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Incompressible Turbulence Theory

1. Relied in a central way on an empirical observation:
The “Zeroth Law” of Turbulence [G. I. Taylor (1935)]

2. The 4/5-th Law

3. Inertial Range:

Assuming self-similarity (scale-invariance), and scale-locality [Kolmogorov
(1941, 1946), Onsager (1945)]



Zeroth Law of Turbulence
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Empirical Observation?:
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G.l. Taylor,
Proc. Roy. Soc. Lond., (1935)

Dissipation is independent of
microphysical viscosity.



Zeroth Law of Turbulence
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“turbulent fluids could be described by singular (weak)
solutions of incompressible Euler equations whose kinetic-
energy balance would be afflicted with an anomaly due to

the nonlinear cascade mechanism?®.”

L. Onsager

1. Eyink & Drivas, 2018, Phys. Rev. X.
2. A voyage through Turbulence, 2011



Incompressible Turbulence Theory

1. Relied in a central way on an empirical observation:
The “Zeroth Law” of Turbulence [G. I. Taylor (1935)]

2. The 4/5-th Law

3. Inertial Range:

Assuming self-similarity (scale-invariance), and scale-locality [Kolmogorov
(1941, 1946), Onsager (1945)]



Kolmogorov’s 4/5-th Law

Traditional derivation (e.g. Frisch’s 1995 book)

deu+u-Vu=-Vp+vwW?u+f



Kolmogorov’s 4/5-th Law

Traditional derivation (e.g. Frisch’s 1995 book)
deu+u-Vu=-Vp+vwW?u+f
Point-splitting KE budget (a form of scale decomposition) Assuming homogeneity

0p(u(x) - u(x +r)) = iV,ﬂ - (|6u(r)|*Su(r)) —Dissipation + Forcing



Kolmogorov’s 4/5-th Law

Traditional derivation (e.g. Frisch’s 1995 book)
deu+u-Vu=-Vp+vwW?u+f
Point-splitting KE budget (a form of scale decomposition)

0p(u(x) - u(x +r)) = iV,ﬂ - (|6u(r)|*Su(r)) —Dissipation + Forcing
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Su(r; x) = u(x +1) —u(x) —= Galilean Invariant

@ Scaling Conditions |6u(r)], ~ UrmsAp(T/L)Gga 0<o, <1,




Kolmogorov’s 4/5-th Law

Traditional derivation (e.g. Frisch’s 1995 book)

Point-splitting KE budget (a form of scale decomposition)

deu+u-Vu=-Vp+vwW?u+f

0p(u(x) - u(x +r)) = iV,ﬂ - (|6u(r)|*Su(r)) —Dissipation + Forcing

Increments:
Su(r;x) =u(x+1) —u(x) —

S

1. G. Eyink, 2005, Physica D.

Galilean Invariant
Scaling Conditions

Scale-local?
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Kolmogorov’s 4/5-th Law

Traditional derivation (e.g. Frisch’s 1995 book)
deu+u-Vu=-Vp+vwW?u+f

Point-splitting KE budget (a form of scale decomposition)

0p(u(x) - u(x +r)) = iV,ﬂ - {|6u(r)|*Su(r))|—Dissipation + Forcing

The Cascade Term
Increments: —
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su(r;x) = u(x + 1) —u(x) — Galilean Invariant //%\
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Kolmogorov’s 4/5-th Law

Traditional derivation (e.g. Frisch’s 1995 book)

deu+u-Vu=-Vp+vwW?u+f

=

Point-splitting KE budget (a form of scale decomposition)

Ou(x) - u(x + 1)) =

2V, {|6u(r) [26u(r))

The Cascade Term

/TN

(I7’) -

l/2 (/4

-

This is just conservation of
kinetic energy at each scale, r!

~

J

—Dissipation + Forcing

Uy

(v|Val)

() Ko=1/L
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Kolmogorov’s 4/5-th Law

For r in the inertial range:

/2

/1

la

(vIval?)

0

Ko=1/L

1
Oe{u(x) -u(x + 1)) = =V, - (|J6u(r)|?su(r)) —Dissipation + Forcing

4
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Kolmogorov’s 4/5-th Law

For r in the inertial range:

3V (6u(r)[26u(r)
5 4
S, (r) = <(5u"(r)) >= -5 |

5, = ((6w,)') = G e PP

/2

/1

(vIval?)

Assuming self-similarity, no intermittent
event!

14



g
Kolmogorov’s 4/5-th Law () L e M)
4
For r in the inertial range: @
0 Ko=1/L k
1
2 Vr - (|5u() 2sur)
3 4
53 (T) — <(5u” (T)) > — — —E&Tr Assuming self-similarity, no intermittent
5 event!

Sp (r) = <(5u|| (T))p> = Cp (e r)p/3 Works fine forp = 3 + 1!

S,(r) = <(5u” (7‘))2> ~ 12/3 ) E(k) ~ J;—5/3



Incompressible Turbulence Theory

1. Relied in a central way on an empirical observation:
The “Zeroth Law” of Turbulence [G. |. Taylor (1935)]

2. The 4/5-th Law

3. Inertial Range:

Assuming self-similarity (scale-invariance), and scale-locality [Kolmogorov
(1941, 1946), Onsager (1945)]
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We have a relatively clear picture of the dynamics in incompressible
turbulent systems.

E (k)

y Decaying, isotropic,
homogeneous turbulent

system (Saadat, et al., 2021)

Dissipation
Scales

Forcing and Boundary Conditions at integral scales.

Viscous Dissipation at smallest scales.

Inertial range

L. Richardson A. Kolmogorov L. Onsager
(1922) (1941) (1945) 17
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We have a relatively clear picture of the dynamics in incompressible

turbulent systems.
E (k)

Dissipation
Inertial Range Scales

v/2 ¢/4

|
|
|
I L
|
|
|

A‘A‘

L. Richardson A. Kolmogorov L. Onsager R. Kraichnan
(1922) (1941) (1945) (1959)

e Scale-locality:

e Different modes exchange energy with
neighbors mostly.

* Justifies expectation of universal statistics.

* Implicit assumption in LES Modeling.

G. Eyink (1994,
2005)




Method: Coarse-graining Approach

Filtering Scale: £

2

,&? 1 [
& :
0.5 [
— :
-1 -0.5 0 0.5 1 m

x m ‘

ﬁ{’(x) = fdru(r)G{’ x+7) 0 k, = 1/€ : Wavenumber k,

G,(1r) should be:

* Homogeneous,

* Normalized,

e Spatially localized.

19



Method: Coarse-graining Approach

Filtering Scale: £
/2 /4
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S
0.5
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1 05 0 05 1
X
u,(x) = [ dru(r)G, (x+71) 0

Coarse Cons. of Momentum:

0,u +u-Vu=-Vp—V-1,+ uvu V-u=0

A. Leonard M. Germano G. Eyink C. Meneveau H. Aluie
(1974) (1992) (1994) (1994) (2011)

Y
)

k, =1/¢:Wavenumber

Sub-scale Stress:
Ty = (Ullp — Uplyp)

20



With the incompressible Turbulence Theory, we can explain:

Ocean Dynamics Terrestrial Flows

‘q realt: STtsR‘

Atmospheric Dynamics

Credit: NASA

21



But compressible turbulence theory is essential to understand:

Crab Nebula, NASA NASA NIF, Lawrence Livermore National Laboratory

Supernovae Explosions Supersonic Flight Inertial Confinement Fusion

22



Energy Transfer Across Scales: Compressible

Mass Cons. 0p+V-(puw) =0

Momentum Cons. 0;(pu) + V- (puu) = VP +V-(2nS - u+ {6u)

1
Total Energy Cons. 0, (Epuz + e) +V- [(

1

e+P+Epu2)u—KVT —2nS-u —CGu] =0

_|_

Equation of State

23



Energy Transfer Across Scales: Compressible

Pressure-Dilatation Viscous Dissipation
Kinetic Energy

1 .\ CFressureDilstation _ Viscous Dissipation :
Budget at (_puZ) +V- ]KE _Ip(v u)l anslz (HZ

oy )

2

Internal Energy at(e)_l_v ]IE —| p(V u)"_l_ anslz +(@2|

Budget

Pressure- D|Iatat|on Viscous Dissipation

24



Modify the Coarse-graining Method

Favre Averaging (Favre, 1965)
uy(x) = [ dru(r)G, (x+7)

~ _ puy
Up(x) = —
Pe

Why Favre Averaging?

The Scale-decomposition must satisfy the Inviscid
Criterion [Aluie Physica D (2013)].

Coarse Cons. of Momentum:

— N N

0t (pptly) + V- (P,

A. Leonard
(1974)

M. Germano
(1992)

) =—VPy — V- (pty) + uV-dp+ poF

G. Eyink
(1994)

C. Meneveau
(1994)

H. Aluie
(2011)
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Zhao, Aluie, 2019, PRF
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Coarse-grained KE Budget

Filtering Scale: £

fe(x) = [ dr Ge(r)f (x + 1) ‘
Pff
fo(x) = o7 @

k, = 1/¢: Wavenumber ke

82 b4 4y

|ip] _ S
at(P 5 +V-J,=-M,—A,—T(,V-u)—(—PV-up) — Dy

26



Coarse-grained KE Budget

Filtering Scale: £

- £/2 /4 {4
fe(x) = [ dr G,(r)f (x + 1) E
L _oh ;
fe(x) = — .
i O =

0 k, = 1/¢ : Wavenumber ;fe

Temporal Change
of Coarse KE

27



Coarse-grained KE Budget

Filtering Scale: £

- £/2 /4 {4
fe(x) = [ dr G,(r)f (x + 1) E
o _oh ;
fe(x) = — .
i O =

0 k, = 1/¢ : Wavenumber ;fe

tV-Je

Spatial Transport

28



Coarse-grained KE Budget

fo(x) = [ dr Go(r)f(x + 1) .
pfe

fo(x) = @
Pe

k, = 1/€: Wavenumber

No transfer in scale.
Zero on average for spatially
homoggneous flows.

T2\ - -
at(P 5 +V-Jo=-1,-A—T(p,V-u)—-(=PV-up) —D,

7
§patia| Transport

29



Coarse-grained KE Budget

Zhao, Aluie, 2019, PRF
1.2 T T IIIIIII T T lll'lll T T IIIIIII T T Illlllll LI

fo(x) = [ drG,(r)f(x+1) 1.0 |

fo(x) = p:ﬁ ol

Py D, 0.6}

Lo <E?,(1iss>
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- I
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v
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// f
Viscous Dissipation

Plays role at

Smallest Scales!

1. Aluie, 2013, Physica D 30



Coarse-grained KE Budget

-0.9999994

ﬁ(x) — f dr Gg (r)f(x + r) 5 -0.9999996

>

— S _0.9999998
pfe

ff(x) = — .

Pe °

(EP)

10—20 -

10°

10t 102 103

Acts as a large-scale forcing

- 7
— (=PV uyp)
Pressu/re-DiIatation
7/
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Coarse-grained KE Budget

Filtering Scale: £

(%) = [ dr G,(")f(x + 1) 82 /4 ed
pf€ E
fo(x) = -

1 -
Ap(x) = £ OxDe|(pw) e — Pl

Baropycnal Work

v
SN

k, = 1/¢ : Wavenumber

P I -
at Py +V']g:—ng—Ag—T(p,V°u)—(—PV°Ug)—Dg

/ \>

H{(X) . —axag[(uz)g — UE] Tﬁ(X) - (p V- U)g fv Up
Deformation Work Pressure-Dilatation Defect
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Coarse-grained KE Budget

Filtering Scale: £

fo(x) = [ dr Gy(r)f(x + 1)
T
fr(x) = — @
Pe O
0

k, = 1/¢: Wavenumber

22 /4

llllllllllla‘.\

v
SN

Sub-scale Flux Mechanisms

33



There is an unrefined intuition about shocks ...

... some portion of the energy at a given scale
must be directly dissipated via shocks, rather
than cascading conservatively through
intermediate scales until dissipation scales is
reached. [McKee & Ostriker (2007)]

Messier 42: Orion Nebula [Source: NASA]

1. McKee & Ostriker, 2007, Ann. Rev. Fluid. Mech. Bow shock near young star, LL Ori
[Source: NASA]
2. Ferrand et al., 2020, ApJ.

34



Not just in the astrophysics community, ...

Lake Superior, US [Source: UCAR]

... spectrally nonlocal pathway for
downscale energy transfer that is
phenomenologically distinct from
traditional concepts of turbulent
cascades and can contribute
substantially to total kinetic energy
dissipation.

[Samelson & Skyllingstad (2016)]

35



Kraichnan and Locality

Kraichnan (1974):
A generally unappreciated point is that the inertial-range

energy cascade is local in wavenumber, even when the

inertial-range spectrum is the spectral tail of coherent
discontinuous structures,... .

36



Take Burgers Shock — A Clean Toy Model

0rU + UD,U = VO,

u(x,0) = —sin (ZTnx

).

0.5}

-0.5¢

10°

—Fourier

37



Take Burgers Shock — A Clean Toy Model

0rU + UD,U = VO,

5 K=14
. T
u(x,0) = —sin|{—x). 0 . —
L 10 T T :
—Fourier
1 : r
— Unfiltered
—{¢ =0.07L
0.5t
|
0
|
-0.5t
-1k L
-3 -2 -1 0 1 2 3
xr




Take Burgers Shock — A Clean Toy Model

0rU + UD,U = VO,

5 K=5
. T
u(x,0) = —sin|{—x). 0 . —
L 10 T T :
—Fourier
1 . r
— Unfiltered
—{ =0.07L
—{ =0.2L
0.5r T
0
-0.5r
1L L
-3 -2 -1 0 1 2 3
xr




Take Burgers Shock — A Clean Toy Model

0rU + UD,U = VO,

5 K=2
. T
u(x,0) = —sin|{—x). 0 . —
L 10 T T :
—Fourier
1 : :
— Unfiltered
—{ =0.07L
—{(=0.2L
0.5r —(=05L [
0
-0.5}
-1k L
-3 -2 -1 0 1 2 3




Take Burgers Shock — A Clean Toy Model

0rU + UD,U = VO,

] 2T
u(x,0) = —sin (T x).
1 r .
—Unfiltered
—( =0.07L
—0=02L
0.5r —(=0.5L [
0
-0.5¢F
_]_ 1 1 L
-3 -2 -1 0 1 2 3

Even in 1D, shock is a multiscale structure!

10°

P |

—Fourier
—Filtering |

10°

101
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Take Burgers Shock — A Clean Toy Model

0rU + UD,U = VO,

; 2TC
u(x,0) = —SlTl(Tx). L — SN
—Fourier
—Filtering ||
1 A °
:J/ ‘\I
// 11
o s
P 7 |
0.5 P // | I
iy s : I
Ve
A s I I
0 // : I
\ |- I
7 |
I
I
-0.5 : |
|‘,/r
_11 1 I\(lrf L - L " PRRERE S S S ! | " i e aaal N A e al ?\a
-3 -2 -1 | 1 2 3
- 10° 101 102 103
k

Even in 1D, shock is a multiscale structure!



Cascade in Burgers Shock

0:U + U0, U = VOyy,

— 12
at%: —Il, = Dy,

[,(x) = =01, [(u?), —u?]

The mechanism that represents

vortex stretching or energy cascade.

0.8

0.6

04

0.2
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Cascade in Burgers Shock

0:U + U0, U = VOyy,

— 12
at%: —Il, = Dy,

[1,(x) = =0, [(u2), — u3]

The mechanism that represents

vortex stretching or energy cascade.
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Cascade in Burgers Shock

0:U + U0, U = VOyy,

— 12
at%: —Il, = Dy,

[1,(x) = =0, [(u2), — u3]

The mechanism that represents

vortex stretching or energy cascade.

0.8

0.6

04

0.2

45



Cascade in Burgers Shock
O + U0, U = VOyy,
For£=0.15L —> #,(x) = [dru()G, (x + 1)
o up(x) = u(x) — dp(x)

at 5 _Hf _Dg,

[, (x) = —0,ilp[(w?), — U]

0.5}

-0.5¢

o

-

-3 -2 -1 0
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Vi (x)

Deformation Work in Burgers Shock: IT,(x)
O + U0, U = VOyy,
For£ =0.15L. —> #,(x) = [dru(®)G, (x + 1) D

up(x) = u(x) — up(x)

| |?
0y = —T; — Dy,

M,(x) = —0d, i, (u?), — u3]

mal\WkBgSh\




Deformation Work in Burgers Shock:

O + U0, U = VOyy,

For £ = 0.15L

2

[, (x) = —0,ilp[(u?), — U]

[wel*

tip(x) = [ dru(r)G, (x +71)

up(x) = u(x) — up(x)
—Ily — Dy,

IT,(x)

0.5}

-0.5¢

0.8

0.6r

0.4f

0.2}

o

-

-1 0
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Deformation Work in Burgers Shock: IT,(x)

Otu + U, U = VOyy,
For{ =0.15L. —>
[wel*

at 5 _Hf _Dg,

0.5}

tip(x) = [ dru(r)G, (x +71)

up(x) = u(x) — up(x)

-0.5¢

[, (x) = —0,ilp[(u?), — U]

, 0.8
0_
-0.5 0.6
z
\—/
IS 1.5 0.47
>
_2 -
0.2+
2.5
_3 _. . .- O
3 2 -1 0 2 3 -4

o

-

-1 0




Deformation Work in Burgers Shock: IT,(x)

Otu + U, U = VOyy, 0.5}
For£ =0.15L. —> #,(x) = [dru(®)G, (x + 1) .
- Up(x) = u(x) — p(x)
at |u;| — _Hf _ D{, -0.5¢
_ — 2 =2
I,(x) = =0, 1, (u?), — ;]
vaf(x) ?{) — ﬂ%
of | o e A =T
0.5} | 0.6 1
-1t 0.5
15 04r
0.3r
_2-
0.2r
-2.5
0.1+
-3 g 5
-3 -2 -1 0 1 2 3 0—3 -2 -1 0 1 2 3

: —u(z)
\‘.' - = ()
I /
"- —-=-u/(x)
N
I
¢/ !
__________________ e
\ ,’
)
y
','\
I \
[N
-3 -2 -1 0 1 2 3
xr
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Deformation Work in Burgers Shock: IT,(x)

d
' - = wlT
Oetl + UL U = VOyy, 0.5} Y —do]
n
For£ =0.15L. —> #,(x) = [dru(®)G, (x + 1) R /)
o
up(x) = u(x) — p(x) L
wel? _ 0.5} |
0¢ o~ = —1; =Dy, i
" \
— A = 2 =2 3 2 1 0 1 2 3
Mp(x) = —0, | (u2), — uj] z
Vil (x) u2, — 2 IT,(x)
of { o7p A | {\
05| | o6} ] 21
_1t | 0.5r 1 1.5+
1s | oaf
0.3} : 1r
-2r .
2.5} ] 0-21 | 0.5f } \
0.1f |
-3 -1 ' 1 . ' l- . ‘ ok ‘ . .
-3 -2 -1 0 1 2 3 0-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3



Scale Locality of the cascade in Burgers Shock: IT,(x)

k,g - 10
I
T I T T T
1 T -
I [ ~ /'/
0.8 | RN 4
| ‘ A
\ / =
0.6 | v ol
\/o= (L)
| //\ —--(Dy)
0.4 | S \\ ------- (20:|w|?) + (IL;) + (Dy)
| / \
0.2 I '/'/ 3 N
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I e S Y
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| 10° 103 10%
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Scale Locality of the cascade in Burgers Shock: IT,(x)

||<H{;K (ﬂgQ,u, u)> /(H{)K(u, u,u)) ” 50 AsQ-0

ke=10

Deformation work is infrared local.

10°

| Ike=10 -1
te=L/Q| |¢x=1L/10 107" ¢

10—2 3

1073
> II Fraction
- --Slope 2/3
4 . . . [—Slope 4/3
10 1 2 3 4 5 6 7 8 910



Scale Locality of the cascade in Burgers Shock: IT,(x)

([UPRCEADIAUNCATADN dl

Deformation work is ultraviolet local.

: kg =10
| 2, =1/10

As Q) — o
ke =10
100 T T — .. —
> II Fraction
- - -Slope -2/3
----------- Slope -4/3
10*
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Coarse-grained KE Budget

fe(x) = [ dr G,(r)f(x + 1)

Pff ‘
fo(x) = o7 @

Filtering Scale: £
/2

2/4

llllllllllla‘.\

r—=-

I—Hgl—Ag— T(p,V u)

__d

\/ Deformation Work is scale-local.

k, = 1/¢ : Wavenumber

v
SN
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Coarse-grained KE Budget

Fo(0) = J dr Go@) f(x +7)
o =L

Py

Filtering Scale: £

@0

2/2

2/4

llllllllllla‘.\

k, = 1/¢ : Wavenumber

—H£|—Ag|— T(p, V- u)

Baropycnal Work

v
SN
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Normal Shock: A Real Compressible System

Analytical Solutions? for 1D, Normal Shock, Ma = 1.7
0rp + 0x(puy) =0,

K=5
1
0y (pw) + Oy (puytty) = —0,P + poy (axux T §amum8ij) Velocity Spectrum
Velocity
1F ' ' ' ] —‘Unﬁltereci'
—(=0.2L
0.95r
0.9
0.851
0.8
0.75 L, .
-3 -2 -1 0 1 2 3
X

1. Johnson, 2014, J. Fluid. Mech.



Normal Shock: A Real Compressible System

Analytical Solutions? for 1D, Normal Shock, Ma = 1.7
0rp + 0x(puy) =0,

K=2
1
0y (pw) + Oy (puytty) = —0,P + poy (axux T §amum8ij) Velocity Spectrum
Velocity
1F - ' ' ' —lUnﬁltereci'
—¢ =0.2L
0.95 | —(=05L |
0.9
0.851
0.8
0.75 L, .
-3 -2 -1 0 1 2 3
X

1. Johnson, 2014, J. Fluid. Mech.



Normal Shock: A Real Compressible System

A normal shock is a multiscale

Analytical Solutions? for 1D, Normal Shock, Ma = 1.7 )
structure, even in 1D!

9ep + 0,(puy) =0,

K=1
1
0y (pw) + Oy (puytty) = —0,P + poy (axux T §amum8ij) Velocity Spectrum
Velocity
1 - I I I —lUnﬁlterecll‘
—0=02L
—0=05L
0.95 —0=09L [
091
0.85r
0.8r
0.75, \
-3 -2 -1 0 1 2 3
X

1. Johnson, 2014, J. Fluid. Mech.



Baropycnal Work in Normal Shock: A,(x)

_ |ii]? _ S
Oc\pe—— |+ V Je=—Tp =D, —T(p, V- u) = (=PV-up) — Dy

1 _
Ap(x) = — 0, Pp|(pw)p — Poliy]
Pe
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Coarse-grained KE Budget For Normal Shock
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Scale Locality of the Sub-scale Flux: A,(x)
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Scale Locality of the Sub-scale Flux: A,(x)
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Coarse-grained KE Budget For Normal Shock

V-],

~ 12
I 4 L _
V- J,=V-(p > U+pu+upT(u,u)— uo)
-1.018§52 . . . I T
AN ¥
S -1.018F54
=~
. -1.018§56
>
~— -1.018§58
-1.01856 I 1 I I '
0 2000 4000 6000 8000 10000
ko
1077
ZX ! | L | |
~ 15_
Sy
5 1
=2 s
0 H v a1 aal H R S T W S W | i PR T S T T A A |
10° 10! 102 103



Coarse-grained KE Budget For Normal Shock
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Coarse-grained KE Budget For Normal Shock
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Baropycnal Work in Rayleigh-Taylor: A,(x)
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Baropycnal Work in Rayleigh-Taylor: A,(x)
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Baropycnal Work in Rayleigh-Taylor: A,(x)
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Baropycnal Work in Rayleigh-Taylor: A,(x)
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