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Motivation
Various observables — with little or no experimental data — and we’d like to know how well we can 
predict them (Uncertainty Quantification — UQ) 

neutrinoless double beta-decay ( ) 
nucleon and nuclear EDMs 
hyperon-nucleon, NNN, YNN interactions 
… 

 — what is the importance of  the short-distance contribution to the nn→pp(ee) amplitude 
Cirigliano et al. PRC   97 (2018) [1710.01729] 
Cirigliano et al. PRL 120 (2018) [1802.10097] 
Cirigliano et al. PRC 100 (2019) [1907.11254] 
 

Can we predict everything we need using just lattice QCD (LQCD)? 
 
OR - do we need to rely upon extrapolating the LQCD calculations to the physical pion mass? 

How effective are our Effective (Field) Theories (EFTs)?
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known (predictive) unknown coupling (LEC)
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Motivation
Historically — LQCD and EFT ( PT) have a very symbiotic relationship 

EFT was necessary to extrapolate LQCD results to the physical pion mass 
(and assisted with infinite volume extrapolation and continuum extrapolation) 
In turn — unknown low-energy-constants (LECs) would be determined through the extrapolation 
LECs are universal — determine them in one quantity, predict another 

< 2013 : EFT was necessary to extrapolate LQCD results to  
> 2013 : LQCD calculations carried out @  for mesons 
> 2018 : LQCD calculations carried out for simple nucleon quantities @  
               (but precision of  final result still aided by results at heavier ) 
> 202X : LQCD calculations of  two-nucleon systems carried out at  
 
                for the foreseeable future — it will be necessary to extrapolate NN results to  
                how reliable are those extrapolations? 
                does the power-counting change as a function of  ?

χ

mphys
π

mphys
π

mphys
π

mπ

mphys
π

mphys
π

mπ
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Motivation
Can we map out the convergence pattern of  our EFTs versus ? 

: MILC Collaboration has demonstrated that SU(3) XPT provides a 
qualitative, but not a precise quantitative description at  
C. Bernard, CD2015 [1510.02180] 

 [FLAG 2021] — 0.15% uncertainty 

roughly speaking:   → , ,  😱 

Relying upon SU(3) XPT to achieve this precision is not realistic… 

MB: SU(3) heavy baryon XPT (HBXPT) is not a convergent expansion @  
LHP Collaboration [0806.4549] — baryon spectrum 
PACS-CS Collaboration [0905.0962] — baryon spectrum 
NPLQCD Collaboration [0912.4243] — meson-baryon scattering lengths

mπ

mπ, mK, Fπ, FK
ms ≈ mphys

s

FK±/Fπ± = 1.1934(19)

NLO ≈ 20 % N2LO ≈ 4 % N3LO ≈ 0.8 % N4LO ≈ 0.16 %

mphys
s
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Motivation
I believe SU(2) baryon XPT (w/o ) is most likely not convergent at  

Based on LQCD results we have generated since ~2018 

What can we do with LQCD to conclusively show this is true or not? 

If  this is true — what does it mean about NN EFT (with pions) @ ? 

It seems to me, this would essentially invalidate the convergence pattern of  NN as well 

It is possible that adding explicit  degrees of  freedom (dof) will restore convergence 

Testing this requires more LQCD calculations including  

 scattering in the  resonance region  

 transition matrix elements

Δ mphys
π

mphys
π

Δ

πN Δ

N → Δ
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Motivation
Before discussing LQCD results 
 
discuss in high-level detail various extrapolations needed for LQCD 
 
this will highlight the symbiotic relationship between LQCD and EFT in general 
 
and hopefully give you a feeling for the complexities of  the systematics we aim to control
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Chiral, Continuum, Infinite Volume Extrapolations
LQCD calculations must be extrapolated to the continuum and infinite volume limits and extrapolated/
interpolated to the physical quark-mass limit (in order to compare with experiment) 

To carry out these extrapolations — very useful to define small, dimensionless parameters that 
parameterize the various effects 

useful if  the parameters are defined in terms of  quantities that can be “measured” in the calculation

 

chiral

ϵπ =
mπ

4πFπ
,       

infinite volume

δL ≈
e−mπL

(mπL)z
z =

1
2

,1,… 

continuum

ϵa =
a

2w0
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Chiral Extrapolations: ϵπ =
mπ

4πFπ

PT (and its extensions) 

systematic description of  low-energy hadronic/nuclear physics about  limit 

theoretical truncation errors scale (in principle) as  if  one has worked to  

there may be additional small/large scales that invalidate this power-counting, eg.  

all quark mass (pion mass) dependence is explicit 

Nearly all quantities of  interest are known to 1-loop order 
(loop order and -order are often not synonymous) 

Precision matrix elements: need 2-loop order 
known for most simple quantities 
unknown for some quantities of  interest (particularly involving nucleons)

χ

mπ = 0

ϵn+1
π O(ϵn

π)

Δ ≡ MΔ − MN

ϵn
π
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Infinite Volume Extrapolations: δL ≈
e−mπL

(mπL)z

Finite Volume (FV) effects are easily incorporated in PT (and its extensions) 

inherently IR effects — to large extent, separable from short-distance effects (LECs) 
ie. the leading FV corrections to observables does not depend upon (unknown) LECs 

FV effects are not universal — they depend upon the quantity 

Determined by considering  limit at finite 

χ

T → ∞ L

≈
2Bm̂l

F2 ∫
d4k

(2π)4

i
k2 − m2

π
⟶

2Bm̂l

F2 ∫
dk0

2π
1
L3 ∑⃗

k

i
(k0 − ωk)(k0 + ωk)

=
2Bm̂l

F2 [I∞(mπ) + δLI(mπ, L)]

= 2Bm̂l ϵ2
π ln ( m2

π

μ2 ) + 4∑⃗
n≠0

K1( | ⃗n |mπL)
| ⃗n |mπL

K1( | ⃗n |mπL) =
π
2

e−| ⃗n|mπL

| ⃗n |mπL
1 + O ( 1

| ⃗n |mπL )

The leading FV corrections from such pion-loop effects provides a good qualitative estimate for  
For the precision of  LQCD results for many quantities, 2-loop corrections are needed for accurate 
determination of  FV corrections — Colangelo, Durr, Haefeli, NPB721 (2005) [hep-lat/0503014]

mπL ≳ 3.5
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Continuum Extrapolations: ϵa =
a

2w0

The continuum extrapolation can be carried out in at least two ways 

1. For fixed quark mass, take the continuum limit of  a given quantity 

2. Perform a simultaneous extrapolation in  and  

In practice, 1. is challenging to carry out 

as one varies the lattice spacing, choosing input parameters that hold eg. the pion mass fixed in 
physical units requires fine-tuning 

holding the physical volume fixed is nearly impossible — small volume corrections will get mixed in 
with continuum extrapolation (which will also have small changes in the quark mass mixed in) 

For both options, the first step is what is known as the Symanzik Expansion (an EFT): 

Expand the discretized lattice action for small lattice spacing,  about the continuum limit 

organize the operators in a series expansion in powers of  

ϵπ ϵa

a,

a

ℒLQCD = a4ℒQCD +
∞

∑
n=1

a4+n c4+n O4+n(x)

Wilson coefficients

Operators of  mass-dimension 4+n
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Continuum Extrapolations: ϵa =
a

2w0

Symanzik Expansion: example of  Wilson fermions

SLQCD = a4 ∑
n

ψ̄(n)[γμDμ + m0] ψ(n) + a5 ∑
n

ψ̄(n)DμDμψ(n) + SG

Wilson Operator
Things to note: 

Wilson Operator breaks chiral symmetry 

UV momentum modes, , lead to an additive mass term that scales like  

Symanzik Expansion (after EOM to remove redundant operators) 
 
 

One fine-tunes  such that  gives a small quark mass 

One can (usually does) add an operator like  to remove the  effects 

Lorentz violation begins at : eg.  
(Lorentz symmetry is an “accidental” symmetry of  LQCD)

p ≈ π/a 1/a

m0 m0 + mc

cSW O(a)

O(a2) a2ψ̄(x)γμDμDμDμψ(x)

Dμψ(n) =
1

2a [Uμ(n)ψ(n + μ) − U†
μ(n)ψ(n − μ)]

SLQCD = ∫ d4x ψ̄(x)[γμDμ + m0 + mc] ψ(x) + a cSW ψ̄(x)σμνGμνψ(x) +
1

4g2
GμνGμν + O(a2)
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Continuum Extrapolations: ϵa =
a

2w0

Including discretization errors in PT — Sharpe and Singleton, PRD 48 (1998) [hep-lat/9804028] 

Perform Symanzik expansion for a given lattice action 

Map the operators, including higher dimensional ones into a chiral Lagrangian using spurions

χ

SLQCD = ∫ d4x ψ̄(x)[γμDμ + m0 + mc] ψ(x) + a cSW ψ̄(x)σμνGμνψ(x) +
1

4g2
GμνGμν + O(a2)

ℒχPT
a =

F2

4
Tr (DμΣDμΣ†) +

F2

4
Tr (2B0MqΣ† + (2B0Mq)†Σ) + aTr (2W0cSWΣ† + (2W0cSW)†Σ) + O(M2

q , aMq, a2)

NOTE: 

The mixed discretization - quark mass effects can be significant 

unlike quark mass effects — the LECs parameterizing discretization effects have implicit dependence 
upon the lattice spacing (  effects from radiative gluon corrections)ln(a)
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Scale Setting versus dimensionless ratios
The optimal way to perform an extrapolation is in terms of  a dimensionless quantity, formed from a ratio 
of  two dimensionful ones, if  necessary — why? 

Example of  recent scale setting I was involved in: Miller et al (CalLat) PRD 103 (2021) [2011.12166] 

Used -baryon mass, combined with what are known as a Gradient-Flow scales , Ω w0 t0
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TABLE V. The value of the lattice spacing in fm using
the interpolation of the four di↵erent determinations of the
gradient-flow scales, combined with the determination of

p
t0

and w0 at the physical point, Eq. (1.1) and Eq. (1.2) respec-
tively. Any one scheme for determining the lattice spacing can
be picked as a quark-mass independent scale setting that can
be used to convert results from dimensionless lattice units to
MeV. The di↵erent schemes will result in di↵erent approaches
to the continuum, however all choices should agree in the con-
tinuum limit.

scheme a15/fm a12/fm a09/fm a06/fm
t0,orig/a

2 0.1284(10) 0.10788(83) 0.08196(64) 0.05564(44)
t0,imp/a

2 0.1428(10) 0.11735(87) 0.08632(65) 0.05693(44)
w0,orig/a 0.1492(10) 0.12126(87) 0.08789(71) 0.05717(51)
w0,imp/a 0.1505(10) 0.12066(88) 0.08730(70) 0.05691(51)

and w0,imp/a were interpolated to the infinite volume and
physical quark mass limits for each lattice spacing, al-
lowing for the quark-mass independent determination of
a for each bare coupling �, expressed in terms of the
approximate lattice spacing, see Table V.

Of note, the approach to the continuum limit of
p

t0,origm⌦ and
p

t0,impm⌦ are quite di↵erent, Fig. 7,
with the use of

p
t0,imp leading to an almost flat con-

tinuum extrapolation. The two di↵erent extrapolations
agree quite nicely in the continuum limit, as they must if
all systematic uncertainties are under control. In con-
trast, the use of the original and improved values of
w0 leads to very similar continuum extrapolations of
w0,origm⌦ and w0,impm⌦, which also agree very nicely
in the continuum limit.

We also observe that the use of l⌦ and s⌦ as small
parameters to control the quark-mass interpolation are
relatively heavily penalized as compared to the use of
lF and sF , see Table VII for an example. We observe
the same qualitative weighting with all choices of the
gradient-flow scale. Perhaps this is an indication that
this parameterization is sub-optimal.

Our final uncertainty using w0 is dominated by the
stochastic uncertainty, Eq. (1.2), providing a clear path
to reducing the uncertainty by almost a factor of 3 be-
fore an improved understanding of the various system-
atic uncertainties becomes relevant. At such a level
of precision, a systematic study of the e↵ect of isospin
breaking on the scale setting, as has been performed by
BMWc [14], is likely required to retain full control of
the uncertainty. For

p
t0, we observe the model-selection

uncertainty is comparable to the stochastic uncertainty,
Eq. (1.1), which arises from the di↵erent ways to parame-
terize the continuum extrapolation, see Eq. (4.9). There-
fore, additional results at a . 0.06 fm will be required to
obtain a fer-per-mille precision with

p
t0.

The pursuit of our physics program of determining
the nucleon elastic structure functions and improving the
precision of our gA result [33, 34] will naturally lead to an
improved scale setting precision. The current precision
is already expected to be sub-dominant for most of the

results we will obtain, but a further improved precision
is welcome.
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tion of the heavy-quark potential which is susceptible to
fitting systematic uncertainties. More recently, the gra-
dient flow scales t0 [4] and w0 [5] have been used for
a more precise determination of the lattice spacing [6–
14]. In this case, a well-controlled extrapolation of these
quantities to the physical point is also necessary.

In this paper we present a precision scale setting for our
mixed lattice action [15] which uses Nf = 2+1+1 highly
improved, rooted staggered sea-quark (HISQ) configura-
tions generated by the MILC [16] and CalLat Collabora-
tions and Möbius Domain-Wall fermions for the valence
sector. We compute the dimensionless products

p
t0m⌦

and m⌦w0 on each ensemble and extrapolate them to the
physical point resulting in the determinations

p
t0m⌦ = 1.2051(82)s(15)�(46)a(00)V (21)phys(61)M

= 1.205(12) ,
p

t0

fm
= 0.1422(09)s(02)�(05)a(00)V (02)phys(07)M

= 0.1422(14) ,

(1.1)

w0m⌦ = 1.4483(82)s(15)�(45)a(00)V (26)phys(18)M

= 1.4483(97)
w0

fm
= 0.1709(10)s(02)�(05)a(00)V (03)phys(02)M

= 0.1709(11) ,

(1.2)

with the statistical (s), chiral (�), continuum-limit (a),
infinite volume (V ), physical-point (phys), and model se-
lection uncertainties (M).

We then perform an interpolation of the values of t0/a
2

and w0/a to the physical quark-mass limit and extrap-
olation to infinite volume which allows us to provide a
precise, quark mass independent scale setting for each
lattice spacing, with our final results in Table V. In the
following Sections we provide details of our lattice setup,
our methods for extrapolation, and our results with un-
certainty breakdown. We conclude with a discussion in
the final Section.

II. DETAILS OF THE LATTICE CALCULATION

A. MDWF on gradient-flowed HISQ

The lattice action we use is the mixed-action [20, 21]
with Möbius [22] Domain-Wall Fermions [23–25] solved
on Nf = 2 + 1 + 1 highly improved staggered quarks [26]
after they are gradient-flow smeared [27–29] (correspond-
ing to an infinitesimal stout-smearing procedure [30]) to a
flow-time of tgf/a

2 = 1 [15]. The choice to hold the flow-
time fixed in lattice units is important to ensure that as

the continuum limit is taken, e↵ects arising from finite
flow-time also extrapolate to zero.

This action has been used to compute the nucleon ax-
ial coupling, gA, with a 1% total uncertainty [31–34], the
⇡

�
! ⇡

+ matrix elements relevant to neutrinoless dou-
ble beta-decay [35] and most recently, FK/F⇡ [36]. Our
calculation of FK/F⇡ was obtained with a total uncer-
tainty of 0.4% which provides an important benchmark
for our action, as the result is consistent with other deter-
minations in the literature [8, 11, 37–44] (and the FLAG
average [1]), and also contributes to the test of the uni-
versality of lattice QCD results in the continuum limit.

Our plan to compute the axial and other elastic form
factors of the nucleon with this mixed-action, as well as
other quantities, leads to a desire to have a scale set-
ting with su�ciently small uncertainty that it does not
increase the final uncertainty of such quantities. It has
been previously observed that both w0 [5, 12] and the
omega baryon mass [14, 45–51] have mild quark mass de-
pendence and that they can be determined with high sta-
tistical precision with relatively low computational cost.
The input parameters of our action on all ensembles are
provided in Table I.

B. Correlation function construction and analysis

For the scale setting computation, we have to deter-
mine four or five quantities on each ensemble, the pion,
kaon and omega masses, the gradient-flow scale w0 and
the pion decay constant F⇡. For m⇡, mK and F⇡, we
take the values from our FK/F⇡ computation for the
18 ensembles in common. For the four new ensem-
bles in this work (a15m310L, a12m310XL, a12m220ms,
a12m180L), we follow the same analysis strategy de-
scribed in Ref. [36].

The a12m220ms ensemble is identical to a12m220 ex-
cept that the strange quark mass is roughly 60% of the
physical value rather than being near the physical value.
The a15m310L ensemble has identical input parameters
as the a15m310 ensemble but L = 24 (3.6 fm) instead
of L = 16 (2.4 fm), while the a12m310XL ensemble is
identical to the a12m310 ensemble but with L = 48
(5.8 fm) instead of L = 24 (2.9 fm). The a12m180L
and a12m310XL ensembles have a lattice volume that
is the same size as a12m130 but pion masses of roughly
m⇡ ' 180 and 310 MeV. These new ensembles provide
important lever arms for the various extrapolations. The
a12m220ms provides a unique lever arm for varying the
strange quark mass significantly from its physical value,
the a15m310L and a12m310XL provide other pion masses
where we can perform a volume study and the a12m180L
ensemble provides an additional light pion mass ensemble
to help with the physical pion mass extrapolation. The
first of these is important for this scale setting while the
latter three will be more important for future work.

The omega baryon correlation functions are con-
structed similarly to the pion and kaon. A source
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tion of the heavy-quark potential which is susceptible to
fitting systematic uncertainties. More recently, the gra-
dient flow scales t0 [4] and w0 [5] have been used for
a more precise determination of the lattice spacing [6–
14]. In this case, a well-controlled extrapolation of these
quantities to the physical point is also necessary.

In this paper we present a precision scale setting for our
mixed lattice action [15] which uses Nf = 2+1+1 highly
improved, rooted staggered sea-quark (HISQ) configura-
tions generated by the MILC [16] and CalLat Collabora-
tions and Möbius Domain-Wall fermions for the valence
sector. We compute the dimensionless products

p
t0m⌦

and m⌦w0 on each ensemble and extrapolate them to the
physical point resulting in the determinations

p
t0m⌦ = 1.2051(82)s(15)�(46)a(00)V (21)phys(61)M

= 1.205(12) ,
p

t0

fm
= 0.1422(09)s(02)�(05)a(00)V (02)phys(07)M

= 0.1422(14) ,

(1.1)

w0m⌦ = 1.4483(82)s(15)�(45)a(00)V (26)phys(18)M

= 1.4483(97)
w0

fm
= 0.1709(10)s(02)�(05)a(00)V (03)phys(02)M

= 0.1709(11) ,

(1.2)

with the statistical (s), chiral (�), continuum-limit (a),
infinite volume (V ), physical-point (phys), and model se-
lection uncertainties (M).

We then perform an interpolation of the values of t0/a
2

and w0/a to the physical quark-mass limit and extrap-
olation to infinite volume which allows us to provide a
precise, quark mass independent scale setting for each
lattice spacing, with our final results in Table V. In the
following Sections we provide details of our lattice setup,
our methods for extrapolation, and our results with un-
certainty breakdown. We conclude with a discussion in
the final Section.

II. DETAILS OF THE LATTICE CALCULATION

A. MDWF on gradient-flowed HISQ

The lattice action we use is the mixed-action [20, 21]
with Möbius [22] Domain-Wall Fermions [23–25] solved
on Nf = 2 + 1 + 1 highly improved staggered quarks [26]
after they are gradient-flow smeared [27–29] (correspond-
ing to an infinitesimal stout-smearing procedure [30]) to a
flow-time of tgf/a

2 = 1 [15]. The choice to hold the flow-
time fixed in lattice units is important to ensure that as

the continuum limit is taken, e↵ects arising from finite
flow-time also extrapolate to zero.

This action has been used to compute the nucleon ax-
ial coupling, gA, with a 1% total uncertainty [31–34], the
⇡

�
! ⇡

+ matrix elements relevant to neutrinoless dou-
ble beta-decay [35] and most recently, FK/F⇡ [36]. Our
calculation of FK/F⇡ was obtained with a total uncer-
tainty of 0.4% which provides an important benchmark
for our action, as the result is consistent with other deter-
minations in the literature [8, 11, 37–44] (and the FLAG
average [1]), and also contributes to the test of the uni-
versality of lattice QCD results in the continuum limit.

Our plan to compute the axial and other elastic form
factors of the nucleon with this mixed-action, as well as
other quantities, leads to a desire to have a scale set-
ting with su�ciently small uncertainty that it does not
increase the final uncertainty of such quantities. It has
been previously observed that both w0 [5, 12] and the
omega baryon mass [14, 45–51] have mild quark mass de-
pendence and that they can be determined with high sta-
tistical precision with relatively low computational cost.
The input parameters of our action on all ensembles are
provided in Table I.

B. Correlation function construction and analysis

For the scale setting computation, we have to deter-
mine four or five quantities on each ensemble, the pion,
kaon and omega masses, the gradient-flow scale w0 and
the pion decay constant F⇡. For m⇡, mK and F⇡, we
take the values from our FK/F⇡ computation for the
18 ensembles in common. For the four new ensem-
bles in this work (a15m310L, a12m310XL, a12m220ms,
a12m180L), we follow the same analysis strategy de-
scribed in Ref. [36].

The a12m220ms ensemble is identical to a12m220 ex-
cept that the strange quark mass is roughly 60% of the
physical value rather than being near the physical value.
The a15m310L ensemble has identical input parameters
as the a15m310 ensemble but L = 24 (3.6 fm) instead
of L = 16 (2.4 fm), while the a12m310XL ensemble is
identical to the a12m310 ensemble but with L = 48
(5.8 fm) instead of L = 24 (2.9 fm). The a12m180L
and a12m310XL ensembles have a lattice volume that
is the same size as a12m130 but pion masses of roughly
m⇡ ' 180 and 310 MeV. These new ensembles provide
important lever arms for the various extrapolations. The
a12m220ms provides a unique lever arm for varying the
strange quark mass significantly from its physical value,
the a15m310L and a12m310XL provide other pion masses
where we can perform a volume study and the a12m180L
ensemble provides an additional light pion mass ensemble
to help with the physical pion mass extrapolation. The
first of these is important for this scale setting while the
latter three will be more important for future work.

The omega baryon correlation functions are con-
structed similarly to the pion and kaon. A source

 0.64% uncertainty 
 0.66 — 0.90% uncert.

w0 :
a :

 0.98% uncertainty 
 0.70 — 0.77% uncert.
t0 :

a :

                            
the most significant uncertainty often comes from  
and it introduces a correlation between all ensembles 

aMB

a
= MB[MeV]

a

σaMB
/aMB ≈ 0.2 %



16

Scale Setting versus dimensionless ratios
If  Scale Setting introduces dominant uncertainty, what about forming a dimensionless ratio? 

 

The problem with such options is that each other quantity also depends upon the pion mass 

LECs are pion-mass independent 
we can not ignore this pion mass dependence as it would pollute our determination of  LECs 

A choice that is possibly the easiest to control the systematics for is a quantity for which we have a 
good understanding of  the chiral corrections —  (plus  and FV corrections)

w0MN,
MN

4πFπ
,

MN

MΩ
, ⋯

Fπ ϵa

Fπ = F {1 + ϵ2
π(l̄r

4 − ln ϵ2
π) + ϵ4

π ( 5
4

ln2 ϵ2
π + ( ̂cr

1F + 2)ln ϵ2
π + ̂cr

2F − 2l̄r
4)}
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Scale Setting versus dimensionless ratios
Side-bar — for this expression — Ananthanarayan, Bijnens, Ghosh, EPJC 77 (2017) [1703.00141] 
 

                     

 
we have set the dim-reg scale , which is not a static quantity   
Beane, Bedaque, Orginos, Savage, PRD 75 (2007) [hep-lat/0606023] 
 
However, corrections from this choice arise at a higher order — the NLO log induces an NNLO term 
 
We can correct for this, such that the error made does not appear until N3LO 
Miller et al., PRD102 (2020) [2005.04795] 
First, start with  
 
 
 
then LECs still defined at  

Fπ = F {1 + ϵ2
π(l̄r

4 − ln ϵ2
π) + ϵ4

π ( 5
4

ln2 ϵ2
π + ( ̂cr

1F + 2)ln ϵ2
π + ̂cr

2F − 2l̄r
4)}

μ = 4πFπ

μ = 4πF

μ = 4πF

ln
m2

π

(4πF)2
= ln ( m2

π

(4πFπ)2

F2
π

F2 ) = ln ϵ2
π + ln [1 + 2ϵ2

π(l̄r
4 − ln ϵ2

π) + O(ϵ4
π)]

= ln ϵ2
π + 2ϵ2

π(l̄r
4 − ln ϵ2

π) + O(ϵ4
π)
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Scale Setting versus dimensionless ratios
If  Scale Setting introduces dominant uncertainty, what about forming a dimensionless ratio? 

 

The problem with such options is that each other quantity also depends upon the pion mass 

LECs are pion-mass independent 
we can not ignore this pion mass dependence as it would pollute our determination of  LECs 

A choice that is possibly the easiest to control the systematics for is a quantity for which we have a 
good understanding of  the chiral corrections —  (plus  and FV corrections) 
 
 
 

Then perform simultaneous extrapolation of   

to determine LECs describing 

w0 MN,
MN

4πFπ
,

MN

MΩ
, ⋯

Fπ ϵa

MN

4πFπ
, Fπ

MN

Fπ = F {1 + ϵ2
π(l̄r

4 − ln ϵ2
π) + ϵ4

π ( 5
4

ln2 ϵ2
π + ( ̂cr

1F + 2)ln ϵ2
π + ̂cr

2F − 2l̄r
4)}
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The extrapolation of  a few quantities and tests of  convergence

 
 

 

 scattering lengths

MN
Mn − Mp

gA

πN
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 vs MN mπ

The nucleon mass is known through  in SU(2) HB PT 
McGovern, Birse PRD74 (2006) [hep-lat/0608002] 
Generically 

 

          LO         NLO                                     (2-loop) 
Note: 

 term is LEC-free (if  we take  from other results) and negative and has a large coefficient 
 term has an even larger coefficient as well  enhancement (that is negative) 

If  we study , the known chiral corrections to  contribute at , then  
(even powers of   only) 

How does this compare with LQCD results?

O(m5
π) χ

MN = M0+Λχ [−ϵ2
π 4c̄1−ϵ3

π
3πg2

A

2
+ ϵ4

π (α4 + β4 ln ϵ2
π) + ϵ5

π ( 3πg4
A

2 (1 + 4 ln ϵ2
π)+α5) + O(ϵ6

π)]
N2LO N3LO N4LO

N2LO gA
N4LO ln ϵ2

π
MN /Λχ Fπ N3LO N5LO

ϵπ

 

 

ϵπ =
mπ

4πFπ
Λχ = 4πFπ

c̄1 =
c1

4πF
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 vs MN mπ

MN = M0+Λχ [−ϵ2
π 4c̄1−ϵ3

π
3πg2

A

2
+ ϵ4

π (α4 + β4 ln ϵ2
π) + ϵ5

π ( 3πg4
A

2 (1 + 4 ln ϵ2
π)+α5) + O(ϵ6

π)]
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NNLO - mp4, with gA=1.2H1L, gDN=0
(�/)

,                  both extrapolations have good  
Ruler Fit (physical point not included):         

 is clearly too heavy to draw conclusions — how does it compare to more modern results?

mπ ≳ 300 MeV χ2/dof
MN ≃ 800 + mπ [806(14) + 0.984(49)mπ]

mπ

LOLO »NLO»»NLO» NNLONNLO

' ' ' ' ' '

0.0 0.2 0.4 0.6 0.8
0.0

0.1

0.2

0.3

0.4

0.5

mp ê H2 2 p f0L
dM

NHnL
HG
eV
L

gA=1.2H1L, gDN=0
Walker-Loud et al. (LHP) PRD79 [0806.4549]N3LO
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��� = 800 +m⇡ MeV
= 806(14) + 0.984(49) mπ

=   SU(2) 
   HBXPT

N3LO

1.300

0.850

Ruler line is the same (x-axis is not quite the same) 
Note the large  correction ( ) in new resultsamπ a2m2

π
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CalLat (under analysis)
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��� = 800 +m⇡ MeV
= 806(14) + 0.984(49) mπ

=   SU(2) 
   HBXPT

N3LO

What are the lessons? 
Nucleon mass goes up while leading non-analytic 
correction goes down —  results want small  
Need simultaneous fit of   to stabilize 
QCD seems to conspire to produce linear in  
behavior ( ) 

This requires strong cancellations between different 
orders — not a sign of  a healthy expansion 
At , the series is converging 
Adding explicit  makes the convergence worse 
non-convergent?  need more LQCD results

MN gA

MN, gA

mπ

m̂u,d

mphys
π

Δ

MN = M0+Λχ [−ϵ2
π 4c̄1−ϵ3

π
3πg2

A

2
+ ϵ4

π (α4 + β4 ln ϵ2
π) + ϵ5

π ( 3πg4
A

2 (1 + 4 ln ϵ2
π)+α5) + O(ϵ6

π)]
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 vs Mn − Mp mπ

In order to compute strong-isospin breaking quantity, like  

one can use isospin-symmetric sea-quarks and split the quark mass in the valence sector 
Tiburzi, Walker-Loud, NPA 764 (2006) [hep-lat/0501018] 
Beane, Orginos, Savage, NPB 768 (2007) [hep-lat/0605014] 
Walker-Loud, [0904.2404]

Mn − Mp
md≠mu

“Symmetric breaking of isospin symmetry”

msea
u,d = ml, mvalence

u = ml � �, mvalence
d = ml + �

Zu,d =

Z
DUµ Det(D +ml � �⇥3) e

�S[Uµ]

=

Z
DUµ Det(D +ml) det

✓
1� �2

(D +ml)2

◆
e�S[Uµ]
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Mn − Mp
md≠mu

“Symmetric breaking of isospin symmetry”

msea
u,d = ml, mvalence

u = ml � �, mvalence
d = ml + �

Zu,d =

Z
DUµ Det(D +ml � �⇥3) e

�S[Uµ]

=

Z
DUµ Det(D +ml) det

✓
1� �2

(D +ml)2

◆
e�S[Uµ] Isospin symmetric quantities:

Isospin violating quantities: O(�3)
error
error

O(�2)

de Divitiis etal  JHEP 1204 (2012)

de Divitiis etal  Phys. Rev. D87 (2013)
see also
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 vs Mn − Mp mπ

The iso-vector nucleon mass is known through  in SU(2) HB PT 
Walker-Loud [0904.2404] 

       

Compare with LQCD results, Brantley et al [1612.07733]

O(m4
π) χ

δmd−mu
MN

≡ Mn − Mp = δ {αN [1 −
6g2

A + 1
2
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π ln ϵ2

π] + βN ϵ2
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single lattice spacing 
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scale setting with  
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estimated QED corrections) 
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      65.088 

prior  “agnostically” 
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prior  from PDG 
 

   65.084   
 
 
relative weight 

gA

gA = 1.271(13) [1.271(13)]

gA
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What are the lessons? 

 

Leaving  unconstrained returns large value of   
The LQCD results prefer a large coefficient 
The LQCD results also favor HB PT over the Taylor 
(polynomial) approximation 
Definitive ruling of  one model over the other requires 
results at  

Interesting to note that this iso-vector mass is related to 
the CP-odd pion-nucleon coupling arising from a QCD 
-term

δmd−mu
MN

≡ Mn − Mp = δ αN [1 −
6g2

A + 1
2

ϵ2
π ln ϵ2

π] + βN ϵ2
π

gA gA

χ

mπ ≲ 240 MeV

θ

 vs Mn − Mp mπ
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gQCD
A = 1.2711(103)s(39)�(15)a(19)V (04)I(55)M
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The numerical results “do not like 𝜒PT”  😱
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The a12m130 (483 x 64 x 20) with 3 sources cost as much as all other ensembles combined
2.5 weekends on Sierra → 16 srcs
Now, 32 srcs (un-constrained, 3-state fit)

We generated a new a15m135XL (483 x 64) ensemble (old a15m130 is 323 x 48)
M𝜋L = 4.93  (old M𝜋L = 3.2)
L5 = 24, Nsrc = 16
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We have 2 additional pion masses (180, 260) and a 4th finer lattice spacing, a≈0.06fm @ M𝜋 ≈ 220, 310 MeV
We anticipate improving gA to ~0.5%  — we need to address the radiative QED correction to make this useful

Walker-Loud et al (CalLat) 
PoS CD2018 [1912.08321]
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convergence of  the chiral expansion…
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Worth noting - if  you use  
and force the delta-axial couplings, the value 
of  the pion-nucleon sigma term is also large 
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converging expansion - but it won’t be pretty

SU(2) HB�PT(�)
<latexit sha1_base64="JucqqZfmSJoZQdbyQUzrL4BTQ7k=">AAACEXicbZDLTsJAFIanXhFvqEtjMpGaQGJIWxe6JOiCJUYKJJSQ6XCACdNLZqYkhLDyEXwKt7pyZ9z6BC58F9vCQsE/meTL+c/JmfO7IWdSGcaXtra+sbm1ndnJ7u7tHxzmjo4bMogEBZsGPBAtl0jgzAdbMcWhFQognsuh6Y5uE785BiFZ4NfVJISORwY+6zNKVFzq5s70B7tgFXVcregOHTK9Vi/ozh1wRfRitpvLGyUjFV4FcwF5tFCtm/t2egGNPPAV5UTKtmmEqjMlQjHKYZZ1IgkhoSMygHaMPvFAXvbGLJQpdqbpRTN8EZs93A9E/HyF0+rv4SnxpJx4btzpETWUy15S/M9rR6p/05kyP4wU+HS+qB9xrAKcxIN7TABVfBIDoYLF38Z0SAShKg4xycNcvn4VGlbJvCpZ91a+XFkkk0Gn6BwVkImuURlVUQ3ZiKJH9Ixe0Kv2pL1p79rHvHVNW8ycoD/SPn8AnDmZ+Q==</latexit>

SU(2) HB�PT(�)
<latexit sha1_base64="JucqqZfmSJoZQdbyQUzrL4BTQ7k=">AAACEXicbZDLTsJAFIanXhFvqEtjMpGaQGJIWxe6JOiCJUYKJJSQ6XCACdNLZqYkhLDyEXwKt7pyZ9z6BC58F9vCQsE/meTL+c/JmfO7IWdSGcaXtra+sbm1ndnJ7u7tHxzmjo4bMogEBZsGPBAtl0jgzAdbMcWhFQognsuh6Y5uE785BiFZ4NfVJISORwY+6zNKVFzq5s70B7tgFXVcregOHTK9Vi/ozh1wRfRitpvLGyUjFV4FcwF5tFCtm/t2egGNPPAV5UTKtmmEqjMlQjHKYZZ1IgkhoSMygHaMPvFAXvbGLJQpdqbpRTN8EZs93A9E/HyF0+rv4SnxpJx4btzpETWUy15S/M9rR6p/05kyP4wU+HS+qB9xrAKcxIN7TABVfBIDoYLF38Z0SAShKg4xycNcvn4VGlbJvCpZ91a+XFkkk0Gn6BwVkImuURlVUQ3ZiKJH9Ixe0Kv2pL1p79rHvHVNW8ycoD/SPn8AnDmZ+Q==</latexit>



32

convergence of  the chiral expansion…
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Elastic nucleon-pion scattering at M𝜋 ≈ 200 MeV from lattice QCD

Various irreps used to determine the spectrum
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d ⇤ dim. contributing (2J, `)
nocc for `max = 2

(0, 0, 0) G1u 2 (1, 0)

G1g 2 (1, 1)

Hg 4 (3, 1), (5, 2)

Hu 4 (3, 2), 5, 2)

G2g 2 (5, 2)

(0, 0, n) G1 2 (1, 0), (1, 1), (3, 1), (3, 2), (5, 2)

G2 2 (3, 1), (3, 2), (5, 2)
2

(0, n, n) G 2 (1, 0), (1, 1), (3, 1)
2, (3, 2)

2, (5, 2)
3

(n, n, n) G 2 (1, 0), (1, 1), (3, 1), (3, 2), (5, 2)
2

F1 1 (3, 1), (3, 2), (5, 2)

F2 1 (3, 1), (3, 2), (5, 2)

Table 1: A list of the lowest contributing partial waves for each irrep of the finite-volume
little group ⇤ in momentum class d employed in this work. All partial waves with `  `max

for `max = 2 are shown and each partial wave is denoted by (2J, `). The superscript nocc

denotes the number of multiple occurrences (subductions) of the partial wave in the irrep.
The pattern of partial wave mixing is evidently more complicated for irreps with non-zero
total momentum.

The box matrix B
P

(Ecm) encodes the reduced symmetries of the periodic spatial vol-
ume, and is in general dense in all indices. The finite-volume energies used to constrain
K from Eq. (2.1) possess the quantum numbers associated with symmetries of the box,
namely a particular irreducible representation of the finite-volume little group for the to-
tal spatial momentum P =

2⇡
L d, with d 2 Z3. The matrices in Eq. (2.1) are therefore

block-diagonalized in the basis of finite-volume irreps, with each energy analyzed using a
single (infinite-dimensional) block. Since the subduction from infinite-volume partial waves
to finite-volume irreps is not in general one-to-one, an additional occurrence index n is
required to specify the matrix elements in each block. A particular block is denoted by the
finite-volume irrep ⇤(d2

) and a row of this irrep �. Since the spectrum is independent of
the row �, this index is henceforth omitted. For a particular block, the block-diagonalized
box-matrix is denoted B

⇤(d2)
J`n,J 0`0n0 . The block diagonalization has no effect on K̃, apart from

introducing the additional occurrence index, in which it is diagonal.
In practical applications the matrices in Eq. (2.1) are truncated to some maximum

orbital angular momentum `max. Threshold-barrier arguments ensure that at fixed Ecm

higher partial waves are suppressed by powers of qcm, but systematic errors due to finite
`max must be assessed. The expressions for all elements of B

⇤
(d

2
) relevant for this work are

given in Ref. [55], although some are present already in Ref. [63]. The occurrence pattern
of lowest-lying partial waves in the finite-volume irreps is given in Tab. 1.

Employing this formalism for nucleon-pion scattering presents additional difficulties
compared to simpler scattering processes. First, due to the non-zero nucleon spin, two
partial waves contribute for each non-zero `, one with J = ` + 1/2 and the other with

– 5 –

I=1/2

I=3/2
Note: the gray bands and 
green energy levels are 
correlated, which is not 
reflected visually in the plots
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Elastic nucleon-pion scattering at M𝜋 ≈ 200 MeV from lattice QCD

FV Spectrum to Scattering Amplitudes [Lüscher, … many others] 
 
 

     proportional to the K-matrix 

                  is the “Box Matrix” that encodes information about the finite-volume and BCs 

Solving this expression is equivalent to looking for poles in a coupled-channel scattering 
amplitude 

for a single channel 

                        p cot δ − ip = 0 ⟶ p cot δ −
1

πL
lim

Λ→∞ ∑
| ⃗n|<Λ

1

| ⃗n |2 − p2L2

4π2

− 4πΛ = 0

2 Finite-volume formalism

The Euclidean metric with which lattice QCD simulations are necessarily performed com-
plicates the determination of scattering amplitudes. It was shown long ago by Maiani and
Testa [57] that the direct application of an asymptotic formalism to Euclidean correlation
functions does not yield on-shell scattering amplitudes away from threshold. Instead, lattice
QCD computations exploit the finite spatial volume to relate scattering amplitudes to the
shift of multi-hadron energies from their non-interacting values [58]. See Ref. [59] for a more
complete investigation of the Maiani-Testa theorem, and Refs. [60, 61] for an alternative
approach to computing scattering amplitudes from Euclidean correlation functions based
on Ref. [62].

This section summarizes the relationship between finite-volume spectra and elastic
nucleon-pion scattering amplitudes. Due to the reduced symmetry of the periodic spatial
volume, this relationship is not one-to-one and generally involves a parametrization of the
lowest partial wave amplitudes with parameters constrained by a fit to the entire finite-
volume spectrum. Symmetry breaking due to the finite lattice spacing is also present, but
ignored. At fixed physical volume and quark masses, the continuum limit of the finite
volume spectrum exists and is assumed for this discussion.

For a particular total momentum P , the relationship between the finite-volume center-
of-mass energies Ecm determined in lattice QCD and elastic nucleon-pion scattering ampli-
tudes specified in the well-known K-matrix is given by the determinantal equation

det[K̃
�1

(Ecm) � B
P

(Ecm)] + O(e
�ML

) = 0 , (2.1)

where K̃ is proportional to the K-matrix and B
P

(Ecm) is the so-called box matrix. This
relationship holds below the nucleon-pion-pion threshold, up to corrections which vanish
exponentially for asymptotically large ML, where L is the side length of the cubic box
of volume L

3 and M the smallest relevant energy scale. The determinant is taken over
all scattering channels specified by total angular momentum J , the projection of J along
the z-axis mJ , and the orbital angular momentum `. For elastic nucleon-pion scattering
the total spin S = 1/2 is fixed, and therefore not indicated explicitly. The K-matrix is
diagonal in J and mJ , and, for elastic nucleon-pion scattering, additionally diagonal in `.
The K̃-matrix in Eq. (2.1) explicitly includes threshold-barrier factors which are integral
powers of qcm =

p
q2cm, with

q2cm =
E

2
cm

4
� m

2
⇡ + m

2
N

2
+

(m
2
⇡ � m

2
N)

2

4E2
cm

, (2.2)

so that K̃
�1 is smooth near the nucleon-pion threshold. Each diagonal element of K̃

is associated with a particular partial wave specified by J
P , where P is the parity, or

equivalently (2J, `), so that

K̃
�1
J`,J 0`0 = �JJ 0�``0q

2`+1
cm cot �J`(Ecm) , (2.3)

where �J`(Ecm) is the scattering phase shift.

– 4 –

<latexit sha1_base64="YsB+pzbaCtyWgscK5O+W9fI1V04=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEF1ISKeqy4KbgpoK9SBvKZDJph04mYWZSKCFP4VZX7sStD+PCd3GaZqGtBwY+/v8czpnfizlT2ra/rLX1jc2t7dJOeXdv/+CwcnTcUVEiCW2TiEey52FFORO0rZnmtBdLikOP0643uZv73SmVikXiUc9i6oZ4JFjACNZGehpoxn2a3mfDStWu2XmhVXAKqEJRrWHle+BHJAmp0IRjpfqOHWs3xVIzwmlWHiSKxphM8Ij2DQocUnXpT1mscnTT/PYMnRvTR0EkzRMa5erv4RSHSs1Cz3SGWI/VsjcX//P6iQ5u3ZSJONFUkMWiIOFIR2geBPKZpETzmQFMJDNnIzLGEhNt4iqbPJzl369C56rmXNfqD/Vqo1kkU4JTOIMLcOAGGtCEFrSBQAjP8AKvVma9We/Wx6J1zSpmTuBPWZ8/9kyVPA==</latexit>

K̃
<latexit sha1_base64="bJaS5tM2tdjqtawKnarh442IPyI=">AAACCXicbZDLSsNAFIYn9VbrLSqu3AwWoYKURIq6LIrQZQV7gTaGyWTSDp1JwsykUEKewKdwqyt34tancOG7OE270NYfBj7Ofw5nzu/FjEplWV9GYWV1bX2juFna2t7Z3TP3D9oySgQmLRyxSHQ9JAmjIWkpqhjpxoIg7jHS8Ua3U78zJkLSKHxQk5g4HA1CGlCMlC655tHNY9oXHDazyp2bE+bZmWuWraqVCy6DPYcymKvpmt99P8IJJ6HCDEnZs61YOSkSimJGslI/kSRGeIQGpKcxRJzIc39MY5mjk+aXZPBUmz4MIqFfqGBe/T2cIi7lhHu6kyM1lIvetPif10tUcO2kNIwTRUI8WxQkDKoITmOBPhUEKzbRgLCg+tsQD5FAWOnwSjoPe/H6ZWhfVO3Lau2+Vq435skUwTE4ARVggytQBw3QBC2AQQqewQt4NZ6MN+Pd+Ji1Foz5zCH4I+PzBx5kmY8=</latexit>

BP(Ecm)



36

Elastic nucleon-pion scattering at M𝜋 ≈ 200 MeV from lattice QCD [2208.03867]

FV Spectrum to Scattering Amplitudes - spectrum method comparison - resulting amplitude

I=3/2 fit using s- and p-wave 
approximation
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Elastic nucleon-pion scattering at M𝜋 ≈ 200 MeV from lattice QCD

Results for scattering lengths and effective Delta-resonance parameters

Fit Npw A1/2� g
2

M�/M⇡ A1/2+ A3/2� A5/2� �
2 dofs

SP 2 -1.56(4) 13.8(6) 6.281(16) — — — 44.38 23 � 3

DR 2 -1.57(5) 14.4(5) 6.257(36) — — — 14.91 23 � 3

SP 5 -1.53(4) 14.7(7) 6.290(18) -0.19(6) -0.46(12) 0.37(10) 30.17 25 � 6

Table 4: Results for the fits in the I = 3/2 channel. Npw is the number of partial waves
included in the fit. Two different fit forms are included, the one denoted Npw = 2 includes
only the desired partial waves, namely J

P
= 1/2

� and 3/2
+, while the one with Npw = 5

includes all s-, p-, and d-waves. For the Npw = 2 fit, results from the determinant-residual
method, denoted ‘DR’, are shown in addition to the spectrum method, denoted ‘SP’.

Fit Npw A1/2� �
2 dofs

SP 1 0.82(12) 1.68 5 � 1

DR 1 0.92(22) 1.72 5 � 1

SP 1 0.82(13) 0.79 4 � 1

Table 5: Results for fits to the I = 1/2 spectrum in Fig. 4a. Npw is the number of partial
waves included in the fit. Due to the small number of levels, all fits include only the desired
J
P

= 1/2
� partial wave. Nonetheless, the effect of the omitted p-waves is estimated by

removing the G1(4) level, which evidently has little influence on the result. ‘SP’ refers to
the spectrum method, and ‘DR’ refers to the determinant-residual method.

Fig. 4a. Full exploration of the elastic I = 1/2 spectrum likely requires additional operators
beyond the scope of this work, due to the strongly-interacting J

P
= 1/2

+ wave containing
the N(1440) Roper resonance.

The spectrum method enables an additional visualization of the quality of fits to the
finite-volume spectra. The residual is constructed using model values of q

2,QC
cm /m

2
⇡ which

depend on the parameters and can be compared with the input data from the spectrum.
Such comparisons are shown in Fig. 7 for both the I = 1/2 and I = 3/2 spectra. Although
not shown explicitly on the plot, the ground states in G1(1), G(2), G(3), and G1(4) with
I = 3/2 are sensitive to the J

P
= 3/2

+ partial wave. The `max = 0 approximation signifi-
cantly increases the �

2 for these levels. Conversely, these levels therefore place significant
constraints on the near-threshold behaviour of the 3/2

+ wave, in contrast to the higher-
lying levels in the Hg(0), G2(1), F1(3), F2(3), and G2(4) irreps. The ground states in the
G1g(0) and Hu(0) irreps are not shown on the plot, and only included in the Npw = 5 fit
in Table 4.

The final results for the scattering lengths in this work are taken from the determinant
residual method fit in Table 4 with Npw = 2 for I = 3/2 and the spectrum method fit for
I = 1/2 including all five levels

m⇡a
3/2
0 = �0.2735(81) , m⇡a

1/2
0 = 0.142(22), (4.5)

which are already given in Eq. (1). The results from this work for the Breit-Wigner param-

– 15 –

are due in part to stochastic algorithms employing Laplacian-Heaviside (LapH) smearing to
efficiently compute timeslice-to-timeslice quark propagators [48, 49] which enable definite
momentum projections of the constituent hadrons in multi-hadron interpolators and the
evaluation of all needed Wick contraction topologies. Recently, these algorithms have been
successfully applied to meson-baryon scattering amplitudes [39, 45]. Alternatively, Ref. [40]
employs sequential sources while the scattering channels in Refs. [46, 47] are chosen to avoid
same-time valence quark propagation and can be straightforwardly implemented with point-
to-all. The LapH approach has also been employed to three-meson [32, 34–38, 50–52] and
two-baryon [53, 54] amplitudes.

This work is part of an ongoing long-term project to obtain N⇡ scattering amplitudes
from lattice QCD, which requires computations using several Monte Carlo ensembles to
reach the physical pion mass and extrapolate to the continuum limit. Nucleon-pion correla-
tion functions in lattice QCD suffer from an exponential degradation in the signal-to-noise
ratio with increasing time separation, which hampers the determination of nucleon-pion
energies from the large-time asymptotics. This difficulty worsens as the quark mass is de-
creased to its physical value. One important objective of this work is to determine if the
stochastic-LapH approach of Ref. [49] is viable for computing nucleon-pion scattering am-
plitudes close to the physical values of the quark masses. Another objective is to compare
two different methods [55] of extracting the K-matrix from finite-volume energies. The
results presented here extend those of Ref. [39]. An update with increased statistics on
the same m⇡ = 280 MeV ensemble used in Ref. [39] is not included in this work due to
instabilities discovered in the gauge generation of that ensemble, as detailed in Ref. [56].

Both the total isospin I = 1/2 and I = 3/2 scattering lengths at light quark masses
corresponding to m⇡ = 200 MeV are computed in this work. The results are

m⇡a
3/2
0 = �0.2735(81) , m⇡a

1/2
0 = 0.142(22),

where the errors are statistical only. The Breit-Wigner parameters for the �(1232)-resonance
are also determined from the I = 3/2, J

P
= 3/2

+ partial wave
m�

m⇡
= 6.257(35), g�N⇡ = 14.41(53). (1.1)

Since only a single ensemble of gauge field configurations is employed, the estimation of
systematic errors due to the finite lattice size, lattice spacing, and unphysically large light
quark mass is left for future work. However, systematic errors due to the determination of
finite-volume energies, the reduced symmetries of the periodic simulation volume, and the
parametrization of the amplitudes are addressed. The methods presented here therefore
provide a step toward the lattice determination of the nucleon-pion scattering lengths at
the physical point with controlled statistical and systematic errors.

The remainder of this work is organized as follows. Sec. 2 discusses the effects of the fi-
nite spatial volume, including the corresponding reduction in symmetry and the relation be-
tween finite-volume energies and infinite-volume scattering amplitudes. Sec. 3 presents the
computational framework, including the lattice regularization and simulation, the measure-
ment of correlation functions, and the determination of the spectrum from them. Results
for the amplitudes are presented and discussed in Sec. 4, while Sec. 5 concludes.
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Compare with 𝜒PT

The formula for the scattering length are known at 4th order in the chiral expansion (w/o ) 

They are expressed in terms of  what is called scalar and vector scattering lengths 
 

At NLO, these are given by

Δ

�PT prediction at m⇡ ⇡ 200 MeV This work at RS at
Quantity NLO N2LO N3LO m⇡ ⇡ 200 MeV m

phys
⇡ [91]

m⇡a
1/2
0 0.2526(45) 0.444(10) 0.1660(93) 0.142(22) 0.1699(23)

m⇡a
3/2
0 -0.2291(46) -0.2020(63) -0.0756(98) �0.2735(81) -0.0863(17)

Table 6: Comparison of the scattering lengths predicted from SU(2) �PT using values
of LECs determined from low-energy ⇡N scattering. The values are also compared to the
Roy-Steiner analysis of experimental ⇡N scattering in Ref. [91] for a comparison with the
best phenomenological values.

scattering lengths, the isospin 1/2 and 3/2 ⇡N scattering lengths are given by

a
3/2
0 = a

+
0 � a

�
0 , a

1/2
0 = a

+
0 + 2a

�
0 . (4.8)

The values and correlations of the extracted LECs from Tables 7-9 of Ref. [91] can
then be used to predict the scattering lengths at the values of ✏⇡, µ and mN/⇤� in this
calculation with the NLO, N2LO and N3LO formulae. The value of d̄18 is taken from
Eq. (10) of Ref. [92]. The values of the input parameters from this D200 ensemble are

✏
D200
⇡ = 0.1759(12) , µ

D200
= 0.2102(19) ,

✓
mN

⇤�

◆D200

= 0.8368(72) . (4.9)

The value of aF⇡ = af⇡/
p

2 is used from Table 2 and a value of gA = 1.289 was used to
be consistent with Ref. [20]. Alternatively, gA could be taken at the value of ✏

D200
⇡ from

Ref. [19] (gA ⇡ 1.255), but this leads to a change within the quoted uncertainties, which is
not suprising given the very mild pion mass dependence of gA. The LECs C, D, etc. were
determined with those from Ref. [91] and the physical nucleon mass.

In Table 6, we compare the predicted values from SU(2) �PT using the LECs and
correlations determined at various orders in the chiral expansion with those determined
in this work. As can be seen, the �PT prediction does not agree well with our results
for any order in the chiral expansion. The expansion for m⇡a

1/2
0 has an erratic behavior

and the expansion for m⇡a
3/2
0 moves monotonically away from the value determined in this

analysis. It is curious that at m⇡ ⇡ 200 MeV, the N3LO prediction is consistent with the
best determination of the scattering lengths from the Roy-Steiner (RS) analysis of Ref. [91].
In contrast, as noted in Ref. [92], at the physical pion mass, the �PT predictions approach
the RS results at N2LO, but then diverge with the N3LO expansion. This discrepancy can
be reconciled to a large extent by including explicit � degrees of freedom [20].

With results at only a single pion mass, we can not infer what the source of the
discrepancy between the lattice results and the expectations from �PT are. It will be very
interesting to try and understand this discrepancy with lattice QCD ⇡N scattering results
at lighter values of the pion mass.

5 Conclusion

This work presented a computation of the lowest partial waves for the elastic nucleon-pion
scattering amplitude on a single ensemble of gauge configurations with m⇡ = 200 MeV.
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Figure 9: Comparison of results from this work to previous lattice calculations. Top left: the Breit-
Wigner mass m�. Bottom left: the coupling g�N⇡ from leading-order effective field theory. Top right:
the N⇡ isodoublet scattering length m⇡a

1/2
0 in terms of the pion mass. Bottom right: the N⇡ isoquartet

scattering length m⇡a
3/2
0 . Prior results are indicated by ‘Anderson et al. 2018’ [40], ‘Silvi et al. 2021’

[82], ‘Fukugita et al. 1995’ [42], and ‘Lang and Verduci 2012’ [39]. Physical point values are obtained
using Refs. [92–94].

the physical point are in reasonable agreement with the phenomenological values, lying
within one sigma of the estimated �PT truncation uncertainty. With only one pion
mass available in this work, the reasons for the discrepancy of our results with LO �PT
cannot be ascertained. Interestingly, our scattering length results can be described at
next-to-leading order (NLO) using a single LEC. At NLO, one finds
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2
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where ⇤� = 4⇡F⇡ and we have defined the dimensionless LEC

C = mN (2c1 � c2 � c3) , (21)

in terms of the ci LECs in the baryon chiral Lagrangian [95]. The scattering lengths in
this work can be described by these NLO formulae if C is in the range 0.6-0.7. The NLO
phenomenological determination finds a value of C ⇡ 0.3, which is not significantly differ-
ent from that needed to describe our results. However, the phenomenological extraction
of the LECs in Ref. [88] is clouded by issues related to the � degrees of freedom [20] and is
not stable until at least next-to-next-to-next-to-leading order (N3LO) [88]. When results
at additional pion masses, particularly lighter ones, become available, a more thorough
understanding of the pion mass dependence of the scattering lengths can be achieved and
a more quantitative comparison with the results from the phenomenological analysis and
�PT can be performed.
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C = MN(2c1 − c2 − c3)

ϵπ =
mπ
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Figure 7: Scattering phase shift of the I = 3/2, J
P

= 3/2
+ partial wave containing the �(1232)

resonance. The curve is obtained from a fit of the finite-volume energies shown in the lower panel using
Eq. (3) and a Breit-Wigner form. The energies are computed on the single Nf = 2 + 1 lattice QCD
gauge field ensemble with a = 0.065 fm and m⇡ = 200 MeV described in Table 2. Levels used in the fit
are shown in the lower panel, similar to Figs. 5 and 6, but no data points are shown in the upper panel
to more clearly show the final fit form.

These scattering lengths are known to fourth order in the baryon chiral expansion [89–
91] and expressed in Appendix F of Ref. [88] and Ref. [92] in a form convenient for
extrapolating LQCD results. In terms of the s-wave a

±
0 scattering lengths, the isospin

1/2 and 3/2 ⇡N scattering lengths are given by
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At leading order (LO), the scattering lengths are free of LECs and given by
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The values of these input parameters on D200 and at the physical (charged) pion mass
are

✏
D200
⇡

= 0.1759(12), µ
D200

= 0.2102(19),

✏
phys
⇡

= 0.12064(74), µ
phys

= 0.14875(05) . (19)

A comparison of our results with the LO �PT predictions and phenomenological
values in the isospin limit from Ref. [27] is presented in Table 6. Not only do our results
disagree with LO �PT, but we also find the magnitude of m⇡a

3/2
0 exceeds that of m⇡a

1/2
0 ,

in conflict with both LO �PT and phenomenology. Note that the LO �PT predictions at
17
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Compare with 𝜒PT

The formula for the scattering length are known at 4th order in the chiral expansion (w/o ) 

They are expressed in terms of  what is called scalar and vector scattering lengths 
 

At NLO, these are given by

Δ

�PT prediction at m⇡ ⇡ 200 MeV This work at RS at
Quantity NLO N2LO N3LO m⇡ ⇡ 200 MeV m

phys
⇡ [91]

m⇡a
1/2
0 0.2526(45) 0.444(10) 0.1660(93) 0.142(22) 0.1699(23)

m⇡a
3/2
0 -0.2291(46) -0.2020(63) -0.0756(98) �0.2735(81) -0.0863(17)

Table 6: Comparison of the scattering lengths predicted from SU(2) �PT using values
of LECs determined from low-energy ⇡N scattering. The values are also compared to the
Roy-Steiner analysis of experimental ⇡N scattering in Ref. [91] for a comparison with the
best phenomenological values.
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The values and correlations of the extracted LECs from Tables 7-9 of Ref. [91] can
then be used to predict the scattering lengths at the values of ✏⇡, µ and mN/⇤� in this
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Ref. [19] (gA ⇡ 1.255), but this leads to a change within the quoted uncertainties, which is
not suprising given the very mild pion mass dependence of gA. The LECs C, D, etc. were
determined with those from Ref. [91] and the physical nucleon mass.

In Table 6, we compare the predicted values from SU(2) �PT using the LECs and
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best determination of the scattering lengths from the Roy-Steiner (RS) analysis of Ref. [91].
In contrast, as noted in Ref. [92], at the physical pion mass, the �PT predictions approach
the RS results at N2LO, but then diverge with the N3LO expansion. This discrepancy can
be reconciled to a large extent by including explicit � degrees of freedom [20].

With results at only a single pion mass, we can not infer what the source of the
discrepancy between the lattice results and the expectations from �PT are. It will be very
interesting to try and understand this discrepancy with lattice QCD ⇡N scattering results
at lighter values of the pion mass.

5 Conclusion

This work presented a computation of the lowest partial waves for the elastic nucleon-pion
scattering amplitude on a single ensemble of gauge configurations with m⇡ = 200 MeV.
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Figure 9: Comparison of results from this work to previous lattice calculations. Top left: the Breit-
Wigner mass m�. Bottom left: the coupling g�N⇡ from leading-order effective field theory. Top right:
the N⇡ isodoublet scattering length m⇡a

1/2
0 in terms of the pion mass. Bottom right: the N⇡ isoquartet

scattering length m⇡a
3/2
0 . Prior results are indicated by ‘Anderson et al. 2018’ [40], ‘Silvi et al. 2021’

[82], ‘Fukugita et al. 1995’ [42], and ‘Lang and Verduci 2012’ [39]. Physical point values are obtained
using Refs. [92–94].

the physical point are in reasonable agreement with the phenomenological values, lying
within one sigma of the estimated �PT truncation uncertainty. With only one pion
mass available in this work, the reasons for the discrepancy of our results with LO �PT
cannot be ascertained. Interestingly, our scattering length results can be described at
next-to-leading order (NLO) using a single LEC. At NLO, one finds
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where ⇤� = 4⇡F⇡ and we have defined the dimensionless LEC

C = mN (2c1 � c2 � c3) , (21)

in terms of the ci LECs in the baryon chiral Lagrangian [95]. The scattering lengths in
this work can be described by these NLO formulae if C is in the range 0.6-0.7. The NLO
phenomenological determination finds a value of C ⇡ 0.3, which is not significantly differ-
ent from that needed to describe our results. However, the phenomenological extraction
of the LECs in Ref. [88] is clouded by issues related to the � degrees of freedom [20] and is
not stable until at least next-to-next-to-next-to-leading order (N3LO) [88]. When results
at additional pion masses, particularly lighter ones, become available, a more thorough
understanding of the pion mass dependence of the scattering lengths can be achieved and
a more quantitative comparison with the results from the phenomenological analysis and
�PT can be performed.
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(a) The I = 1/2 spectrum compared with model values.

(b) The I = 3/2 spectrum compared with model values.

Figure 8: The center-of-mass momentum q
2
cm/m

2
⇡ for the I = 1/2 and I = 3/2 spectra together with

model values from amplitude fits employing the spectrum method with Npw = 2 partial waves for
I = 3/2. For I = 1/2, only the s-wave is included and the fit to all five points is shown.

m⇡ (MeV) m⇡a
1/2
0 m⇡a

3/2
0

This work 200 0.142(22) �0.2735(81)

LO �PT 200 0.321(04)(57) �0.161(02)(28)

LO �PT 140 0.159(02)(19) �0.080(01)(10)

Pheno. (isospin limit)[27] 140 0.1788(38) �0.0775(35)

Table 6: A comparison of our N⇡ scattering length results at m⇡ = 200 MeV with phenomenological
values in the isospin limit and predictions from leading order chiral perturbation theory. For the �PT
predictions, the first error is from uncertainties on the input parameters, ✏⇡ and µ, and the second error
is a �PT truncation uncertainty given by ✏⇡m⇡a

I
0[LO].
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Outlook
There is a growing body of  LQCD evidence that SU(2) baryon PT is not converging @  

nucleon mass: convergent — adding  may make it marginally convergent 
: not convergent — adding  may make it convergent 
 scattering lengths: seemingly very different @  than @  

We are gearing up to perform LQCD calculations with -dof  to be able to determine all relevant LECs with 
LQCD results and not have to rely upon phenol-extractions 

This will likely take 2-3 years 
This will enable a QCD determination of  the convergence pattern of  SU(2) baryon PT ( ) 

What additional observables/tests would you like to see to settle this convergence/non-convergence of  SU(2) 
baryon PT? 

If  SU(2) baryon PT is non-convergent — what does this mean about NN EFT with dynamical pions? 
It seems to me that this would invalidate a critical foundation of  “chiral EFT” 

We (the community) often present EFT as better than models 
This is true — provided the EFT is converging fast enough (if  at all) 
LQCD is maturing to the point where we can really map out the convergence pattern/radius of  nuclear EFTs 
This scrutiny is essential for us to truly quantify our EFT uncertainties

χ mphys
π

Δ
gA Δ
πN mπ ≈ 200 MeV mphys

π

Δ

χ Δ

χ

χ



Thank You



42

Collaborators
CoSMoN 

(Connecting the Standard Model to Nuclei) 
(postdoc, grad student, undergrad) 

Grant Bradley 
John Bulava 
Kate Clark 
Zack Hall 
Andrew Hanlon 
Jinchen He 
Ben Hörz 
Dean Howarth 
Bálint Joó 
Aaron Meyer 
Henry Monge-Camacho 
Colin Morningstar 
Joseph Moscoso 
Amy Nicholson 
Fernando Romero-López 
Andrea Shindler 
Sarah Skinner 
Pavlos Vranas 
André Walker-Loud 
Daniel Xing 
Yizhou Zhai

Brown University 
DESY 

NVIDIA 
University of  North Carolina Chapel Hill 

Brookhaven National Laboratory 
University of  Maryland College Park 

INTEL 
Lawrence Berkeley National Laboratory 

Oak Ridge National Laboratory 
Lawrence Livermore National Laboratory/NTN 

Oak Ridge National Laboratory 
Carnegie Mellon University 

University of  North Carolina Chapel Hill 
University of  North Carolina Chapel Hill 

MIT 
UC Berkeley / Aachen 

Carnegie Mellon University 
Lawrence Livermore National Laboratory 

Lawrence Berkeley National Laboratory 
University of  California Berkeley 
University of  California Berkeley

Bárbara Cid-Mora 
Jeremy Green 
R. Jamie Hudspith 
M. Padmanath 
Parikshit Junnarkar 
Nolan Miller 
Daniel Mohler 
Srijit Paul 
Hartmut Wittig

BaSc 
(Baryon Scattering) 

(postdoc, grad student, undergrad) 

GSI 
DESY 

GSI 
IMSc, Chennai 

Darmstadt 
University of  Mainz 

GSI 
University of  Edinburgh 

University of  Mainz


