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Neutrino oscillations demonstrate that neutrinos have mass, but the fundamental 
interactions giving rise to neutrino masses are not well understood

Mass ordering?

Dirac or Majorana?CP violation?

Sterile neutrinos?

Neutrinos and new physics

DUNE

Next-generation neutrino experiments will measure oscillation parameters with 
unprecedented accuracy to shed light on neutrino masses
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Precision neutrino physics
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Ellis, Kelly, and Li, Phys. Rev. D 102 (2020)Charles et al [CKMfitter], Phys. Rev. D 91 (2015)

Are there more surprises hiding in the neutrino sector?

Next-generation experiments aim to take measurements of 
neutrino mixing angles from O(10%) to O(1%) precision



Neutrino oscillations and CP
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τnn ≳ 1.8 × 108

τnn

CP

Future DUNE and T2HK experiments aim to 
precisely constrain subtle features of oscillations 
sensitive to leptonic CP violation

Accelerator / reactor neutrino experiments 
have found clear evidence of oscillations 
by comparing near + far detector fluxes

Acciarri et al [DUNE], arXiv 1512.06148

An et al [Daya Bay], PRL 115 (2015)

Zyla et al [PDG], PTEP 2020 (2020)

• Precise and accurate cross section predictions 
needed to relate near and far detector fluxes 
will be critical
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✐ J.A. Formaggio and G.P. Zeller, RMP 84 (2012) 

DUNE
Accelerator neutrino fluxes cover a wide 

range of energies where different 
processes dominate cross-section:

• Quasi-elastic nucleon scattering


• Resonance production


• Deep inelastic scattering

Formaggio, Zeller, Rev. Mod. Phys. 84 (2012)

Neutrino-nucleus scattering

Nucleon form 
factors

Resonance 
production

Two-body 
currents

Quark and gluon 
PDFs

Effective theories for different energies require different inputs

Theory input required to decompose cross 
section into such processes and 
therefore predict its energy dependence



Event generators and tuning
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νA

Khachatryan et al [Clas and e4v] Nature 599 (2021)

Event generators combine models for different 
reaction mechanisms to make predictions 
of experimentally observed processes

Acero et al [NOvA] Eur. Phys. J. C 80 (2020)

Discrepancies between generators and data 
often corrected by tuning an empirical model 
of the least well known mechanism: MEC 
(“meson exchange”/two-body currents)

Review: Campell et al, arXiv:2203.11110

Neutrino event generators can be 
validated by comparing predictions for 
electron scattering with precise data

• Significant discrepancies presently visible

• Tuning to reproduce one process does 
not mean other processes/energies 
will be accurately predicted

• Contributions from different reaction 
mechanisms must be isolated

See talk by Barrow

https://inspirehep.net/authors/1976522


Nnear

Nfar
=

R
dE⌫�near(E⌫)�(E⌫)R
dE⌫�far(E⌫)�(E⌫)

<latexit sha1_base64="qk1CGSWlAWFr8uCR/ayklN8TVaw="></latexit>
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New physics and          cross-section both affect shape of far detector flux⌫A

<latexit sha1_base64="lvIYZZmqiVwmGr+Q3KA3OwEPaVI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseqF48VTFtoQ9lsJ+3SzSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0N/NbT6g0T+SjGacYxHQgecQZNVbyuzIjN71yxa26c5BV4uWkAjkavfJXt5+wLEZpmKBadzw3NcGEKsOZwGmpm2lMKRvRAXYslTRGHUzmx07JmVX6JEqULWnIXP09MaGx1uM4tJ0xNUO97M3E/7xOZqLrYMJlmhmUbLEoygQxCZl9TvpcITNibAllittbCRtSRZmx+ZRsCN7yy6ukeVH1atXLh1qlfpvHUYQTOIVz8OAK6nAPDfCBAYdneIU3RzovzrvzsWgtOPnMMfyB8/kDQP6OVA==</latexit>

Cross-section

Experimentally measured 
event rates

Near-detector neutrino flux and acceptance

Far-detector flux (depends on 
oscillation parameters)

Tuning can obscure new physics

Coyle, Li, and Machado, JHEP 12 (2022)
Inaccuracies in cross-section modeling 

can distort signatures of new physics 
such as oscillations into sterile 
neutrinos

Near-detector tuning is not always 
sufficient for correctly extracting new 
physics signals (due to assumptions 
in cross-section models)
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Reaction mechanisms

Nucleon form 
factors

Resonance 
production

Two-body 
currents

Quark and gluon 
PDFs

Alvarez-Ruso, MW et al, arXiv:2203.09030
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Lattice QCD and neutrino-nucleus 

Connecting nucleon form factors to neutrino-nucleus scattering is more complicated

Neutrino-nucleon scattering amplitudes can be computed straightforwardly once 
nucleon electroweak form factors known

Lattice QCD provides reliable methods for numerically computing properties of QCD 
including nucleon form factors encoding responses to electroweak currents

• Lattice QCD can constrain inputs to nuclear EFTs and models


• Constraints from lattice QCD and experiment are often complementary
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Quarks and gluons on a lattice

Compromises:

Lattice QCD uses a path integral version of quantum mechanics


— Quark propagators provide explicit solutions to the quark field path integral


— Gluon field path integrals are performed numerically using Monte Carlo:          
random field values are drawn from a probability distribution similar to the integrand

Lattice spacing Finite-volume

a ! 0

<latexit sha1_base64="HpTb+qvIWaGpiEc+eeTKqb2BaB8=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AInsquVPRY9OKxgv2AdinZNNuGZpMlmVXq0l/ixYMiXv0p3vw3pu0etPXBwOO9GWbmhYngBjzv2ymsrW9sbhW3Szu7e/tl9+CwZVSqKWtSJZTuhMQwwSVrAgfBOolmJA4Fa4fjm5nffmDacCXvYZKwICZDySNOCVip75YJ7mk+HAHRWj1ir+9WvKo3B14lfk4qKEej7371BoqmMZNABTGm63sJBBnRwKlg01IvNSwhdEyGrGupJDEzQTY/fIpPrTLAkdK2JOC5+nsiI7Exkzi0nTGBkVn2ZuJ/XjeF6CrIuExSYJIuFkWpwKDwLAU84JpREBNLCNXc3orpiGhCwWZVsiH4yy+vktZ51a9VL+5qlfp1HkcRHaMTdIZ8dInq6BY1UBNRlKJn9IrenCfnxXl3PhatBSefOUJ/4Hz+AB49kr8=</latexit>

L ! 1

<latexit sha1_base64="CJsMyKLShPSeLAICPEKLz0jJIac=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIRZdFNy5cVLAPaEqZTCft0MkkzNwoMRR/xY0LRdz6H+78G6dtFtp64MLhnHu59x4/FlyD43xbhaXlldW14nppY3Nre8fe3WvqKFGUNWgkItX2iWaCS9YADoK1Y8VI6AvW8kdXE791z5TmkbyDNGbdkAwkDzglYKSefXCDPcUHQyBKRQ/Y4zKAtGeXnYozBV4kbk7KKEe9Z395/YgmIZNABdG64zoxdDOigFPBxiUv0SwmdEQGrGOoJCHT3Wx6/RgfG6WPg0iZkoCn6u+JjIRap6FvOkMCQz3vTcT/vE4CwUU34zJOgEk6WxQkAkOEJ1HgPleMgkgNIVRxcyumQ6IIBRNYyYTgzr+8SJqnFbdaObutlmuXeRxFdIiO0Aly0TmqoWtURw1E0SN6Rq/ozXqyXqx362PWWrDymX30B9bnD2F1lTI=</latexit>

Imaginary time

Imaginary time turns complex quantum probability amplitudes

into positive-definite functions that can be interpreted as probabilities for random 
numbers in a Monte Carlo simulation

probability amplitude ⇠ eiS

<latexit sha1_base64="vNLQatyhCJDEH2Gjzh4f/EqspPM=">AAACEXicbVA9SwNBEN2LXzF+RS1tFoOQKtyJomXQxjKi+YAkhr3NJFmye3fszonhuL9g41+xsVDE1s7Of+Pmo9DEBwOP92aYmedHUhh03W8ns7S8srqWXc9tbG5t7+R392omjDWHKg9lqBs+MyBFAFUUKKERaWDKl1D3h5djv34P2ogwuMVRBG3F+oHoCc7QSp18sYXwgEmkQ5/5QgocUabsYoy7kNKWEYrCXSJu0k6+4JbcCegi8WakQGaodPJfrW7IYwUBcsmMaXpuhO2EaRRcQpprxQYixoesD01LA6bAtJPJRyk9skqX9kJtK0A6UX9PJEwZM1K+7VQMB2beG4v/ec0Ye+ftRARRjBDw6aJeLCmGdBwP7QoNHOXIEsa1sLdSPmCacbQh5mwI3vzLi6R2XPJOSqfXJ4XyxSyOLDkgh6RIPHJGyuSKVEiVcPJInskreXOenBfn3fmYtmac2cw++QPn8wfLa54+</latexit>

probability amplitude ⇠ e�S

<latexit sha1_base64="zKod7uKUugFehnGhyGs94dCRS4g=">AAACEXicbVA9SwNBEN2LXzF+RS1tFoOQxnAnES2DNpYRzQckMextJsmS3btjd04MR/6CjX/FxkIRWzs7/42bj0ITHww83pthZp4fSWHQdb+d1NLyyupaej2zsbm1vZPd3auaMNYcKjyUoa77zIAUAVRQoIR6pIEpX0LNH1yO/do9aCPC4BaHEbQU6wWiKzhDK7Wz+SbCAyaRDn3mCylwSJmyizHuwIg2jVAU7pLjm1E7m3ML7gR0kXgzkiMzlNvZr2Yn5LGCALlkxjQ8N8JWwjQKLmGUacYGIsYHrAcNSwOmwLSSyUcjemSVDu2G2laAdKL+nkiYMmaofNupGPbNvDcW//MaMXbPW4kIohgh4NNF3VhSDOk4HtoRGjjKoSWMa2FvpbzPNONoQ8zYELz5lxdJ9aTgFQun18Vc6WIWR5ockEOSJx45IyVyRcqkQjh5JM/klbw5T86L8+58TFtTzmxmn/yB8/kDcAOeAg==</latexit>

t ! it

<latexit sha1_base64="WvTmcJwnRkLKlkZ8sIq1uZuCSs8=">AAAB+nicbVBNSwMxEM3Wr1q/tnr0EiyCp7Irih6LXjxWsB/QLiWbZtvQbLIks5ay9qd48aCIV3+JN/+NabsHbX0w8Hhvhpl5YSK4Ac/7dgpr6xubW8Xt0s7u3v6BWz5sGpVqyhpUCaXbITFMcMkawEGwdqIZiUPBWuHodua3Hpk2XMkHmCQsiMlA8ohTAlbquWXAXc0HQyBaqzHmGHpuxat6c+BV4uekgnLUe+5Xt69oGjMJVBBjOr6XQJARDZwKNi11U8MSQkdkwDqWShIzE2Tz06f41Cp9HCltSwKeq78nMhIbM4lD2xkTGJplbyb+53VSiK6DjMskBSbpYlGUCgwKz3LAfa4ZBTGxhFDN7a2YDokmFGxaJRuCv/zyKmmeV/2L6uX9RaV2k8dRRMfoBJ0hH12hGrpDddRAFI3RM3pFb86T8+K8Ox+L1oKTzxyhP3A+fwDIupOz</latexit>
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Observables in LQCD
LQCD energy spectrum determined from 2-point correlation functions

=
X

n

|Zn|2e�Ent

<latexit sha1_base64="nNCCnsvbajmwD61Uq6Ts2uQSXl4=">AAACA3icbVDLSgMxFM34rPU16k43wSK4scyUim6EogguK9gHttMhk6ZtaJIZkoxQpgU3/oobF4q49Sfc+Tem7Sy09cCFk3PuJfeeIGJUacf5thYWl5ZXVjNr2fWNza1te2e3qsJYYlLBIQtlPUCKMCpIRVPNSD2SBPGAkVrQvxr7tQciFQ3FnR5ExOOoK2iHYqSN5Nv7F00Vc1/A4b0vhq0CJK3k5Nq89ci3c07emQDOEzclOZCi7NtfzXaIY06Exgwp1XCdSHsJkppiRkbZZqxIhHAfdUnDUIE4UV4yuWEEj4zShp1QmhIaTtTfEwniSg14YDo50j01643F/7xGrDvnXkJFFGsi8PSjTsygDuE4ENimkmDNBoYgLKnZFeIekghrE1vWhODOnjxPqoW8W8yf3hZzpcs0jgw4AIfgGLjgDJTADSiDCsDgETyDV/BmPVkv1rv1MW1dsNKZPfAH1ucPt4qW7w==</latexit>

Imaginary time evolution e�iHtreal = e�H(itreal)

<latexit sha1_base64="zVxXGx8Y9nybThTAqD9epEmXJ20=">AAACGnicbVC7SgNBFJ2NrxhfUUubwSDEwrArEW2EoE3KCOYBSQyzk5tkyOyDmbtiWPY7bPwVGwtF7MTGv3HyKDTxwMDhnHu4c48bSqHRtr+t1NLyyupaej2zsbm1vZPd3avpIFIcqjyQgWq4TIMUPlRRoIRGqIB5roS6O7we+/V7UFoE/i2OQmh7rO+LnuAMjdTJOnAXn4gyduIWwgPGJiuTJKGXdGyU82LOOU462ZxdsCegi8SZkRyZodLJfra6AY888JFLpnXTsUNsx0yh4BKSTCvSEDI+ZH1oGuozD3Q7npyW0COjdGkvUOb5SCfq70TMPK1HnmsmPYYDPe+Nxf+8ZoS9i3Ys/DBC8Pl0US+SFAM67ol2hQKOcmQI40qYv1I+YIpxNG1mTAnO/MmLpHZacIqFs5tirnQ1qyNNDsghyROHnJMSKZMKqRJOHskzeSVv1pP1Yr1bH9PRlDXL7JM/sL5+AE6foa0=</latexit>

In imaginary time, correlation functions can be written as sums of exponentials

Ground state dominates for large      t

<latexit sha1_base64="UxXCAGDTaUNCc8ZkLJcN6TsViGQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9WvWyWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4sGNAA==</latexit>

CA(t) / e�E0t + . . .

<latexit sha1_base64="ykR/bfquKfmgSwMyV+iJiKhqx+Q=">AAACC3icbVDLSgMxFM3UV62vUZduQotQEcuMVHRZLYLLCvYBbR0yadqGZiZDckcoQ/du/BU3LhRx6w+4829MHwttPRA4nHMvN+f4keAaHOfbSi0tr6yupdczG5tb2zv27l5Ny1hRVqVSSNXwiWaCh6wKHARrRIqRwBes7g/KY7/+wJTmMryDYcTaAemFvMspASN5drbsXebhCLciJSOQmN0nJ9eeg2GEj3FLdCRoz845BWcCvEjcGcmhGSqe/dXqSBoHLAQqiNZN14mgnRAFnAo2yrRizSJCB6THmoaGJGC6nUyyjPChUTq4K5V5IeCJ+nsjIYHWw8A3kwGBvp73xuJ/XjOG7kU74WEUAwvp9FA3FtiEHheDO1wxCmJoCKGKm79i2ieKUDD1ZUwJ7nzkRVI7LbjFwtltMVe6mtWRRgcoi/LIReeohG5QBVURRY/oGb2iN+vJerHerY/paMqa7eyjP7A+fwAKz5ks</latexit>

CA(t) =
⌦
0|A(t)A†(0)|0

↵
=

X

n

⌦
0|A(0)e�Ht|n

↵ ⌦
n|A†(0)|0

↵
+ . . .

<latexit sha1_base64="/PcbQ59ByGiqujtO7zXogQBP6to="></latexit>
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Reaction mechanisms

Nucleon form 
factors

Resonance 
production

Two-body 
currents

Quark and gluon 
PDFs

Alvarez-Ruso, MW et al, arXiv:2203.09030



LQCD and nucleon form factors
Nucleon electric and 

magnetic form factors 
recently calculated using 
LQCD with approximately 
physical quark masses

13

LQCD results for nucleon electric and magnetic form factors (linear combinations of       
and       ) show good consistency with phenomenological parameterizations

Park et al [NME], PRD 105 (2022)

F2

<latexit sha1_base64="RJuRvScgd81RyYVSUQ0pljyjTWo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB6DgniMaB6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3cz81hPXRsTqEccJ9yM6UCIUjKKVHm57lV6x5JbdOcgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxfDKnwiVpMgVWywKU0kwJrO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqalbJXLV/cV0u16yyOPJzAKZyDB5dQgzuoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4Aw5GNdw==</latexit>

F1
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hN(p+ q)|V µ|N(p)i = u(p+ q)


F1(q

2)�µ + i�µ⌫q⌫
F2(q2)

2MN

�
u(p)

<latexit sha1_base64="1Iy+5+57YrvoF1GlEJSwDID7kOw="></latexit>

Vµ ⇠ q�µq

<latexit sha1_base64="QAH8PBMLizdevk74EhVhDQ6bK18=">AAACDXicbVA7T8MwGHTKq5RXgJHFoiAxVQkqgrGChbFI9CE1UeS4bmvVjlPbQaqi/gEW/goLAwixsrPxb3DSDNBykqXT3X22vwtjRpV2nG+rtLK6tr5R3qxsbe/s7tn7B20lEolJCwsmZDdEijAakZammpFuLAniISOdcHyT+Z0HIhUV0b2exsTnaBjRAcVIGymwT9qBxxPoKcqhJ0wyuyidzKA3RJyj3JwEdtWpOTngMnELUgUFmoH95fUFTjiJNGZIqZ7rxNpPkdQUMzKreIkiMcJjNCQ9QyPEifLTfJsZPDVKHw6ENCfSMFd/T6SIKzXloUlypEdq0cvE/7xeogdXfkqjONEkwvOHBgmDWsCsGtinkmDNpoYgLKn5K8QjJBHWpsCKKcFdXHmZtM9rbr12cVevNq6LOsrgCByDM+CCS9AAt6AJWgCDR/AMXsGb9WS9WO/WxzxasoqZQ/AH1ucPaDKbyQ==</latexit>



Careful treatment of     
excited states required 
to reproduce known 
symmetry constraints 
assuming ground-state 
dominance of results

Excited states

N⇡
<latexit sha1_base64="DPmrUbAPs97WQqFYk0eSCeNmKgY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF09SwX5AG8pmu2mX7m7C7kYooX/BiwdFvPqHvPlv3KQ5aOuDgcd7M8zMC2LOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH80spr7AY8lCRrDJpPtBzIbVmlt3c6BV4hWkBgVaw+rXYBSRRFBpCMda9z03Nn6KlWGE03llkGgaYzLFY9q3VGJBtZ/mt87RmVVGKIyULWlQrv6eSLHQeiYC2ymwmehlLxP/8/qJCa/9lMk4MVSSxaIw4chEKHscjZiixPCZJZgoZm9FZIIVJsbGU7EheMsvr5JOo+5d1BsPl7XmTRFHGU7gFM7Bgytowh20oA0EJvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8A7RWOKQ==</latexit>
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analogous methods

NOT DONE

hN(p+ q)|Aµ|N(p)i = u(p+ q)

"
GA(q

2)�µ�5 + qµ�5
eGP (q2)

2MN

#
u(p)

<latexit sha1_base64="X0kpzR/symtVG6rwZ92fABq2JPM="></latexit>

Aµ ⇠ q�µ�5q
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Barca, Bali, and Collins, PoS LATTICE 2022 (2022)

Additional excited-state effects 
arise from the fact that axial 
currents can act as pion 
sources



LQCD calculations of nucleon axial 
form factors with approximately 
physical quark masses and 
continuum extrapolations 
achieved by multiple groups

15

Axial form factors

Up to 3 sigma differences between 
LQCD and experimental axial 
form factor determinations, 
could arise from challenging 
LQCD systematic uncertainties

Differences could also arise from 
underestimated uncertainties in 
phenomenological form factor 
determinations using deuterium 
bubble chamber data

Meyer, Betancourt, Gran, and Hill, PRD 93 (2016)

Simons, Steinberg, MW et al, arXiv:2210.02455

Park et al [NME], PRD 105 (2022)

Djukanovic et al, arXiv:2207.03440

Bali et al [RQCD], JHEP 05 126 (2020)
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Axial form factors
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• Challenging systematics arise in separating nucleon/nuclear events, but 
broad consistency is seen between MINERvA extraction and LQCD

17

Cai et al. [MINERvA], Nature 614 (2023)

MINERvA has recently analyzed antineutrino scattering with a hydrocarbon 
scintillator target (8% H + 89% C + …) to extract nucleon axial form factor

MINERvA results



• Effects on near and far detectors differ, understanding discrepancy 
essential for reliable neutrino oscillation analyses

18

Meyer, Walker-Loud, Wilkinson, Ann. Rev. Nucl. Part. Sci. 72 (2022)

GENIE event generator predictions for T2K event rate using deuterium bubble 
chamber vs recent LQCD axial form factors differ by ~20%

Event generator uncertainties
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What precision do we need from 
LQCD for neutrino physics?

Simons, Steinberg, Lovato, Meurice, Rocco, MW, arXiv:2210.02455

• Quantitative precision targets essential for high-performance computing campaigns

• Cannot assume an overly restrictive form factor shape, e.g. dipole; 
assumptions lead to underestimated precision needs

• Theoretically consistent nuclear models without tuning to neutrino data 
needed to disentangle axial form factor from multi-nucleon effects

• Comparison between multiple nuclear models needed to study nuclear 
uncertainties in the role of axial form factors in νA

NOT DONE
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Predicting        cross sectionsνA
Green’s function Monte Carlo (GFMC) methods can accurately solve nuclear many-

body problem given a Hamiltonian and electroweak current operators 

• Cost grows rapidly with nucleon number, computationally limited to A ≲ 12

More computationally tractable: extended factorization scheme using approximate 
spectral functions — distributions of nucleons (+ NN pairs + …) in nucleus

Z
PN⇥

<latexit sha1_base64="zGwgsZZBY5Zb4qtIk6YukcWBR94=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5JIRZdFN66kgn1AE8JkOmmHTiZh5kaooV/ixoUibv0Ud/6N0zYLbT0wcDjnXu6ZE6aCa3Ccb6u0tr6xuVXeruzs7u1X7YPDjk4yRVmbJiJRvZBoJrhkbeAgWC9VjMShYN1wfDPzu49MaZ7IB5ikzI/JUPKIUwJGCuyqxyXgVnCHPeAx04Fdc+rOHHiVuAWpoQKtwP7yBgnNYiaBCqJ133VS8HOigFPBphUv0ywldEyGrG+oJOaIn8+DT/GpUQY4SpR5JsZc/b2Rk1jrSRyayZjASC97M/E/r59BdOXnXKYZMEkXh6JMYEjwrAU84IpREBNDCFXcZMV0RBShYLqqmBLc5S+vks553W3UL+4bteZ1UUcZHaMTdIZcdIma6Ba1UBtRlKFn9IrerCfrxXq3PhajJavYOUJ/YH3+AP1zkqs=</latexit>

Z
PNN⇥

<latexit sha1_base64="FIA2bMKgFTdGJjUBtg/ZR/HdGGI=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0WXRjatSwT6gCWEynbRDJ5MwMxFL6K+4caGIW3/EnX/jtM1CWw8MHM65l3vmhClnSjvOt1VaW9/Y3CpvV3Z29/YP7MNqRyWZJLRNEp7IXogV5UzQtmaa014qKY5DTrvh+Hbmdx+pVCwRD3qSUj/GQ8EiRrA2UmBXPSY0agV5szlFnmYxVYFdc+rOHGiVuAWpQYFWYH95g4RkMRWacKxU33VS7edYakY4nVa8TNEUkzEe0r6hApsjfj7PPkWnRhmgKJHmmSRz9fdGjmOlJnFoJmOsR2rZm4n/ef1MR9d+zkSaaSrI4lCUcaQTNCsCDZikRPOJIZhIZrIiMsISE23qqpgS3OUvr5LOed29qF/eX9QaN0UdZTiGEzgDF66gAXfQgjYQeIJneIU3a2q9WO/Wx2K0ZBU7R/AH1ucPbcKUDw==</latexit>

+

<latexit sha1_base64="3DnS3vImeIO9jz1IyYjxDR65oEU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXInoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5XyVb1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3QdjLc=</latexit>

⇡

<latexit sha1_base64="SRWvNz75D1yL3QwbjEKbvp2ANO8=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVih6LXjxWsB/QLiWbZtvQbBKSrFiW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3H6k2TIoHO1E0TPBQsJgRbJ3U7mGltHzqlyt+1Z8DrZIgJxXI0eiXv3oDSdKECks4NqYb+MqGGdaWEU6npV5qqMJkjIe066jACTVhNj93is6cMkCx1K6ERXP190SGE2MmSeQ6E2xHZtmbif953dTG12HGhEotFWSxKE45shLNfkcDpimxfOIIJpq5WxEZYY2JdQmVXAjB8surpHVRDWrVy/tapX6Tx1GEEziFcwjgCupwBw1oAoExPMMrvHnKe/HevY9Fa8HLZ47hD7zPH5X6j74=</latexit>

Allows inclusion of 2-body 
currents and 
resonance production, 
computationally 
feasible for medium-
mass nuclei

+ . . .

<latexit sha1_base64="ZGWX7K46Gf0mta2cpJ9XQjEWjRI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiFT0WvXisYD+gDWWz2bRLN5uwOxFK6Y/w4kERr/4eb/4bt20O2vpg4PHeDDPzglQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZrzJEpnoTkANl0LxJgqUvJNqTuNA8nYwupv57SeujUjUI45T7sd0oEQkGEUrtS96MkzQ9MsVt+rOQVaJl5MK5Gj0y1+9MGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqID3rVU0ZgbfzI/d0rOrBKSKNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G0Y0/ESrNkCu2WBRlkmBCZr+TUGjOUI4toUwLeythQ6opQ5tQyYbgLb+8SlqXVa9WvXqoVeq3eRxFOIFTOAcPrqEO99CAJjAYwTO8wpuTOi/Ou/OxaC04+cwx/IHz+QMl4o91</latexit>

Benhar et al, PRD (2005) Rocco et al, PRC 99 (2019)Rocco, Lovato, Benhar PRL 116 (2016) …

Rocco, Nakamura, Lee, 
Lovato, PRC 100 (2019)
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MiniBooNE results
Comparison of GFMC and spectral function (SF) results for          with experimental 

data and one another provides validation of nuclear many-body methods
12C

<latexit sha1_base64="UmQoauZVx+a6BnstYghny/ULnRI=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0lKRY/FXjxWsB/QxrLZbtqlm03YnYg15Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5fiy4Bsf5ttbWNza3tgs7xd29/YOSfXjU1lGiKGvRSESq6xPNBJesBRwE68aKkdAXrONPGjO/88CU5pG8g2nMvJCMJA84JWCkgV1Ks/vUrWZ9YI+QNrKBXXYqzhx4lbg5KaMczYH91R9GNAmZBCqI1j3XicFLiQJOBcuK/USzmNAJGbGeoZKETHvp/PAMnxlliINImZKA5+rviZSEWk9D33SGBMZ62ZuJ/3m9BIIrL+UyToBJulgUJAJDhGcp4CFXjIKYGkKo4uZWTMdEEQomq6IJwV1+eZW0qxW3Vrm4rZXr13kcBXSCTtE5ctElqqMb1EQtRFGCntErerOerBfr3fpYtK5Z+cwx+gPr8wcGPpNW</latexit>

• 5-20% differences found between GFMC and SF predictions for MiniBooNE, largest 
at kinematics where relativistic effects neglected in GFMC are most significant

NOT DONE

• 10-20% differences found between LQCD and D2 form factors

Simons, Steinberg, MW et al, 
arXiv:2210.02455
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T2K results
Form factor and nuclear model differences both somewhat smaller with T2K 

kinematics (lower flux of high-energy neutrinos than MiniBooNE)

• Consistent treatment of nucleon axial form factor and nuclear many-body effects 
essential when fitting to neutrino scattering data

NOT DONE

Changes in nuclear model vs changes in axial form factor are not easy to distinguish

Simons, Steinberg, MW et al, 
arXiv:2210.02455
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Quantifying form factor uncertainties
z expansion — model independent parameterization of axial (and other) form factors 

that only assumes basic field theory / QCD properties

Can be used to quantify relations between nucleon axial form factor uncertainties 
and neutrino-nucleus cross section uncertainties

FA(Q
2) =

1X

k=0

ak z(Q
2)k

<latexit sha1_base64="pd5TKjW13bEkumThmpQQh9XnJq4=">AAACF3icbVDLSgMxFM34rPU16tJNsAgVpMyUim4KVUFctmAf0GmHTJppw2QyQ5IR6tC/cOOvuHGhiFvd+Temj4W2HggczjmXm3u8mFGpLOvbWFpeWV1bz2xkN7e2d3bNvf2GjBKBSR1HLBItD0nCKCd1RRUjrVgQFHqMNL3geuw374mQNOJ3ahiTToj6nPoUI6Ul1yzcuJf5Wrd4AsvQkUnopkHZGnVTh3JfDUcQuQF0TuHDJNMNXDNnFawJ4CKxZyQHZqi65pfTi3ASEq4wQ1K2bStWnRQJRTEjo6yTSBIjHKA+aWvKUUhkJ53cNYLHWulBPxL6cQUn6u+JFIVSDkNPJ0OkBnLeG4v/ee1E+RedlPI4UYTj6SI/YVBFcFwS7FFBsGJDTRAWVP8V4gESCCtdZVaXYM+fvEgaxYJdKpzVSrnK1ayODDgERyAPbHAOKuAWVEEdYPAInsEreDOejBfj3fiYRpeM2cwB+APj8wf+wZ1Y</latexit>

Known function

Hill, eConf C060409, 027 (2006) 
 Hill and Paz, PRD 82 (2010)
 Bhattacharya, Hill, and Paz, PRD 84 (2011)


NOT DONE

Free parameters

�� =
X

k

@�

@ak
�ak + . . .

<latexit sha1_base64="pHDsIoDt2zy0eFqZD/cxTDGTcas="></latexit>

Straightforward to determine from 
calculations with varying ak

<latexit sha1_base64="+n9Pt/+r7spb2wq6p89Iukc1gHY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0QPvjfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqlerXt7XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gBDJo3L</latexit>
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Axial FF uncertainty needs
Uncertainty relations calculated for MiniBooNE cross sections

• Relatively little knowledge of a2, . . .

<latexit sha1_base64="FmJiPNoJ0hAQRIAQEerfFofO9fs=">AAAB8XicbVBNSwMxEM3Wr1q/qh69BIvgQcpuqeix6MVjBfuB7VKy2Wwbmk2WZFYoS/+FFw+KePXfePPfmLZ70NYHA4/3ZpiZFySCG3Ddb6ewtr6xuVXcLu3s7u0flA+P2kalmrIWVULpbkAME1yyFnAQrJtoRuJAsE4wvp35nSemDVfyASYJ82MylDzilICVHsmgdtEXoQIzKFfcqjsHXiVeTiooR3NQ/uqHiqYxk0AFMabnuQn4GdHAqWDTUj81LCF0TIasZ6kkMTN+Nr94is+sEuJIaVsS8Fz9PZGR2JhJHNjOmMDILHsz8T+vl0J07WdcJikwSReLolRgUHj2Pg65ZhTExBJCNbe3YjoimlCwIZVsCN7yy6ukXat69erlfb3SuMnjKKITdIrOkYeuUAPdoSZqIYokekav6M0xzovz7nwsWgtOPnOM/sD5/AEM55CG</latexit>

DUNE will be more sensitive to higher coefficients, further dedicated studies needed

• ~ 1% precision in 

• ~ 10% precision in         a1

<latexit sha1_base64="CcOlsYip8mvLuZmMk549+Po4C1g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0QPtev1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVL+9rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDrL42R</latexit>

LQCD target

Achieving 1% cross-section precision for MiniBooNE kinematics requires:

NOT DONE

a0

<latexit sha1_base64="eZMSlm6AgxTCNS8DRwLowmBajx0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0QPtuv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVL+9rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDpq42Q</latexit>

Simons, Steinberg, MW et al, 
arXiv:2210.02455
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Beyond the axial form factor

Nucleon form 
factors

Resonance 
production

Two-body 
currents

Quark and gluon 
PDFs

Alvarez-Ruso, MW et al, arXiv:2203.09030



Low-energy pion production can be 
described in relativistic baryon    PT 
including              degrees of freedom

26

Pion production

Yao, Alvarez-Ruso, Hiller Blin, and 
Vicente Vacas, PRD 98 (2018)

χ

•      resonance and nonresonant pion 
production both significant

• Experimental data on neutrino-induced 
pion production are scarce

Rocco, Nakamura, Lee, and Lovato 
PRC 100 (2019)

Spectral function nuclear model + dynamic coupled-
channels (DCC) model of nucleon resonances can 
reproduce pion electroproduction data

Neutrino predictions include significant uncertainties 
from nuclear modifications of      form factors and 
axial contributions estimated with tree-level     PTχ

�

<latexit sha1_base64="daJ3KyfdKBV6jG2FlLJfAYt+/tM=">AAAB7XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WNRDx4r2A9oQ9lsJ+3aTTbsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNCrVHBpcSaXbATMgRQwNFCihnWhgUSChFYxupn7rCbQRKn7AcQJ+xAaxCAVnaKVm9xYksl654lbdGegy8XJSITnqvfJXt694GkGMXDJjOp6boJ8xjYJLmJS6qYGE8REbQMfSmEVg/Gx27YSeWKVPQ6VtxUhn6u+JjEXGjKPAdkYMh2bRm4r/eZ0Uwys/E3GSIsR8vihMJUVFp6/TvtDAUY4tYVwLeyvlQ6YZRxtQyYbgLb68TJpnVe+8enF/Xqld53EUyRE5JqfEI5ekRu5InTQIJ4/kmbySN0c5L8678zFvLTj5zCH5A+fzB2MkjwQ=</latexit>

�(1232)
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�
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Resonance uncertainty needs
Similar uncertainties quantification can be 

studied for other cross-section pieces

NOT DONE

The largest contributions to two-body currents 
arise from resonant                  transitions 
in conjunction with pion exchange

N ! �
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The normalization of the dominant                   transition form factor must be known to 
3% precision to achieve 1% cross-section precision for MiniBooNE kinematics

N ! �
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State-of-the-art determinations of this form 
factor from experimental data on pion 
electroproduction achieve 10-15% 
precision (under some assumptions)

Hernandez et al, PRD 81 (2010)


Further constraints on                
transitions and two-body currents will 
be necessary to achieve few-percent 
cross-section precision

N ! �
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Simons, Steinberg, MW et al, 
arXiv:2210.02455
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          and        systems can be explicitly studied in LQCD
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N⇡

            transition form factors can also be 
calculated with variational methods

N ! �
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Silvi et al, PRD 23 (2021)
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N⇡
phase shift

p-wave

Barca, Bali, and Collins, PoS LATTICE 2021 (2022)

          systems in LQCD Nπ

Fully mapping out spectrum through the 
resonance region will be challenging

�
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states relevant
— work in progress with Anthony Grebe
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Higher-energy resonances

Leitner, Buss, Alvarez-Ruso, and Mosel, PRC 79 (2009)

Nakamura, Kamano, and Sato PRD 92 (2015)
DCC model from ANL-Osaka describes 

nucleon resonance production by fitting 
to experimental data for

Same models can predict neutrino cross-
sections, axial contributions 
constrained by         through    PT⇡N
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GiBUU event generator uses detailed 
phenomenological resonance model

χ

Vector-current responses taken from MAID 
analysis, axial-current predicted with    PT 
plus neutrinoproduction data for 

χ
�
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Improved constraints on        resonances (in 
nuclei!) needed to for precise predictions 
at DUNE energies

N⇤
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Fukaya, Hashimoto, Kaneko, and Ohki, PRD 102 (2020)

After subtracting elastic contributions, resonant 
behavior consistent with Roper contributions 
observed in vector-current hadron tensor

Inverse Laplace transform challenging, calculations 
exploring different methods underway

Liang, Draper, Liu, Rothkopf, and Yang [  QCD] PRD 101 (2020)�
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How can we use LQCD to constrain higher-energy cross sections,  
e.g. shallow inelastic scattering region?

The hadron tensor:

Liu and Dong, PRL 72 (1994)

Liu, PRD 62 (2000)

Aglietti et al, Phys. Lett. B 432 (1998)

LQCD methods for calculating exclusive cross-sections break down 
above multi-particle thresholds (       hadrons is state-of-the-art)≤ 3

Reviews: Briceño, Dudek, and Young, Rev. Mod. Phys. 90 (2018)
Hansen and Sharpe, Ann. Rev. Nucl. Part. Sci. 69 (2019)

Higher resonances in LQCD

Liu et al, preliminary
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LQCD can also compute quantities relevant to neutrino DIS

             and                calculated by 
several groups

hxiqproton
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hxigproton
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ETMC, PRL 119 (2017)
χQCD, PRL 121 (2018)
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Review: Lin et al, Prog. Part. Nucl. Phys. 100 (2018)

Current LQCD results can improve global 
analyses of isovector polarized PDFs that are 
relevant for weak interactions in neutrino DIS

Alexandrou et al, PRL 126 (2021)

Chen, Cohen, Ji, Lin, Zhang, Nucl. Phys. B 911 (2016)

Alexandrou, et al, PRL 121 (2018)

Bringewatt et al [JAM], PRD 103 (2021)

Large momentum effective theory 
connects Euclidean matrix elements to 
light-cone PDFs

Review: Ji et al, Rev. Mod. Phys. 93 (2021)




Nuclear momentum fractions
First calculations of gluon and isovector quark momentum fractions of light nuclei

Although systematic uncertainties are not fully controlled (one lattice spacing, volume, 
quark mass, …) demonstrates potential for LQCD to usefully constrain nuclear PDFs

Detmold, MW et al [NPLQCD] PRL 126 (2021)

Results matched to poinless EFT to determine two-body current operator relevant 
to isovector EMC effects

32

Winter, MW et al [NPLQCD], PRD 96 (2017)
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Two-body currents in LQCD

Flavor decomposition of axial matrix elements of two and three nucleon 
systems computed with                           m⇡ = 806 MeV
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Chang, MW et al [NPLQCD], PRL 120 (2018)

Parreño, MW et al [NPLQCD] PRD 103 (2021)

Several systematic uncertainties remain, 
but encouraging agreement with 
experiment seen 

Axial current matrix element 
calculations with                       
permit preliminary extrapolations to 
physical masses

m⇡ = 450 MeV
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Two-nucleon axial matrix 
elements relevant for proton-
proton fusion computed, 
used to constrain two-body 
currents

Savage, MW et al [NPLQCD], PRL 119 (2017)

Similar methods used to study two-nucleon 
matrix elements for double-beta decay:
Shanahan, MW et al [NPLQCD], PRL 119 (2017)



Cirigliano et al, PRL 120 (2018)
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       in LQCD0νββ

Long-distance Majorana neutrino exchange matrix elements computed for                                

LQCD calculations of                                 long-distance matrix elements can constrain 
two-body contact operator, exploratory calculations underway

Matrix elements for                               
arising from short-distance new physics 
mechanisms computed

⇡� ! ⇡+e�e�

<latexit sha1_base64="UwchwCD123P7hkVB7PghqmJZ1hY=">AAACCHicbZDLSgMxFIYz9VbrbdSlC4NFEMQyIxVdFty4kgr2Ap2xZNJMG5pJhiSjlKFLN76KGxeKuPUR3Pk2ZtpZaOsPB36+cw7J+YOYUaUd59sqLCwuLa8UV0tr6xubW/b2TlOJRGLSwIIJ2Q6QIoxy0tBUM9KOJUFRwEgrGF5m/dY9kYoKfqtHMfEj1Oc0pBhpg7r2vhfTuxPoSdofaCSleIAZOYbEUFNdu+xUnIngvHFzUwa56l37y+sJnESEa8yQUh3XibWfIqkpZmRc8hJFYoSHqE86xnIUEeWnk0PG8NCQHgyFNMU1nNDfGymKlBpFgZmMkB6o2V4G/+t1Eh1e+CnlcaIJx9OHwoRBLWCWCuxRSbBmI2MQltT8FeIBkghrk13JhODOnjxvmqcVt1o5u6mWa9d5HEWwBw7AEXDBOaiBK1AHDYDBI3gGr+DNerJerHfrYzpasPKdXfBH1ucPnRGYeA==</latexit>

⇡� ! ⇡+e�e�

<latexit sha1_base64="UwchwCD123P7hkVB7PghqmJZ1hY=">AAACCHicbZDLSgMxFIYz9VbrbdSlC4NFEMQyIxVdFty4kgr2Ap2xZNJMG5pJhiSjlKFLN76KGxeKuPUR3Pk2ZtpZaOsPB36+cw7J+YOYUaUd59sqLCwuLa8UV0tr6xubW/b2TlOJRGLSwIIJ2Q6QIoxy0tBUM9KOJUFRwEgrGF5m/dY9kYoKfqtHMfEj1Oc0pBhpg7r2vhfTuxPoSdofaCSleIAZOYbEUFNdu+xUnIngvHFzUwa56l37y+sJnESEa8yQUh3XibWfIqkpZmRc8hJFYoSHqE86xnIUEeWnk0PG8NCQHgyFNMU1nNDfGymKlBpFgZmMkB6o2V4G/+t1Eh1e+CnlcaIJx9OHwoRBLWCWCuxRSbBmI2MQltT8FeIBkghrk13JhODOnjxvmqcVt1o5u6mWa9d5HEWwBw7AEXDBOaiBK1AHDYDBI3gGr+DNerJerHfrYzpasPKdXfBH1ucPnRGYeA==</latexit>

⇡�⇡� ! e�e�

<latexit sha1_base64="ZzeLBIA3KVmiPeLwMBxroWJP8yg=">AAACCXicbVBNSwMxEJ2tX7V+rXr0EiyCF8uuVPRY8OJJKthWaGvJptk2NJssSVYpS69e/CtePCji1X/gzX9j2q6grQ8mPN6bYTIviDnTxvO+nNzC4tLySn61sLa+sbnlbu/UtUwUoTUiuVQ3AdaUM0FrhhlOb2JFcRRw2ggG52O/cUeVZlJcm2FM2xHuCRYygo2VOi5qxez26OdVrNc3WCl5jxC1gq2OW/RK3gRonvgZKUKGasf9bHUlSSIqDOFY66bvxaadYmUY4XRUaCWaxpgMcI82LRU4orqdTi4ZoQOrdFEolS1h0ET9PZHiSOthFNjOCJu+nvXG4n9eMzHhWTtlIk4MFWS6KEw4MhKNY0FdpigxfGgJJorZvyLSxwoTY8Mr2BD82ZPnSf245JdLJ1flYuUyiyMPe7APh+DDKVTgAqpQAwIP8AQv8Oo8Os/Om/M+bc052cwu/IHz8Q35L5ik</latexit>

Nicholson et al, PRL 121 (2018) Cirigliano, Detmold, Nicholson, Shanahan, 
arXiv:2003.08493

Feng, Jin, Tuo, and Jia, 
PRL 122 (2019)

Tuo, Feng, and Jin, 
PRD 100 (2019)

Detmold and Murphy, 
arXiv:2004.07404


nn ! ppe�e�

<latexit sha1_base64="FDR158Am3P58E2jHgEItTCPcIfY=">AAACAXicbVDLSgNBEOz1GeNr1YvgZTAIXgy7EtFj0IvHCOYByRpmJ7PJkNmZZWZWCUu8+CtePCji1b/w5t84eRw0saChqOqmuytMONPG876dhcWl5ZXV3Fp+fWNza9vd2a1pmSpCq0RyqRoh1pQzQauGGU4biaI4Djmth/2rkV+/p0ozKW7NIKFBjLuCRYxgY6W2uy8EainW7RmslHxASULvTpCttlvwit4YaJ74U1KAKSpt96vVkSSNqTCEY62bvpeYIMPKMMLpMN9KNU0w6eMubVoqcEx1kI0/GKIjq3RQJJUtYdBY/T2R4VjrQRzazhibnp71RuJ/XjM10UWQMZGkhgoyWRSlHBmJRnGgDlOUGD6wBBPF7K2I9LDCxNjQ8jYEf/bleVI7Lfql4tlNqVC+nMaRgwM4hGPw4RzKcA0VqAKBR3iGV3hznpwX5935mLQuONOZPfgD5/MHfFKWRA==</latexit>

and

In nuclear effective theories, short-distance contact operator appears at leading order

Anthony Grebe, Lattice 2023



Systematic uncertainties
Several systematic uncertainties remain to be quantified in detail

• Heavier than physical quark masses only


• One lattice spacing


• Excited-state effects
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• Heavier than physical quark masses only


• One lattice spacing


• Excited-state effects

Systematic uncertainties
Several systematic uncertainties remain to be quantified in detail

Gap between ground and two-nucleon finite-volume “scattering” states becomes 
small for large volumes

36

E0 ⇠ 2M

<latexit sha1_base64="xI1HJQknDOaC4OjcIf9i2BhRIWo=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU9ktFT0WRfAiVLAfsF1KNs22oUl2SbJCWfozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqK3jVBHaIjGPVTfEmnImacsww2k3URSLkNNOOL6Z+Z0nqjSL5aOZJDQQeChZxAg2VvJv+y7qaSZQ7b5frrhVdw60SrycVCBHs1/+6g1ikgoqDeFYa99zExNkWBlGOJ2WeqmmCSZjPKS+pRILqoNsfvIUnVllgKJY2ZIGzdXfExkWWk9EaDsFNiO97M3E/zw/NdFVkDGZpIZKslgUpRyZGM3+RwOmKDF8YgkmitlbERlhhYmxKZVsCN7yy6ukXat69erFQ73SuM7jKMIJnMI5eHAJDbiDJrSAQAzP8ApvjnFenHfnY9FacPKZY/gD5/MHlZqQKA==</latexit>

E1 ⇠ 2M + �

<latexit sha1_base64="d+zV1b8pRfpJUIA2PPB7dDFgwXk=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCIJSkVHRZFMGNUME+oAlhMpm2Q2cmYWYi1FD8FTcuFHHrf7jzb5y2WWjrgQuHc+7l3nvChFGlHefbKiwtr6yuFddLG5tb2zv27l5LxanEpIljFstOiBRhVJCmppqRTiIJ4iEj7XB4NfHbD0QqGot7PUqIz1Ff0B7FSBspsA+uAxd6inJYvYWn0IsI0yiwy07FmQIuEjcnZZCjEdhfXhTjlBOhMUNKdV0n0X6GpKaYkXHJSxVJEB6iPukaKhAnys+m14/hsVEi2IulKaHhVP09kSGu1IiHppMjPVDz3kT8z+umunfhZ1QkqSYCzxb1UgZ1DCdRwIhKgjUbGYKwpOZWiAdIIqxNYCUTgjv/8iJpVSturXJ2VyvXL/M4iuAQHIET4IJzUAc3oAGaAINH8AxewZv1ZL1Y79bHrLVg5TP74A+szx/HWZOF</latexit>

� / 1/(box length)2

<latexit sha1_base64="j7MQpnstvA5Lo1vQXME0i/xIjwA=">AAACD3icbVA9SwNBFNzzM8avqKXNYlC0iXeiaCnaWEYwJpCLYW/zkizu7R6778Rw5B/Y+FdsLBSxtbXz37iJKTRxYGGYeY+3M1EihUXf//Kmpmdm5+ZzC/nFpeWV1cLa+rXVqeFQ4VpqU4uYBSkUVFCghFpigMWRhGp0ez7wq3dgrNDqCnsJNGLWUaItOEMnNQs7YQskMhomRieoabC/GyLcYxbpeypBdbDb37s5aBaKfskfgk6SYESKZIRys/AZtjRPY1DIJbO2HvgJNjJmUHAJ/XyYWkgYv2UdqDuqWAy2kQ3z9Om2U1q0rY17CulQ/b2RsdjaXhy5yZhh1457A/E/r55i+6SRCZWkCIr/HGqnkrrgg3JoSxjgKHuOMG6E+yvlXWYYR1dh3pUQjEeeJNcHpeCwdHR5WDw9G9WRI5tki+ySgByTU3JByqRCOHkgT+SFvHqP3rP35r3/jE55o50N8gfexzckaJwa</latexit>

Imaginary-time evolution only effectively suppresses excited states when                  ,  
but achieving                is computationally unfeasible for large volumes
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Variational methods

Although application of variational methods to multi-nucleon systems has long been 
advocated, it has only recently become computationally feasible

Li et al, PRD 103 (2021)
Peardon et al PRD 80 (2009)

Morningstar et al PRD 83 (2011)

Detmold, MW et al, PRD 104 (2021)

Robust upper bounds on energy spectrum can be obtained by diagonalizing symmetric 
matrices of correlation functions

All LQCD nuclear 
matrix element 
calculations so far
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Distillation: Sparsening:



Six-quark operator catalog
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Hexaquark

Two nucleons at rest Two nucleons 
in motion

Two exponentially 
localized nucleons

Many six-quark operators have 
the right quantum numbers to 
describe two-nucleon systems



Two neutrons in a box

Amarasinghe, MW et al [NPLQCD], arXiv:2108.10835
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Diagonalization of correlation-function 
matrices can be used to remove 
excited-state contamination from 
states strongly overlapping with other 
operators 

Each energy level dominantly overlaps 
with one operator structure, sub-
dominant operators collectively 30%



Interpolating operator dependence
Removing interpolating operators leads to 

“missing energy levels” for states 
dominantly overlapping with omitted 
operators



Interpolating operator dependence
Removing interpolating operators leads to 

“missing energy levels” for states 
dominantly overlapping with omitted 
operators

Variational upper bounds obtained 
using different interpolating operator 
sets are consistent

Ground-state energy estimates using 
different interpolating-operator sets 
show large discrepancies



The deuteron channel
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Low-energy states again 
have majority overlap 
with 1 operator structure

Finite-volume analogs of S-wave and D-wave operators included to provide a 
complete set of dibaryon operators with sufficiently low relative momentum

Dominantly S-wave Dominantly D-, G-, or I-wave

Spin-orbit coupling complicates the deuteron channel



Towards NN scattering from LQCD
Variational calculations including a wide range of two-nucleon operators lead to 

precise constraints on two-nucleon energy spectra and phase shifts
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Amarasinghe, MW et al, arXiv:2108.10835

• Consistency among studies with similar 
interpolating operators


• Significant discrepancies between 
calculations with different operators

Further study needed!

Lüscher 
quantization 
condition
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Outlook
Discovering lepton CP violation and precisely measuring neutrino oscillations at DUNE and 

Hyper-Kamiokande will require precise theory predictions of neutrino-nucleus scattering 

NOT DONE
Uncertainty quantification studies using multiple nuclear models show that more 

precise one- and two-nucleon inputs are needed for percent-level accuracy

Lattice QCD calculations of axial form factors are becoming mature, stay tuned for 
precise predictions of pion production amplitudes and two-body currents


