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Basic pQCD framework



• parton distributions: non-pert., but universalfa,b

• factorization / renormalization scaleµ � Q

• partonic cross sections: process-dep., but pQCD�ab
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• corrections power-suppressed in 1/Q
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• framework applies to unpolarized, spin, (nuclear) PDFs  



NNPDF, 1107.2652

MSHT20, 2012.04684

• threshold-resummed PDFs  NNPDF, JAM (P. Barry et al.)



Anastasiou, Dixon, Melnikov, Petriello



Borsa, de Florian,
Sassot, Stratmann
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• incorporation of higher-order corrections crucial

• NNLO required

• in some cases of interest knowledge currently 
stops at NLO 

Obtain approximate NNLO results? And beyond?  

• … especially in polarized case

• relevant also for EIC



Semi-inclusive DIS
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• plus, transverse-momentum dep. (TMDs)  (not today)

• fragmentation functions 

• PDFs (polarized, flavor dependence)



Aschenauer,
Borsa, Lucero,
Nunes, Sassot
(2019)
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dẑ

ẑ
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NNLO: so far unknown (Daleo, Garcia Canal, Sassot;
Anderle, de Florian, Habarnau)
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LO:
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qq (x̂, ẑ) = e2qCF

"
2�(1� x̂)

✓
ln(1� ẑ)
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kth order of perturbation theory: 
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• real and virtual contributions “imbalanced”

V

• logs can be resummed to all orders: threshold resummation
Sterman; Catani,Trentadue; …

• use to determine dominant parts of NNLO, N3LO corrections 



Mellin moments:
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kth order:  corrections
<latexit sha1_base64="wF20J0q5YZ9MSehudR7W7K8bLiw="></latexit>

↵k
s

�
ln N̄ + ln M̄

�2k
+ . . .

<latexit sha1_base64="7F+Som2vguRhpXwO691YH+zyDbM="></latexit>

+
2

(1� x̂)+(1� ẑ)+
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Sterman, WV;  Anderle, Ringer, WV
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• similar for Drell-Yan w/ rapidity



Full resummed formula becomes (to all log order!):
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Hard factor may be determined from spacelike 
quark form factor: Catani, Cieri, de Florian, Ferrera, Grazzini

Gehrmann, Huber, Maitre
Moch, Vermaseren, Vogt

quark form factor
2 loops: 3 loops: 

Gehrmann, Glover, Huber, 
Ikizlerli, Studerus

( 4 loops: 
Lee , von Manteuffel, 
Schabinger, Smirnov, 
Smirnov, Steinhauser )
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Expansion to NNLL or N3LL:

LL NLL

NNLL N3LL
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Finally, further expansion to NNLO (and N3LO):

dominant 
subleading terms
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Phenomenology & FFs



EIC

(normalized to LO cross section)
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scale dependence:
<latexit sha1_base64="NWn87+81QRNoBkzQfaNwobGZhTE="></latexit>

Q/2  µR,F  2Q

<latexit sha1_base64="1UmEd5Ygq1PodoTW7vfTDgM2f/U="></latexit>z

<latexit sha1_base64="/ctrSoCZJoXGwIUgh0boP4JaOVA="></latexit>

�(µ)� �(Q)

�(Q) EIC 



1

1.2

1.4

1.6

1.8

2

2.2

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

d�
⇡
+

T
,r
es
/d

�
⇡
+

L
O

z

e� p ! e� ⇡+X

O(↵2
s)



<latexit sha1_base64="b4Jir514pToKa5j7O/rALvPwvVY="></latexit>

� =
b0↵s

2

�
ln N̄ + ln M̄

�

<latexit sha1_base64="1ndzJ/DMca4fOFQ8yj3SeLHhMP4="></latexit>

� =
b0↵s

2

�
lnN + lnM

�
+ ↵sb0�E



• global analysis of fragmentation functions at “nearly NNLO”

Borsa, De Florian, Sassot, Stratmann, WV

• NNLO for e+e- : Anderle, Ringer, Stratmann
Abdolmaleki et al.
Salajeghhej, Kniehl, et al.

(recently also  MAP  (Khalek, Bertone, Khoudli, Nocera) )
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JN
d

near threshold:

soft & coll. 
gluons

large-angle soft gluons (NLL+…)

hard

recoil
soft, coll.

Kidonakis, Oderda, Sterman
Mert Aybat, Dixon, Sterman
Bonciani, Catani, Mangano, Nason
Hinderer, Ringer, Sterman, WV
Broggio et al., Balytskyi, Gao

becomes matrix problem in 
color space: X

IL

HIL SLI



Hinderer, Ringer, Sterman, WV



Conclusions:

• not the full story: further extensions  
FL,  qg contribution, 1/N corrections, power corrections 

• SIDIS: reduction in scale dependence

• early NNLO phenomenology of FFs

• benchmark for future NNLO calculations

• polarized case: same near-threshold corrections à PDFs

• HO corrections harder to control for  pp à 𝜋+X


