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Conventional master equations: Born-Markov approximation

"Numerically exact” = Non-perturbative, non-Markovian

Bath oscillator model (Caldeira-Leggett model) -«—
Low-energy nuclear reactions (fusion & fission) ‘ —

Dissipative guantum tunneling

| will focus on methodologies .. Fusion!

Perhaps inapplicable to your problems ...
Fission!

= Good to know what we can do in a simple setting ‘
* You can play with it!
—>



P Why OQS for low-energy nuclear reactions? (7 slides)
— Why quantum? — Why open? — Classical Langevin approach

P Bath oscillator model (4 slides)
— Thermalization = — Quantum Brownian motion

P Method 1: HEOM, pseudomode (9 slides)

— Introduction = — Application to fission

P Method 2: TEDOPA (5 slides)

— Introduction = — Application to fusion

» Summary



P Why OQS for low-energy nuclear reactions? (7 slides)
— Why quantum? — Why open? — Classical Langevin approach



Elastic

1st stage

Quasi-
‘ Fission
~al 3rd stage
Deep
Inelastic ¢ Evaporation

"B}
<& ‘ Fission

2nd stage




Why quantum ? (quantum tunneling at low-energy)
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Reaction through Quantum Tunneling



Why open ? (phenomenological treatment of excitations)

Closed system !

* Nuclear reactions in a dense electron plasma

o ‘ Effects of surrounding electrons on the reaction rate ?
‘ - plas™® D A. Baiko, MNRAS 50 (2021) 2134 o o oo
plec®”

Phenomenological description of
complex internal excitations

D. A. Bromley, Treatise on Heavy-lon Science Volume 2, (Plenum Press New York, 1984)
P. Frobrich and R. Lipperheide, Theory of Nuclear Reactions, (Oxford University Press, 1996)




Collective coordinates 8

Macroscopic approach:
Select coordinates relevant to the dynamics
(Collective coordinates)

Microscopic approach:
Based on nucleonic degrees of freedom

Mononucleus
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R: Relative motion |
a: Surface vibration
0: Rotation angle Shape coordinates

Two-body
—




Dissipation and fluctuation 9

500 86 Kr + 166 Er

Projectile Target %400— § Vil experiment
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V. Zagrebaev & W. Greiner, J. Phys. G: Nucl. Part. Phys. 31, 825 (2005)

v Fluctuation Phenomenologically
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Classical Langevin equation

https://www.youtube.com/watch?v=7A83IXbs6lk

Collective coordinate(s): Q
Q=P/M
P=-V'(Q-yP+{({t)
{ @) =0 Fluctuation
(C(O)(s)) = (2My/B)S(t — 5)

V. Zagrebaev & W. Greiner, J. Phys. G: Nucl. Part. Phys. 31, 825 (2005)
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https://www.youtube.com/watch?v=7A83lXbs6Ik

Motivation

Goal Unified description of low-energy nuclear reactions
(from low to high energies)

v Low energy: Quantum mechanics
v High energy: Dissipation and fluctuation

~>

Quantum mechanical description of dissipation and fluctuation
(OQS approach to low-energy nuclear reactions)

System: Collective motion
Bath: Internal motion



P Bath oscillator model (4 slides)
— Thermalization = — Quantum Brownian motion



Bath oscillator model

R. P. Feynman & F. L. Vernon, Jr., Ann. Phys. 24, 118 (1963); P. Ullersma, Physica 32, 27 (1966); A. O.

Harmonic oscillator bath  Shes xS T Gl i o T B e
2 B 2 2
H = 4+ V(Q) + Y |+t 4~ — h(Q)
— — i—
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Spectral density: J(w) = _Zlm — [6(w — w;) — §(w + w;)]

Assumed to be a smooth function of w (continuous distribution)



Thermalization

H. Grabert, P. Schramm, & G-L Ingold, Physics Reports 168, 115 (1988)

\ Relaxation: Steady State? Y. Tanimura, J. Chem. Phys. 141, 044114 (2014)

A. S. Trushechkin, M. Merkli, J. D. Cresser, & J. Anders, AVS Quantum Sci. 4, 012301 (2022)

Empirically known ... PB.G
Let p(0) = ps(0) @ exp(—BHg)/m . If Smooth /(v (7
. tlir?o %ps (t) = 0 (Existence of steady state) / No system symmetry (?)
. gi_)rgpg(t) is independent of ps(0) (Uniqueness),/v
then Mean-Force Gibbs state

lim ps(t) = trplexp(—fH)|/m = psmrc

L % Noneq quantum thermodynamics:
=> Thermalization! S. Koyanagi & Y. Tanimura, J. Chem. Phys. 161, 114113 (2024)

M. T., arXiv:2511.15084 [quant-ph]

Remarks

> Classically, psmrc = exp(—BHser)/m. No longer the case
in the quantum treatment.
> It doesn’t imply tlim p(t) = exp(—BH) /m (later).



Langevin equation: General form

OH

Classical e.0.m P(t) = ~ 3’ p;(t) = —— ', ) (1) Solve it formally

/Then o/ @ Insertlng the solution
P(t) = —V'(Q(®)) — [, dsn(t,s)P(s) + b’ (@®)[¢® - ABA(QD)]

Potential Random force

At — 2 ("
D we@)w (@), 40 =] do ](Tw)cos(‘“t)
0

n(,s) =

(© =) a0 costo) + 2 Dsincant)

1Y



Langevin equation: Brownian motion

n(t,s) = =20 (QO)(QS)), A) =2 [ dw L2 cos(wt)

P(t) = =V'(Q(®)) — J, dsn(t,s)P(s) + R (Q)[¢®) - ABR(Q®)]

Potential Random force

Initial product state: p(0) = ps(0) @ ppg % p(0) = exp(—B(Hé + Hg + H;))/m

{ tr[{(®)psc] =0 e.g. W Quench! \/

tr[¢ () ()psc] = At = 5)/B e M P

{(t): Gauss!an f(t) _ ((t) _ A(t)h(Q(O))
Let J(w) = Myw (Ohmic) and h(Q) = Q tr[E(®)p(0)] = 0
Then A(t) = 2Myé6(t) and, fort > 0, tr[é(t)E(s)p(0)] = A(t —s)/B

{ P(t) = -V'(Q(®)) —yP(t) + {(©) | . Weiss, Quartur Disspatve Systems (Word Scieni, Singapre, 2006

. _ Quantum mechanical treatment ...
tr[((t)((s)pB'G] B (ZMW@)Mt .S) — Quantum Brownian motion!
Brownian motion!



Outline

» Method 1: HEOM, pseudomode (9 slides)

— Introduction = — Application to fission



Influence functional

Initial product state: p(0) = ps(0) ® ppg

ps(Qq, Qp; t) = fdchQd Js(QaQp, QcQa; t)ps(Qc, Qq; t = 0)

Path integral representation:

|solated system Open system x5 Feynman & F. L. Vernon, Jr., Ann. Phys. 24, 118 (1963)
Js(QaQp, QcQqg;t) = Js(QaQp, QcQqg; t) =
j D[0] j (0] eitsslal-ssan/n = j D[0] j D[Q] eilSslel-ssial/n,—@l0.al/n

Influence of the bath

2 2
mia)l- C[l'
2

Bath oscillator model (H = Hg + Hg — h - X5 with Hg = ); [pl +

®[Q,Q] =
f dr j ds (h(Q(D) — H(@@)HLE — HR(Q()) = L*(x — HA(G()))

where

] & Xp = X ¢iqi)



Bath correlation function

L(t) = %U“B [Xlle (t)XBpB,G]
— %fooo dw J(w){coth(Bhw/2) cos(wt) — i sin(wt)}

Heisenberg e.o.m (h(Q) = Q for simplicity): 4 = 2 [ dw L2 cos(wt)
PH() = —V'(QH (D)) — [ ds At — )PH(s) + [¢(£) — ACDR(Q)]
/ Fourier transform

Frictional force: A(t) = 2Im[L(t)] hw Bhw
Random force: trg [w ] hARe[L(t)] = T[hRe ]((‘))_ 2 COth( 2 ) [A](w)

(Quantum) Fluctuation-dissipation relation

= High temperature limit (82 — 0) yields Aw/2 coth(Bhw/2) ~1/B, and we recover

[¢(t),4(s)] A(t-s)
trp [—2 - +pB,G] ==

= Physically impossible for both A(t) and Re[L(t)] to be delta functional simultaneously.
Quantum processes are fundamentally non-Markovian!




High temperature limit

1 (7 ( a Y Cc ,t) =
Markovian case A. O. Caldeira & A. J. Leggett, Physica 121, 587 (1983) }S[QQ]beD [Qéd] oi{Sslel-SslQl}/n ,~®[0,Q]/h

A(t) = 2My8(t) (J(w) = Myw) = L(t) = My(28(£)/Bh + i5(D)) | @[0,q] = [* dr [ ds (h(0() — h(Q(D)))

_ fot de(Q(T), Q(T)) - X{L(t — s)h(Q(s)) — L*(r — s)h(Q(s))}
= 35(QaQb QcQa; t) = [ DIQ] f DIQ] elSsteI=Sslal/he=210.0UR [L{1,5(0(®)) - Ls(Q(®))} — 1 F(0(®), (1))
— — This part can be taken outside

——) Closed equation for ps(t) (Caldeira-Leggett master equation)
Non-Markovian Case . rammura, s. phys. Soc. son. 75, 082001 (2008)

A(t) = 227" (J(w) = 2yw/(¥? + %) ) = L(t = 0) = ce™* (c = Ay(2/Bhy — 1))
o[Q,Q] = [, dr{r(Q[®) — H(Q@)}y[0,Q,7], ¥[0Q,Q,7] = [ dse™ T {c h(Q(s)) — c*h(Q(s))}
2195(QaQp, QcQa; ) = [ DIQ] [ D[Q] eSslel=Sslel/he=loQl/n
= [;i{Ls(Qu)) - Ls(Q)} - E{h((z(t)) -h(Q)}yle. 0, t]] Not Closed!

\—,—l .
This part cannot be taken outside




Introducing auxiliary quantities to close the equation! y{[Q;z((jét(] ):)fot 45;( _@y((:;
Xic s))—c" S
" anZZO(Qar Qp; t) = fdchQd Jn(QaQp, QcQq; t)pS(Qc; Qa;t = 0) |
t Juer.,(Qas, QeQu; ) = J DIQ] f DIG] eitSslQ=Ss@/ne~ol00)/n 2L

n!

©0) (n=0) i __
po(t) = ps(t) pn(0) = {pg (Y= vy
= e >0 Heh(0©) - ()]
= 3:(QaQb» QCQd- £) = [ D[Q] [ D[]] ei(Ss1Q)-Ss1@l/ho-210.0)/1
x| Glos@@) - 1s@@))} =) 45~ n(000) - h(Q@)}—( N IO R (0) B
_________________ ‘—'—' — e o e e e e o e e e e e e e e e, e e e e -
@ (771 Jn+1 (771—1
d n+1 .
dtpn(t) = —g[Hs, P ()] —nyp,(t) — 7 [, 011 (O] +Vnfc hp, 1 (£) —c"p,,_1 ()R]

Hierarchical Equations Of Motion (HEOM) 75 %t T e e



Markovian embedding

Classical e.o.m (h(Q) = Q for simplicity)
P(s)

P(e) = —v'(Q(®)) — [ ds At — ) 52 + [¢(6) — AD)Q(0)]
tr[¢ () (s)ppc| = A(t —s)/B

C PG) _ %Q(s) and fOtdSA(t —s)

M

P(s)
. | U(Q) = V(@) - A0)Q?/2
P() = ~U'(Q@) + X { X0 = C(0) ~ [} ds bt ~ $)Q(s)

= A(0)Q(t) — A()Q(0) + [, ds A(t — 5)Q(s)

Markovian bath

When A(t) = 22e7YIt . Non-Markovian bath p
X(t) = —yX(®) + 22yQ(t) + {p (1) @
where ¢p(t) = {(t) + y{(t) satisfies . | |
reo (00 (Ipaa] = QY/BIBE—5) b= s @ = PO =t X0

Markovian!  tr[¢®¢(s)ps ] < e st tr|dp (£)p(s)ppg) o 8(t — s)



Pseudomode 23

Alternatively, we can design the extended space ... D[L]m = LmLt — (L'Lm + mLTL)/2
d i Lpso = { [wkb ber] + ZKkD[bk]Q}
—0(t) = = |Hs — h - Xps, 0(0)] + Lys0(¢) {
dt h[ Xps [+ £ps X, = XK 1gk(b;£ + bk)

Initial state: o(t) = ps(0) ® |0)(0] ®[Q, Q] = J dr f; ds {h(Q(®) — (@)}
X{L(t = $)h(Q(s)) — L (r — s)h(Q(s))}

We can similarly derive the Influence functional, which takes the same Gaussian form but with

K
1 1 .
L(t) - C(t = O) = ﬁtrps[xpseﬁpst(xps|O><O|)] — EZ gie—(lckﬂwk)t

If C(¢) = L(¢t), then pg(t) = trys[o(t)]!

D. Tamascelli, A. Smirne, S. F. Huelga, M. B. Plenio, Phys. Rev. Lett. 120, 030402 (2018)



Testing L(t)

2] (w)

1— e‘ﬁh‘” \\

L(t) = i dre k" (dy,zx €C) or LJ(w) = Z 2Re [de_ Lw]
k=1

M. Xu, Y. Yan, Q. Shi, J. Ankerhold, & J. T. Stockburger, Phys. Rev. Lett. 129, 230601 (2022)
H. Takahashi, S. Rudge, C. Kaspar, M. Thoss, & R. Borrelli, J. Chem. Phys. 160, 204105 (2024)
B. L. Dé, A. Jaouadi, E. Mangaud, A. W. Chin, M. D-Lecomte, J. Chem. Phys. 160, 244102 (2024)

Various fitting methods ...

Example: J(w > 0) = we™®, f = oo Hy et = L, h(Q) = Q
.| — fnalytic 0.415{ ° — Exact
1759 1754 175{ L1754 — Fit )
1501 150{ 150{ 1507 0.410 e Fit
1251 1254 125{ 125§ K=4 =~ 0.405;
31001 3100 3100 3100 S 0.400+
T 075 B o5l Boysl B0 0.3951
0501 0507 0.50 0.50 0.390 ®
0251  0.25{ 025{ 0257 0.385 - ® 9 T 00—
0.001 000+ 0.00f 0.00 0 2 4 6 8 10
- N ) ~20 -10 0 10 20 K

w github.com/masaaki93/TestingBCF



Fission (toy model)

10 1

Friction/h

A 7.78 MeV

Potential [MeV]

PZ
Hgin = — + Vin (Q) + -~

p? .
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Product initial state
p(0) o exp (—B(Hsn + Hz)) /m

~

Solve HEOM
with HS,in
(Thermalize)

~

Provided by Kazuki Okada Solve HEOM with Hgt,, (Transmission)



t=0.50 [h/MeV]

f = 0.5 [MeV 1]

= e e

T

0.05{ >
Reaciink g
0.00 A
O.‘O 0.'2 0.'4 0.6 0.'8 1.TO
Elongation parameter (Q)
Q (Correlated) =~ (Product) at g = 0.5, while the
deviation is seen at g = 2.

O Transmission is enhanced by the bath?
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Outline

» Method 2: TEDOPA (5 slides)

— Introduction = — Application to fusion



Wave-function approach: TEDOPA

2
HB:Zl.lpi +qu‘] f dw hwa! a,,

H:HS+HB+H1 am;
Hy=—h-%icqi~—h- [, do (o) (a, +al)
@ @, K(w) « J(w) (spectral density)
@, Mapping!
Star [SJ 5 =) N .3 o .

N-N coupling 1D chain

_ Z [enblby + Rty (b],1bn + Bibass )| H; = —h- g(bs +b])
=1

Possible with orthogonal polynomials for (f;, f5)x = foﬂ dw K(w)fi(w)fr(w)!

Alex W. Chin, Angel Rivas, Susana F. Huelga, and Martin B. Plenio, J. Math. Phys. 51, 092109 (2010)
Javier Prior, Alex W. Chin, Susana F. Huelga, and Martin B. Plenio, Phys. Rev. Lett. 105, 050404 (2010)

Time Evolving Density matrix with Orthogonal Polynomials Algorithm (TEDOPA)



More about TEDOPA

- O-0-0——0

n=1 n=2

J(w): finite support, no gap ...
n—>0o

, t,, — finite
e.g. Two-level system (f = x)

[¥(0)) = 1) @ (04,04, )

=D ® [0,210,-5) \Wies)

Infinitely long recurrence time
= Irreversible loss!

Open source packages are now available!

MPSDynamics.jl

Thibaut Lacroix, Brieuc Le Dé, Angela Riva, Angus J. Dunnett,
& Alex W. Chin, J. Chem. Phys. 161, 084116 (2024)

1.24

1.14
1.0

.

J(@) x w1 = (w/D)?

—

tn

20 30 40 50 60 70

t=0.00

0.0 -

20 30 40 50 60 70 80

80



Thermalization in TEDOPA

A part of the bath degrees of freedom keeps evolving. How is it reconciled with thermalization?

2 lim ps(t) = trglexp(—=fH)]/m
H 1 . _p a — . . rabe . Schramm, G-L Ingo
Harmonic oscillator: Hg e¢r = — h(9) =4  Exact solutions available! Physios Roports 168, 115 (1588

< (O)gibbs = tr[0 exp(—FH)]/m

0.6 1
§0'4< — (g)1epoPA q 0 ~10_6
g {p)TEDOPA
E 031 — (qz)TEDOPA p 0 ""10_6
9 — (p®)TepoPa
£0.21 q> 0.48199 0.48198
0.1 p? 0.53903 0.53905
0.01
0 10 20 30 40 50

lim pg(t) = trg[exp(—FH)]/m but p(t) # exp(—FH) /m

t>1



Fusion (toy model)

1D barrier transmission problem

""" > *|uo)  y(R): Barrier

=== <rolug) 7 o TTTTT > tgluo)
A V “\\C°U|0mb === <nrlu) L\ = ~T°=- > < ty|ug)
B === X713 Up) —====> X {|up)
R. ' R
- H— R
Coulomb Difficulty (energy projection) G.S. (B = )
Touch oulom £y ~ [ de e E/R(R et/ wgyy PO =lhs)luo)
Barrier tf( ) ~f0 e ( fuf|e 2 | ( )> Localized around R;
v___ - —  T(E) = Xf|tr ()]
/ o 0 e
/ R ~ fO dTl fO de elE(Tl TZ)/hps(Rle, Rsz)
/ — —iHt1/h IHty/h
/ Nuclear PS(T1.; T,) = trgle | IW(Q))(W(O)le |
/ Two-time reduced density matrix M.T. & K. Hagino,

A. B. Balantekin & N. Takigawa, Ann. Phys. (N.Y.) 160, 441 (1985) Ann. Phys. 412, 168005 (2020)



Results

03 . . | |
100':
0.25 | - ]
T|T|
E 0.2 |
tn ELI\ 10—1_:
o o015 | = ]
A
~ 01|
9(:_2 _5 —— w/o bath
Q. 0.05 | ] 10774 —— w bath
, 4 -2 0 2 4 6 8 10 12
20 20 0 20 40 E—Vp [MeV]
R [fm]

O Transmission is suppressed by the bath



Summary

HEOM, pseudomode TEDOPA
Markovian embedding Star to chain transformation
Density matrix oc d2 Wave function « dg
From short to long times Hard at long times
L(t) = cie ™t + c e H2t 4 ... J(w): finite support

Ambitious direction: Going beyond the Gaussian bath model

One possible approach: A pseudomode description for your problem?



