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Radiative corrections in leptonic decay K;, /m,,
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First row’'s CKM unitarity

» CKM matrix: fundamental parameters of the SM
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> Precision test of CKM unitarity: potential BSM contributions to flavor-
changing interactions and CP violation
» First row’s CKM unitarity: ~ 2.40 tension

|Vud|2 + |VUS|2]+ |Vub|2 = 0.9983(6)v,,,(4)v...

Particle Data Group, PRD 110 (2024) 030001
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Theoretical uncertainty: radiative corrections
» Radiative corrections (RC):

Precision:

2 2 2 =
Vaal” + Vsl + Vol = 0:09830)vi e _ 0. 205)
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RCin 0" - 0" B decays RCin Ky RCin K3
this talk RC~0(1%)

» RC~0(1%): One of the dominant source of theoretical uncertainties
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Theoretical uncertainty: radiative corrections

» Radiative corrections (RC):

|Vud|2 T |VUS|2 T |Vub|2 — 0'9983(6)Vud(4)Vus

v - e - ¥
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RCin 0" - 0" B decays

RCin KlZ

this talk

Precision:

~0(0.2%)

RCin KIS

RC~0(1%)

» RC~0(1%): One of the dominant source of theoretical uncertainties

=P Dispersive method, Chiral PT, lattice QCD
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Motivation 1: challenge of QED on lattice
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» "QED in finite volume”: subtraction of 0 mode (QED, ), finite m,, ---

mm) power-law FV correction ~ 0(1/L)
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“QED in finite volume™: subtraction of 0 mode (QED,), finite m,, -
mm) power-law FV correction ~ 0(1/L)

Motivation 1: challenge of QED on lattice
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Physical QED

QED; method example: isospin breaking in K, /m,;, (6Rk;)
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Motivation 1: challenge of QED on lattice

Lattice QCD
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QED on
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Physical QED
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» "QED in finite volume”: subtraction of 0 mode (QED, ), finite m,, ---
mm) power-law FV correction ~ 0(1/L)
» QED; method example: isospin breaking in K,, /mp, (6Rkx)
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2023: 0(1/L?) correction

0.00

P. Boyle, et al. JHEP, 2023 [arXiv:2211.12865]
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“QED in finite volume™: subtraction of 0 mode (QED,), finite m,, -
mm) power-law FV correction ~ 0(1/L)

Motivation 1: challenge of QED on lattice

Lattice QCD
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Physical QED

QED; method example: isospin breaking in K, /m,;, (6Rk;)
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0.020 --- RM123+Soton
¢ 1/L subtracted
0.015 ¥ 1/L? subtracted
_____________ 1/L? pointlike subtracted
0.010 e o
_______ b
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2023 3 i
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0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14
1/(m,L)?

P. Boyle, et al. JHEP, 2023 [arXiv:2211.12865]
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Motivation 1: challenge of QED on lattice

Lattice QCD

t
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QED on
lattice?

Physical QED

X
“QED in finite volume™: subtraction of 0 mode (QED,), finite m,, -

mm) power-law FV correction ~ 0(1/L)
QED; method example: isospin breaking in K, /m,;, (6Rk;)
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e
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correction
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.{)8 ().i[) (J.iQ

0.14

P. Boyle, et al. JHEP, 2023 [arXiv:2211.12865]

X X

O(1/L) 0(1/L*) O(/L?)

SPL/0.01 | —46.8%  +26.2%  —39.3%

Power-law FV correction is not well
convergent

6RK7r = _0-0086(3)stat +_11 )fit(s)disc.(s)quench (39)vol.
4

45% FV errors!
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Motivation 2: Puzzles in radiative leptonic decays
» Bloch-Nordsieck theorem:
IR-safe quantity = virtual-photon loop + real photon emission
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» Puzzles in radiative leptonic decays:

15

O PIBETA J
- - T — evy
- O lattice x> e v ] . .
10 - ° v + 1 lattice v.s. PIBETA: 5¢ discrepancy
i o a2 i
Sy + E[J ] R. Frezzotti, et al. PRD, 2021 [arXiv:2012.02120]
T $ 1 Anindependent lattice calculation
[ ‘{’ﬂ, @ ¢ ; | is important to cross check these
gl . . . . 1 findings.
A B C (0]

kinematical region
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Motivation 2: Puzzles in radiative leptonic decays

» Bloch-Nordsieck theorem:
IR-safe quantity = virtual-photon loop + real photon emission

D p+
ﬁﬂza ‘/&‘/

» Puzzles in radiative leptonic decays:

l |
® This work
KLOE &+
B E36
A
ChPT O(p%)
ETMC 21
P N B | | |
1.2 1.4 1.6 1.8 2 22 2.4
Ry x 10°

Q
;%

K — evy

KLOE v.s. E36: 40 discrepancy
Previous lattice result close to E36 result

R. Di Palma, et al., PRD, 2025 [arXiv:2504.08680]

An independent lattice calculation
Is important to cross check these

findings.
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Motivation 3: R,, = T'(P = ev(y))/T'(P = uv(y))

» Helicity suppression: sensitive to new physics, test of lepton flavor
universality

» Theoretical clean: structure-
dependent (SD) information
enters through small radiative
corrections. size~0(0.1%)

P=m) | (P=K)

0(a),pt |A%: (%) -3.929 —3.786
AP (%)[0.053 +0.011[0.135 + 0.011

e2p
0(a), SD { AD (%)| 0073

resumming LLs  [Azz (%) |  0.055 0.055

V. Cirigliano, I. Rosell, PRL, 2007 [arXiv:0707.3439]
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Motivation 3: R,, = T'(P = ev(y))/T'(P = uv(y))

» Helicity suppression: sensitive to new physics, test of lepton flavor

universalit
Y » NAG2 future plan:

» Theoretical clean: structure- accuracy ~ 0(0.2%)
dependent (SD) information T - e
enters through small radiative
corrections. size~0(0.1%)

| LI L L L L LI | L —
__| Central value and total errors

Statistical errors only
PDG average (2024)
SM prediction (Cirigliano et al., 2007)

_ _ KLOE (2009)
(P o 7T) (P o K) 13.8k Ke2 events
AL (%) —3.929 —3.786
O(a), pt ez (%) NA62 (2013)
0 sp Ae2p4 (%)|0.053 +0.011{0.135 £ 0.011 150k Ke2 events
(), AD (%) 0.073
_ Ae p NAG62 (projection, pessimistic)
resumming LLs  [Acz (%)] 0055 0.055 il
V. Cirigliano, I. Rosell, PRL, 2007 [arXiv:0707.3439] NAG62 (projection, optimistic)
>1M Ke2 events, 0.2% systematics
[centered on PDG 2024 value]
\II||I\|IIIIIII|I[I|III:"‘:‘I*’I”I’l\I[]I

2.36 2.38 2.4 242 2.44 2.46 2.48 2.5 2.52

(Figure from Karim Massri’s talk on
Kaon 2025, Mainz)
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Motivation 3: R,, = T'(P = ev(y))/T'(P = uv(y))

» Helicity suppression: sensitive to new physics, test of lepton flavor

universalit
Y » NAG2 future plan:

» Theoretical clean: structure- accuracy ~ 0(0.2%)

dependent (SD) information e
. . | Central value and total errors
enters through small radiative Statistical errors only
. . PDG average (2024)
COITeCtIOﬂS SIZG~0 (0 1%) SM prediction (Cirigliano et al., 2007)
_ _ KLOE (2009
(P o 7T) (P o K) 13.8k Keg event)s
ADL (%) —3.929 —3.786
O(a), pt e (%) NA62 (2013)
Ae2 + (%)[0.053 +0.011{0.135 £ 0.011 150k Ke2 events
O(Q)a SD (PPS
AD ()| 0.073
e*p NAG62 (projection, pessimistic)
resumming LLS ALL (%) 0.055 0.055 >1M Ke2 events, 0.4% systematics
[centered on PDG 2024 value]
V. Cirigliano, I. Rosell, PRL, 2007 [arXiv:0707.3439] NAG2 (projection, optimistic)
>1M Ke2 events, 0.2% systematics
[centered on PDG 2024 value]
L \||||[l||||IIJI||[|||||‘I':‘|*’I”l'|\||‘|
» Lattice QCD: complement ChPT 2.36 2.38 2.4 2.42 2.44 2.46 2.48 2.5 252
prediction using first-principles input, (Figure from Karim Massri’s talk on
can improve precision to percent level Kaon 2025, Mainz)
for SD.
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2 Radiative corrections in leptonic decay Ky, /mp



Infinite-volume reconstruction (IVR)

» Reconstruct hadronic matrix elements outside the lattice box

t

Lattice QCD

v

t

X. Feng, L. Jin. PRD 2019 [arXiv:1812.09817]

Physical QED
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Infinite-volume reconstruction (IVR)

» Reconstruct hadronic matrix elements outside the lattice box

t

Ground-state dominance
in long-distance region

Lattice QCD

L "t fv Px we(x)H(x) = fv Pxw, (B £)HE )

VR {r

)

fo “at fv Px we(x)H(x)

—

IVR
Opy

=V

t

X. Feng, L. Jin. PRD 2019 [arXiv:1812.09817]

Physical QED

IVR: reconstruction in temporal direction

SIVR: reconstruction in spatial direction
mL
(residue O(e 2 ) FV effects)
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IVR Finite-Volume Scaling: 0(1/L) - 0(e™™%)

QED,

IVR

Lattice QCD

X
mL

O(e 2)

QCD reconstructed
from lattice data

mL
O(e 2)

)

-

QED on
lattice?

0(1/L)
—l

Physical QED

o(1/L) FV
correction

mL
O(e 2)FV
correction
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IVR Finite-Volume Scaling: 0(1/L) - 0(e™™%)

_mL
O(e"2) 0(1/L)
0(1/L) FV
ico QED on .
QED, aX® \ g jattics? — correction
t _m_L t *
0 (8 2 ) mL
reconstructe 0 (e —T) FV
IVR rrs ey =) | ensaeo ==  correction

» A general framework for radiative corrections & long-distance contributions:
v /€ propagators implemented in infinite volume do not generate 0(1/L) FV
errors for a broad class of diagrams. Xin-Yu Tuo, Xu Feng, PRD, 2025 [arXiv:2407.16930]

v ‘ e

q¥2W+ fyifq
H; Hy

i

this talk
RC in K;, RC in K5

RCin 0t - 0" B decays K, —» £T¢~

see Xu’s talk e




Extending IVR to IR-divergent diagrams

> |IR-safe quantity = virtual-photon loop + real photon emission

» Subtraction of IR div. in long-distance part

t

/

|75
W + s y

P p+

o

\
fv Px w7, £)HR t,)
+£¢%wﬁ@gm@g)

IVR ﬁ

\\ ™ \\
5’/ I/ ﬁl/ U,

(2 {3

PRD, 2023 [arXiv:2304.08026]

IR div. is related to

long-distance physics

j;tsdtj;/ d3x we(x)H(x)

= ol

s \%

I + I7°": lattice calculation

I3V analytical calculation

N. Christ, X. Feng, L. Jin, C. Sachrajda, T. Wang,
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Extending IVR to IR-divergent decays

t
T N o
» Example: diagram B fvd3xwgm(5c’,ts)H(5c’,ts) IR div. is related to
+ [ @xufeG G long-distance region
Pe_ 0F ’
IVR
; it
7wt —
Fn =0 IVR
Py vy fo at fv d°x w(x)H(x) jt> OFV
B
N

7

X

> A special “lattice IR subtraction” : ei** = (ei** — 1) + 1 trick

W (¢, ) = i O / &k / dk}, L## (k, p)
b V2 2m)® J 2m ((kR)?+ E2 —ie)((pp g — kp)? + E} — i€)
kO ts
—ikZ ere”
X [(e 1) + 1} =

—ik, + B, (k) — m,

» Similar IR subtraction can be done for the other diagrams.
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Example: IR convergent combination TB+DE

E
-——- (T'B + DE)ai,
® (TB+ DE)en + (TB+ DE)as
0.04 . E TBcon
® DE..
0.02 4
e
-
= 0.005 -
0.00 - 2
—
_|_
2 0.0001 e
— con,
-0.02 1 = [é?E +1;
—0.005 - NUNTR I, (TN——S————
-0.04 A Ile,TB+DE _____________
L
10 20 30 40 50 60

107 10-° 105 10~ 10~  10-2 \ t
m, ’ S
total result for  TB+DE

18V: analytical calculation independent of ¢, 12/24



GRKn

IVR Finite-Volume Scaling: 0(1/L) —» 0(e™™%)

. _ 73
» Convergence with volume Vief = L7 ¢

—0.01075

—0.01100 A

—0.01125

—0.01150

—0.01175

—0.01200

—0.01225

i . % 481, w. 5XR-SD
Lattice volume T 481, w. VRt
é IVR,pt . .
- Spy - point particle
IVR,SD. . :
1)1 Spy . including structure
T T F 7 F F F 7| dependentinformation
I
P % ¢ ¢ o & & o
5.IO 7.|5 lOl.O 12I.5 15|.O 17'.5 20'.0 22|.5
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IVR Finite-Volume Scaling: 0(1/L) - 0(e™™%)

. _ 73
» Convergence with volume Vief = L7 ¢

—0.01075 A

—0.01100 A

—0.01125

GRKT(

—0.01175

—0.01200 A

—0.01225

—0.01150

- . $ 48l w. RSP
Lattice volume T 481, w. VRt
é IVR,pt . .
- Spy - point particle
== IVR,SD. H H
1)1 Spy . including structure
6 T T F F F F F+ 7| dependentinformation
T e
P ¢ 9 ¢ ¢ ¢ ¢ ¢
5.IO 7.|5 l(;.O 12|.5 1:’)'.0 17l.5 20'.0 22|.5
Lrer [fM]

» Comparison: 0(1/L) - 0(e™™)

O(1/L) O(1/L?) 0O(1/L3)

S PE /0,01

—46.8% +26.2% —39.3%

QEDy, pt~60% FV effects -

7r K
SpuvP/0.01 | +7.90%  +0.004%
S SP/0.01 | +7.82%  +0.008%

IVR, pt~8% FV effects

IVR, SD~0.08% residue errors
13/24



Result for 6 Ry,

P. Boyle, N. Christ, X. Feng, T. Izubuchi, L. Jin, C. Sachrajda, X. Tuo, paper in preparation
» First lattice calculation at physical pion mass with a controlled

continuum extrapolation and negligible finite-volume errors.

Comparison with literature
(6Rkr = —0.01123(91))

M. Di Carlo, et al. PRD, 2019 [arXiv:1904.08731]
Continuum extrapolation

P. Boyle, et al. JHEP, 2023 [arXiv:2211.12865]
V. Cirigliano, H. Neufeld, PLB, 2011 [arXiv:1102.0563]

.-I----|----I:---luvvulvnuvlnuxnlvvnulv. . H 48'
O 4sl, 64l w64l
-0.0105F 0 cont. lim. ] ¥ cont. lim.
HEH t&| UKQcD, 48l
W ETMC
0 0110. chPT
' ! H—o—
g [ [J
g ! l
© _p.0115} - | A |
——
—-0.0120[ . QEDLs 2019
T TN TP TP PP TP I + i + i + ;
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 -0.014 -0.012 -0.010 -0.008 -0.006 —0.004

a’ [GeV?] O6Rkn
> Impact on |V|/|Vyq| (choose £is°/£15°=1.1930(33) from FLAG)
This work: 0.23184(28)exp (10) 55, (65) iso

QED,, 2023: 0.23154(28)expy (15) sk, (45) 5y v01 (65) s
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3 Radiative leptonic decays K/m — fvy



Puzzles in radiative leptonic decays

» Puzzles in radiative leptonic decays:

D

T

Dy

£+

Yy

kinematical region

T — evy

15 T T T T
O PIBETA

© O lattice a = @ vy
S 10} -
*
R O chpT 0(e%p*)
b EIJ
<
5 s g -

0 1 | 1 |

A B S 0

lattice v.s. PIBETA: 5¢ discrepancy

R. Frezzotti, et al. PRD, 2021 [arXiv:2012.02120]

Tt

g LF
Pr=0 /%

v\ﬁv\w
E

Ko+,
0.1 0.12 0.13 0.14 0
T

S

O
ChPT O (p*)

—@—

KLOE
—O—
ChPT O (¢°)

NLy QM
— O
Lattice QCD

i
E36 GSC
— .
Revised E36 CsI(T/)
——
E36 combined

PN I T (T T N N MR | P B

1 1 1 1 I L 1
1 12 1.4 1.6 1.8 2
R, x10°

K — evy

22 24

KLOE v.s. E36: 40 discrepancy
A. Kobayashi, et al. PLB, 2023 [arXiv:2212.10702]

» An independent lattice calculation is important to cross check these

findings.
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F'4 for pion

Fy for pion

EF,, F,: consistency between lattice calculations

o+ P
Dt =0 /%

» Nontrivial consistency check: different actions, different methods

0.020 -

0.015 -

0.010 -

0.005 -

0.000

0.032

0.030 -
0.028 -
0.026 A
0.024 -
0.022 -

0.020

Rome-Southampton 21

cont. lim.
== ChPT O(p*)

0.2 0.6 08 1.0

Rome-Southampton 21
= = ChPT O(p*)

‘ cont. lim.

02 04 06 08 1.0

F4 for kaon

Fy for kaon

cont. lim.
Rome-Southampton 21
0.06 A Rome-Southampton 25
= = ChPT O(p*)
0.04 -
0.02 1
0.00 025 050 075 100
0.16
cont. lim.
Rome-Southampton 21
0.14 - Rome-Southampton 25
= = ChPT O(p*)
0.12 A
0.10 A
0.08 = - . . .
0.0 0.25 0.50 0.75 1.00

green: our results

P. Boyle, et al.
[arXiv: 2510.26993]

orange: ETMC 21

R. Frezzotti, et al. PRD, 2021
[arXiv:2012.02120]

R. Di Palma, et al., PRD, 2025
[arXiv:2504.08680]
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Puzzle 1: solved by collinear photon radiation

» Radiative correction (RC) from additional collinear photon
y(x) y(x) E. Kuraey, et al. PRD, 2004 [arXiv:0310275]

C yC
ﬂfw I N\i PN
e(y) fy t P \ e(t) @ e(t) e(y)

e Ve

2
) enhanced by log ”/K~0(10)

. mg
size ~ O (a log—5-

e
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Puzzle 1: solved by collinear photon radiation

» Radiative correction (RC) from additional collinear photon
y(x) y(x) E. Kuraev, et al. PRD, 2004 [arXiv:0310275]

Ye
mfi\“’” _ [ Aﬁi PN
N fy ; N o W

Ve Ve

2
) enhanced by log ”/K ~0(10)

oY

, my
size ~ O (a log—5-

e

> Lattice results 11 vor

Our work. Ha w. RC  with collinear RC
P. Boyle, et al.
Xiv: 2510.26993 . .
[arXiv ] | wo. RC_Without collinear RC
Rome-Southampton 21 .
] wo. RC R. Frezzotti, et al. PRD, 2021
[arXiv:2012.02120]
Experiments
H PIBETA 08 M. ByChkOV, et al. PRL, 2009
[arXiv:2012.02120]
65 70 75 80 85
R /1078

» No discrepancy between lattice QCD and PIBETA experiments. 18/24



Collinear radiative corrections in K — evy

The event selection method for the . o_RCvs. EE% p® = 100 MeV
bremsstrahlung photons are differentin Ei> < £lob J—
KLOE and E36 7 N S L inclusive w.r.t. y; | 10.0%
y(x) L,?_. E36,Streatment ............ B
wc QS —2.01 F-12.5% o
P= v\\ o) g o5 --15.0%§
3 <
. Ve Y . KLOE'’s treatment r-17.5% O
KLOE require exactly one photon, with g | | o.05
condition E)2° > 20 MeV 35
--22.5%
. . . —4.0 = T . . .
E36 measurements are inclusive with R 69 E0 8D
a
respect to the bremsstrahlung photons: Ecue [MeVl
P. Boyle, et al.
K — evy(y) [arXiv: 2510.26993]

The radiative corrections as large as 0(10%) are important for a
meaningful comparison between KLOE'’s and E36’s measurements.
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Lattice result: K — evy

> Lattice results with different treatments

E36’s treatment

This work
—a—] inclusive RC
KLOE’s treatment o P. Boyle, et al.
—a— RCw. E& [arXiv: 2510.26993]
—a— wo. RC
Rome-Southampton 25 )
] wo. RC R. Di Palma, et al., PRD, 2025
[arXiv:2504.08680]
o SoutharpLan 2=1 - | wo. RC R. Frezzotti, et al. PRD, 2021
[arXiv:2012.02120]
Experiments
—] KLOE 10  F. Ambrosino, et al., Eur. Phys. J. C, 2009
[arXiv:0907.3594].
ey E36 23 A. Kobayashi, et al. PLB, 2023
y
, ; . . . i [arXiv:2212.10702]
12 14 16 18 20 22
(K) /10~6
R /10
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Lattice result: K — evy

> Lattice results with different treatments

E36’s treatment

This work

—a—] inclusive RC
KLOE’s treatment . P. Boyle, et al.
] RCw. E&Y [arXiv: 2510.26993]
—a— wo. RC
Rome-Southampton 25 )
——— wo. RC R. Di Palma, et al., PRD, 2025
- [arXiv:2504.08680]
Rome-Southampton 2}1 = } B R. Frezzotti, et al. PRD, 2021
[arXiv:2012.02120]
Experiments
—] KLOE 10  F. Ambrosino, et al., Eur. Phys. J. C, 2009
[arXiv:0907.3594].
freeeeeeilifieereeer] E36 23 A. Kobayashi, et al. PLB, 2023
, , ; , . . [arXiv:2212.10702]
12 14 16 18 20 22
(K) /10~6
R /10

» New experiment ongoing: NAG2.
» Following recent discussions between us and NAG2 group, they plan

to include collinear radiative corrections in Monte Carlo simulations

of K — evy to ensure more direct comparison with theory.
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4 Radiative Corrections in R,;, = Py /P



Ongoing work: lattice calculation of SD partin R, ,

» Hadronic structure-dependent (SD) information enters through

small radiative corrections. size~0(0.1%)

0(a), pt
O(a), SD {

resumming LLs

(P =) (P = K)
AL, (%) —3.929 —3.786
ALY, (%)[0.053 +0.0110.135 £ 0.011
AL (%)) [0.073
Arr (%)|  0.055 0.055

V. Cirigliano, I. Rosell, PRL, 2007 [arXiv:0707.3439]
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Ongoing work: lattice calculation of SD partin R, ,

» Hadronic structure-dependent (SD) information enters through
small radiative corrections. size~0(0.1%)

F=m | F=5 o
0(a), pt |AL), (%)| —3.929 —3.786 / S Ry

0(a). SD { Aﬁjjll (%)]0.053 + 0.011[0.135 =+ 0.011
a),

Ag§;6 (%)| | 0.073 N N
resumming LLs | AL (%) 0.055 0.055 5 =0 -

V. Cirigliano, I. Rosell, PRL, 2007 [arXiv:0707.3439] P

» Based on F;, and F, calculated on lattice, SD contributions from
real-photon emission can be determined with 3% relative error:

___meson | ChPT Lattice QCD

P=m 0.073% 0.0596(20)%
P=K 1.289 1.271(20)

» I'sp(K = evy) has similar size compared to I'(K — ev) without
radiative correction. Its effects is excluded in Rg;). 22/24



Ongoing work: SD part in R,

O(a), pt
O(a), SD {

resumming LLs

(P =m) (P=K)
AD, (%)|_—3.929 “ 3736
ff;)4 (%) 0.053 + 0.011[0.135 =+ 0.011
Ag;;e' (%) 0.073
Arr (%) 0.055 0.055

V. Cirigliano, I. Rosell, PRL, 2007 [arXiv:0707.3439]

, from virtual loop

» Challenge on lattice: errors dominated by point-particle contribution.
Naive calculation: 0(10%) relative error for SD, similar to ChPT
precision.

23/24



Ongoing work: SD part in R, from virtual loop

(P =) (P =K)
0(a), pt |AL), (%) —3.929 —3.786 Wﬁ
{ fjj ), (%)0.053 £ 0.011[0.135 £ 0.011| map =+ ——
0(a), SD A§§;6 | oors B\\
resumming LLs | Az (%) 0.055 0.055

V. Cirigliano, I. Rosell, PRL, 2007 [arXiv:0707.3439]

» Challenge on lattice: errors dominated by point-particle contribution.

Naive calculation: 0(10%) relative error for SD, similar to ChPT
precision.

» Improvement by gauge invariance: compared to Feynman gauge,

point-particle contribution for TB is greatly reduced in Coulomb gauge
(no IR divergence).

— Ongoing work: lattice can improve precision to percent level
for SD, complement ChPT prediction using first-principles
input.
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Conclusions and Outlook

A general lattice toolbox for QED & long-distance contribution with
only exponentially small finite-volume effects: IVR method.
For radiative corrections in leptonic decay K;,/m,,, our work

reduces the theoretical uncertainty in |V,5|/|Vy,4l:
This work: 0.23184(28) ¢y, (10)5RK7T(65)f1i350
QEDL, 2023: 023154(28)exp (15)5RK7I(45)5RK1T;V01(65)f1i350

For K/m — evy, the collinear radiative corrections are the key to

understand current puzzles in lattice and experiments.

For radiative corrections to R,,,, we plan to calculate SD

ey’
contributions with percent level precision.

Outlook: A key next step is the lattice determination of radiative

corrections in semileptonic decays, Ky3 and 3. /
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Results for K — uvy: OKA, ISTRA
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