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Electroweak interactions and double logarithms

• Size of the couplings: 

• Expect NNLO QCD ~ NLO EW, but enhanced by double logs:  
[Ciafaloni, Comelli; Kuhn, Penin; Fadin et al; Beenakker, Werthenbach; Denner, Pozzorini; Kuhn et al;  
Denner et al; Chiu et al; …] 

• Important when searching for  
new physics in high pT tails 
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Figure 1. Our best predictions for the four LHC 13 TeV tt̄ di↵erential distributions considered in
this work. The predictions are based on the multiplicative approach. Shown are the scale, PDF and
combined (in quadrature) theory uncertainties for each QCD⇥ EW distribution. The boundaries
of the PDF variation band are marked with black dashed lines. Also shown is the ratio of central
scales for the combined QCD and EW prediction with respect to the NNLO QCD one.

interested reader to consult secs. 3 and 4 where detailed comparisons between the two PDF

sets as well as between the two approaches for combining QCD and EW corrections can

be found.

From the plots shown in fig. 1 we conclude that the impact of the EW corrections

relative to NNLO QCD depends strongly on the kinematic distribution. The smallest

impact is observed in the two rapidity distributions: the relative e↵ect for yavt is around

2 permil and is much smaller than the scale uncertainty. The y(tt̄) distribution is slightly

– 4 –

[Czakon et al]



Example: electroweak Sudakov at one loop

• Sudakov logarithms can be obtained in the symmetric phase, 
expanding in collinear and soft limit:
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<latexit sha1_base64="ygX3FnH8aLmwf4iPhzVuHEqjZoE=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoCCUpgi6rbtyILdgHNLFMppN26GQSZiZCCfkBN/6KGxeKuHXvzr9x0mah1QP3cjjnXmbu8SJGpbKsL6OwsLi0vFJcLa2tb2xumds7bRnGApMWDlkouh6ShFFOWooqRrqRICjwGOl448vM79wTIWnIb9UkIm6Ahpz6FCOlpb55cOzAxMGIwZvUuaDDiuMLhJPru1qaNHXLtKO+Wbaq1hTwL7FzUgY5Gn3z0xmEOA4IV5ghKXu2FSk3QUJRzEhacmJJIoTHaEh6mnIUEOkm02tSeKiVAfRDoYsrOFV/biQokHISeHoyQGok571M/M/rxco/cxPKo1gRjmcP+TGDKoRZNHBABcGKTTRBWFD9V4hHSMehdIAlHYI9f/Jf0q5VbatqN0/K9fM8jiLYA/ugAmxwCurgCjRAC2DwAJ7AC3g1Ho1n4814n40WjHxnF/yC8fENZqqafw==</latexit><latexit sha1_base64="ygX3FnH8aLmwf4iPhzVuHEqjZoE=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoCCUpgi6rbtyILdgHNLFMppN26GQSZiZCCfkBN/6KGxeKuHXvzr9x0mah1QP3cjjnXmbu8SJGpbKsL6OwsLi0vFJcLa2tb2xumds7bRnGApMWDlkouh6ShFFOWooqRrqRICjwGOl448vM79wTIWnIb9UkIm6Ahpz6FCOlpb55cOzAxMGIwZvUuaDDiuMLhJPru1qaNHXLtKO+Wbaq1hTwL7FzUgY5Gn3z0xmEOA4IV5ghKXu2FSk3QUJRzEhacmJJIoTHaEh6mnIUEOkm02tSeKiVAfRDoYsrOFV/biQokHISeHoyQGok571M/M/rxco/cxPKo1gRjmcP+TGDKoRZNHBABcGKTTRBWFD9V4hHSMehdIAlHYI9f/Jf0q5VbatqN0/K9fM8jiLYA/ugAmxwCurgCjRAC2DwAJ7AC3g1Ho1n4814n40WjHxnF/yC8fENZqqafw==</latexit><latexit sha1_base64="ygX3FnH8aLmwf4iPhzVuHEqjZoE=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoCCUpgi6rbtyILdgHNLFMppN26GQSZiZCCfkBN/6KGxeKuHXvzr9x0mah1QP3cjjnXmbu8SJGpbKsL6OwsLi0vFJcLa2tb2xumds7bRnGApMWDlkouh6ShFFOWooqRrqRICjwGOl448vM79wTIWnIb9UkIm6Ahpz6FCOlpb55cOzAxMGIwZvUuaDDiuMLhJPru1qaNHXLtKO+Wbaq1hTwL7FzUgY5Gn3z0xmEOA4IV5ghKXu2FSk3QUJRzEhacmJJIoTHaEh6mnIUEOkm02tSeKiVAfRDoYsrOFV/biQokHISeHoyQGok571M/M/rxco/cxPKo1gRjmcP+TGDKoRZNHBABcGKTTRBWFD9V4hHSMehdIAlHYI9f/Jf0q5VbatqN0/K9fM8jiLYA/ugAmxwCurgCjRAC2DwAJ7AC3g1Ho1n4814n40WjHxnF/yC8fENZqqafw==</latexit><latexit sha1_base64="ygX3FnH8aLmwf4iPhzVuHEqjZoE=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoCCUpgi6rbtyILdgHNLFMppN26GQSZiZCCfkBN/6KGxeKuHXvzr9x0mah1QP3cjjnXmbu8SJGpbKsL6OwsLi0vFJcLa2tb2xumds7bRnGApMWDlkouh6ShFFOWooqRrqRICjwGOl448vM79wTIWnIb9UkIm6Ahpz6FCOlpb55cOzAxMGIwZvUuaDDiuMLhJPru1qaNHXLtKO+Wbaq1hTwL7FzUgY5Gn3z0xmEOA4IV5ghKXu2FSk3QUJRzEhacmJJIoTHaEh6mnIUEOkm02tSeKiVAfRDoYsrOFV/biQokHISeHoyQGok571M/M/rxco/cxPKo1gRjmcP+TGDKoRZNHBABcGKTTRBWFD9V4hHSMehdIAlHYI9f/Jf0q5VbatqN0/K9fM8jiLYA/ugAmxwCurgCjRAC2DwAJ7AC3g1Ho1n4814n40WjHxnF/yC8fENZqqafw==</latexit>



• Sudakov logarithms can be obtained in the symmetric phase, 
expanding in collinear and soft limit 

• Factorization of physics at hard scale     and electroweak 
scale     → enables resummation of  

• Requires treatment of rapidity logarithms
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<latexit sha1_base64="w8T2wcVmsKXwa7uBV7rrgvMcWfo="></latexit><latexit sha1_base64="w8T2wcVmsKXwa7uBV7rrgvMcWfo="></latexit><latexit sha1_base64="w8T2wcVmsKXwa7uBV7rrgvMcWfo="></latexit><latexit sha1_base64="w8T2wcVmsKXwa7uBV7rrgvMcWfo="></latexit>

Example: electroweak Sudakov at one loop

4

+
<latexit sha1_base64="rk/QHNJTxvfT9IJrTmQHAoF/PWc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4rXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcTiMrg==</latexit><latexit sha1_base64="rk/QHNJTxvfT9IJrTmQHAoF/PWc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4rXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcTiMrg==</latexit><latexit sha1_base64="rk/QHNJTxvfT9IJrTmQHAoF/PWc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4rXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcTiMrg==</latexit><latexit sha1_base64="rk/QHNJTxvfT9IJrTmQHAoF/PWc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4rXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcTiMrg==</latexit>

Q
<latexit sha1_base64="3HEmIKuX/9EPgPVfkB2IcfjI+vc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2RyUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AqtCM1A==</latexit><latexit sha1_base64="3HEmIKuX/9EPgPVfkB2IcfjI+vc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2RyUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AqtCM1A==</latexit><latexit sha1_base64="3HEmIKuX/9EPgPVfkB2IcfjI+vc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2RyUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AqtCM1A==</latexit><latexit sha1_base64="3HEmIKuX/9EPgPVfkB2IcfjI+vc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2RyUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AqtCM1A==</latexit>

M
<latexit sha1_base64="lJh3gJBggS6vSE+Z1GyWz+zlIG0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPFixehBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBorNe775Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2k0eRxFO4BTOwYMrqMEd1KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AKTAjNA=</latexit><latexit sha1_base64="lJh3gJBggS6vSE+Z1GyWz+zlIG0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPFixehBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBorNe775Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2k0eRxFO4BTOwYMrqMEd1KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AKTAjNA=</latexit><latexit sha1_base64="lJh3gJBggS6vSE+Z1GyWz+zlIG0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPFixehBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBorNe775Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2k0eRxFO4BTOwYMrqMEd1KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AKTAjNA=</latexit><latexit sha1_base64="lJh3gJBggS6vSE+Z1GyWz+zlIG0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPFixehBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBorNe775Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2k0eRxFO4BTOwYMrqMEd1KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AKTAjNA=</latexit>

+
<latexit sha1_base64="rk/QHNJTxvfT9IJrTmQHAoF/PWc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4rXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcTiMrg==</latexit><latexit sha1_base64="rk/QHNJTxvfT9IJrTmQHAoF/PWc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4rXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcTiMrg==</latexit><latexit sha1_base64="rk/QHNJTxvfT9IJrTmQHAoF/PWc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4rXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcTiMrg==</latexit><latexit sha1_base64="rk/QHNJTxvfT9IJrTmQHAoF/PWc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4rXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcTiMrg==</latexit>

+
<latexit sha1_base64="rk/QHNJTxvfT9IJrTmQHAoF/PWc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4rXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcTiMrg==</latexit><latexit sha1_base64="rk/QHNJTxvfT9IJrTmQHAoF/PWc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4rXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcTiMrg==</latexit><latexit sha1_base64="rk/QHNJTxvfT9IJrTmQHAoF/PWc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4rXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcTiMrg==</latexit><latexit sha1_base64="rk/QHNJTxvfT9IJrTmQHAoF/PWc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4rXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcTiMrg==</latexit>

= C(1)(Q,µ)+
<latexit sha1_base64="AEdPaOSsS+RFgESO60oIwfxbm9E=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSxCi1ISEfQiVHrx2IL9gDaWzXbbLt1swu5GKbE/xYsHRbz6S7z5b9y2OWj1wcDjvRlm5vkRZ0o7zpeVWVldW9/Ibua2tnd29+z8flOFsSS0QUIeyraPFeVM0IZmmtN2JCkOfE5b/rg681v3VCoWils9iagX4KFgA0awNlLPzl+h6l1SdEvTYv20G8Slk55dcMrOHOgvcVNSgBS1nv3Z7YckDqjQhGOlOq4TaS/BUjPC6TTXjRWNMBnjIe0YKnBAlZfMT5+iY6P00SCUpoRGc/XnRIIDpSaBbzoDrEdq2ZuJ/3mdWA8uvYSJKNZUkMWiQcyRDtEsB9RnkhLNJ4ZgIpm5FZERlphok1bOhOAuv/yXNM/KrlN26+eFynUaRxYO4QiK4MIFVOAGatAAAg/wBC/waj1az9ab9b5ozVjpzAH8gvXxDTWEkgM=</latexit><latexit sha1_base64="AEdPaOSsS+RFgESO60oIwfxbm9E=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSxCi1ISEfQiVHrx2IL9gDaWzXbbLt1swu5GKbE/xYsHRbz6S7z5b9y2OWj1wcDjvRlm5vkRZ0o7zpeVWVldW9/Ibua2tnd29+z8flOFsSS0QUIeyraPFeVM0IZmmtN2JCkOfE5b/rg681v3VCoWils9iagX4KFgA0awNlLPzl+h6l1SdEvTYv20G8Slk55dcMrOHOgvcVNSgBS1nv3Z7YckDqjQhGOlOq4TaS/BUjPC6TTXjRWNMBnjIe0YKnBAlZfMT5+iY6P00SCUpoRGc/XnRIIDpSaBbzoDrEdq2ZuJ/3mdWA8uvYSJKNZUkMWiQcyRDtEsB9RnkhLNJ4ZgIpm5FZERlphok1bOhOAuv/yXNM/KrlN26+eFynUaRxYO4QiK4MIFVOAGatAAAg/wBC/waj1az9ab9b5ozVjpzAH8gvXxDTWEkgM=</latexit><latexit sha1_base64="AEdPaOSsS+RFgESO60oIwfxbm9E=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSxCi1ISEfQiVHrx2IL9gDaWzXbbLt1swu5GKbE/xYsHRbz6S7z5b9y2OWj1wcDjvRlm5vkRZ0o7zpeVWVldW9/Ibua2tnd29+z8flOFsSS0QUIeyraPFeVM0IZmmtN2JCkOfE5b/rg681v3VCoWils9iagX4KFgA0awNlLPzl+h6l1SdEvTYv20G8Slk55dcMrOHOgvcVNSgBS1nv3Z7YckDqjQhGOlOq4TaS/BUjPC6TTXjRWNMBnjIe0YKnBAlZfMT5+iY6P00SCUpoRGc/XnRIIDpSaBbzoDrEdq2ZuJ/3mdWA8uvYSJKNZUkMWiQcyRDtEsB9RnkhLNJ4ZgIpm5FZERlphok1bOhOAuv/yXNM/KrlN26+eFynUaRxYO4QiK4MIFVOAGatAAAg/wBC/waj1az9ab9b5ozVjpzAH8gvXxDTWEkgM=</latexit><latexit sha1_base64="AEdPaOSsS+RFgESO60oIwfxbm9E=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSxCi1ISEfQiVHrx2IL9gDaWzXbbLt1swu5GKbE/xYsHRbz6S7z5b9y2OWj1wcDjvRlm5vkRZ0o7zpeVWVldW9/Ibua2tnd29+z8flOFsSS0QUIeyraPFeVM0IZmmtN2JCkOfE5b/rg681v3VCoWils9iagX4KFgA0awNlLPzl+h6l1SdEvTYv20G8Slk55dcMrOHOgvcVNSgBS1nv3Z7YckDqjQhGOlOq4TaS/BUjPC6TTXjRWNMBnjIe0YKnBAlZfMT5+iY6P00SCUpoRGc/XnRIIDpSaBbzoDrEdq2ZuJ/3mdWA8uvYSJKNZUkMWiQcyRDtEsB9RnkhLNJ4ZgIpm5FZERlphok1bOhOAuv/yXNM/KrlN26+eFynUaRxYO4QiK4MIFVOAGatAAAg/wBC/waj1az9ab9b5ozVjpzAH8gvXxDTWEkgM=</latexit>

+ O

⇣M2

Q2

⌘

<latexit sha1_base64="ygX3FnH8aLmwf4iPhzVuHEqjZoE=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoCCUpgi6rbtyILdgHNLFMppN26GQSZiZCCfkBN/6KGxeKuHXvzr9x0mah1QP3cjjnXmbu8SJGpbKsL6OwsLi0vFJcLa2tb2xumds7bRnGApMWDlkouh6ShFFOWooqRrqRICjwGOl448vM79wTIWnIb9UkIm6Ahpz6FCOlpb55cOzAxMGIwZvUuaDDiuMLhJPru1qaNHXLtKO+Wbaq1hTwL7FzUgY5Gn3z0xmEOA4IV5ghKXu2FSk3QUJRzEhacmJJIoTHaEh6mnIUEOkm02tSeKiVAfRDoYsrOFV/biQokHISeHoyQGok571M/M/rxco/cxPKo1gRjmcP+TGDKoRZNHBABcGKTTRBWFD9V4hHSMehdIAlHYI9f/Jf0q5VbatqN0/K9fM8jiLYA/ugAmxwCurgCjRAC2DwAJ7AC3g1Ho1n4814n40WjHxnF/yC8fENZqqafw==</latexit><latexit sha1_base64="ygX3FnH8aLmwf4iPhzVuHEqjZoE=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoCCUpgi6rbtyILdgHNLFMppN26GQSZiZCCfkBN/6KGxeKuHXvzr9x0mah1QP3cjjnXmbu8SJGpbKsL6OwsLi0vFJcLa2tb2xumds7bRnGApMWDlkouh6ShFFOWooqRrqRICjwGOl448vM79wTIWnIb9UkIm6Ahpz6FCOlpb55cOzAxMGIwZvUuaDDiuMLhJPru1qaNHXLtKO+Wbaq1hTwL7FzUgY5Gn3z0xmEOA4IV5ghKXu2FSk3QUJRzEhacmJJIoTHaEh6mnIUEOkm02tSeKiVAfRDoYsrOFV/biQokHISeHoyQGok571M/M/rxco/cxPKo1gRjmcP+TGDKoRZNHBABcGKTTRBWFD9V4hHSMehdIAlHYI9f/Jf0q5VbatqN0/K9fM8jiLYA/ugAmxwCurgCjRAC2DwAJ7AC3g1Ho1n4814n40WjHxnF/yC8fENZqqafw==</latexit><latexit sha1_base64="ygX3FnH8aLmwf4iPhzVuHEqjZoE=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoCCUpgi6rbtyILdgHNLFMppN26GQSZiZCCfkBN/6KGxeKuHXvzr9x0mah1QP3cjjnXmbu8SJGpbKsL6OwsLi0vFJcLa2tb2xumds7bRnGApMWDlkouh6ShFFOWooqRrqRICjwGOl448vM79wTIWnIb9UkIm6Ahpz6FCOlpb55cOzAxMGIwZvUuaDDiuMLhJPru1qaNHXLtKO+Wbaq1hTwL7FzUgY5Gn3z0xmEOA4IV5ghKXu2FSk3QUJRzEhacmJJIoTHaEh6mnIUEOkm02tSeKiVAfRDoYsrOFV/biQokHISeHoyQGok571M/M/rxco/cxPKo1gRjmcP+TGDKoRZNHBABcGKTTRBWFD9V4hHSMehdIAlHYI9f/Jf0q5VbatqN0/K9fM8jiLYA/ugAmxwCurgCjRAC2DwAJ7AC3g1Ho1n4814n40WjHxnF/yC8fENZqqafw==</latexit><latexit sha1_base64="ygX3FnH8aLmwf4iPhzVuHEqjZoE=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoCCUpgi6rbtyILdgHNLFMppN26GQSZiZCCfkBN/6KGxeKuHXvzr9x0mah1QP3cjjnXmbu8SJGpbKsL6OwsLi0vFJcLa2tb2xumds7bRnGApMWDlkouh6ShFFOWooqRrqRICjwGOl448vM79wTIWnIb9UkIm6Ahpz6FCOlpb55cOzAxMGIwZvUuaDDiuMLhJPru1qaNHXLtKO+Wbaq1hTwL7FzUgY5Gn3z0xmEOA4IV5ghKXu2FSk3QUJRzEhacmJJIoTHaEh6mnIUEOkm02tSeKiVAfRDoYsrOFV/biQokHISeHoyQGok571M/M/rxco/cxPKo1gRjmcP+TGDKoRZNHBABcGKTTRBWFD9V4hHSMehdIAlHYI9f/Jf0q5VbatqN0/K9fM8jiLYA/ugAmxwCurgCjRAC2DwAJ7AC3g1Ho1n4814n40WjHxnF/yC8fENZqqafw==</latexit>

↵n
2 lnm(Q2/M2)

<latexit sha1_base64="OrI1NILyZGIlzmTrKfyYFrQmQMI=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahbmoSBF1W3LgRWrAPaB5MptN26GQSZiZCCQU3/oobF4q49Sfc+TdO2yy09cCFwzn3cu89YcKoVJb1bRRWVtfWN4qbpa3tnd09c/+gJeNUYNLEMYtFJ0SSMMpJU1HFSCcRBEUhI+1wdDP12w9ESBrzezVOiBehAad9ipHSUmAeuYglQxQ4Pocu434EKw3fOb/znbPALFtVawa4TOyclEGOemB+ub0YpxHhCjMkZde2EuVlSCiKGZmU3FSSBOERGpCuphxFRHrZ7IcJPNVKD/ZjoYsrOFN/T2QoknIchbozQmooF72p+J/XTVX/yssoT1JFOJ4v6qcMqhhOA4E9KghWbKwJwoLqWyEeIoGw0rGVdAj24svLpOVUbatqNy7Ktes8jiI4BiegAmxwCWrgFtRBE2DwCJ7BK3gznowX4934mLcWjHzmEPyB8fkDNgqV7A==</latexit><latexit sha1_base64="OrI1NILyZGIlzmTrKfyYFrQmQMI=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahbmoSBF1W3LgRWrAPaB5MptN26GQSZiZCCQU3/oobF4q49Sfc+TdO2yy09cCFwzn3cu89YcKoVJb1bRRWVtfWN4qbpa3tnd09c/+gJeNUYNLEMYtFJ0SSMMpJU1HFSCcRBEUhI+1wdDP12w9ESBrzezVOiBehAad9ipHSUmAeuYglQxQ4Pocu434EKw3fOb/znbPALFtVawa4TOyclEGOemB+ub0YpxHhCjMkZde2EuVlSCiKGZmU3FSSBOERGpCuphxFRHrZ7IcJPNVKD/ZjoYsrOFN/T2QoknIchbozQmooF72p+J/XTVX/yssoT1JFOJ4v6qcMqhhOA4E9KghWbKwJwoLqWyEeIoGw0rGVdAj24svLpOVUbatqNy7Ktes8jiI4BiegAmxwCWrgFtRBE2DwCJ7BK3gznowX4934mLcWjHzmEPyB8fkDNgqV7A==</latexit><latexit sha1_base64="OrI1NILyZGIlzmTrKfyYFrQmQMI=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahbmoSBF1W3LgRWrAPaB5MptN26GQSZiZCCQU3/oobF4q49Sfc+TdO2yy09cCFwzn3cu89YcKoVJb1bRRWVtfWN4qbpa3tnd09c/+gJeNUYNLEMYtFJ0SSMMpJU1HFSCcRBEUhI+1wdDP12w9ESBrzezVOiBehAad9ipHSUmAeuYglQxQ4Pocu434EKw3fOb/znbPALFtVawa4TOyclEGOemB+ub0YpxHhCjMkZde2EuVlSCiKGZmU3FSSBOERGpCuphxFRHrZ7IcJPNVKD/ZjoYsrOFN/T2QoknIchbozQmooF72p+J/XTVX/yssoT1JFOJ4v6qcMqhhOA4E9KghWbKwJwoLqWyEeIoGw0rGVdAj24svLpOVUbatqNy7Ktes8jiI4BiegAmxwCWrgFtRBE2DwCJ7BK3gznowX4934mLcWjHzmEPyB8fkDNgqV7A==</latexit><latexit sha1_base64="OrI1NILyZGIlzmTrKfyYFrQmQMI=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahbmoSBF1W3LgRWrAPaB5MptN26GQSZiZCCQU3/oobF4q49Sfc+TdO2yy09cCFwzn3cu89YcKoVJb1bRRWVtfWN4qbpa3tnd09c/+gJeNUYNLEMYtFJ0SSMMpJU1HFSCcRBEUhI+1wdDP12w9ESBrzezVOiBehAad9ipHSUmAeuYglQxQ4Pocu434EKw3fOb/znbPALFtVawa4TOyclEGOemB+ub0YpxHhCjMkZde2EuVlSCiKGZmU3FSSBOERGpCuphxFRHrZ7IcJPNVKD/ZjoYsrOFN/T2QoknIchbozQmooF72p+J/XTVX/yssoT1JFOJ4v6qcMqhhOA4E9KghWbKwJwoLqWyEeIoGw0rGVdAj24svLpOVUbatqNy7Ktes8jiI4BiegAmxwCWrgFtRBE2DwCJ7BK3gznowX4934mLcWjHzmEPyB8fkDNgqV7A==</latexit>

µ = Q
<latexit sha1_base64="ekx4BpFxdIc9BHRz4NCvXh9BfiI=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoAhCwIvHBMwDkiXMTnqTITOzy8ysEEI+wosHRbz6Pd78GyfJHjRa0FBUddPdFaWCG+v7X15hbX1jc6u4XdrZ3ds/KB8etUySaYZNlohEdyJqUHCFTcutwE6qkcpIYDsa38399iNqwxP1YCcphpIOFY85o9ZJ7Z7MyC1p9MsVv+ovQP6SICcVyFHvlz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC7OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+DqccpVmFhVbLoozQWxC5r+TAdfIrJg4Qpnm7lbCRlRTZl1CJRdCsPryX9K6qAZ+NWhcVmo3eRxFOIFTOIcArqAG91CHJjAYwxO8wKuXes/em/e+bC14+cwx/IL38Q0s6o7E</latexit><latexit sha1_base64="ekx4BpFxdIc9BHRz4NCvXh9BfiI=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoAhCwIvHBMwDkiXMTnqTITOzy8ysEEI+wosHRbz6Pd78GyfJHjRa0FBUddPdFaWCG+v7X15hbX1jc6u4XdrZ3ds/KB8etUySaYZNlohEdyJqUHCFTcutwE6qkcpIYDsa38399iNqwxP1YCcphpIOFY85o9ZJ7Z7MyC1p9MsVv+ovQP6SICcVyFHvlz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC7OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+DqccpVmFhVbLoozQWxC5r+TAdfIrJg4Qpnm7lbCRlRTZl1CJRdCsPryX9K6qAZ+NWhcVmo3eRxFOIFTOIcArqAG91CHJjAYwxO8wKuXes/em/e+bC14+cwx/IL38Q0s6o7E</latexit><latexit sha1_base64="ekx4BpFxdIc9BHRz4NCvXh9BfiI=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoAhCwIvHBMwDkiXMTnqTITOzy8ysEEI+wosHRbz6Pd78GyfJHjRa0FBUddPdFaWCG+v7X15hbX1jc6u4XdrZ3ds/KB8etUySaYZNlohEdyJqUHCFTcutwE6qkcpIYDsa38399iNqwxP1YCcphpIOFY85o9ZJ7Z7MyC1p9MsVv+ovQP6SICcVyFHvlz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC7OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+DqccpVmFhVbLoozQWxC5r+TAdfIrJg4Qpnm7lbCRlRTZl1CJRdCsPryX9K6qAZ+NWhcVmo3eRxFOIFTOIcArqAG91CHJjAYwxO8wKuXes/em/e+bC14+cwx/IL38Q0s6o7E</latexit><latexit sha1_base64="ekx4BpFxdIc9BHRz4NCvXh9BfiI=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoAhCwIvHBMwDkiXMTnqTITOzy8ysEEI+wosHRbz6Pd78GyfJHjRa0FBUddPdFaWCG+v7X15hbX1jc6u4XdrZ3ds/KB8etUySaYZNlohEdyJqUHCFTcutwE6qkcpIYDsa38399iNqwxP1YCcphpIOFY85o9ZJ7Z7MyC1p9MsVv+ovQP6SICcVyFHvlz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC7OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZ+DqccpVmFhVbLoozQWxC5r+TAdfIrJg4Qpnm7lbCRlRTZl1CJRdCsPryX9K6qAZ+NWhcVmo3eRxFOIFTOIcArqAG91CHJjAYwxO8wKuXes/em/e+bC14+cwx/IL38Q0s6o7E</latexit>

µ = MW
<latexit sha1_base64="3/Ht3ctbdN1RdJzFmyIOFTtXdO8=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoAhCwIsXIYJ5SLKE2clsMmQey8ysEJZ8hRcPinj1c7z5N06SPWhiQUNR1U13V5RwZqzvf3uFldW19Y3iZmlre2d3r7x/0DQq1YQ2iOJKtyNsKGeSNiyznLYTTbGIOG1Fo5up33qi2jAlH+w4oaHAA8liRrB10mNXpOga3fVavXLFr/ozoGUS5KQCOeq98le3r0gqqLSEY2M6gZ/YMMPaMsLppNRNDU0wGeEB7TgqsaAmzGYHT9CJU/ooVtqVtGim/p7IsDBmLCLXKbAdmkVvKv7ndVIbX4YZk0lqqSTzRXHKkVVo+j3qM02J5WNHMNHM3YrIEGtMrMuo5EIIFl9eJs2zauBXg/vzSu0qj6MIR3AMpxDABdTgFurQAAICnuEV3jztvXjv3se8teDlM4fwB97nD4kSj4o=</latexit><latexit sha1_base64="3/Ht3ctbdN1RdJzFmyIOFTtXdO8=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoAhCwIsXIYJ5SLKE2clsMmQey8ysEJZ8hRcPinj1c7z5N06SPWhiQUNR1U13V5RwZqzvf3uFldW19Y3iZmlre2d3r7x/0DQq1YQ2iOJKtyNsKGeSNiyznLYTTbGIOG1Fo5up33qi2jAlH+w4oaHAA8liRrB10mNXpOga3fVavXLFr/ozoGUS5KQCOeq98le3r0gqqLSEY2M6gZ/YMMPaMsLppNRNDU0wGeEB7TgqsaAmzGYHT9CJU/ooVtqVtGim/p7IsDBmLCLXKbAdmkVvKv7ndVIbX4YZk0lqqSTzRXHKkVVo+j3qM02J5WNHMNHM3YrIEGtMrMuo5EIIFl9eJs2zauBXg/vzSu0qj6MIR3AMpxDABdTgFurQAAICnuEV3jztvXjv3se8teDlM4fwB97nD4kSj4o=</latexit><latexit sha1_base64="3/Ht3ctbdN1RdJzFmyIOFTtXdO8=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoAhCwIsXIYJ5SLKE2clsMmQey8ysEJZ8hRcPinj1c7z5N06SPWhiQUNR1U13V5RwZqzvf3uFldW19Y3iZmlre2d3r7x/0DQq1YQ2iOJKtyNsKGeSNiyznLYTTbGIOG1Fo5up33qi2jAlH+w4oaHAA8liRrB10mNXpOga3fVavXLFr/ozoGUS5KQCOeq98le3r0gqqLSEY2M6gZ/YMMPaMsLppNRNDU0wGeEB7TgqsaAmzGYHT9CJU/ooVtqVtGim/p7IsDBmLCLXKbAdmkVvKv7ndVIbX4YZk0lqqSTzRXHKkVVo+j3qM02J5WNHMNHM3YrIEGtMrMuo5EIIFl9eJs2zauBXg/vzSu0qj6MIR3AMpxDABdTgFurQAAICnuEV3jztvXjv3se8teDlM4fwB97nD4kSj4o=</latexit><latexit sha1_base64="3/Ht3ctbdN1RdJzFmyIOFTtXdO8=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoAhCwIsXIYJ5SLKE2clsMmQey8ysEJZ8hRcPinj1c7z5N06SPWhiQUNR1U13V5RwZqzvf3uFldW19Y3iZmlre2d3r7x/0DQq1YQ2iOJKtyNsKGeSNiyznLYTTbGIOG1Fo5up33qi2jAlH+w4oaHAA8liRrB10mNXpOga3fVavXLFr/ozoGUS5KQCOeq98le3r0gqqLSEY2M6gZ/YMMPaMsLppNRNDU0wGeEB7TgqsaAmzGYHT9CJU/ooVtqVtGim/p7IsDBmLCLXKbAdmkVvKv7ndVIbX4YZk0lqqSTzRXHKkVVo+j3qM02J5WNHMNHM3YrIEGtMrMuo5EIIFl9eJs2zauBXg/vzSu0qj6MIR3AMpxDABdTgFurQAAICnuEV3jztvXjv3se8teDlM4fwB97nD4kSj4o=</latexit>



Today’s talk

• At high energies EW effects should be treated inclusively: 
e.g. W bosons collinear to beam are not resolved → EW PDFs 

• We will consider Drell-Yan for definiteness:  

Key features:  

• Proton is not EW singlet:  
→ double logs and soft function in inclusive cross sections 

• SU(2) is chiral: polarization can’t be ignored,  
EW evolution will polarize beams
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fu 6= fd

Based on arXiv:1802.08687, 1803.06347  
with Aneesh Manohar and Bartosz Fornal
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Plan: A) factorization, B) evolution, C) matching

• A) Hard scale Q: work in symmetric phase, match onto SCET 
factorize cross section into collinear (and soft!) functions. 

• B) Evolve to symmetry-breaking scale MW  
including EW effects. 

• C) At MW match onto the broken phase. 
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µ = Q
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A) Factorization of hard
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• Integrate out hard scattering at            in symmetric phase 

• Remaining radiation is collinear or soft
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A) Factorization of collinear and soft
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• Soft radiation can be described by emissions from Wilson lines 

• There are also collinear Wilson lines (make PDFs/FFs gauge inv.)
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A) Factorization of cross section
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• Factorize cross section into PDFs, FFs and a soft function
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• Factorize cross section into PDFs, FFs and a soft function 

• Nonsinglets also contribute for EW: 

• Can cancel soft Wilson lines without     in between,                
This is why no QCD soft function for inclusive processes

S†
i Si = 1
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• Singlet and triplet fermion PDF are 

• Tree-level matching onto broken phase at electroweak scale 
                                                                             (h = helicity) 

• Matching for            vanishes due to charge conservation

C) Matching onto broken phase
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• PDFs (and FFs), where 

• Soft function: 

• We use the rapidity renormalization group 
[Chiu et al; Other choices possible: Collins; Becher, Neubert; Becher, Bell; Scimemi et al]
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d lnµ
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Z 1
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dz
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↵
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⌫

n̄·r

⌘
fj
⇣x
z
, µ, ⌫

⌘

d

d ln ⌫
fi(x, µ, ⌫) =

↵

⇡
�̂⌫,i(µ) fi(x, µ, ⌫)
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B) Renormalization group equations
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Figure 2. Path in (⌫, µ) space for integrating the anomalous dimensions of collinear and soft
operators.

first do the ⌫ evolution of the soft operator from ⌫ = MW to ⌫ = Q at µ = MW , and then

perform the µ evolution of the soft and collinear operators from µ = MW to µ = Q, as shown

in fig. 2 (see also the discussion above eq. (4.30) in ref. [37]). Using eq. (4.7), the ⌫ evolution

of the soft operator gives

U⌫ = exp

 Z
⌫C

⌫S

d⌫

⌫
�⌫,S

�
= exp


� nI

↵2(µ)

⇡
ln

Q

MW

ln
µ2

M2
W

�
, (6.2)

where nI is the number of gauge indices in the soft factor. When µ = MW exactly, U⌫ = 1

and can be ignored, but otherwise it must be kept to achieve NLL accuracy. In particular it

must be kept when estimating the perturbative uncertainty from scale variations.

Moving on to the µ-evolution, we first consider the terms in the collinear and soft µ-

evolution that give rise to double logarithms. They are described by the following multi-

plicative anomalous dimensions: For the soft anomalous dimension, the relevant terms in

eqs. (4.8)–(4.10) are given by (using cA = 2)

�DL
µ,S = nI

↵2

⇡
ln

µ2

⌫2
. (6.3)

For the collinear anomalous dimensions, the double logarithms arise from the ln ⌫/(n̄·p) term,

which vanishes for the o↵-diagonal elements. For the diagonal elements, it vanishes for the

singlet, and for the triplet PDFs (and FFs) it is given by

�(I=1),DL
µ,qq = �(I=1),DL

µ,WW
= �(I=1),DL

µ,WB
= · · · =

2↵2

⇡
ln

⌫

n̄ · p �(1 � z) . (6.4)

Here n̄ ·p = 2E, with E the energy of the parton. The triplet PDFs have a single gauge index

which is contracted with a soft operator, and the soft operator anomalous dimension eq. (6.3)

is proportional to nI , the number of gauge indices. Combining the collinear anomalous
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d

d lnµ
S(µ, ⌫) = ↵

⇡
�̂µ,S

⇣
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M

⌘
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d

d ln ⌫
S(µ, ⌫) = ↵

⇡
�̂⌫,S(µ)S(µ, ⌫)
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n̄·r = xEcm
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B) Fermion PDF anomalous dimension

13

• Singlet and adjoint: 

• Virtual diagrams have 

• Real diagrams have

cF

tbtb = cF

tbtatb = (cF� 1
2cA)t

a

f (I=0)
q ⇠ hp|q̄q|pi

f (I=1)
q ⇠ hp|q̄taq|pi

Graph �̂µ �̂⌫

2
(1�z)+

� 2 � 2 �(1 � z) ln ⌫

n̄·r
� ln µ

2

M2

1 � z 0

Total1
2

(1�z)+
� z � 1 � 2 �(1 � z) ln ⌫

n̄·r
� ln µ

2

M2

2
�
ln ⌫

n̄·r
+ 1

�
�(1 � z) ln µ

2

M2

�1
2�(1 � z) 0

Total2
�
2 ln ⌫

n̄·r
+ 3

2

�
�(1 � z) ln µ

2

M2

Table 1. One-loop diagrams for the renormalization of fermion collinear operators. The columns
show the graph and contribution to the µ and ⌫ anomalous dimension. The combinatoric factor of 2
for the first and third graphs, and �1 for the wavefunction graph has been included. Subsets of the
graphs have been summed to give Total1 and Total2. For the singlet fermion PDF, Total1 and Total2
have group theory factor cF . For the adjoint PDF, Total1 has group theory factor cF � cA/2 and
Total2 has group theory factor cF .

3.2 �QQ and �HH

The one-loop gauge diagrams and resulting contributions to the QQ anomalous dimensions are

shown in table 1. Their calculation was performed in section V of ref. [56], using dimensional

regularization for the UV divergences and the rapidity renormalization group [39, 40] to

treat the rapidity divergences. The graphs are divided into two sets, with the sum of each

set given in the table. The value of individual diagrams depends on the gauge choice, but

Total1 and Total2 remain the same. The color factor cQQ(R) for Total1 depends on the PDF

representation, whereas the color factor for Total2 is cF .

The one-loop graphs in Table 1 conserve fermion helicity, implying that the helicity

mixing terms �Q+Q� and �Q�Q+ vanish at this order. The expressions for the diagrams hold

for both �Q+Q+ for Q = u, d, e and �Q�Q� for Q = q, l, and lead to the following anomalous

– 18 –



B) Fermion PDF anomalous dimension

14

• Color factors: 

• I=0 has standard         splitting function evolution 

• I=1 involves double logs and rapidity logs

PQQ
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qq = cF� 1
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B) Gauge boson PDF anomalous dimension

15

• Virtual diagrams have 
     and  

• Real diagrams have 

• Need to keep track of 
helicity of gauge bosons

cA

f (I=0)
W : cA

f (I=1)
W : 1

2cA

f (I=2)
W : �1

Graph PG+G+ PG+G�

�̂µ �̂⌫ �̂µ �̂⌫

2
(1�z)+

� 1 � 2 ln ⌫

n̄·r
�(1 � z) � ln µ

2

M2 0 0

1
z

+ 1 � z2 0 (1�z)3

z
0

�1 � z 0 0 0

Total1
2

(1�z)+
+ 1

z
� 1 � z � z2 � 2 ln ⌫

n̄·r
�(1 � z) � ln µ

2

M2
(1�z)3

z
0

cA
�
2 ln ⌫

n̄·r
+ 5

2

�
�(1 � z) cA ln µ

2

M2 0 0

�3
2cA�(1 � z) 0 0 0

�
b0
2 � cA

�
�(1 � z) 0 0 0

Total2
�
b0
2 + 2cA ln ⌫

n̄·r

�
�(1 � z) cA ln µ

2

M2 0 0

Table 4. One-loop diagrams for the renormalization of collinear gauge boson operators. The columns
show the graph and contribution to the µ and ⌫ anomalous dimension for PG+G+ , PG+G� . At one-
loop, PG+G+ = PG�G� and PG+G� = PG�G+ . Combinatoric factors have been included. Subsets of
the graphs have been summed to give Total1 and Total2. Total2 has group theory factor 1 in all cases,
since its group theory factors are already included in the table. Total1 has group theory factors given
in eq. (3.37).

where

ePG+G+(z) =
2

(1 � z)+
+

1

z
� 1 � z � z2 ,
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<latexit sha1_base64="p+BKRs9D03Jr5jNOFhQh9Nw/KEU=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPFi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpIex7fbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vmpU3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U0GQnOGcmIJZVrYWwkbUU0Z2nQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8gfP5A+hMjYg=</latexit><latexit sha1_base64="p+BKRs9D03Jr5jNOFhQh9Nw/KEU=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPFi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpIex7fbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vmpU3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U0GQnOGcmIJZVrYWwkbUU0Z2nQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8gfP5A+hMjYg=</latexit><latexit sha1_base64="p+BKRs9D03Jr5jNOFhQh9Nw/KEU=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPFi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpIex7fbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vmpU3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U0GQnOGcmIJZVrYWwkbUU0Z2nQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8gfP5A+hMjYg=</latexit><latexit sha1_base64="p+BKRs9D03Jr5jNOFhQh9Nw/KEU=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPFi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpIex7fbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vmpU3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U0GQnOGcmIJZVrYWwkbUU0Z2nQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8gfP5A+hMjYg=</latexit>

Helicity stays same flipped



B) Mixing anomalous dimension
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• Fermions and gauge boson PDFs of same SU(2) repr. mix 

• SU(2)L evolution polarizes electroweak gauge boson PDFs, 
and consequently fermion and even gluon PDFs

Graph PHG+ = PHG�

�̂µ �̂⌫

z(1 � z) 0

Graph PG+H = PG�H

�̂µ �̂⌫

(1�z)
z

0

Table 6. The one-loop diagrams contributing to HG and GH mixing in the anomalous dimension
of collinear operators. The columns show the graph and contribution to the µ and ⌫ anomalous
dimension. The group theory factors are given in eqs. (3.40), (3.41) and (3.45).

Graph PG+Q+ PG+Q�

�̂µ �̂⌫ �̂µ �̂⌫

1
z

0 (1�z)2

z
0

Table 7. One-loop diagrams contributing to GQ mixing. The columns show the graph and contri-
bution to the µ and ⌫ anomalous dimension. The group theory factors are given in eq. (3.45).

where tF = 1/2 is the index of the fundamental representation. For the antifermion PDF,

c
Q̄G

(1) = tF , c
Q̄G

(adjS) = �1

2
tF , c

Q̄G
(adjA) =

1

2
tF . (3.41)

The triplet quark PDF can mix with the WB and BW PDFs, with anomalous dimensions

�µ,Q±WB± = �µ,Q±BW± =
g1g2
4⇡2

yQ ePQ±G±(z),

�
µ,Q̄±WB±

= �
µ,Q̄±BW±

= �g1g2
4⇡2

yQ ePQ±G±(z). (3.42)

The above analysis also applies to scalars, using the results in table 6,

�̂(R)
µ,HG±

= cHG(R) ePHG±(z), ePHG±(z) = z(1 � z), (3.43)

where the group theory factors cHG(R) are the same as for fermions in eqs. (3.40)–(3.42).

3.5 �GQ and �GH

The GQ element of the mixing matrix is due to the graph shown in table 7, and gives rise to

the anomalous dimension

�̂(R)
µ,G±Q±

= cGQ(R) ePG±Q±(z) , ePG+Q+(z) =
1

z
, ePG+Q�(z) =

(1 � z)2

z
, (3.44)
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Graph PQ+G+ PQ+G�

�̂µ �̂⌫ �̂µ �̂⌫

z2 0 (1 � z)2 0

Table 5. One-loop diagrams contributing to QG mixing. The columns show the graph and contri-
bution to the µ and ⌫ anomalous dimension. The group theory factors are given in eqs. (3.40) and
(3.41).

representations in eq. (3.37) which occur are 1, adjA and s̄s, which are the SU(2) singlet,

triplet, and quintet representation with weak isospin I = 0, 1, 2.

For the WB and BW PDFs, there are only virtual corrections which are diagonal in

helicity,

�µ,WB = �µ,BW =
↵2

⇡


b0,2
4

+ 2 ln
⌫

n̄ · r

�
�(1 � z) +

↵1

⇡


b0,1
4

�
�(1 � z) ,

�⌫,WB = �⌫,BW =
↵2

⇡
ln

µ2

M2
, (3.38)

where b0,2 is b0 for the SU(2) gauge group, and similarly for b0,3 and b0,1. The WB PDFs do

not mix with the triplet W PDF at one-loop, since W and B bosons do not interact at tree

level.

3.4 �QG and �HG

Fermion and gauge boson PDFs can mix, and the QG element of the mixing matrix is due to

the graph shown in table 5. The graph has no rapidity divergence so (for all four choices of

signs)

�̂(R)
µ,Q±G±

= cQG(R) ePQ±G±(z), ePQ+G+(z) = z2, ePQ+G�(z) = (1 � z)2, (3.39)

where cQG(R) is the group theory factor, and ePQ±G±(z) are the usual Altarelli-Parisi kernels.

At one-loop, ePQ+G+(z) = ePQ�G�(z) and ePQ+G�(z) = ePQ�G+(z), but the anomalous dimen-

sions do not satisfy these equalities because the group theory factors for Q+ and Q� di↵er.

Fermion and gluon PDFs which mix must have the same gauge representation, so the only

mixing is in the singlet and adjoint sectors, for which

cQG(1) = tF , cQG(adjS) =
1

2
tF , cQG(adjA) =

1

2
tF . (3.40)
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µ
d

dµ
f (I=0)
B±

=
↵1

⇡


1

2
b0,1f

(I=0)
B±

(z) + ePG±Q+ ⌦
X

i=q̄,u,d,¯̀,e
r=1,...,ng

y2i f
(I=0)
i,r,r

+ ePG±Q� ⌦
X

i=q,ū,d̄,`,ē

r=1,...,ng

y2i f
(I=0)
i,r,r

+ y2H ePG±H ⌦
X

i=H,H̄

f (I=0)
i

�
,

µ
d

dµ
f (I=0)
H

=
↵2

⇡


3

4
ePHH(z) ⌦ f (I=0)

H
+

1

2
ePHG+ ⌦ f (I=0)

W+
+

1

2
ePHG� ⌦ f (I=0)

W�

�

+
↵1

⇡

h
y2H ePHH(z) ⌦ f (I=0)

H
+ y2H ePHG+ ⌦ f (I=0)

B+
+ y2H ePHG� ⌦ f (I=0)

B�

i

+
Y 2
t

8⇡2

h
z ⌦

⇣
f (I=0)
q̄,3,3 + 2f (I=0)

ū,3,3

⌘
� Ncf

(I=0)
H

(z)
i

,

In addition, we also have the antiparticle equations given by CP conjugation, q�, r, s $
q̄+, s, r, g+ $ g�, H $ H̄, etc. Some terms have been simplified using �(1 � z) ⌦ f = f(z).

In the I = 1 sector,
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µ
d

dµ
f (I=1)
q,r,s =

↵3

⇡

4

3
ePQ�Q� ⌦ f (I=1)

q,r,s

+
↵2

⇡


�1

4
ePQ�Q�⌦f (I=1)

q,r,s +�1f
(I=1)
q,r,s (z)+

1

4
Nc�rs ePQ�G+ ⌦ f (I=1)

W+
+

1

4
Nc�rs ePQ�G�⌦f (I=1)

W�

�

+
↵1

⇡
y2q ePQ�Q� ⌦ f (I=1)

q,r,s +
g1g2
4⇡2

yqNc�rs ePQ�G+ ⌦
⇣
f (I=1)
W+B+

+ f (I=1)
B+W+

⌘

+
g1g2
4⇡2

yqNc�rs ePQ�G� ⌦
⇣
f (I=1)
W�B�

+ f (I=1)
B�W�

⌘

+
Y 2
t

4⇡2


�1

8
�r3f

(I=1)
q,3,s (z) � 1

8
�s3f

(I=1)
q,r,3 (z) +

Nc

2
�r3�s3 1 ⌦ f (I=1)

H̄

�
,

µ
d

dµ
f (I=1)
`,r,s

=
↵2

⇡


�1

4
ePQ�Q�⌦f (I=1)

`,r,s
+�1f

(I=1)
`,r,s

(z)+
1

4
�rs ePQ�G+⌦f (I=1)

W+
+

1

4
�rs ePQ�G�⌦f (I=1)

W�

�

+
↵1

⇡
y2
`
ePQ�Q� ⌦ f (I=1)

`,r,s
+

g1g2
4⇡2

y`�rs ePQ�G+ ⌦
⇣
f (I=1)
W+B+

+ f (I=1)
B+W+

⌘

+
g1g2
4⇡2

y`�rs ePQ�G� ⌦
⇣
f (I=1)
W�B�

+ f (I=1)
B�W�

⌘
,

µ
d

dµ
f (I=1)
W±

=
↵2

⇡


ePG±G+ ⌦ f (I=1)

W+
+ ePG±G� ⌦ f (I=1)

W�
+ �2f

(I=1)
W±

(z)+PG±Q+ ⌦
X

i=q̄,¯̀
r=1,...,ng

f (I=1)
i,r,r

+PG±Q� ⌦
X

i=q,`,

r=1,...,ng

f (I=1)
i,r,r

+PG±H(z) ⌦
X

i=H,H̄

f (I=1)
i

�
,

µ
d

dµ
f (I=1)
W±B±

=


↵2

⇡
�3 +

↵1

⇡

1

4
b0,1

�
f (I=1)
W±B±

(z) +
g1g2
4⇡2

ePG±Q� ⌦
X

i=q,`,r=1,...,ng

yif
(I=1)
i,r,r

� g1g2
4⇡2

ePG±Q+ ⌦
X

i=q̄,¯̀,r=1,...,ng

f (I=1)
i,r,r

,

µ
d

dµ
f (I=1)
H

=
↵2

⇡


�1

4
ePHH ⌦ f (I=1)

H
+ �4f

(I=1)
H

(z) +
1

4
ePHG+ ⌦ f (I=1)

W+
+

1

4
ePHG� ⌦ f (I=1)

W�

�

+
↵1

⇡

h
y2H ePHH ⌦ f (I=1)

H

i
+

Y 2
t

8⇡2

h
z ⌦ f (I=1)

q̄,3,3 � Ncf
(I=1)
H

(z)
i

,

µ
d

dµ
f (I=1)
eHH

=
↵2

⇡


�1

4
ePHH ⌦ f (I=1)

eHH
+ �4f

(I=1)
eHH

(z)

�

+
↵1

⇡

h
�y2H ePHH ⌦ f (I=1)

eHH
+ 2y2H�4f

(I=1)
eHH

(z)
i
� Y 2

t

8⇡2
Ncf

(I=1)
eHH

(z) .
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µ
d

dµ
f (I=0)
q,r,s (z) =

↵3

⇡


4

3
ePQ�Q� ⌦ f (I=0)

q,r,s + �rs ePQ�G+ ⌦ f (I=0)
g+

+ �rs ePQ�G� ⌦ f (I=0)
g�

�

+
↵2

⇡


3

4
ePQ�Q� ⌦ f (I=0)

q,r,s +
Nc

2
�rs ePQ�G+ ⌦ f (I=0)

W+
+

Nc

2
�rs ePQ�G� ⌦ f (I=0)

W�

�

+
↵1

⇡

h
y2q ePQ�Q�⌦f (I=0)

q,r,s +2Ncy
2
q�rs ePQ�G+ ⌦ f (I=0)

B+
+2Ncy

2
q�rs ePQ�G�⌦f (I=0)

B�

i

+
Y 2
t

4⇡2


�r3�s3(1 � z) ⌦ f (I=0)

u,3,3 � 1

8
�r3f

(I=0)
q,3,s (z) � 1

8
�s3f

(I=0)
q,r,3 (z)

+
Nc

2
�r3�s3 1 ⌦ f (I=0)

H̄

�
,

µ
d

dµ
f (I=0)
u,r,s =

↵3

⇡


4

3
ePQ+Q+ ⌦ f (I=0)

u,r,s +
1

2
�rs ePQ+G+ ⌦ f (I=0)

g+
+

1

2
�rs ePQ+G� ⌦ f (I=0)

g�

�

+
↵1

⇡

h
y2u ePQ+Q+ ⌦ f (I=0)

u,r,s + Ncy
2
u�rs ePQ+G+ ⌦ f (I=0)

B+
+ Ncy

2
u�rs ePQ+G� ⌦ f (I=0)

B�

i

+
Y 2
t

4⇡2


1

2
(1 � z)�r3�s3 ⌦ f (I=0)

q,3,3 � 1

4
�r3f

(I=0)
u,3,s (z) � 1

4
�s3f

(I=0)
u,r,3 (z)

+
Nc

2
�r3�s3 1 ⌦ f (I=0)

H

�
,

µ
d

dµ
f (I=0)
d,r,s

=
↵3

⇡


4

3
ePQ+Q+ ⌦ f (I=0)

d,r,s
+

1

2
�rs ePQ+G+ ⌦ f (I=0)

g+
+

1

2
�rs ePQ+G� ⌦ f (I=0)

g�

�

+
↵1

⇡

h
y2
d
ePQ+Q+ ⌦ f (I=0)

d,r,s
+ Ncy

2
d
�rs ePQ+G+ ⌦ f (I=0)

B+
+ Ncy

2
d
�rs ePQ+G� ⌦ f (I=0)

B�

i
,

µ
d

dµ
f (I=0)
`,r,s

=
↵2

⇡


3

4
ePQ�Q� ⌦ f (I=0)

`,r,s
+

1

2
�rs ePQ�G+ ⌦ f (I=0)

W+
+

1

2
�rs ePQ�G� ⌦ f (I=0)

W�

�

+
↵1

⇡

h
y2
`
ePQ�Q� ⌦ f (I=0)

`,r,s
+ y2

`
�rs ePQ�G+ ⌦ f (I=0)

B+
+ y2

`
�rs ePQ�G� ⌦ f (I=0)

B�

i
,

µ
d

dµ
f (I=0)
e,r,s =

↵1

⇡

h
y2e ePQ+Q+ ⌦ f (I=0)

e,r,s + y2e�rs ePQ+G+ ⌦ f (I=0)
B+

+ y2e�rs ePQ+G� ⌦ f (I=0)
B�

i
,

µ
d

dµ
f (I=0)
g± =

↵3

⇡


3 ePG±G+ ⌦ f (I=0)

g+
+ 3 ePG±G� ⌦ f (I=0)

g� +
1

2
b0,3f

(I=0)
g± (z)

+
4

3
ePG±Q+ ⌦

X

i=q̄,u,d,

r=1,...,ng

f (I=0)
i,r,r

+
4

3
ePG±Q� ⌦

X

i=q,ū,d̄

r=1,...,ng

f (I=0)
i,r,r

�
,

µ
d

dµ
f (I=0)
W±

=
↵2

⇡


2 ePG±G+(z) ⌦ f (I=0)

W+
+ 2 ePG±G�(z) ⌦ f (I=0)

W�
+

1

2
b0,2f

(I=0)
W±

(z)

+
3

4
ePG±Q+ ⌦

X

i=q̄,¯̀
r=1,...,ng

f (I=0)
i,r,r

+
3

4
ePG±Q� ⌦

X

i=q,`,

r=1,...,ng

f (I=0)
i,r,r

+
3

4
ePG±H ⌦

X

i=H,H̄

f (I=0)
i

�
,
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µ
d

dµ
f (I=2)
W±

=
↵2

⇡


� ePG±G+(z) ⌦ f (I=2)

W+
� ePG±G�(z) ⌦ f (I=2)

W�
+

✓
b0,2
2

+ 6 ln
⌫

n̄ · r

◆
f (I=2)
W±

(z)

�
,

⌫
d

d⌫
f (I=0)
i

= 0,

⌫
d

d⌫
f (I=1,I3=0)
i

=
↵2

⇡
ln

µ2

M2
W

f (I=1,I3=0)
i

,

⌫
d

d⌫
f (I=2,I3=0)
i

=
3↵2

⇡
ln

µ2

M2
W

f (I=2,I3=0)
i

,

⌫
d

d⌫
f (I=1,I3=1)
eHH

=


↵2

2⇡
ln

µ2

M2
W

+
(↵2 + 4y2

H
↵1)

2⇡
ln

µ2

M2
Z

�
f (I=1,I3=1)
eHH

=


↵2

2⇡
ln

µ2

M2
W

+
↵em

2⇡ sin2 ✓W cos2 ✓W
ln

µ2

M2
Z

�
f (I=1,I3=1)
eHH

.

7 Comparison to literature

We compare our results to those obtained for the (electroweak) PDF evolution in refs. [? ?

? ], which is based on splitting functions in the broken phase. Their approach yields, for

example, for the SU(2) running with µ � M ,

d

d ln µ
f (I=1,I3=0)
q (x, µ) =

↵2

⇡

Z 1�M/µ

0
dz


� 1

4
ePQQ(z) f (I=1,I3=0)

q

⇣x

z
, µ

⌘

+
1

8
Nc

ePQG(z) f (I=1,I3=0)
W

⇣x

z
, µ

⌘
+ . . .

�
,

d

d ln µ
f (I=1,I3=0)
W

(x, µ) =
↵2

⇡

Z 1�M/µ

0
dz


ePGG(z) f (I=1,I3=0)

W

⇣x

z
, µ

⌘

+ ePGQ(z)
X

i=q,q̄,`,¯̀

f (I=1,I3=0)
i

⇣x

z
, µ

⌘
+ . . .

�
.

Here QCD is accounted for through the number of colors Nc, the triplet PDFs are

f (I=1,I3=0)
q (x, µ) = 1

2 [fu�(x, µ) � fd�(x, µ)] ,

f (I=1,I3=0)
W

(x, µ) =
X

h=±

f
W

+
h

(x, µ) � f
W

�
h

(x, µ) ,

i.e. we assume a single generation, and the (conventional) QCD splitting functions are given

by

ePQQ = ePQ�Q� , ePQG = ePQ�G� + ePQ�G+ ,

ePGG = ePG�G� + ePG�G+ , ePGQ = ePG�Q� + ePG+Q� .
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Includes: 

• SU(3)xSU(2)xU(1) 

• Spin dependence 

• Yukawa for top 

• Higgs 

• Longitudinal W, Z 
(Goldstone equiv.) 

•       interference�Z



B) Soft function anomalous dimension

• Direction of Wilson line     denoted by 
In- vs. outgoing (   ) turns out not to matter 

•    -evolution cancels against that of PDFs/FFs: 
 

•   -evolution depends on angles. For two Wilson lines: 

Graph �̂µ �̂⌫

ln (�ni·nj�i0)⌫2

2µ2 ln µ
2

M2

Table 8. The one-loop diagram for the soft operator SiSj . The double lines denote the Wilson lines
Si and Sj . The columns show the graph and its contribution to the µ and ⌫ anomalous dimension,
apart from the group theory factors given in the text.

First consider the (ni · nj)-independent pieces in the soft anomalous dimension. For the soft

operator

Sab

12...n = tr
⇥
(S1t

a1S†

1)(S2t
a2S†

2) . . . (SntanS†

n)
⇤
, (4.5)

one-loop graphs where gauge fields are exchanged between the same Wilson line or between

a Wilson line Si and its conjugate S†

i
vanish, since n2

i
= 0. Gauge boson exchange between

S1 or S†

1 and the other Wilson lines gives a group theory factor

tr [tx, ta1 ][tx, ta2 ]ta3 . . . tan + tr [tx, ta1 ]ta2 [tx, ta3 ] . . . tan + . . . + tr [tx, ta1 ]ta2ta3 . . . [tx, tan ]

= �tr [tx, [tx, ta1 ]]ta2ta3 . . . tan = �cAtr ta1ta2ta3 . . . tan . (4.6)

Similarly, we add the exchanges between S2,S†

2 and all the other Wilson lines, etc. The

sum of all these contributions counts all exchanges twice, so the overall group theory factor is

�nIcA/2, where nI is the number of indices, e.g. 2 for Scd

12 and 4 for Scd

12S
ef

34 . The ⌫ anomalous

dimension has no ni · nj dependent terms, so

�̂⌫,S = �1

2
nI cA ln

µ2

M2
. (4.7)

The ⌫-anomalous dimensions of the soft and collinear operators cancel.

For the µ-anomalous dimension, the second term in eq. (4.4) can be treated in the same

manner as �⌫ , but the first term has to be computed explicitly, accouting for the imaginary

part of ln(�ni ·nj) depending on whether the soft Wilson lines are time-ordered or anti-time-

ordered. We find

�̂µ,S12 = cA
h
ln

µ2

⌫2
� L12

i
,

�̂µ,S123 = cA
h3

2
ln

µ2

⌫2
� 1

2
(L12 + L13 + L23)

i
, (4.8)

where we use the abbreviation

Lij ⌘ ln
���
ni ·nj

2

��� . (4.9)
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⌫

Si ni = ±(1, n̂i)

�̂⌫ = �(n(I=1) + 3n(I=2)) ln
µ2

M2
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number of PDFs/FFs in this representation

h0|Sab
12 |0i ⌘ h0|tr(S1t

aS†
1S2t

bS†
2)|0i : �̂µ = cA

h
ln

µ2

⌫2
� ln

���
n1 ·n2

2

���
i
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B) Electroweak resummation
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•   -evolution vanishes for                 (at NLL) 

•   -evolution gives rise to double logarithms 

leading to Sudakov suppression of nonsinglets [See Ciafaloni et al] 

• Single logarithms for nonsinglets: 

• Different coefficient splitting function 

• Angular dependence through 
soft function 

µ = MW⌫

µ

µ

⌫

QMW

Q

MW

hard

soft

co
ll
in

ea
r

1

Figure 2. Path in (⌫, µ) space for integrating the anomalous dimensions of collinear and soft
operators.

first do the ⌫ evolution of the soft operator from ⌫ = MW to ⌫ = Q at µ = MW , and then

perform the µ evolution of the soft and collinear operators from µ = MW to µ = Q, as shown

in fig. 2 (see also the discussion above eq. (4.30) in ref. [37]). Using eq. (4.7), the ⌫ evolution

of the soft operator gives

U⌫ = exp

 Z
⌫C

⌫S

d⌫

⌫
�⌫,S

�
= exp


� nI

↵2(µ)

⇡
ln

Q

MW

ln
µ2

M2
W

�
, (6.2)

where nI is the number of gauge indices in the soft factor. When µ = MW exactly, U⌫ = 1

and can be ignored, but otherwise it must be kept to achieve NLL accuracy. In particular it

must be kept when estimating the perturbative uncertainty from scale variations.

Moving on to the µ-evolution, we first consider the terms in the collinear and soft µ-

evolution that give rise to double logarithms. They are described by the following multi-

plicative anomalous dimensions: For the soft anomalous dimension, the relevant terms in

eqs. (4.8)–(4.10) are given by (using cA = 2)

�DL
µ,S = nI

↵2

⇡
ln

µ2

⌫2
. (6.3)

For the collinear anomalous dimensions, the double logarithms arise from the ln ⌫/(n̄·p) term,

which vanishes for the o↵-diagonal elements. For the diagonal elements, it vanishes for the

singlet, and for the triplet PDFs (and FFs) it is given by

�(I=1),DL
µ,qq = �(I=1),DL

µ,WW
= �(I=1),DL

µ,WB
= · · · =

2↵2

⇡
ln

⌫

n̄ · p �(1 � z) . (6.4)

Here n̄ ·p = 2E, with E the energy of the parton. The triplet PDFs have a single gauge index

which is contracted with a soft operator, and the soft operator anomalous dimension eq. (6.3)

is proportional to nI , the number of gauge indices. Combining the collinear anomalous
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U⌫ = exp

 Z Q

MW

d⌫

⌫
�⌫,S

�
= exp


� (n(I=1) + 3n(I=2))

↵2(µ)

⇡
ln

Q

MW
ln

µ2

M2
W

�
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Comparison with Bauer, Ferland, Webber
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• They cut off soft singularity in PDF evolution and fix remainder 
using momentum sum rules [Following Ciafaloni, Ciafaloni, Comelli] 
 
 
 
 

• Agrees with our result at LL, not NLL, though they initially 
forgot to account for the polarization of gauge bosons

d

d lnµ
f (I=1)
q (x, µ) =

↵2

⇡

⇢Z 1�M/µ

0
dz


� 1

4
PQQ(z) f

(I=1)
q

⇣x
z
, µ

⌘

+
1

4
NcPQG(z) f

(I=1)
W

⇣x
z
, µ

⌘
+ . . .

�

+
⇣3
2
ln

M

µ
+

9

8

⌘
f (I=1)
q (x, µ)

�
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Summary
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• Electroweak corrections are enhanced by logs in  
high-energy tails → important to include for BSM searches 

• Electroweak corrections for inclusive processes:  
- involve double logs because initial/final particles are not singlet 
- evolution polarizes the PDFs, because EW is chiral 
- depends on the angle due to the soft function
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• Electroweak corrections are enhanced by logs in  
high-energy tails → important to include for BSM searches 

• Electroweak corrections for inclusive processes:  
- involve double logs because initial/final particles are not singlet 
- evolution polarizes the PDFs, because EW is chiral 
- depends on the angle due to the soft function

Thank you!


