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First row’s CKM unitarity
Ø CKM matrix: fundamental parameters of the SM

Ø Precision test of CKM unitarity: potential BSM contributions to flavor-

changing interactions and CP violation

Ø First row’s CKM unitarity: ～2.4𝜎 tension

𝟎! → 𝟎! 𝜷 decays 
→ 𝑽𝒖𝒅 = 𝟎. 𝟗𝟕𝟑𝟔𝟕 𝟑𝟐

𝑲𝒍𝟐
𝝅𝒍𝟐

→
𝑽𝒖𝒔
𝑽𝒖𝒅

= 𝟎. 𝟐𝟑𝟏𝟎𝟖 𝟓𝟏

𝑲𝒍𝟑 → 𝑽𝒖𝒔 = 𝟎. 𝟐𝟐𝟑𝟑𝟎 𝟓𝟑

Particle Data Group, PRD 110 (2024) 030001
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Ø RC~𝑂(1%): One of the dominant source of theoretical uncertainties

RC in 𝟎! → 𝟎! 𝜷 decays RC in 𝑲𝒍𝟐

Theoretical uncertainty: radiative corrections
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RC in 𝑲𝒍𝟑

Precision:
~𝑶(𝟎. 𝟐%)

𝑹𝑪~𝑶(𝟏%)

Ø Radiative corrections (RC):  

this talk



Ø RC~𝑂(1%): One of the dominant source of theoretical uncertainties

Dispersive method, Chiral PT, lattice QCD
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RC in 𝑲𝒍𝟑

Precision:
~𝑶(𝟎. 𝟐%)

𝑹𝑪~𝑶(𝟏%)

Ø Radiative corrections (RC):  

this talk



Motivation 1: challenge of QED on lattice 
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Ø “QED in finite volume”: subtraction of 0 mode (𝑄𝐸𝐷!), finite 𝑚" , ⋯
power-law FV correction ~ 𝑂(1/𝐿)

Motivation 1: challenge of QED on lattice 
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Ø QED# method example: isospin breaking in Kℓ%/𝜋ℓ% (𝛿𝑅&')

2019: 𝑂(1/𝐿) correction

M. Di Carlo, et al. PRD, 2019 [arXiv:1904.08731]

Motivation 1: challenge of QED on lattice 
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Ø “QED in finite volume”: subtraction of 0 mode (𝑄𝐸𝐷!), finite 𝑚" , ⋯
power-law FV correction ~ 𝑂(1/𝐿)



P. Boyle, et al. JHEP, 2023 [arXiv:2211.12865]

2023: 𝑂(1/𝐿%) correction
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Power-law FV correction is not well 
convergent

P. Boyle, et al. JHEP, 2023 [arXiv:2211.12865]

2023: 𝑂(1/𝐿() correction
45% FV errors!

Motivation 1: challenge of QED on lattice 
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Ø “QED in finite volume”: subtraction of 0 mode (𝑄𝐸𝐷!), finite 𝑚" , ⋯
power-law FV correction ~ 𝑂(1/𝐿)

Ø QED# method example: isospin breaking in Kℓ%/𝜋ℓ% (𝛿𝑅&')
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Motivation 2: Puzzles in radiative leptonic decays

Ø Puzzles in radiative leptonic decays:

𝜋 → 𝑒𝜈𝛾
lattice v.s. PIBETA: 5𝜎 discrepancy
R. Frezzotti, et al. PRD, 2021 [arXiv:2012.02120]

Ø Bloch-Nordsieck theorem: 
IR-safe quantity = virtual-photon loop + real photon emission

An independent lattice calculation 
is important to cross check these 
findings.
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Motivation 2: Puzzles in radiative leptonic decays

Ø Puzzles in radiative leptonic decays:

Ø Bloch-Nordsieck theorem: 
IR-safe quantity = virtual-photon loop + real photon emission

𝐾 → 𝑒𝜈𝛾
KLOE v.s. E36: 4𝜎 discrepancy
Previous lattice result close to E36 result

R. Di Palma, et al., PRD, 2025 [arXiv:2504.08680]

An independent lattice calculation 
is important to cross check these 
findings.
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Motivation 3: 𝑅!" = Γ(𝑃 → 𝑒𝜈(𝛾))/Γ(𝑃 → 𝜇𝜈(𝛾))

Ø Helicity suppression: sensitive to new physics, test of lepton flavor 
universality

Ø Theoretical clean: structure-
dependent (SD) information 
enters through small radiative 
corrections. size~𝑂(0.1%)

V. Cirigliano, I. Rosell, PRL, 2007 [arXiv:0707.3439] 

𝑂 𝛼 , pt

𝑂 𝛼 , SD

resumming LLs
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Ø Helicity suppression: sensitive to new physics, test of lepton flavor 
universality

Ø Theoretical clean: structure-
dependent (SD) information 
enters through small radiative 
corrections. size~𝑂(0.1%)

Ø NA62 future plan: 
accuracy ∼ 𝑂(0.2%)

V. Cirigliano, I. Rosell, PRL, 2007 [arXiv:0707.3439] 

(Figure from Karim Massri’s talk on 
Kaon 2025, Mainz) 

𝑂 𝛼 , pt

𝑂 𝛼 , SD

resumming LLs
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(Figure from Karim Massri’s talk on 
Kaon 2025, Mainz) 

𝑂 𝛼 , pt

𝑂 𝛼 , SD

resumming LLs

Ø Lattice QCD: complement ChPT
prediction using first-principles input, 
can improve precision to percent level 
for SD. 
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Ø Reconstruct hadronic matrix elements outside the lattice box
X. Feng, L. Jin. PRD 2019 [arXiv:1812.09817]

Infinite-volume reconstruction (IVR)
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Ground-state dominance 
in long-distance region

Ø Reconstruct hadronic matrix elements outside the lattice box
X. Feng, L. Jin. PRD 2019 [arXiv:1812.09817]

Infinite-volume reconstruction (IVR)

IVR: reconstruction in temporal direction

𝛿)*+*,: reconstruction in spatial direction
(residue 𝑂(𝑒-

!"
# ) FV effects)
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IVR Finite-Volume Scaling: 𝑂(1/𝐿) → 𝑂(𝑒-./)

𝑂(𝑒-
.!
% )

𝑂(1/𝐿)𝑂(𝑒-
.!
% )

𝑂(𝑒-
!"
# ) FV 

correction

𝑂(1/𝐿) FV 
correction𝑄𝐸𝐷!

IVR
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IVR Finite-Volume Scaling: 𝑂(1/𝐿) → 𝑂(𝑒-./)

𝑂(𝑒-
.!
% )

𝑂(1/𝐿)𝑂(𝑒-
.!
% )

𝑂(𝑒-
!"
# ) FV 

correction

𝑂(1/𝐿) FV 
correction𝑄𝐸𝐷!

IVR

Ø A general framework for radiative corrections & long-distance contributions: 
𝛾/ℓ propagators implemented in infinite volume do not generate 𝑂(1/𝐿) FV 
errors for a broad class of diagrams.

⋯
Xin-Yu Tuo, Xu Feng, PRD, 2025 [arXiv:2407.16930]

RC in 𝐾/% RC in 𝐾/( RC in 00 → 00 𝛽 decays
this talk

see Xu’s talk 
𝐾! → ℓ0ℓ-
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Ø IR-safe quantity = virtual-photon loop + real photon emission

Ø Subtraction of IR div. in long-distance part

IR div. is related to
long-distance physics

𝐼1 + 𝐼!234: lattice calculation

𝐼!567: analytical calculation
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Extending IVR to IR-divergent diagrams 

N. Christ, X. Feng, L. Jin, C. Sachrajda, T. Wang, 
PRD, 2023 [arXiv:2304.08026]
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IR div. is related to
long-distance region

Ø Example: diagram B

Extending IVR to IR-divergent decays 

𝑤()*+ 𝑤(,-.

Ø A special “lattice IR subtraction” : 𝑒89⋅<⃗ = (𝑒89⋅<⃗ − 1) + 1 trick

Ø Similar IR subtraction can be done for the other diagrams.



Example: IR convergent combination TB+DE

𝐼!567: analytical calculation
total result for 𝜋 TB+DE 

independent of 𝑡= 12/24

𝐼!
567,?@0AB

𝐼1CD + 𝐼!
234,?@

𝐼1EF + 𝐼!
234,EF

total result: TB+DE

𝑡J



Ø Convergence with volume V!"# = 𝐿!"#
$

Lattice volume
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IVR Finite-Volume Scaling: 𝑂(1/𝐿) → 𝑂(𝑒-./)

δGH
IHJ,KL : point particle

δGH
IHJ,MA: including structure 

dependent information



Ø Convergence with volume V!"# = 𝐿!"#
$

IVR, pt~8% FV effects
IVR, SD~0.08% residue errors

Lattice volume
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IVR Finite-Volume Scaling: 𝑂(1/𝐿) → 𝑂(𝑒-./)

δGH
IHJ,KL : point particle

δGH
IHJ,MA: including structure 

dependent information

Ø Comparison: 𝑂(1/𝐿) → 𝑂(𝑒%&')

QED(, pt~60% FV effects



Result for 𝛿𝑅AB

Continuum extrapolation

Comparison with literature

preliminary

preliminary

Ø First lattice calculation at physical pion mass with a controlled 

continuum extrapolation and negligible finite-volume errors. 

this work

ChPT

𝑄𝐸𝐷(, 2023
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This work: 0.23184 28 NOK 10 P,$% 65 Q&
'()

Ø Impact on 𝑉R= / 𝑉RS (choose 𝑓'6T3/𝑓&6T3=1.1930 33 from FLAG)

𝑄𝐸𝐷!, 2023: 0.23154 28 NOK 15 P,$% 45 P,$%,73U 65 Q&
'()

𝑄𝐸𝐷(, 2019

M. Di Carlo, et al. PRD, 2019 [arXiv:1904.08731]
P. Boyle, et al. JHEP, 2023 [arXiv:2211.12865]

V. Cirigliano, H. Neufeld, PLB, 2011 [arXiv:1102.0563]

P. Boyle, N. Christ, X. Feng, T. Izubuchi, L. Jin, C. Sachrajda, X. Tuo, paper in preparation
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Puzzles in radiative leptonic decays

Ø Puzzles in radiative leptonic decays:

𝜋 → 𝑒𝜈𝛾
lattice v.s. PIBETA: 5𝜎 discrepancy
R. Frezzotti, et al. PRD, 2021 [arXiv:2012.02120]

𝐾 → 𝑒𝜈𝛾
KLOE v.s. E36: 4𝜎 discrepancy

A. Kobayashi, et al. PLB, 2023 [arXiv:2212.10702]

Ø An independent lattice calculation is important to cross check these 
findings.



𝐹C, 𝐹D: consistency between lattice calculations

Ø Nontrivial consistency check: different actions, different methods

green: our results

orange: ETMC 21 

pink: ETMC 25 

R. Frezzotti, et al. PRD, 2021 
[arXiv:2012.02120]

R. Di Palma, et al., PRD, 2025 
[arXiv:2504.08680]
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P. Boyle, et al. 
[arXiv: 2510.26993]



Puzzle 1: solved by collinear photon radiation
Ø Radiative correction (RC) from additional collinear photon

E. Kuraev, et al. PRD, 2004 [arXiv:0310275]
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size ∼ 𝑂 𝛼) log
&//1
2

&3
2 : enhanced by log

&//1
2

&3
2 ~𝑂(10)



Puzzle 1: solved by collinear photon radiation
Ø Radiative correction (RC) from additional collinear photon

Ø Lattice results

E. Kuraev, et al. PRD, 2004 [arXiv:0310275]

R. Frezzotti, et al. PRD, 2021 
[arXiv:2012.02120]

M. Bychkov, et al. PRL, 2009
[arXiv:2012.02120]

with collinear RC 

without collinear RC 
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size ∼ 𝑂 𝛼) log
&//1
2

&3
2 : enhanced by log

&//1
2

&3
2 ~𝑂(10)

Ø No discrepancy between lattice QCD and PIBETA experiments.

Our work:
P. Boyle, et al. 
[arXiv: 2510.26993]



Ø The event selection method for the 
bremsstrahlung photons are different in 
KLOE and E36:

Ø KLOE require exactly one photon, with 
condition 𝐸*+,- > 20 MeV

Ø E36 measurements are inclusive with 
respect to the bremsstrahlung photons: 
𝐾 → 𝑒𝜈𝛾(𝛾)

Ø The radiative corrections as large as 𝑂(10%) are important for a 
meaningful comparison between KLOE’s and E36’s measurements.
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Collinear radiative corrections in 𝐾 → 𝑒𝜈𝛾

KLOE’s treatment

E36’s treatment

P. Boyle, et al. 
[arXiv: 2510.26993]



Lattice result: 𝐾 → 𝑒𝜈𝛾
Ø Lattice results with different treatments

E36’s treatment

KLOE’s treatment
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P. Boyle, et al. 
[arXiv: 2510.26993]

R. Frezzotti, et al. PRD, 2021 
[arXiv:2012.02120]

R. Di Palma, et al., PRD, 2025 
[arXiv:2504.08680]

A. Kobayashi, et al. PLB, 2023
[arXiv:2212.10702]

F. Ambrosino, et al., Eur. Phys. J. C, 2009
[arXiv:0907.3594].



Lattice result: 𝐾 → 𝑒𝜈𝛾
Ø Lattice results with different treatments

E36’s treatment

KLOE’s treatment

Ø New experiment ongoing: NA62. 
Ø Following recent discussions between us and NA62 group, they plan 

to include collinear radiative corrections in Monte Carlo simulations 
of 𝐾 → 𝑒𝜈𝛾 to ensure more direct comparison with theory.
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P. Boyle, et al. 
[arXiv: 2510.26993]

R. Frezzotti, et al. PRD, 2021 
[arXiv:2012.02120]

R. Di Palma, et al., PRD, 2025 
[arXiv:2504.08680]

A. Kobayashi, et al. PLB, 2023
[arXiv:2212.10702]

F. Ambrosino, et al., Eur. Phys. J. C, 2009
[arXiv:0907.3594].
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Ongoing work: lattice calculation of SD part in 𝑅!"
Ø Hadronic structure-dependent (SD) information enters through 

small radiative corrections. size~𝑂(0.1%)

V. Cirigliano, I. Rosell, PRL, 2007 [arXiv:0707.3439] 

𝑂 𝛼 , pt

𝑂 𝛼 , SD

resumming LLs
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Ongoing work: lattice calculation of SD part in 𝑅!"
Ø Hadronic structure-dependent (SD) information enters through 

small radiative corrections. size~𝑂(0.1%)

V. Cirigliano, I. Rosell, PRL, 2007 [arXiv:0707.3439] 

𝑂 𝛼 , pt

𝑂 𝛼 , SD

resumming LLs

Ø Based on 𝐹. and 𝐹/ calculated on lattice, SD contributions from 
real-photon emission can be determined with 3% relative error:

meson ChPT Lattice QCD

𝑃 = 𝜋 0.073% 0.0596(20)%

𝑃 = 𝐾 1.289 1.271(20)

Ø Γ01(𝐾 → 𝑒𝜈𝛾) has similar size compared to Γ(𝐾 → 𝑒𝜈) without 
radiative correction. Its effects is excluded in 𝑅23

(5). 
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Ongoing work: SD part in 𝑅!" from virtual loop

V. Cirigliano, I. Rosell, PRL, 2007 [arXiv:0707.3439] 

𝑂 𝛼 , pt

𝑂 𝛼 , SD

resumming LLs

Ø Challenge on lattice: errors dominated by point-particle contribution. 
Naïve calculation: 𝑂(10%) relative error for SD, similar to ChPT
precision.
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Ongoing work: SD part in 𝑅!" from virtual loop

V. Cirigliano, I. Rosell, PRL, 2007 [arXiv:0707.3439] 

𝑂 𝛼 , pt

𝑂 𝛼 , SD

resumming LLs

Ø Challenge on lattice: errors dominated by point-particle contribution. 
Naïve calculation: 𝑂(10%) relative error for SD, similar to ChPT
precision.

Ø Improvement by gauge invariance: compared to Feynman gauge, 
point-particle contribution for TB is greatly reduced in Coulomb gauge 
(no IR divergence).

Ongoing work: lattice can improve precision to percent level 
for SD, complement ChPT prediction using first-principles 
input. 



Conclusions and Outlook

Ø A general lattice toolbox for QED & long-distance contribution with 

only exponentially small finite-volume effects: IVR method.

Ø For radiative corrections in leptonic decay 𝐾ℓ)/𝜋ℓ), our work 

reduces the theoretical uncertainty in 𝑉89 /|𝑉8:|:

Ø For 𝐾/𝜋 → 𝑒𝜈𝛾, the collinear radiative corrections are the key to 

understand current puzzles in lattice and experiments.

Ø For radiative corrections to 𝑅23, we plan to calculate SD 

contributions with percent level precision.

Ø Outlook: A key next step is the lattice determination of radiative 

corrections in semileptonic decays, 𝐾ℓ$ and 𝜋ℓ$.
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