preserving perturbations.

* The large volume limit and the vanishing field limit do not commute!
lim lim (Z) =0

/ Voo e—>+40

H(¢e) = H—eV?
N fim lim (3) # 0

€—>+0 Vo000

(2)

(2) A



