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Lattice QCD for Fundamental Physics in Nuclei
What would I like to be talking with you about today?

neutrinoless double -decay 
- long-range current 
- short-range 4-quark operator

βN

NN

N n

np

p

electroweak current 
axial-vector 
scalar 
… 

4-quark operator 
parity violating 
CP violating 
…
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4-quark operator 
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For such processes, LQCD is (the only) tool that provides fully quantified 
theoretical uncertainties — at least for SM-rare or BSM matrix elements 

LQCD can provide, in principle, One, Two, (maybe Three) body matrix 
elements 

These results can be coupled with many-body nuclear EFT to make 
predictions for nuclear matrix elements / reactions 

Such LQCD calculations are very expensive and challenging
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Lattice QCD for Fundamental Physics in Nuclei
Today: 

Describe how LQCD might fit in this fundamental physics research program 

Describe current status of  two-nucleon calculations and future prospects 

Give a selective summary of  some state-of-the-art results and future prospects
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Lattice QCD for Fundamental Physics in Nuclei
Lattice QCD is pre-ab initio 

pre: comes before 

pre: preliminary (we haven’t computed anything quantitatively relevant to  systems yet 😂) 

Lattice QCD is QCD formulated in Euclidean spacetime on a discrete grid 

Maximally predictive: 

Set the scale with a hadron mass, e.g.  

Determine  with the pion mass and  with the kaon mass (add isospin breaking if  desired/needed) 

Everything else is a prediction! 

Control several systematic uncertainties, predict select physical observables directly from quarks & gluons 

Isolate S-matrix of  interest (can be more challenging that it sounds) 

Extrapolate/Interpolate numerical results to physical quark mass limits 

Extrapolate to continuum limit with  lattice spacings 

Extrapolate to infinite volume limit

A ≥ 2

mΩ

mu/d ms

Na ≥ 3
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LQCD for Fundamental Physics in Nuclei: 0νββ
Neutrinoless Double -decay could be mediated by light Majorana neutrinos 
(long range), or by heavy neutrinos (short range) mimicked by 4-quark/2-electron 
operators 

In either case, there are short-distance (on the nuclear scale) operators whose 
matrix elements are required to predict the nuclear decay rate 
 
 
 
 

In principle — perfect problem for LQCD: compute the  amplitude and then match to EFT 

Short-distance 4-quark operators: tractable problem over the next few years 

Long-distance with light Majorana neutrino: more like a 5-10 year effort on exaScale computers 

Already two independent pheno estimates — agree on sign and magnitude 
Cirigliano et al, JHEP 05 (2021); Richardson et al PRC 103 (2021); 
Prior to non-zero experimental measurement, worth the human/computing resources required?

β

nn → pp

image from https://jgruszko.web.unc.edu/physics/
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known (predictive) unknown coupling (LEC)

Cirigliano et al. PRC   97 (2018) [1710.01729] 
Cirigliano et al. PRL 120 (2018) [1802.10097] 
Cirigliano et al. PRC 100 (2019) [1907.11254]

https://jgruszko.web.unc.edu/physics/
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LQCD for Fundamental Physics in Nuclei: EDMs
Motivated by matter/anti-matter asymmetry 

 

SM (Standard Model) CP violation orders of  magnitude too small to explain  

Why is  

Even if  , too small to explain  

Strong motivation for BSM (Beyond the SM) CP violation

η ≡
NB

Nγ
≈ 6 × 10−10

η

θQCD ≪ 1 ( ≲ 10−10)?

θQCD ≈ 10−11 η



9

LQCD for Fundamental Physics in Nuclei: EDMs
Suppose BSM CP violating physics occurs at heavy scale 

We can use EFT to parameterize this new physics in terms of   
higher-dimensional operators constructed with SM fields

CKM, θ, SUSY, Multi Higgs, LR-symmetry  Fundamental	theory	

Low	energy	parameters	

Atom/molecule	level	

               gπ0  gπ1 (gπ2)                                                CT
					CS

0(1) 	

Nucleus	level	

Paramagnetic Diamagnetic 

d,t, 3He	

dn dp
	

Solid state 

Schiff moment	

Wilson	coefficients	 θ								Cggg, Cqqqq(1,8), CqH				dud  dud       semileptonic     de ~	

Computing neutron EDM 
from  alone is very 
challenging 

Adding new BSM operators 
(which all mix under 
renormalization) is significantly 
more challenging

θQCD

figures from LRP FSNN White Paper: 2304.03451

https://arxiv.org/abs/2304.03451
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LQCD for Fundamental Physics in Nuclei: EDMs
neutron EDM: 

obtaining experimental signal is daunting 

theoretically “clean” (still very challenging and noisy) 

nuclear EDM: 

prospect for significantly enhanced signals with radioactive nuclei 

theoretically challenging (requires modeling) 

How does LQCD fit into this strategy? 

Recall - for , the CP-odd  coupling  can be related to  
Crewther, Vecchia, Veneziano, Witten PLB 88 (1979) 

 

One can use the same symmetry to related BSM CP-violating operators to CP-conserving ones and 
compute shifts in the hadronic spectrum induced by such CP-even operators 
de Vries, Mereghetti, Seng, Walker-Loud, PLB 766 (2017) 

Suffers from same renormalization challenge

θQCD π − N ḡ0 δMmd−mu
n−p

ḡ0 =
δMmd−mun−p

md − mu

2mumd

mu + md
θ̄QCD
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LQCD for Fundamental Physics in Nuclei: Parity Violation
Parity violating hadronic matrix elements involve multi-hadrons in the initial and/or final state 

introduces additional LQCD challenges to relate finite-volume matrix element to that in infinite volume 
these conversion factors (Lellouch-Lüshcer) can be O(100%)

O(tO)
<latexit sha1_base64="64Byp1A1+yuZv50WhtYtpJTV+3c=">AAACD3icbVDLSsNAFJ3UV62vqEtdBItQQUoigrorunFnBWMLbQiTyaQdOpmEmUmhhGz8BL/Cra5ciVs/wYX/4iTNorYeGDhzzr3ce48XUyKkaX5rlaXlldW16nptY3Nre0ff3XsUUcIRtlFEI971oMCUMGxLIinuxhzD0KO4441ucr8zxlyQiD3ISYydEA4YCQiCUkmuftgPoRwiSNO7rCHddOabnbh63WyaBYxFYpWkDkq0Xf2n70coCTGTiEIhepYZSyeFXBJEcVbrJwLHEI3gAPcUZTDE4tQfk1gU1EmLgzLjWJm+EURcPSaNQp1tTmEoxCT0VGW+r5j3cvE/r5fI4NJJCYsTiRmaDgoSasjIyNMxfMIxknSiCEScqLUNNIQcIqkyrKk8rPnrF4l91rxqWvfn9dZ1GUwVHIAj0AAWuAAtcAvawAYIPIEX8AretGftXfvQPqelFa3s2Qd/oH39AprWnVU=</latexit><latexit sha1_base64="64Byp1A1+yuZv50WhtYtpJTV+3c=">AAACD3icbVDLSsNAFJ3UV62vqEtdBItQQUoigrorunFnBWMLbQiTyaQdOpmEmUmhhGz8BL/Cra5ciVs/wYX/4iTNorYeGDhzzr3ce48XUyKkaX5rlaXlldW16nptY3Nre0ff3XsUUcIRtlFEI971oMCUMGxLIinuxhzD0KO4441ucr8zxlyQiD3ISYydEA4YCQiCUkmuftgPoRwiSNO7rCHddOabnbh63WyaBYxFYpWkDkq0Xf2n70coCTGTiEIhepYZSyeFXBJEcVbrJwLHEI3gAPcUZTDE4tQfk1gU1EmLgzLjWJm+EURcPSaNQp1tTmEoxCT0VGW+r5j3cvE/r5fI4NJJCYsTiRmaDgoSasjIyNMxfMIxknSiCEScqLUNNIQcIqkyrKk8rPnrF4l91rxqWvfn9dZ1GUwVHIAj0AAWuAAtcAvawAYIPIEX8AretGftXfvQPqelFa3s2Qd/oH39AprWnVU=</latexit><latexit sha1_base64="64Byp1A1+yuZv50WhtYtpJTV+3c=">AAACD3icbVDLSsNAFJ3UV62vqEtdBItQQUoigrorunFnBWMLbQiTyaQdOpmEmUmhhGz8BL/Cra5ciVs/wYX/4iTNorYeGDhzzr3ce48XUyKkaX5rlaXlldW16nptY3Nre0ff3XsUUcIRtlFEI971oMCUMGxLIinuxhzD0KO4441ucr8zxlyQiD3ISYydEA4YCQiCUkmuftgPoRwiSNO7rCHddOabnbh63WyaBYxFYpWkDkq0Xf2n70coCTGTiEIhepYZSyeFXBJEcVbrJwLHEI3gAPcUZTDE4tQfk1gU1EmLgzLjWJm+EURcPSaNQp1tTmEoxCT0VGW+r5j3cvE/r5fI4NJJCYsTiRmaDgoSasjIyNMxfMIxknSiCEScqLUNNIQcIqkyrKk8rPnrF4l91rxqWvfn9dZ1GUwVHIAj0AAWuAAtcAvawAYIPIEX8AretGftXfvQPqelFa3s2Qd/oH39AprWnVU=</latexit><latexit sha1_base64="64Byp1A1+yuZv50WhtYtpJTV+3c=">AAACD3icbVDLSsNAFJ3UV62vqEtdBItQQUoigrorunFnBWMLbQiTyaQdOpmEmUmhhGz8BL/Cra5ciVs/wYX/4iTNorYeGDhzzr3ce48XUyKkaX5rlaXlldW16nptY3Nre0ff3XsUUcIRtlFEI971oMCUMGxLIinuxhzD0KO4441ucr8zxlyQiD3ISYydEA4YCQiCUkmuftgPoRwiSNO7rCHddOabnbh63WyaBYxFYpWkDkq0Xf2n70coCTGTiEIhepYZSyeFXBJEcVbrJwLHEI3gAPcUZTDE4tQfk1gU1EmLgzLjWJm+EURcPSaNQp1tTmEoxCT0VGW+r5j3cvE/r5fI4NJJCYsTiRmaDgoSasjIyNMxfMIxknSiCEScqLUNNIQcIqkyrKk8rPnrF4l91rxqWvfn9dZ1GUwVHIAj0AAWuAAtcAvawAYIPIEX8AretGftXfvQPqelFa3s2Qd/oH39AprWnVU=</latexit>

<latexit sha1_base64="64wwDeQcvExJxbjpclj4OzN8xD0=">AAAB9nicbZDLSsNAFIZPvNZ6q7p0M1iEClISKeqy6MaVVLAXaEOZTCft0MkkzEyKJfQV3OrKnbj1dVz4Lk7SLLT1wMDH/5/DOfN7EWdK2/aXtbK6tr6xWdgqbu/s7u2XDg5bKowloU0S8lB2PKwoZ4I2NdOcdiJJceBx2vbGt6nfnlCpWCge9TSiboCHgvmMYJ1K9xX7rF8q21U7K7QMTg5lyKvRL333BiGJAyo04ViprmNH2k2w1IxwOiv2YkUjTMZ4SLsGBQ6oOh9MWKQydJPs7Bk6NeYA+aE0T2iUqb+HExwoNQ080xlgPVKLXir+53Vj7V+7CRNRrKkg80V+zJEOUZoBGjBJieZTA5hIZs5GZIQlJtokVTR5OIu/X4bWRdW5rNYeauX6TZ5MAY7hBCrgwBXU4Q4a0AQCI3iGF3i1nqw36936mLeuWPnMEfwp6/MHr+SSIg==</latexit>

N(0)
<latexit sha1_base64="MrGsGx3dFK+7HMNaT1095srdkJg=">AAACAHicbZDLSgMxFIbP1Futt6pLN8EiVJAyI0VdFt24kgr2Au1YMpm0DU1mhiRTKEM3PoVbXbkTt76JC9/FdDoLbT0Q+Pj/c5Kc34s4U9q2v6zcyura+kZ+s7C1vbO7V9w/aKowloQ2SMhD2fawopwFtKGZ5rQdSYqFx2nLG93M/NaYSsXC4EFPIuoKPAhYnxGsjfR4V9a9pCsFUjSanvaKJbtip4WWwcmgBFnVe8Xvrh+SWNBAE46V6jh2pN0ES80Ip9NCNzb3YjLCA9oxGGBB1Zk/ZpFK0U3SBaboxJg+6ofSnECjVP09nGCh1ER4plNgPVSL3kz8z+vEun/lJiyIYk0DMn+oH3OkQzRLA/lMUqL5xAAmkplvIzLEEhNtMiuYPJzF7ZeheV5xLirV+2qpdp0lk4cjOIYyOHAJNbiFOjSAgIRneIFX68l6s96tj3lrzspmDuFPWZ8/3d+WxA==</latexit>

N(tsep)

<latexit sha1_base64="qIXxlYoDIAb29g4FKk93yAgFqH0=">AAACBHicbZBNS8MwGMfT+TbnW9Wjl+AQJshoZajHoRePE9wLrKWkabaFJW1I0sEou/opvOrJm3j1e3jwu5h1PejmA4Ef///zJHn+oWBUacf5skpr6xubW+Xtys7u3v6BfXjUUUkqMWnjhCWyFyJFGI1JW1PNSE9IgnjISDcc38397oRIRZP4UU8F8TkaxnRAMdJGCmzbE7Smg8yTHCoiZueBXXXqTl5wFdwCqqCoVmB/e1GCU05ijRlSqu86QvsZkppiRmYVLzX3IjxGQ9I3GCNO1EU0oULl6Gf5EjN4ZswIDhJpTqxhrv4ezhBXaspD08mRHqllby7+5/VTPbjxMxqLVJMYLx4apAzqBM4TgRGVBGs2NYCwpObbEI+QRFib3ComD3d5+1XoXNbdq3rjoVFt3hbJlMEJOAU14IJr0AT3oAXaAIMJeAYv4NV6st6sd+tj0Vqyiplj8Keszx8WNZfw</latexit>

⇡(tsep)
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Wasem, PRC 85 (2012) [1108.1151]  
(tour de force - one new result since then 
Petschlies, Schlage, Sen, Urbach, EPJA 60 (2024))

First LQCD calculation 
Numerical result 
use of  good operator basis 
control over renormalization 
control over finite-V to inf-V 
control over disconnected diagram 
control of  excited states 
control over chiral extrapolation 

✓ 
✓ 
✘ 
✘ 
✘ 
✘ 
✘ 
✘

New LQCD calculation 
     

NPDGamma, PRL 121 (2018) 
     

LQCD systematics not finalized by 
any means

h1
π = 8.1 ± 1.0 × 10−7

h1
π = 2.6 ± 1.2 ± 0.2 × 10−7
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LQCD for Fundamental Physics in Nuclei: Parity Violation
What about ?⟨NN |OW |NN⟩
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LQCD for Fundamental Physics in Nuclei: Parity Violation
What about ?⟨NN |OW |NN⟩

ΔI=0
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LQCD for Fundamental Physics in Nuclei: Parity Violation
What about ?⟨NN |OW |NN⟩

ΔI=0,1
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LQCD for Fundamental Physics in Nuclei: Parity Violation
What about ?⟨NN |OW |NN⟩

ΔI=0,1,2
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LQCD for Fundamental Physics in Nuclei: Parity Violation
What about ?⟨NN |OW |NN⟩

ΔI=0,1,2
The “disconnected” quark loops are numerically more expensive, and stochastically 
noisier 

The non-perturbative renormalization becomes more challenging also
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LQCD for Fundamental Physics in Nuclei: Parity Violation
What about ?⟨NN |OW |NN⟩

To project the operator, O, onto definite momentum, and to project the final NN state onto 
definite momentum, we need all-to-all propagators (expensive):  

Not possible with (old) standard NN calculations with local creation operators and 
momentum space annihilation operators 

O(tO, z)
<latexit sha1_base64="xeTbMOrAndeAYOokdUoSCpXyeZo=">AAACGHicbZDNSsNAEMc39avWr6hHL8FSqFBKIoJ6K3rxZgVjC20Im82mXbrZhN1NoYY+gY/gU3jVkyfx6s2D7+ImzaG2Diz8dv4zzMzfiykR0jS/tdLK6tr6RnmzsrW9s7un7x88iCjhCNsoohHvelBgShi2JZEUd2OOYehR3PFG15neGWMuSMTu5STGTggHjAQEQalSrl7rh1AOEaTp7bQu3blfI2cvSB+nJ65eNZtmHsYyWAVUQRFtV//p+xFKQswkolCInmXG0kkhlwRRPK30E4FjiEZwgHsKGQyxaPhjEoscnTS/bGrUlOgbQcTVY9LIs/PNKQyFmISeqsy2FYtalvxP6yUyuHBSwuJEYoZmg4KEGjIyMpsMn3CMJJ0ogIgTtbaBhpBDJJWZFeWHtXj9MtinzcumdXdWbV0VxpTBETgGdWCBc9ACN6ANbIDAE3gBr+BNe9betQ/tc1Za0oqeQ/AntK9fuPGhIw==</latexit><latexit sha1_base64="xeTbMOrAndeAYOokdUoSCpXyeZo=">AAACGHicbZDNSsNAEMc39avWr6hHL8FSqFBKIoJ6K3rxZgVjC20Im82mXbrZhN1NoYY+gY/gU3jVkyfx6s2D7+ImzaG2Diz8dv4zzMzfiykR0jS/tdLK6tr6RnmzsrW9s7un7x88iCjhCNsoohHvelBgShi2JZEUd2OOYehR3PFG15neGWMuSMTu5STGTggHjAQEQalSrl7rh1AOEaTp7bQu3blfI2cvSB+nJ65eNZtmHsYyWAVUQRFtV//p+xFKQswkolCInmXG0kkhlwRRPK30E4FjiEZwgHsKGQyxaPhjEoscnTS/bGrUlOgbQcTVY9LIs/PNKQyFmISeqsy2FYtalvxP6yUyuHBSwuJEYoZmg4KEGjIyMpsMn3CMJJ0ogIgTtbaBhpBDJJWZFeWHtXj9MtinzcumdXdWbV0VxpTBETgGdWCBc9ACN6ANbIDAE3gBr+BNe9betQ/tc1Za0oqeQ/AntK9fuPGhIw==</latexit><latexit sha1_base64="xeTbMOrAndeAYOokdUoSCpXyeZo=">AAACGHicbZDNSsNAEMc39avWr6hHL8FSqFBKIoJ6K3rxZgVjC20Im82mXbrZhN1NoYY+gY/gU3jVkyfx6s2D7+ImzaG2Diz8dv4zzMzfiykR0jS/tdLK6tr6RnmzsrW9s7un7x88iCjhCNsoohHvelBgShi2JZEUd2OOYehR3PFG15neGWMuSMTu5STGTggHjAQEQalSrl7rh1AOEaTp7bQu3blfI2cvSB+nJ65eNZtmHsYyWAVUQRFtV//p+xFKQswkolCInmXG0kkhlwRRPK30E4FjiEZwgHsKGQyxaPhjEoscnTS/bGrUlOgbQcTVY9LIs/PNKQyFmISeqsy2FYtalvxP6yUyuHBSwuJEYoZmg4KEGjIyMpsMn3CMJJ0ogIgTtbaBhpBDJJWZFeWHtXj9MtinzcumdXdWbV0VxpTBETgGdWCBc9ACN6ANbIDAE3gBr+BNe9betQ/tc1Za0oqeQ/AntK9fuPGhIw==</latexit><latexit sha1_base64="xeTbMOrAndeAYOokdUoSCpXyeZo=">AAACGHicbZDNSsNAEMc39avWr6hHL8FSqFBKIoJ6K3rxZgVjC20Im82mXbrZhN1NoYY+gY/gU3jVkyfx6s2D7+ImzaG2Diz8dv4zzMzfiykR0jS/tdLK6tr6RnmzsrW9s7un7x88iCjhCNsoohHvelBgShi2JZEUd2OOYehR3PFG15neGWMuSMTu5STGTggHjAQEQalSrl7rh1AOEaTp7bQu3blfI2cvSB+nJ65eNZtmHsYyWAVUQRFtV//p+xFKQswkolCInmXG0kkhlwRRPK30E4FjiEZwgHsKGQyxaPhjEoscnTS/bGrUlOgbQcTVY9LIs/PNKQyFmISeqsy2FYtalvxP6yUyuHBSwuJEYoZmg4KEGjIyMpsMn3CMJJ0ogIgTtbaBhpBDJJWZFeWHtXj9MtinzcumdXdWbV0VxpTBETgGdWCBc9ACN6ANbIDAE3gBr+BNe9betQ/tc1Za0oqeQ/AntK9fuPGhIw==</latexit>NN(t,x)
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ΔI=2
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LQCD for Fundamental Physics in Nuclei: Parity Violation
What about ?⟨NN |OW |NN⟩

We started the ΔI=2, NN calculation in 2015                     Kurth et al., 1511.02260 

Ultimately, we decided that the growing concern regarding the NN bound-state controversy, 
combined with the challenge of  performing the 4-quark matrix element calculation, were too 
severe to proceed 

So we went back to basics to improve our NN calculations before trying to tackle the parity 
violating matrix element calculations
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Lattice QCD for Fundamental Physics in Nuclei
What would I like to be talking with you about today?

neutrinoless double -decay 
- long-range current 
- short-range 4-quark operator

βN

NN

N n

np

p

I presented definite ways that LQCD can provide important and/or critical input to fundamental physics research with 
radioactive (and stable) nuclei 

I described several challenges that we are facing in such an endeavor 

My colleagues and I decided to focus on the NN interactions/spectroscopy before tackling matrix element calculations 
Why not just go directly for the matrix elements (which are more phenomenologically relevant)? 

If  the NN spectrum is not correct - the matrix elements can be arbitrarily “wrong”
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To bind or not to bind?  A tale of  two nucleons
Computing two-nucleon interactions with lattice QCD 
 
 
 

LQCD calculations are performed in finite, periodic volumes of  size  

There is no scattering in LQCD calculations 

no asymptotic states 

Euclidean spacetime 

Relate the finite volume spectrum to infinite volume scattering amplitude  
(Lüscher Quantization Condition) 

free hadrons: ,      

interacting hadrons: ,     

  (single channel approx)

L ∼ 3 − 6fm

En = m2 + p2
n pn =

2π
L

n

Eq = m2 + q2

q ≠ pn ⟶ T(q) ∝ e2iδ(q) − 1 ∝
1

q cot δ(q) − iq

N

NN

N
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To bind or not to bind?  A tale of  two nucleons
How do we determine the energy, ?Eq N

NN

N
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1 =
X

n

|nihn|

time-evolve operator

multiply by 1,

focus on 0-momentum

define vacuum to have 0-energy

sum of  exponentials
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To bind or not to bind?  A tale of  two nucleons
How do we determine the energy, ? Eq
C(t) = ∑

n

e−Entznz†
n

N

NN

N

Exponential decay of  signal with respect to the variance 

 

Physics of  interest (interaction energies) are at the per-mille level of  the total energy 
Deuteron: ,  

The excited state energy gap is set by kinetic energy of  nucleons, much smaller than the typical inelastic 
excited state energy 

pion production threshold becomes very close to  at  

short-time is polluted by excited states (as can be intermediate times) while late times are too noisy to resolve 
signals - and we must precisely determine a per-mille contribution to the total energy

S
N

(t) ≈
1

N
e−A(MN− 3

2 mπ)t

BD ≈ 2.2 MeV ENN ≈ 2 GeV

2MN mphys
π
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To bind or not to bind?  A tale of  two nucleons
N
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N
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To bind or not to bind?  A tale of  two nucleons
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To bind or not to bind?  A tale of  two nucleons
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To bind or not to bind?  A tale of  two nucleons
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To bind or not to bind?  A tale of  two nucleons
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validity of NN EFT

2006  NPLQCD - first dynamical LQCD calculations of NN

deuteron binding energy

NPLQCD  
[arXiv:2008.11160]
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To bind or not to bind?  A tale of  two nucleons
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To bind or not to bind?  A tale of  two nucleons
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To bind or not to bind?  A tale of  two nucleons
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(blue = work I was involved in)
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e�ip·xi

positive-definite correlation matrix

“Mainz”   (Distillation) 
CoSMoN (stochastic LapH 
NPLQCD (sparsened momentum)

Deep bound di-nucleons no bound state no bound state

To investigate the discrepancy - compute all methods on the same gauge configurations 
work at  to match previous work and reduce resource requirementsmu = md = ms ≈ mphys

s

Do di-nucleons bind @ heavy pion mass?

The methods lead to different spectrum! 
But, the spectrum can not depend upon the creation/annihilation operators! 
At least one method must be wrong!
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16 energy levels with (expected) negligible overlap with non S-wave

We find a virtual bound state (like dineutron) - a 
purely imaginary solution with negative sign 

                  

We can infer the size of  the potential from causality 
and unitarity: Wigner PRD 98 (1955), Phillips and Cohen PLB 390 (1997) 

               

qdeut
−

mπ
= − i0.132(32)

r0 ≤ 2 [R −
R2

a
+

R3

3a2 ] , mπR ≳ 2.0 , R ≳ 0.55 fm

our results circa 2020 [2009.11825]

°0.10 °0.05 0.00 0.05 0.10 0.15 0.20 0.25
q2/m2

º

°0.25

0.00

0.25

0.50

0.75

1.00

qc
ot

±/
m

º

mº ª 800: single stout

mº ª 714: CLS

NPLQCD



22

arXiv:2009.11825

3 S 1
–
3 D

1

1 P 13 D
2

3 D
3

(only shown for total
zero momentum)

(in the following: assume negligible S � D mixing)

More costly — but MANY more energy levels
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NPLQCD Collaboration used an alternative momentum-space 
method and repeated their calculation @  
Amarasinghe et al. 2108.10835 

Their new results are qualitatively consistent with other 
momentum-space methods 

Their new results are not consistent with their old results 
provided they have momentum-space sources in the basis 

They have not concluded the old methods are wrong

mπ ≈ 800 MeV
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FIG. 34. Comparison of the I = 1 (left) and I = 0 (right) two-nucleon S-wave phase shifts
determined in this work with previous calculations using [D, H] correlation functions from the
NPLQCD [18] and CalLat collaborations [25], previous calculations using [D, D] correlation func-
tions in Ref. [26], and those using variational methods with sets of two dibaryon interpolating
operators in several boosted frames in Ref. [28]. The dashed vertical lines show the starts of the
t-channel cut (k2 = m2

⇡/4).

and �E
(2,0,T+

1 ,S0)
0 = �0.00248(48) indicates a 1� preference for an unbound ground state in

both channels. Results using additional volumes will allow a determination of whether two-
nucleon ground states are bound or unbound with higher statistical significance. As the
ground-state energies obtained with the variational method are upper bounds on the true
LQCD energies, it is also possible that a bound state exists but has small overlap with all
interpolating operators used in this study.

The upper bounds for the first excited-state FV energy shifts obtained using S(2,1,A+
1 )

0

and S(2,0,T+
1 )

0 are positive, and if they provide an accurate estimate of these energy levels (in
particular if there are not lower-energy states approximately orthogonal to the interpolating
operators used here) than there cannot be two bound states in either the dineutron or
deuteron channels. The first excited-state energy shift is closer to the non-interacting s = 1
energy than zero, which is suggestive of an attractive interaction that is not strong enough
to form a bound state [37], but it does not rule a bound state out. Qualitatively, the large
overlap of s = 0 dibaryon operators onto the lowest extracted state and the large excited-
state overlap of hexaquark operators is more reminiscent of the unbound than the bound
scenario in a QED model of bound-state formation [156], but the large overlap of hexaquark
operators with a particular excited state observed here in contrast to the approximately
uniform overlap with all excited states found in Ref. [156] indicates that the low-energy
QCD spectrum with B = 2 and m⇡ = 806 MeV is likely to be more complicated than this
QED-model spectrum. Further high-precision variational studies of the volume dependence
of B = 2 FV energy shifts with a more extensive operator set are needed to conclusively
determine whether the B = 2 ground states at m⇡ = 806 MeV are bound or unbound.

66

�0.1 0.0 0.1 0.2 0.3

k2/m2
⇡

0.0

0.5

1.0

1.5

k
co

t
�1

S
0
/m

⇡

�0.1 0.0 0.1 0.2 0.3

k2/m2
⇡

�0.5

0.0

0.5

1.0

1.5

k
co

t
�3

S
1
/m

⇡

This work Hörz et al. 21 [28] Francis et al. 19 [26] NPLQCD 17 [18] CalLat 17 [25]

FIG. 34. Comparison of the I = 1 (left) and I = 0 (right) two-nucleon S-wave phase shifts
determined in this work with previous calculations using [D, H] correlation functions from the
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tions in Ref. [26], and those using variational methods with sets of two dibaryon interpolating
operators in several boosted frames in Ref. [28]. The dashed vertical lines show the starts of the
t-channel cut (k2 = m2

⇡/4).
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0 = �0.00248(48) indicates a 1� preference for an unbound ground state in

both channels. Results using additional volumes will allow a determination of whether two-
nucleon ground states are bound or unbound with higher statistical significance. As the
ground-state energies obtained with the variational method are upper bounds on the true
LQCD energies, it is also possible that a bound state exists but has small overlap with all
interpolating operators used in this study.

The upper bounds for the first excited-state FV energy shifts obtained using S(2,1,A+
1 )

0

and S(2,0,T+
1 )

0 are positive, and if they provide an accurate estimate of these energy levels (in
particular if there are not lower-energy states approximately orthogonal to the interpolating
operators used here) than there cannot be two bound states in either the dineutron or
deuteron channels. The first excited-state energy shift is closer to the non-interacting s = 1
energy than zero, which is suggestive of an attractive interaction that is not strong enough
to form a bound state [37], but it does not rule a bound state out. Qualitatively, the large
overlap of s = 0 dibaryon operators onto the lowest extracted state and the large excited-
state overlap of hexaquark operators is more reminiscent of the unbound than the bound
scenario in a QED model of bound-state formation [156], but the large overlap of hexaquark
operators with a particular excited state observed here in contrast to the approximately
uniform overlap with all excited states found in Ref. [156] indicates that the low-energy
QCD spectrum with B = 2 and m⇡ = 806 MeV is likely to be more complicated than this
QED-model spectrum. Further high-precision variational studies of the volume dependence
of B = 2 FV energy shifts with a more extensive operator set are needed to conclusively
determine whether the B = 2 ground states at m⇡ = 806 MeV are bound or unbound.
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FIG. 34. Comparison of the I = 1 (left) and I = 0 (right) two-nucleon S-wave phase shifts
determined in this work with previous calculations using [D, H] correlation functions from the
NPLQCD [18] and CalLat collaborations [25], previous calculations using [D, D] correlation func-
tions in Ref. [26], and those using variational methods with sets of two dibaryon interpolating
operators in several boosted frames in Ref. [28]. The dashed vertical lines show the starts of the
t-channel cut (k2 = m2

⇡/4).

and �E
(2,0,T+

1 ,S0)
0 = �0.00248(48) indicates a 1� preference for an unbound ground state in

both channels. Results using additional volumes will allow a determination of whether two-
nucleon ground states are bound or unbound with higher statistical significance. As the
ground-state energies obtained with the variational method are upper bounds on the true
LQCD energies, it is also possible that a bound state exists but has small overlap with all
interpolating operators used in this study.

The upper bounds for the first excited-state FV energy shifts obtained using S(2,1,A+
1 )

0

and S(2,0,T+
1 )

0 are positive, and if they provide an accurate estimate of these energy levels (in
particular if there are not lower-energy states approximately orthogonal to the interpolating
operators used here) than there cannot be two bound states in either the dineutron or
deuteron channels. The first excited-state energy shift is closer to the non-interacting s = 1
energy than zero, which is suggestive of an attractive interaction that is not strong enough
to form a bound state [37], but it does not rule a bound state out. Qualitatively, the large
overlap of s = 0 dibaryon operators onto the lowest extracted state and the large excited-
state overlap of hexaquark operators is more reminiscent of the unbound than the bound
scenario in a QED model of bound-state formation [156], but the large overlap of hexaquark
operators with a particular excited state observed here in contrast to the approximately
uniform overlap with all excited states found in Ref. [156] indicates that the low-energy
QCD spectrum with B = 2 and m⇡ = 806 MeV is likely to be more complicated than this
QED-model spectrum. Further high-precision variational studies of the volume dependence
of B = 2 FV energy shifts with a more extensive operator set are needed to conclusively
determine whether the B = 2 ground states at m⇡ = 806 MeV are bound or unbound.

NPLQCD update with momentum-space
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sLapH g.s. energy in  from 2009.11825T1g

NPLQCD (2012, 2017) / CalLat (2015) g.s. energy 
from local NN creation operator

pulling  apart at creation leads to 
significantly different excited state contamination 

extracting stable  is challenging 

local  strongly couples to NN-inelastic 
states that are unique to NN (not N on its own) 
e.g. 

p†(x0)n†(x0 + Δ)

ΔE

p†(x0)n†(x0)

ΔΔ

Updates since 2009.11825 — compare with local/displaced NN source
Local HexaQuark creation operator displaced nucleon creation operator
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(thanks to C. Morningstar and S. Skinner)
hexaquark (HX) operator strongly overlaps with 
highest state in the spectrum (top left) 

N(p)N(p) operators mostly overlap onto a single 
state, with some mixing (except with highest state)

Isosinglet T1g Overlap Factor Results
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C. Morningstar Hexaquark Operator Study 28

Spectrum Extractions

Blue points: energies obtained using all operators
Green points: energies obtained excluding hexaquark operators
Blue squares: hexaquark-dominated levels
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C. Morningstar Hexaquark Operator Study 31

Spectrum Extractions

Blue points: energies obtained using all operators
Green points: energies obtained excluding hexaquark operators
Blue squares: hexaquark-dominated levels
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C. Morningstar Hexaquark Operator Study 31

E w/out HX

Spectrum Extractions

Blue points: energies obtained using all operators
Green points: energies obtained excluding hexaquark operators
Blue squares: hexaquark-dominated levels
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C. Morningstar Hexaquark Operator Study 31

E with HX

Spectrum Extractions

Blue points: energies obtained using all operators
Green points: energies obtained excluding hexaquark operators
Blue squares: hexaquark-dominated levels
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C. Morningstar Hexaquark Operator Study 31

HX dominated state

we find the HX operator is NOT needed to 
determine the low-lying NN spectrum

Updates since 2009.11825 — add hexaquark to basis



26

0 5 10 15 20 25 30 35 40

r/a

°0.03

°0.02

°0.01

0.00

0.01

0.02

0.03

aV
3
S

1

t = 2

t = 3

t = 4

t = 5

t = 6

t = 7

t = 8

t = 9

t = 10

t = 11

t = 12

t = 13

t = 14

 
,  

mu = md = ms ≈ mphys
s ⟶ mπ ≈ 714 MeV

a ≈ 0.086 fm V = 483 × 96

(thanks to C. Körber, K. McElvain, A. Meyer, A. Nicholson)

Potential “saturates” at  

Can we perform a  extrapolation of  V(r)? 

Insensitivity to various functional forms of  V(r) 
 

 

 

 

            regulated OPE          +  Woods-Saxon 
            Wiringa, Stoks, Schiavilla PRC 51 (1995) 
 

t ∼ 8

t → ∞

V(r) = ∑
n

bne−r2/2σ2
n

V(r) = Aπ
e−mπr

r (1 − e−r2/r2
0)

n
+

w0 + w1r + w2r2

1 + e(r−r0)/a

V(r) = Aπ
e−mπr

r (1 − e−r2/r2
0)

n
+ H . O . basis

PRELIMINARY

Updates since 2009.11825 — HAL QCD potential
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,  

mu = md = ms ≈ mphys
s ⟶ mπ ≈ 714 MeV

a ≈ 0.086 fm V = 483 × 96

(thanks to C. Körber, K. McElvain, A. Meyer, A. Nicholson)

gray band - our Lüscher (standard) results 

HAL QCD potential is consistent at large t

PRELIMINARY

Updates since 2009.11825 — HAL QCD potential
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This is a question that is unfortunately not one we can absolutely answer - we can only find numerical evidence 

We (the community) often rely upon Lüscher quantization condition analysis of  spectrum to detect inconsistent 
energy levels — in the case of  old NPLQCD & CalLat results (at least at ), the observed spectrum 
did not show signs of  sickness 

However, we are observing a preponderance of  evidence that the older methods with present statistics, are 
yielding qualitatively incorrect spectrum — 
I believe the old results are wrong (including those I was involved with) 
I believe the di-nucleon system unbinds at pion masses heavier than physical 

The newer (at least newly applied to two-nucleon) methods are more expensive 
but, they are more robust and they yield a much richer spectrum (many more energy levels obtained in the same 
calculation) 

The path forward is clear — we need to apply these methods @ lighter pion masses where they have a chance of  
having an impact on our understanding of  NN interactions 

To have an impact, we must have  (underway!)

mπ ≈ 800 MeV

mπ ≲ 200 MeV

To bind or not to bind?
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A new’ish result also showed surprisingly large discretization effects -  
use of  non-perturbative, -improved clover-Wilson action (CLS) 
[Green, Hanlon, Junnarkar, Wittig, PRL 127 - 2103.01054]
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Discretization effects in di-baryon systems?
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We are performing a study to understand 
how large discretization effects are with 
different lattice actions 

 

OpenLat: exponentiated clover 

MDWF / HISQ: mixed action with chiral 
valence fermions

tMC ≈
1
a6

Discretization effects in di-baryon systems?
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16 energy levels with (expected) negligible overlap with non S-wave

UPDATE of  [2009.11825] - 2x higher statistics
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Tension in the phase shift analysis - why? 

2020: results were imprecise enough, we 
could ignore box-mixing

T1g A2, E

Ptot = 0 Ptot =
2π
L

It is understood how the leading partial wave mixing is 
induced by the cubic-box (Lüscher quantization condition) 

Briceno, Davoudi, Luu, Savage, PRD88 (2013) 
remove leading physical S-D wave mixing sensitivity: 

,  
1
3 (EA2

+ 2EE) 1
3 (EA2

+ EB1
+ EB2)

⃗ntot = (0,0,n) ⃗ntot = (0,n, n)
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Do di-nucleons bind @ heavy pion mass?

Lessons learned: 

In order to determine the correct spectrum — it is important to use momentum space sources 

The spectrum and matrix elements determined with spatially local creation operators suffer from 
unquantified systematic uncertainties 

The HAL QCD potential results are consistent with those determined via Lüscher at the -level over a 
large range of  energy 

There may be large discretization corrections in the spectrum 

What about matrix elements? 

This finding is very sensitive to the choice of  lattice action (discretization scheme)

1σ
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LQCD: Select Highlights
 scattering 

 scattering 

PT convergence

ν − N

π − N

χ
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 scattering for neutrino oscillation parametersν − A
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Theoretical prediction of  ν-A cross sections 
from the Standard Model 
with full uncertainty quantification 

Very challenging to achieve this goal: 
Most likely, it is impossible to have a unified theoretical 
description of  ν-A cross sections over the range of  ν-energy 
of  interest 

Lattice QCD: single nucleon, resonance region, …  
Effective Field Theory (EFT): Low-energy, small-A 
high energy: DIS and Regge (model) 

The problem demands a description of  medium-A 
over broad range of  energy 
pion production, resonance region 
final state interactions 
…



Lattice QCD (LQCD) can determine single nucleon 
quasi-elastic 
resonance region, pion production 
DIS 
two-nucleon cross section (corrections) 
maybe, maybe, light nuclear cross sections 

No EFT that can describe ν-A reaction over entire range of  Eν 
Use EFT, with LQCD input, to describe region of  parameter space against which nuclear models 
can be constrained 

in this region at least, rigorous, systematically improvable uncertainty rooted in the SM 
This will allow for calibration of  nuclear model uncertainty

33

What is possible? A “realist” perspective

Even, even if  we could compute ν-12C, it 
almost certainly will not be the most 
economical way to propagate QCD results to 
nuclear cross sections
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𝜈-N cross section
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Meyer, Walker-Loud, Wilkinson
Ann. Rev. Nucl. Part. Sci. 72 (2022)

Lattice QCD determination of  FA(Q2) is inconsistent with older 
phenomenological extraction 

results in 30% increase in 𝜈-N cross section

Some of  this uncertainty comes from 
nucleon electromagnetic form factors

This discrepancy impacts the ability to 
interpret neutrino oscillation parameters
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𝜈-N cross section
Meyer, Walker-Loud, Wilkinson
Ann. Rev. Nucl. Part. Sci. 72 (2022)

Lattice QCD determination of  
FA(Q2) is inconsistent with older 
phenomenological extraction 

results in 30% increase in 𝜈-N 
cross section 
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𝜈-N cross section
Meyer, Walker-Loud, Wilkinson
Ann. Rev. Nucl. Part. Sci. 72 (2022)

Lattice QCD determination of  
FA(Q2) is inconsistent with older 
phenomenological extraction 

results in 30% increase in 𝜈-N 
cross section 

Energy dependent change
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far detector
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Future directions
State of  the Field
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1 
(1
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Δ++(1232)

Δ0(1232)

W2 = (ΣE)2 - |Σp|2

νµp→ µ-pπ+
νµp→ µ+pπ-

Indeed not! 

Our pion production model uses 
a description of resonance 
production that is “naive and 
obviously wrong in its simplicity” 
[F.K.R. PRD3 (1971)] 

I trust some bright motivated 
physicists will fix this soon

Current models are unsatisfactory: 
Simplistic description of neutrino-nucleon interaction 
Unsophisticated description of the nucleus 

Heavy reliance on old data (experiments shut down) 

~10% uncertainties on effective parameters at bestNeed LQCD calculations of  !π − N
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John Bulava, Andrew Hanlon, Ben Hörz, Colin Morningstar, Amy Nicholson,  
Fernando Romero-López, Sarah Skinner, Pavlos Vranas, André Walker-Loud 
Nucl. Phys. B 987 (2023) 116105 

Exciting in its own right 

Stepping stone towards NN (at this light pion mass) 

 is light enough that  

the  is unstable 

optimistic that EFT could be convergent-ish

mπ

Δ
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Elastic nucleon-pion scattering at M𝜋 ≈ 200 MeV from lattice QCD

Various irreps used to determine the spectrum
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5.0

5.5

6.0

6.5

E
cm

/m
º

Nº

Nºº

G1u(0) Hg(0) G1(1) G2(1) G(2) F1(3) F2(3) G(3) G1(4) G2(4)G1g(0) Hu(0)

6.0

6.5

7.0

7.5

E
cm

/m
º

Nº

Nºº

d ⇤ dim. contributing (2J, `)
nocc for `max = 2

(0, 0, 0) G1u 2 (1, 0)

G1g 2 (1, 1)

Hg 4 (3, 1), (5, 2)

Hu 4 (3, 2), 5, 2)

G2g 2 (5, 2)

(0, 0, n) G1 2 (1, 0), (1, 1), (3, 1), (3, 2), (5, 2)

G2 2 (3, 1), (3, 2), (5, 2)
2

(0, n, n) G 2 (1, 0), (1, 1), (3, 1)
2, (3, 2)

2, (5, 2)
3

(n, n, n) G 2 (1, 0), (1, 1), (3, 1), (3, 2), (5, 2)
2

F1 1 (3, 1), (3, 2), (5, 2)

F2 1 (3, 1), (3, 2), (5, 2)

Table 1: A list of the lowest contributing partial waves for each irrep of the finite-volume
little group ⇤ in momentum class d employed in this work. All partial waves with `  `max

for `max = 2 are shown and each partial wave is denoted by (2J, `). The superscript nocc

denotes the number of multiple occurrences (subductions) of the partial wave in the irrep.
The pattern of partial wave mixing is evidently more complicated for irreps with non-zero
total momentum.

The box matrix B
P

(Ecm) encodes the reduced symmetries of the periodic spatial vol-
ume, and is in general dense in all indices. The finite-volume energies used to constrain
K from Eq. (2.1) possess the quantum numbers associated with symmetries of the box,
namely a particular irreducible representation of the finite-volume little group for the to-
tal spatial momentum P =

2⇡
L d, with d 2 Z3. The matrices in Eq. (2.1) are therefore

block-diagonalized in the basis of finite-volume irreps, with each energy analyzed using a
single (infinite-dimensional) block. Since the subduction from infinite-volume partial waves
to finite-volume irreps is not in general one-to-one, an additional occurrence index n is
required to specify the matrix elements in each block. A particular block is denoted by the
finite-volume irrep ⇤(d2

) and a row of this irrep �. Since the spectrum is independent of
the row �, this index is henceforth omitted. For a particular block, the block-diagonalized
box-matrix is denoted B

⇤(d2)
J`n,J 0`0n0 . The block diagonalization has no effect on K̃, apart from

introducing the additional occurrence index, in which it is diagonal.
In practical applications the matrices in Eq. (2.1) are truncated to some maximum

orbital angular momentum `max. Threshold-barrier arguments ensure that at fixed Ecm

higher partial waves are suppressed by powers of qcm, but systematic errors due to finite
`max must be assessed. The expressions for all elements of B

⇤
(d

2
) relevant for this work are

given in Ref. [55], although some are present already in Ref. [63]. The occurrence pattern
of lowest-lying partial waves in the finite-volume irreps is given in Tab. 1.

Employing this formalism for nucleon-pion scattering presents additional difficulties
compared to simpler scattering processes. First, due to the non-zero nucleon spin, two
partial waves contribute for each non-zero `, one with J = ` + 1/2 and the other with

– 5 –

I=1/2

I=3/2
Note: the gray bands and 
green energy levels are 
correlated, which is not 
reflected visually in the plots
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Elastic nucleon-pion scattering at M𝜋 ≈ 200 MeV from lattice QCD

FV Spectrum to Scattering Amplitudes - spectrum method comparison - resulting amplitude
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Elastic nucleon-pion scattering at M𝜋 ≈ 200 MeV from lattice QCD

Results for scattering lengths and effective Delta-resonance parameters

Fit Npw A1/2� g
2

M�/M⇡ A1/2+ A3/2� A5/2� �
2 dofs

SP 2 -1.56(4) 13.8(6) 6.281(16) — — — 44.38 23 � 3

DR 2 -1.57(5) 14.4(5) 6.257(36) — — — 14.91 23 � 3

SP 5 -1.53(4) 14.7(7) 6.290(18) -0.19(6) -0.46(12) 0.37(10) 30.17 25 � 6

Table 4: Results for the fits in the I = 3/2 channel. Npw is the number of partial waves
included in the fit. Two different fit forms are included, the one denoted Npw = 2 includes
only the desired partial waves, namely J

P
= 1/2

� and 3/2
+, while the one with Npw = 5

includes all s-, p-, and d-waves. For the Npw = 2 fit, results from the determinant-residual
method, denoted ‘DR’, are shown in addition to the spectrum method, denoted ‘SP’.

Fit Npw A1/2� �
2 dofs

SP 1 0.82(12) 1.68 5 � 1

DR 1 0.92(22) 1.72 5 � 1

SP 1 0.82(13) 0.79 4 � 1

Table 5: Results for fits to the I = 1/2 spectrum in Fig. 4a. Npw is the number of partial
waves included in the fit. Due to the small number of levels, all fits include only the desired
J
P

= 1/2
� partial wave. Nonetheless, the effect of the omitted p-waves is estimated by

removing the G1(4) level, which evidently has little influence on the result. ‘SP’ refers to
the spectrum method, and ‘DR’ refers to the determinant-residual method.

Fig. 4a. Full exploration of the elastic I = 1/2 spectrum likely requires additional operators
beyond the scope of this work, due to the strongly-interacting J

P
= 1/2

+ wave containing
the N(1440) Roper resonance.

The spectrum method enables an additional visualization of the quality of fits to the
finite-volume spectra. The residual is constructed using model values of q

2,QC
cm /m

2
⇡ which

depend on the parameters and can be compared with the input data from the spectrum.
Such comparisons are shown in Fig. 7 for both the I = 1/2 and I = 3/2 spectra. Although
not shown explicitly on the plot, the ground states in G1(1), G(2), G(3), and G1(4) with
I = 3/2 are sensitive to the J

P
= 3/2

+ partial wave. The `max = 0 approximation signifi-
cantly increases the �

2 for these levels. Conversely, these levels therefore place significant
constraints on the near-threshold behaviour of the 3/2

+ wave, in contrast to the higher-
lying levels in the Hg(0), G2(1), F1(3), F2(3), and G2(4) irreps. The ground states in the
G1g(0) and Hu(0) irreps are not shown on the plot, and only included in the Npw = 5 fit
in Table 4.

The final results for the scattering lengths in this work are taken from the determinant
residual method fit in Table 4 with Npw = 2 for I = 3/2 and the spectrum method fit for
I = 1/2 including all five levels

m⇡a
3/2
0 = �0.2735(81) , m⇡a

1/2
0 = 0.142(22), (4.5)

which are already given in Eq. (1). The results from this work for the Breit-Wigner param-

– 15 –

are due in part to stochastic algorithms employing Laplacian-Heaviside (LapH) smearing to
efficiently compute timeslice-to-timeslice quark propagators [48, 49] which enable definite
momentum projections of the constituent hadrons in multi-hadron interpolators and the
evaluation of all needed Wick contraction topologies. Recently, these algorithms have been
successfully applied to meson-baryon scattering amplitudes [39, 45]. Alternatively, Ref. [40]
employs sequential sources while the scattering channels in Refs. [46, 47] are chosen to avoid
same-time valence quark propagation and can be straightforwardly implemented with point-
to-all. The LapH approach has also been employed to three-meson [32, 34–38, 50–52] and
two-baryon [53, 54] amplitudes.

This work is part of an ongoing long-term project to obtain N⇡ scattering amplitudes
from lattice QCD, which requires computations using several Monte Carlo ensembles to
reach the physical pion mass and extrapolate to the continuum limit. Nucleon-pion correla-
tion functions in lattice QCD suffer from an exponential degradation in the signal-to-noise
ratio with increasing time separation, which hampers the determination of nucleon-pion
energies from the large-time asymptotics. This difficulty worsens as the quark mass is de-
creased to its physical value. One important objective of this work is to determine if the
stochastic-LapH approach of Ref. [49] is viable for computing nucleon-pion scattering am-
plitudes close to the physical values of the quark masses. Another objective is to compare
two different methods [55] of extracting the K-matrix from finite-volume energies. The
results presented here extend those of Ref. [39]. An update with increased statistics on
the same m⇡ = 280 MeV ensemble used in Ref. [39] is not included in this work due to
instabilities discovered in the gauge generation of that ensemble, as detailed in Ref. [56].

Both the total isospin I = 1/2 and I = 3/2 scattering lengths at light quark masses
corresponding to m⇡ = 200 MeV are computed in this work. The results are

m⇡a
3/2
0 = �0.2735(81) , m⇡a

1/2
0 = 0.142(22),

where the errors are statistical only. The Breit-Wigner parameters for the �(1232)-resonance
are also determined from the I = 3/2, J

P
= 3/2

+ partial wave
m�

m⇡
= 6.257(35), g�N⇡ = 14.41(53). (1.1)

Since only a single ensemble of gauge field configurations is employed, the estimation of
systematic errors due to the finite lattice size, lattice spacing, and unphysically large light
quark mass is left for future work. However, systematic errors due to the determination of
finite-volume energies, the reduced symmetries of the periodic simulation volume, and the
parametrization of the amplitudes are addressed. The methods presented here therefore
provide a step toward the lattice determination of the nucleon-pion scattering lengths at
the physical point with controlled statistical and systematic errors.

The remainder of this work is organized as follows. Sec. 2 discusses the effects of the fi-
nite spatial volume, including the corresponding reduction in symmetry and the relation be-
tween finite-volume energies and infinite-volume scattering amplitudes. Sec. 3 presents the
computational framework, including the lattice regularization and simulation, the measure-
ment of correlation functions, and the determination of the spectrum from them. Results
for the amplitudes are presented and discussed in Sec. 4, while Sec. 5 concludes.

– 3 –
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Figure 8: The center-of-mass momentum q
2
cm/m

2
⇡ for the I = 1/2 and I = 3/2 spectra together with

model values from amplitude fits employing the spectrum method with Npw = 2 partial waves for
I = 3/2. For I = 1/2, only the s-wave is included and the fit to all five points is shown.

m⇡ (MeV) m⇡a
1/2
0 m⇡a

3/2
0

Pheno. (isospin limit)[27] 140 0.1788(38) �0.0775(35)

This work 200 0.142(22) �0.2735(81)

Table 6: A comparison of our N⇡ scattering length results at m⇡ = 200 MeV with phenomenological
values in the isospin limit and predictions from leading order chiral perturbation theory. For the �PT
predictions, the first error is from uncertainties on the input parameters, ✏⇡ and µ, and the second error
is a �PT truncation uncertainty given by ✏⇡m⇡a

I
0[LO].

18

[27] Hoferichter, Ruiz de Elvira, Kubis, Meissner, PLB 760 (2016)

These results present a puzzle for SU(2) baryon PT 
the magnitude changes so dramatically from  MeV 
not expected 
convergence issue for SU(2) baryon PT?

χ

mπ ≈ 140

χ
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Convergence of  SU(2) baryon PTχ

Is the fine-tuning that is present in the low-energy NN scattering persistent as 
the up/down quark masses are changed from their physical values? 

Academic: understanding our universe in terms of  SM parameters 

Practical: for the foreseeable future, LQCD calculations of  NN interactions will require 
extrapolations from  
 
As the pion mass is changes, the appropriate EFT (power counting) might change 
 

EFT provides us with predicted pion mass dependence for observables 
Do we observe this expected pion mass dependence in LQCD results? 

If  no or yes, what does it teach us about the efficacy of  the EFT? 

mLQCD
π → mphys

π
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Can we map out the convergence pattern of  our EFTs versus ? 
LQCD results for MN and gA suggest that SU(2) baryon XPT w/out  is non-convergent
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Can we map out the convergence pattern of  our EFTs versus ? 
LQCD results for MN and gA suggest that SU(2) baryon XPT w/out  is non-convergent 
 
 
 
 
 

The flat (gA) and linear (MN) pion mass dependence indicates strong cancellations 
between orders - a sign of  breakdown 

Adding explicit  will improve convergence of  gA (large-Nc) but make MN worse 

Adding  to LQCD requires  scattering to determine all LECs 

Adding  to SU(2) PT requires adding it to NN EFT… 
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Still significant effort required for LQCD to become relevant to fundamental physics of  radioactive nuclei 
There are clear matrix elements where LQCD can provide important contributions 
We should consider the resource requirements (human and computing) when deciding what to compute 

Obtaining the NN spectrum, and hence scattering amplitudes, it is important to use momentum-space 
creation operators 

Preponderance of  evidence that NN controversy is resolved — local operators give the wrong spectrum 
with available computing resources 
In order to be relevant, we need to perform calculations @  MeV 
There are potentially significant discretization effects present in NN systems which must be accounted for 

In the single nucleon sector, we see that LQCD is having an important impact 
Nucleon axial form factor from LQCD in tension with old pheno extraction 
LQCD  leads to enhancement of   cross section 
Further progress requires new methods that will enable  
LQCD is being used to stress-test SU(2) baryon PT 
LQCD can be used to determine larger set of  LECs in -full EFT

mπ ≲ 200

FA(Q2) ≈ 30 % ν − N
N → Nπ(Δ)

χ
Δ

Outlook
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