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Outline

CalLat Collaboration 

Why not?  
Summit at OakRidge Leadership Computing Facility and Lassen at LLNL 
The last few years 
Lattice QCD 

Lattice QCD brief  intro 
Feynman-Hellmann Method versus Direct Method 
Our results
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What?
We are computing the scalar quark condensation in the nucleon 
 
 
 

We are also interested in the strange and charm scalar condensation in the nucleon 
 
 
 

I will focus on the light-quark matrix elements in this talk

<latexit sha1_base64="P53iks1rmog//c7g1VM98vUS+bw="></latexit>

�⇡N = hN |muūu+mdd̄d|Ni = hN |m̂(ūu+ d̄d)|Ni
<latexit sha1_base64="0QbeSsRSxxqXOvO6fCQ9BRlCqWA=">AAACEnicbZDLSgMxFIYz9VbrrepSkGARBKXMlKJuhKIblxXsBdphyGQybWiSGZJMoQyz8xF8Cre6cidufQEXvotpOwut/hD4OP85nJzfjxlV2rY/rcLS8srqWnG9tLG5tb1T3t1rqyiRmLRwxCLZ9ZEijArS0lQz0o0lQdxnpOOPbqZ+Z0ykopG415OYuBwNBA0pRtqUvPJhf4h0yjN4BfuhRDjlXgJPIfeCLK1lJa9csav2TPAvODlUQK6mV/7qBxFOOBEaM6RUz7Fj7aZIaooZyUr9RJEY4REakJ5BgThRZ8GYxmqGbjo7KYPHxgxgGEnzhIaz6s/hFHGlJtw3nRzpoVr0psX/vF6iw0s3pSJONBF4vihMGNQRnOYDAyoJ1mxiAGFJzbchHiKTjDYpTvNwFq//C+1a1Tmv1u/qlcZ1nkwRHIAjcAIccAEa4BY0QQtg8ACewDN4sR6tV+vNep+3Fqx8Zh/8kvXxDZ7mnQM=</latexit>

m̂ =
mu +md

2
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6

Why?
This workshop — how does the proton mass emerge from QCD? 
 
 
 
 
 
 
 
 
 
 
 

NOTE: I have not specified what quark flavors I am summing over… 
              certainly, we have no hope to compute the light and strange matrix elements w/o LQCD 
              the charm content is well estimated by pQCD — but — we might be hyper-sensitive to it

<latexit sha1_base64="VpfX70Vo9jpl/LPQOy3OeKhZUvk="></latexit>
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2g
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X

q
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X

q

hN |mq ̄q q|Ni

RG Invariant 
Unambiguous

RG Invariant 
Unambiguous 
How do I define this term 
non-perturbatively?
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Why?
Prospective scattering of  Dark Matter off  matter is sensitive to these matrix elements 
 
 
 
 
 
 
 

These scalar current matrix elements are difficult to measure experimentally 
fu,d:  can be estimated from pion-nucleon scattering 
fs    :  no good way to estimate (it turns out) - SU(3) Baryon XPT does not converge 
 

“Perfect” problem for LQCD

uu

d

proton

Dark Matter

H0

� � |f |2 f =
2

9
+

7

9

X

q=u,d,s

fq fq � ⇥N |mq q̄q|N⇤
mN see eg. Cheung, Hall, Pinner, Ruderman

 JHEP 05 (2013) 100 [arXiv:1211.4873]
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Why?
Uncertainty was dominated by strange content 
value was estimated using SU(3) baryon Chiral Perturbation Theory (XPT)

figure adapted from Cheung, Hall, Pinner, Ruderman 
JHEP 05 (2013) 100 [arXiv:1211.4873]
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Why?
LQCD
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Junnarkar & Walker-Loud 
PRD 87 (2013) [arXiv:1301.1114]

FLAG
[arXiv:2111.09849]
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�s =
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52.9± 7.0 MeV Nf = 2 + 1
41.0± 8.8 MeV Nf = 2 + 1 + 1
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Why?
Uncertainty was dominated by strange content 
value was estimated using SU(3) baryon Chiral Perturbation Theory (XPT)

figure adapted from Cheung, Hall, Pinner, Ruderman 
JHEP 05 (2013) 100 [arXiv:1211.4873]

Uncertainty is now sensitive to 
light-quark matrix element 
 
and heavy? 
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Why?
Light-quark matrix element

LQCD 
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BMWc: Borsanyi et al
[arXiv:2007.03319]

Is the tension due to LQCD systematics? 
Mpi extrapolation?   
Excited states?
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Why?
The charm content may be particularly interesting

Hill & Solon
PRL 112 (2014) [arXiv:1309.4092]

WIMP Dark Matter scattering through HIGGS 
portal 

heavy WIMP (integrate out to SMEFT) 
cancellation between spin-0 and spin-2 gluon 
contributions to spin-independent (SI) cross 
section 
Normally - one would not need to precisely 
know a heavy quark matrix element 
Depending upon precise value of charm content, 
SI cross section can drop below “neutrino-floor”
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<latexit sha1_base64="boEOpv+/wgedGQBH8dOkWPsgJvc=">AAACD3icbZDLSsNAFIYn9VbrLeqym8EiVJCSlKIui250V9FeoIlhMp22Q2eSMDMplJCFj+BTuNWVO3HrI7jwXZymXWjrDwMf5z+HM+f3I0alsqwvI7eyura+kd8sbG3v7O6Z+wctGcYCkyYOWSg6PpKE0YA0FVWMdCJBEPcZafujq6nfHhMhaRjcq0lEXI4GAe1TjJQueWbRkXTAkZc4gsO7m7ScAebpQ/XEM0tWxcoEl8GeQwnM1fDMb6cX4piTQGGGpOzaVqTcBAlFMSNpwYkliRAeoQHpagwQJ/K0N6aRzNBNsntSeKzNHuyHQr9Awaz6ezhBXMoJ93UnR2ooF71p8T+vG6v+hZvQIIoVCfBsUT9mUIVwGg7sUUGwYhMNCAuqvw3xEAmElY6woPOwF69fhla1Yp9Vare1Uv1ynkweFMERKAMbnIM6uAYN0AQYPIJn8AJejSfjzXg3PmatOWM+cwj+yPj8AfGJnCk=</latexit> �
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hN |mcc̄c|Ni(MeV)
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How?
Lattice QCD is “perfect” tool to compute these scalar quark matrix elements 

Two ways to perform the calculation 
Direct method: matrix element 

Indirect method: Feynman-Hellmann Theorem
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LQCD allows us to compute Euclidean space, 
finite volume,  correlation functions 
 
Non-trivial numerical analysis (and sometimes 
formalism) to extract spectrum, matrix 
elements, form factors, …

NOTE:
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What does it mean to have a LQCD result?
continuum limit 
need 3 or more  
lattice spacings

infinite volume limit

physical pion masses 
exponentially bad  

signal-to-noise problem

tcomp / V 5/4
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V = N3
L ⇥NT

<latexit sha1_base64="x8mfGtXy1NinVZFKLkyCJKkB0AE=">AAACB3icbVDLSsNAFJ34rPUVHzs3g0VwISVRQV0IRTcuRCo0baGNYTKZtkMnkzAzKdTQH/Ar3OrKlbj1M1z4L07TLLT1wMC559zLnXv8mFGpLOvLmJtfWFxaLqwUV9fWNzbNre26jBKBiYMjFommjyRhlBNHUcVIMxYEhT4jDb9/PfYbAyIkjXhNDWPihqjLaYdipLTkmbt1eAnvvNuHE9hWNCRSFzXPLFllKwOcJXZOSiBH1TO/20GEk5BwhRmSsmVbsXJTJBTFjIyK7USSGOE+6pKWphzpRUfBgMYyo26aHTKCB9oMYCcS+nEFM/X3cIpCKYehrztDpHpy2huL/3mtRHXO3ZTyOFGE48miTsKgiuA4FRhQQbBiQ00QFlR/G+IeEggrnV1R52FPXz9LnOPyRdm+Py1VrvJgCmAP7INDYIMzUAE3oAocgMEjeAYv4NV4Mt6Md+Nj0jpn5DM74A+Mzx9SyZgL</latexit><latexit sha1_base64="x8mfGtXy1NinVZFKLkyCJKkB0AE=">AAACB3icbVDLSsNAFJ34rPUVHzs3g0VwISVRQV0IRTcuRCo0baGNYTKZtkMnkzAzKdTQH/Ar3OrKlbj1M1z4L07TLLT1wMC559zLnXv8mFGpLOvLmJtfWFxaLqwUV9fWNzbNre26jBKBiYMjFommjyRhlBNHUcVIMxYEhT4jDb9/PfYbAyIkjXhNDWPihqjLaYdipLTkmbt1eAnvvNuHE9hWNCRSFzXPLFllKwOcJXZOSiBH1TO/20GEk5BwhRmSsmVbsXJTJBTFjIyK7USSGOE+6pKWphzpRUfBgMYyo26aHTKCB9oMYCcS+nEFM/X3cIpCKYehrztDpHpy2huL/3mtRHXO3ZTyOFGE48miTsKgiuA4FRhQQbBiQ00QFlR/G+IeEggrnV1R52FPXz9LnOPyRdm+Py1VrvJgCmAP7INDYIMzUAE3oAocgMEjeAYv4NV4Mt6Md+Nj0jpn5DM74A+Mzx9SyZgL</latexit><latexit sha1_base64="x8mfGtXy1NinVZFKLkyCJKkB0AE=">AAACB3icbVDLSsNAFJ34rPUVHzs3g0VwISVRQV0IRTcuRCo0baGNYTKZtkMnkzAzKdTQH/Ar3OrKlbj1M1z4L07TLLT1wMC559zLnXv8mFGpLOvLmJtfWFxaLqwUV9fWNzbNre26jBKBiYMjFommjyRhlBNHUcVIMxYEhT4jDb9/PfYbAyIkjXhNDWPihqjLaYdipLTkmbt1eAnvvNuHE9hWNCRSFzXPLFllKwOcJXZOSiBH1TO/20GEk5BwhRmSsmVbsXJTJBTFjIyK7USSGOE+6pKWphzpRUfBgMYyo26aHTKCB9oMYCcS+nEFM/X3cIpCKYehrztDpHpy2huL/3mtRHXO3ZTyOFGE48miTsKgiuA4FRhQQbBiQ00QFlR/G+IeEggrnV1R52FPXz9LnOPyRdm+Py1VrvJgCmAP7INDYIMzUAE3oAocgMEjeAYv4NV4Mt6Md+Nj0jpn5DM74A+Mzx9SyZgL</latexit><latexit sha1_base64="x8mfGtXy1NinVZFKLkyCJKkB0AE=">AAACB3icbVDLSsNAFJ34rPUVHzs3g0VwISVRQV0IRTcuRCo0baGNYTKZtkMnkzAzKdTQH/Ar3OrKlbj1M1z4L07TLLT1wMC559zLnXv8mFGpLOvLmJtfWFxaLqwUV9fWNzbNre26jBKBiYMjFommjyRhlBNHUcVIMxYEhT4jDb9/PfYbAyIkjXhNDWPihqjLaYdipLTkmbt1eAnvvNuHE9hWNCRSFzXPLFllKwOcJXZOSiBH1TO/20GEk5BwhRmSsmVbsXJTJBTFjIyK7USSGOE+6pKWphzpRUfBgMYyo26aHTKCB9oMYCcS+nEFM/X3cIpCKYehrztDpHpy2huL/3mtRHXO3ZTyOFGE48miTsKgiuA4FRhQQbBiQ00QFlR/G+IeEggrnV1R52FPXz9LnOPyRdm+Py1VrvJgCmAP7INDYIMzUAE3oAocgMEjeAYv4NV4Mt6Md+Nj0jpn5DM74A+Mzx9SyZgL</latexit>

Slide adapted from E. Berkowitz
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LQCD: 2 point functions
0tsep

<latexit sha1_base64="tPVYBEtLb824aAbl21MWaoCeCYs="></latexit>

C(t,p) =
X

x

e
�ip·xh⌦|O(t,x)O†(0,0)|⌦i

<latexit sha1_base64="dynFHx62JyicErOmqslfyNMzg9k="></latexit>

C(t) =
X

x

h⌦|O(t,x)O†(0,0)|⌦i

=
X

x

h⌦|eĤt
O(0,x)e�Ĥt

O
†(0,0)|⌦i

=
X

n

X

x

h⌦|eĤt
O(0,x)e�Ĥt|nihn|O†(0,0)|⌦i

=
X

n

e
�Ent

X

x

h⌦|O(0,x)|nihn|O†(0,0)|⌦i

=
X

n

e
�En(p=0)th⌦|O(0)|n,p = 0ihn,p = 0|O†(0)|⌦i

=
X

n

e
�Entznz

†
n

<latexit sha1_base64="OlKRzGVdbm9i16gT33B1HrdRT3g=">AAACEnicbZBNS8MwGMdTX+d8q3oUJDgEDzJaGepFGHrxOMG9wFpKmqZbWJqWJB2Mbjc/gp/Cq568iVe/gAe/i1nXg24+EPLj/38ekufvJ4xKZVlfxtLyyuraemmjvLm1vbNr7u23ZJwKTJo4ZrHo+EgSRjlpKqoY6SSCoMhnpO0Pbqd+e0iEpDF/UKOEuBHqcRpSjJSWPPPIhtfQkWnkcTjmjkC8x4jD8gvysWdWrKqVF1wEu4AKKKrhmd9OEOM0IlxhhqTs2lai3AwJRTEjk7KTSpIgPEA90tXIUUTkWTCkiczRzfKVJvBEmwEMY6EPVzBXfw9nKJJyFPm6M0KqL+e9qfif101VeOVmlCepIhzPHgpTBlUMp/nAgAqCFRtpQFhQ/W2I+0ggrHSKZZ2HPb/9IrTOq/ZFtXZfq9RvimRK4BAcg1Ngg0tQB3egAZoAg0fwDF7Aq/FkvBnvxsesdckoZg7AnzI+fwA4BJ1s</latexit>

1 =
X

n

|nihn|

time-evolve operator

multiply by 1,

focus on 0-momentum

define vacuum to have 0-energy

sum of  exponentials
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LQCD: 2 point functions 0tsep

<latexit sha1_base64="uwyabEJRdHTH/Ca01lCKZMoK/pY="></latexit>

me↵(t) = ln

✓
C(t)

C(t+ 1)

◆
�!|{z}

large t

E0 +
X

n>0

rn
�
e��n0t � e��n0t+1

�<latexit sha1_base64="yzprx8ez5kzTuUGpS2HTuLE+Js0="></latexit>

C(t,p = 0) =
X

x

h⌦|N(t,x)N†(0,0)|⌦i

= A0e
�E0t

 
1 +

X

n>0

rne
��n0t

!

<latexit sha1_base64="6HdRbRXEUFeDJUaZUePd8U2iALQ=">AAACC3icbZDLSsNAFIYn9VbrLerChZvBIrjQkkhRN0LxAi4r2Au0IUwmk3boZBJmJoUS8gg+hVtduRO3PoQL38VpmoVWD8zw8f/nMHN+L2ZUKsv6NEoLi0vLK+XVytr6xuaWub3TllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43up76nTERkkb8QU1i4oRowGlAMVJacs29/g1hCrkptzJ4CW9dDk/0bblm1apZecG/YBdQBUU1XfOr70c4CQlXmCEpe7YVKydFQlHMSFbpJ5LECI/QgPQ0chQSeeyPaSxzdNJ8lwweatOHQST04Qrm6s/hFIVSTkJPd4ZIDeW8NxX/83qJCi6clPI4UYTj2UNBwqCK4DQY6FNBsGITDQgLqr8N8RAJhJWOr6LzsOe3/wvt05p9Vqvf16uNqyKZMtgHB+AI2OAcNMAdaIIWwCADT+AZvBiPxqvxZrzPWktGMbMLfpXx8Q32jplN</latexit>

�n0 = En � E0

NOTE: if  the creation operator is 
conjugate to the annihilation operator

<latexit sha1_base64="AFNjR6kbnUtzDznULNXH/sU8hLE=">AAAB/HicbZDLSsNAFIZP6q3WW9Wlm8EiuJCSSFGXRTcuK9gLtqFMJpN26GQSZyaFEupTuNWVO3Hru7jwXZymWWjrgYGP/z+Hc+b3Ys6Utu0vq7Cyura+UdwsbW3v7O6V9w9aKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZGNzO/PaZSsUjc60lM3RAPBAsYwdpID7IvUG9AH5HdL1fsqp0VWgYnhwrk1eiXv3t+RJKQCk04Vqrr2LF2Uyw1I5xOS71E0RiTER7QrkGBQ6rO/DGLVYZumh0/RSfG9FEQSfOERpn6ezjFoVKT0DOdIdZDtejNxP+8bqKDKzdlIk40FWS+KEg40hGaJYF8JinRfGIAE8nM2YgMscREm7xKJg9n8ffL0DqvOhfV2l2tUr/OkynCERzDKThwCXW4hQY0gYCAZ3iBV+vJerPerY95a8HKZw7hT1mfP3eNlNc=</latexit>

rn � 0
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but… signal-to-noise - can not simply “wait till long time” to get ground state (g.s.)

LQCD: 2 point functions 0tsep

<latexit sha1_base64="uwyabEJRdHTH/Ca01lCKZMoK/pY="></latexit>

me↵(t) = ln

✓
C(t)

C(t+ 1)

◆
�!|{z}

large t

E0 +
X

n>0

rn
�
e��n0t � e��n0t+1

�<latexit sha1_base64="yzprx8ez5kzTuUGpS2HTuLE+Js0="></latexit>

C(t,p = 0) =
X

x

h⌦|N(t,x)N†(0,0)|⌦i

= A0e
�E0t

 
1 +

X

n>0

rne
��n0t

!

<latexit sha1_base64="6HdRbRXEUFeDJUaZUePd8U2iALQ=">AAACC3icbZDLSsNAFIYn9VbrLerChZvBIrjQkkhRN0LxAi4r2Au0IUwmk3boZBJmJoUS8gg+hVtduRO3PoQL38VpmoVWD8zw8f/nMHN+L2ZUKsv6NEoLi0vLK+XVytr6xuaWub3TllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43up76nTERkkb8QU1i4oRowGlAMVJacs29/g1hCrkptzJ4CW9dDk/0bblm1apZecG/YBdQBUU1XfOr70c4CQlXmCEpe7YVKydFQlHMSFbpJ5LECI/QgPQ0chQSeeyPaSxzdNJ8lwweatOHQST04Qrm6s/hFIVSTkJPd4ZIDeW8NxX/83qJCi6clPI4UYTj2UNBwqCK4DQY6FNBsGITDQgLqr8N8RAJhJWOr6LzsOe3/wvt05p9Vqvf16uNqyKZMtgHB+AI2OAcNMAdaIIWwCADT+AZvBiPxqvxZrzPWktGMbMLfpXx8Q32jplN</latexit>

�n0 = En � E0

0.715

0.720

0.725

0.730

0.735

0.740

0.745

E
0

a09m135

ns = 1 2 3 4 5

0

1

Q

5 6 7 8 9 10 11 12 13 14 15 16 17 18 19

tmin

0

1
w

n
s

0 5 10 15 20 25 30 35

t

0.70

0.71

0.72

0.73

0.74

0.75

0.76

0.77

m
eÆ

(t
)

a09m135

SS

PS

NOTE: if  the creation operator is 
conjugate to the annihilation operator

<latexit sha1_base64="AFNjR6kbnUtzDznULNXH/sU8hLE=">AAAB/HicbZDLSsNAFIZP6q3WW9Wlm8EiuJCSSFGXRTcuK9gLtqFMJpN26GQSZyaFEupTuNWVO3Hru7jwXZymWWjrgYGP/z+Hc+b3Ys6Utu0vq7Cyura+UdwsbW3v7O6V9w9aKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZGNzO/PaZSsUjc60lM3RAPBAsYwdpID7IvUG9AH5HdL1fsqp0VWgYnhwrk1eiXv3t+RJKQCk04Vqrr2LF2Uyw1I5xOS71E0RiTER7QrkGBQ6rO/DGLVYZumh0/RSfG9FEQSfOERpn6ezjFoVKT0DOdIdZDtejNxP+8bqKDKzdlIk40FWS+KEg40hGaJYF8JinRfGIAE8nM2YgMscREm7xKJg9n8ffL0DqvOhfV2l2tUr/OkynCERzDKThwCXW4hQY0gYCAZ3iBV+vJerPerY95a8HKZw7hT1mfP3eNlNc=</latexit>

rn � 0



The most common method (sub-optimal) to compute nucleon matrix elements 
For a few values of  t, compute the 3-point function for all 𝜏 
 
 

Each choice of  t is a new, expensive computation 

Ideally, t ~ 2 t2pt-gs, but, S/N prevents that 

The g.s. matrix-element/form-factor must be determined through an extrapolation in 
t and 𝜏 after numerical analysis
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LQCD: 3 point functions
0tsep

<latexit sha1_base64="+m9XoB7GkZUwfuessQsyodTgtXA=">AAACHnicbZDLSgMxFIYz9VbrrerSTbAI9UKZkXpZFt24rGAv0CnDmTStocnMNMkUytB38BF8Cre6cidudeG7mF4Ebf0h8HH+czg5vx9xprRtf1qphcWl5ZX0amZtfWNzK7u9U1VhLAmtkJCHsu6DopwFtKKZ5rQeSQrC57Tmd69Hfq1PpWJhcKcHEW0K6ASszQhoU/KyR64PMukNsdsBIcBzRfyDZ9jVEHvHuJcfwaGXzdkFeyw8D84Ucmiqspf9clshiQUNNOGgVMOxI91MQGpGOB1m3FjRCEgXOrRhMABB1UmrzyI1xmYyPm+ID4zZwu1QmhdoPK7+Hk5AKDUQvukUoO/VrDcq/uc1Yt2+bCYsiGJNAzJZ1I451iEeZYVbTFKi+cAAEMnMtzG5BwlEm0QzJg9n9vp5qJ4WnPNC8baYK11Nk0mjPbSP8shBF6iEblAZVRBBD+gJPaMX69F6td6s90lryprO7KI/sj6+AQ/rogE=</latexit>

q̄�µ�5⌧+q(⌧)

<latexit sha1_base64="cBeJSy5W8nUk4gmIu/dvftYk7SQ="></latexit>

C�(t, ⌧,p,q) =
X

y,x

e�ip·yeiq·xh⌦|N(t,y)j�(⌧,x)N
†(0,0)|⌦i



Consider zero-momentum (p=0) and zero momentum transfer (q=0) 
 
 
 
 
 
 

scattering excited states only depend on t 
transition excited states depend on t and 𝜏 

NOTE: for intermediate t, there is a cons- 
piracy of  excited states that give the appea- 
rance of  no excited state contamination
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LQCD: 3 point functions 0tsep

<latexit sha1_base64="+m9XoB7GkZUwfuessQsyodTgtXA=">AAACHnicbZDLSgMxFIYz9VbrrerSTbAI9UKZkXpZFt24rGAv0CnDmTStocnMNMkUytB38BF8Cre6cidudeG7mF4Ebf0h8HH+czg5vx9xprRtf1qphcWl5ZX0amZtfWNzK7u9U1VhLAmtkJCHsu6DopwFtKKZ5rQeSQrC57Tmd69Hfq1PpWJhcKcHEW0K6ASszQhoU/KyR64PMukNsdsBIcBzRfyDZ9jVEHvHuJcfwaGXzdkFeyw8D84Ucmiqspf9clshiQUNNOGgVMOxI91MQGpGOB1m3FjRCEgXOrRhMABB1UmrzyI1xmYyPm+ID4zZwu1QmhdoPK7+Hk5AKDUQvukUoO/VrDcq/uc1Yt2+bCYsiGJNAzJZ1I451iEeZYVbTFKi+cAAEMnMtzG5BwlEm0QzJg9n9vp5qJ4WnPNC8baYK11Nk0mjPbSP8shBF6iEblAZVRBBD+gJPaMX69F6td6s90lryprO7KI/sj6+AQ/rogE=</latexit>

q̄�µ�5⌧+q(⌧)

<latexit sha1_base64="OlKRzGVdbm9i16gT33B1HrdRT3g=">AAACEnicbZBNS8MwGMdTX+d8q3oUJDgEDzJaGepFGHrxOMG9wFpKmqZbWJqWJB2Mbjc/gp/Cq568iVe/gAe/i1nXg24+EPLj/38ekufvJ4xKZVlfxtLyyuraemmjvLm1vbNr7u23ZJwKTJo4ZrHo+EgSRjlpKqoY6SSCoMhnpO0Pbqd+e0iEpDF/UKOEuBHqcRpSjJSWPPPIhtfQkWnkcTjmjkC8x4jD8gvysWdWrKqVF1wEu4AKKKrhmd9OEOM0IlxhhqTs2lai3AwJRTEjk7KTSpIgPEA90tXIUUTkWTCkiczRzfKVJvBEmwEMY6EPVzBXfw9nKJJyFPm6M0KqL+e9qfif101VeOVmlCepIhzPHgpTBlUMp/nAgAqCFRtpQFhQ/W2I+0ggrHSKZZ2HPb/9IrTOq/ZFtXZfq9RvimRK4BAcg1Ngg0tQB3egAZoAg0fwDF7Aq/FkvBnvxsesdckoZg7AnzI+fwA4BJ1s</latexit>

1 =
X

n

|nihn|

use “multiply by 1” trick
<latexit sha1_base64="fGNrTCxg8xtoLETagSePPQWCGFY="></latexit>

C�(t, ⌧) =
X

y,x

h⌦|N(t,y)j�(⌧,x)N
†(0,0)|⌦i

= |z0|2g�00e�E0t +
X

n>0

|zn|2g�nne�Ent + 2
X

n<m

znz
†
mg�nme�(En+

�mn
2 t)cosh


�mn

✓
⌧ � t

2

◆�

“scattering” (sc) 
excited states

“transition” (tr) excited states

°0.4 °0.2 0.0 0.2 0.4
(ø ° tsep/2)/fm

1.1

1.2

1.3

R
A

3
(t

se
p
,ø

)

°6 °4 °2 0 2 4 6
(ø ° tsep/2)/a09



Consider zero-momentum (p=0) and zero momentum transfer (q=0) 

NOTE: 2pt at t=6 (similar to 3pt with t=12, 𝜏=6) has significant excited state 
contamination
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LQCD: 3 point functions 0tsep

<latexit sha1_base64="+m9XoB7GkZUwfuessQsyodTgtXA=">AAACHnicbZDLSgMxFIYz9VbrrerSTbAI9UKZkXpZFt24rGAv0CnDmTStocnMNMkUytB38BF8Cre6cidudeG7mF4Ebf0h8HH+czg5vx9xprRtf1qphcWl5ZX0amZtfWNzK7u9U1VhLAmtkJCHsu6DopwFtKKZ5rQeSQrC57Tmd69Hfq1PpWJhcKcHEW0K6ASszQhoU/KyR64PMukNsdsBIcBzRfyDZ9jVEHvHuJcfwaGXzdkFeyw8D84Ucmiqspf9clshiQUNNOGgVMOxI91MQGpGOB1m3FjRCEgXOrRhMABB1UmrzyI1xmYyPm+ID4zZwu1QmhdoPK7+Hk5AKDUQvukUoO/VrDcq/uc1Yt2+bCYsiGJNAzJZ1I451iEeZYVbTFKi+cAAEMnMtzG5BwlEm0QzJg9n9vp5qJ4WnPNC8baYK11Nk0mjPbSP8shBF6iEblAZVRBBD+gJPaMX69F6td6s90lryprO7KI/sj6+AQ/rogE=</latexit>

q̄�µ�5⌧+q(⌧)
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LQCD: Feynman-Hellmann Method
<latexit sha1_base64="RNpxxQ2C/yEltV9WeX45316GhPg="></latexit>

C(t) = h⌦|O(t)O†(0)|⌦i = 1

Z

Z
D�e�SG�

R
d4x ̄q [D+mq ] qO(t)O(0)

<latexit sha1_base64="SLm4YzyIdLrTisKIGoejsfqUiR0="></latexit>

�@mqC(t) =
1

Z

Z
D�e�SG�

R
d4x ̄q [D+mq ] qO(t)

Z
d
4
z ̄q(z) q(z)O(0)� C(t)

Z
d
4
zh⌦| ̄q(z) q(z)|⌦i

=

Z
d
4
zh⌦|O(t) ̄q(z) q(z)O

†(0)|⌦i+ terms to subtract vacuum bubbles

Bouchard, Chang, Kurth, Orginos, WL
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@�En = hn|H�|niFeynman-Hellmann Theorem 
relate spectrum to matrix elements

in QFT - differentiate effective mass?
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LQCD: Feynman-Hellmann Method
Study nucleon mass versus quark mass to extract light-quark matrix 
elements 

Heavy Baryon XPT: 

Convergence issues 
NLO predicts a large, negative correction 

MN increases monotonically with increasing quark/pion mass 

Must include at least NNLO - but also - warning of  large 
cancellations between orders (not healthy for EFT expansion) 

Ignore this issue and proceed (hope convergence is OK for light-
enough pion mass) 

Need to convert pion mass dependence to quark-mass dependence 
will come back to this point
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LQCD: Our Results - When and Where and what action
Möbius Domain Wall Fermions on rooted HISQ sea 

HISQ ensembles from MILC and CalLat Collaborations 

MDWF quarks efficiently solved with QUDA on 
NVIDIA GPU machines from 2016 — present 
Lassen @ LLNL                     Summit @ OLCF 
Grand Challenge                    DOE INCITE

Parameter space in pion mass and lattice spacing
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LQCD: Our Results — How to extrapolate to physical point?

Consider 3 options 
MN(mq) 
MN(M𝜋) 

MN(ε𝜋) / (4𝜋F𝜋) 

There are challenges with each choice. 
The first 2 require scale setting 
mq expansion 

bare parameter expansion often converge slower 
requires renormalization 

The second method requires ∂M𝜋 to ∂mq conversion 

The last method requires knowledge of  ∂F𝜋/∂mq

Parameter space in pion mass and lattice spacing
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LQCD: Our Results — How to extrapolate to physical point?
Scale Setting: 2011.12166 

Precise scale setting is 
possible (sub-percent) 
Scale setting induces 
correlation among all 
ensembles 
Scale-setting uncertainty can 
often be dominant for hadron 
spectrum 
Subsequent extrapolations in 
MeV can become 
complicated from the 
correlation 
Alternatively: form 
dimensionless ratios and 
extrapolate
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LQCD: Our Results — How to extrapolate to physical point?
Extrapolation Options

<latexit sha1_base64="kZreDUTEnbMihwll5m4OcpC/dXU="></latexit>
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In principle, all methods should yield the same result 

Discrepancies are an additional systematic 
uncertainty we must add to the result (if  we are 
honest) 

We are in the process of  performing these three 
analysis methods
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LQCD: Our Results — How to extrapolate to physical point?
Use XPT to related quark mass derivative to derivative in M𝜋 or ε𝜋

For the pion decay constant, we have
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A fourth choice for expressing the pion mass is

m
2

⇡ =M
2
�1 + ⇠ �

1

2
ln

m
2
⇡

µ2
+ 2l̄r3� + ⇠

2
�
7

8
ln2

m
2
⇡

µ2
+ ˆ̄cr1M ln

m
2
⇡

µ2
+ ˆ̄cr2M�� ,

ˆ̄cr1M = c
r
1M − 6l̄

r
3 + l̄

r
4 −

1

4
,

ˆ̄cr2M = c
r
2M − l̄

r
3(1 + 4(l̄3 − l̄

r
4)) . (3.16)

3.0.2 m̂@m̂ = m̂@✏⇡
@m̂

@✏⇡

We want to relate the derivative of interest, m̂@m̂ to a derivative with respect to ✏⇡

m̂@m̂ = m̂
@✏⇡

@m̂
@✏⇡

= m̂
�

�

@

@m̂

�

m2
⇡

4⇡F⇡

�

�
@✏⇡

= �
m̂@m̂m

2
⇡

2m⇡4⇡F⇡
−

m⇡

4⇡F⇡

m̂@m̂F⇡

F⇡
�@✏⇡

= �
m̂@m̂m

2
⇡

m2
⇡
− 2

m̂@m̂F⇡

F⇡
�
✏⇡

2
@✏⇡ . (3.17)

23

3. Truncate the M
2
⇡ expansion at NLO
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− 2ĉr1F − 4ĉ
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3.0.2.2 Cross check of derivative using LECs determined in analysis
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3.0.3 Relating ⇤�@✏⇡(MN�⇤�) to m̂@m̂MN

A convenient derivative to take with LQCD data is
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To relate this to the derivative of interest, let us begin with
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which allows us to express the quark mass derivative to one in terms of dimensionless hadronic
quantities
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The conversion (first) term is given by Eq. (3.20). The first derivative we obtain from our fit to
MN�⇤� and the last term can easily be determined from our fit to F⇡ using Eq. (3.13)
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LQCD: Our Results — How to extrapolate to physical point?
Consistent with PDG at 1-sigma
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To quote a value of  𝜎𝜋N, we need to finalize our M𝜋 and F𝜋 analysis - results hopefully this fall
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LQCD: Our Results — How to extrapolate to physical point?
Interesting new result:  
Gupta, Park, Hoferichter, Mereghetti, Yoon, Bhattacharya 
PRL 127 (2021) [2105.12095] 

Hypothesize excited states are not fully quantified in  
other results - when encouraged to be “natural” 
sigma-term increases to be compatible with pheno
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LQCD: Global Average
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bottom and top contributions are well estimated with perturbative QCD 
Shifman, Vainstein, Zakharov  and many updates from others 
PLB78 (1978) 443
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Conclusions
Lattice QCD can provide unambiguous values for the light, strange and charm scalar matrix elements of  the nucleon 

But - systematic uncertainties (excited state contamination) remains an issue to obtain more stable and precise values - 
discrepancy between different results is larger than quoted uncertainties 
please keep this in mind for ALL LQCD results 

I anticipate my collaboration (CalLat) will have a robust determination of  σ𝜋N this fall (next, σs & σc) 
~30 ensembles to control all extrapolations 

7 pion masses, 130 ≲ M𝜋 ≲ 400 MeV 
4 lattice spacings (3 at the physical pion mass) 
multiple volumes at 3 different pion masses 

The scalar charm content of  the nucleon is particularly important to determine precisely 
If  σc ~ 60 ± 5 MeV and Dark Matter is heavy (WIMP),  
natural explanation as to why we have not yet observed dark-matter — nucleus scattering 
Hill & Solon PRL 112 (2014) [arXiv:1309.4092] 

I’m interested to understand if  we can find a non-perturbative definition of  the the trace-anomaly 
the LQCD user can choose how many quarks to directly compute - how is this reflected in the remaining terms?
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Thank You


