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Set-up

○ UQ of the Hamiltonian absent

⦿ Objectives of this talk

○ Many-body calculations as a diagnostic tool for nuclear Hamiltonians

○ Present recent progress and current limitations of some many-body techniques

○ Discuss many-body uncertainties

⦿ Disclaimer

[Drissi, Duguet, Somà 2020]
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0
|�A

0
i

H| ki = Ek| ki

H| Ai = EA| Ai

| A

0
i = ⌦0|�i

| ki = ⌦k|�(0)

k
i

| 0i = ⌦|�(0)

0
i

| 0i = eT |�(0)

0
i

T ⌘
AX

n=1

Tn

Tn ⌘ 1

n!

2 X

↵�...��...

T↵�...

��...
c†
↵
c†
�
. . . c�c� . . .

○ Level 3: Hamiltonian and many-body approach can not be disentangled  ➝  ”Chiral EFT in the A-body sector”

⦿ View from a many-body practitioner

○ Level 1: Hamiltonians simply as input

○ Level 2: Interplay between many-body methods and nuclear interactions (feedback loop)
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Ab initio Segrè chart

[Figure: B. Bally]
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Correlation-expansion methods

scaling  n4 scaling  nα           with α > 4

Heaviest closed-shell

Heaviest singly open-shell

Heaviest doubly open-shell
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⦿ Correlation expansion performed in terms of particle-hole excitations 
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○ Solution: start from a symmetry-breaking reference state  ➝  At some point, necessary to restore symmetries

SU(2) Deformation

U(1)N x U(1)Z Superfluidity

Static correlations
Dynamical correlations

Correlation-expansion strategies

○ Problem: expansion breaks down in open-shell systems

○ Coupled-cluster (CC)

○ In-medium SRG (IMSRG)

D
if

fe
re

nt
 s
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at
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ie

s

(1)  Expand, then restore

(2)  Restore, then expand

○ Many-body perturbation theory (MBPT) 

○ Projected generator coordinate method + perturbation theory (PGCM-PT)

○ Self-consistent Green’s functions* (SCGF) 

➝ Very important to develop different complementary approaches

➝ Most efficient strategy depends on observable, required accuracy, Hamiltonian, …

○ Price to pay: more involved formalism & higher computational costs (quasiparticles, lack of rotational invariance, …)
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Hamiltonian menu

EM 1.8/2.0 2011

N2LOsat

NN+3N(lnl)

∆N2LOGO(394)

N3LOTexas

2015

2020

2025

○ 3N Adjusted on A=3,4

○ N3LO 2N + N2LO 3N, SRG only on 2N

○ Adjusted also on C and O data (energies and radii)

○ N2LO 2N+3N, no SRG

○ Combination of local and non-local 3N regulators

○ N3LO 2N + N2LO 3N, SRG consistently on 2N+3N

○ Includes constraints from saturation point & symmetry energy

○ Explicit ∆-isobar degrees of freedom, no SRG

○ Emulator-accelerated fits including 16O data

○ N3LO 2N + N2LO 3N, no SRG

[Somà et al.]

[Hu et al.]

[Jiang et al.]

[Ekström et al.]

[Hebeler et al.]

N3LOTUD 2020
○ 16O energy used to fix 3N contact

○ N3LO 2N + 3N, three cutoffs available (450, 500, 550 MeV)
[Hüther et al.]

2020
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1. MBPT



E (0)
Œ value

We calculate the error as a function of E (0)

Œ .
We define EŒ at the value that minimizes the
error.
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Of both methods, the value EŒ is the same.
David Durel (CEA) Large-scale BMBPT calculations 03/02/2026 28 / 154
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BMBPT large-scale calculations

⦿ Bogolyubov (deformed) many-body perturbation theory (BMBPT)

○ Reference state  ➝  deformed HFB calculation (axial symmetry)

○ Dynamical correlations computed on top of global HFB minimum

Examples of e3max evolution (2)
Evolution of EBMBPT2 of 110Ca as function of emax and e3max for ~Ê = 14.
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La convergence en e3max est quasiment atteinte pour e3max = 24.
Convergence is not achieved with truncation in emax.

David Durel (CEA) Large-scale BMBPT calculations 03/02/2026 16 / 154

⦿ Hamiltonian  ➝  EM 1.8/2.0

⦿ Model space  ➝  emax = 6-10, e3max = 15-24

○ e3max extrapolation not necessary

○ emax extrapolation via formula of More et al. 2013

⦿ All even-even nuclei with 2 ≤ Z ≤  50  at BMBPT2 level ➝   ~ 520 isotopes

⦿ Evaluation of other uncertainties ongoing (BMBPT3, symmetry breaking, …)

40Ca

➝  Independently for different ℏω + adding a value at emax = ∞

[Durel et al., in preparation]

➝  E∞(0) used as a parameter to minimise errors for various ℏω
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BMBPT2 systematics — Beryllium (Z=4)
Be
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[Durel et al., in preparation]
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BMBPT2 systematics — Magnesium (Z=12)
Mg
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BMBPT2 systematics — Titanium (Z=22)
Ti
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Disposition : Titre et contenu

Actus CEA

q Un nouveau Haut Commissaire (placé auprès du 1er ministre) depuis Sept. 2023 
Vincent Berger

q Une nouvelle directrice de la recherche fondamentale depuis Nov. 2023  
Anne-Isabelle Etienvre

q Deux agences de programmes seront coordonnées par le CEA :
     Energies décarbonées et Composants système et infrastructures du numérique

q Recherche à risque : enveloppe de crédits additionnels pour la recherche 
amont/exploratoire sans garanti de succès. Annonces à venir en février 2024.

q Conseil Scientifique du CEA en 2024 : diffusion neutronique avec focalisation 
sur le projet ICONE
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BMBPT2 systematics — Germanium (Z=32)
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Disposition : Titre et contenu

Actus CEA

q Un nouveau Haut Commissaire (placé auprès du 1er ministre) depuis Sept. 2023 
Vincent Berger

q Une nouvelle directrice de la recherche fondamentale depuis Nov. 2023  
Anne-Isabelle Etienvre

q Deux agences de programmes seront coordonnées par le CEA :
     Energies décarbonées et Composants système et infrastructures du numérique

q Recherche à risque : enveloppe de crédits additionnels pour la recherche 
amont/exploratoire sans garanti de succès. Annonces à venir en février 2024.

q Conseil Scientifique du CEA en 2024 : diffusion neutronique avec focalisation 
sur le projet ICONE

4

BMBPT2 systematics — Molybdenum (Z=42)
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Disposition : Titre et contenu

Actus CEA

q Un nouveau Haut Commissaire (placé auprès du 1er ministre) depuis Sept. 2023 
Vincent Berger

q Une nouvelle directrice de la recherche fondamentale depuis Nov. 2023  
Anne-Isabelle Etienvre

q Deux agences de programmes seront coordonnées par le CEA :
     Energies décarbonées et Composants système et infrastructures du numérique

q Recherche à risque : enveloppe de crédits additionnels pour la recherche 
amont/exploratoire sans garanti de succès. Annonces à venir en février 2024.

q Conseil Scientifique du CEA en 2024 : diffusion neutronique avec focalisation 
sur le projet ICONE

4

BMBPT2 systematics — Deviation to data
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○ BMBPT2 more bound w.r.t. data as A increases  ➝  consistent with previous studies (e.g. Arthuis et al. 2024)

○ For large Z, BMBPT2 less bound w.r.t. data for neutron-rich isotopes  ➝  cf. Hu et al. 2025

○ Semi-magic chains systematically more bound by few MeV  ➝  missing angular-momentum projection?
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Actus CEA

q Un nouveau Haut Commissaire (placé auprès du 1er ministre) depuis Sept. 2023 
Vincent Berger

q Une nouvelle directrice de la recherche fondamentale depuis Nov. 2023  
Anne-Isabelle Etienvre

q Deux agences de programmes seront coordonnées par le CEA :
     Energies décarbonées et Composants système et infrastructures du numérique

q Recherche à risque : enveloppe de crédits additionnels pour la recherche 
amont/exploratoire sans garanti de succès. Annonces à venir en février 2024.

q Conseil Scientifique du CEA en 2024 : diffusion neutronique avec focalisation 
sur le projet ICONE

4

BMBPT2 systematics — Deformation map
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○ Spherical solutions around shell closures

○ Known region of deformation visible (e.g. “islands of inversion”)

○ Qualitatively consistent with EDF systematics (e.g. Bender et al. 2006)
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Actus CEA

q Un nouveau Haut Commissaire (placé auprès du 1er ministre) depuis Sept. 2023 
Vincent Berger

q Une nouvelle directrice de la recherche fondamentale depuis Nov. 2023  
Anne-Isabelle Etienvre

q Deux agences de programmes seront coordonnées par le CEA :
     Energies décarbonées et Composants système et infrastructures du numérique

q Recherche à risque : enveloppe de crédits additionnels pour la recherche 
amont/exploratoire sans garanti de succès. Annonces à venir en février 2024.

q Conseil Scientifique du CEA en 2024 : diffusion neutronique avec focalisation 
sur le projet ICONE

4

BMBPT2 systematics — Pairing map
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○ Deformation dominates over pairing

○ Confirms earlier indications that ab initio Hamiltonians generate little pairing

○ Neutron pairing active mainly along some isotopic/isotonic chains

○ Proton pairing almost absent
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q Un nouveau Haut Commissaire (placé auprès du 1er ministre) depuis Sept. 2023 
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q Une nouvelle directrice de la recherche fondamentale depuis Nov. 2023  
Anne-Isabelle Etienvre
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     Energies décarbonées et Composants système et infrastructures du numérique

q Recherche à risque : enveloppe de crédits additionnels pour la recherche 
amont/exploratoire sans garanti de succès. Annonces à venir en février 2024.

q Conseil Scientifique du CEA en 2024 : diffusion neutronique avec focalisation 
sur le projet ICONE

4

Self-consistent Green’s function approach

Chapter 1 Basics of Green’s function theory

1.2 Propagators
The idea at the heart of Green’s function approach is that the A-body Schrödinger equa-
tion (1.1) can be rewritten in terms of one-, two-, ..., A-body objects named propagators or
Green’s functions4 (GFs). Such objects are defined as follows. Starting from the ground-
state of the interacting system, |ΨA

0 〉, the so-called ‘2-point’, or ‘1-body’, Green’s function
is introduced as5

i gαβ(tα, tβ) = i g2−pt
αβ (tα, tβ) ≡ 〈ΨA

0 |T [aα(tα)a†
β(tβ)]|ΨA

0 〉 , (1.3a)

where T denotes the time-ordering operator and aα(tα) and a†
α(tα) represent respectively

annihilation and creation operators in Heisenberg picture. Similarly, higher-body GFs
can be introduced, e.g.,

i g4−pt
αγβδ(tα, tγ, tβ, tδ) ≡ 〈ΨA

0 |T [aγ(tγ)aα(tα)a†
β(tβ)a†

δ(tδ)]|ΨA
0 〉 , (1.3b)

i g6−pt
αγεβδη(tα, tγ, tε, tβ, tδ, tη) ≡ 〈ΨA

0 |T [aε(tε)aγ(tγ)aα(tα)a†
β(tβ)a†

δ(tδ)a†
η(tη)]|ΨA

0 〉 , (1.3c)

and so on. It is often convenient to consider propagators in the energy representation,
which is obtained via Fourier transform from the time representation introduced above.
For time-translationally invariant systems (i.e., the ones considered here), m-point GFs
depend only on m − 1 time differences or, equivalently, m − 1 independent frequencies.
Hence, Fourier transforms to the energy representation are well-defined only when the
total energy is conserved and read as

2πδ(ωα + ωγ + . . . − ωβ − ωδ − . . .) × gm−pt
αγ...,βδ...(ωα,ωγ, . . . ,ωβ,ωδ, . . .)

=
∫

dtα

∫
dtγ . . .

∫
dtβ

∫
dtδ . . . ei(ωαtα+ωγtγ+...) e−i(ωβtβ+ωδtδ+...)

× gm−pt
αγ...,βδ...(tα, tγ, . . . , tβ, tδ, . . .) . (1.4)

For the 1-body GF this simplifies to

g2−pt
αβ (ω,ω) ≡ gαβ(ω) =

∫
dταβ eiωταβ gαβ(ταβ) . (1.5)

where ταβ ≡ (tα − tβ).
Moving from a wave-function to a propagator representation has benefits and draw-

backs. One of the main advantages is that, instead of the full A-body wave function,
one manipulates simpler (in practice, one- and two-body) objects from which most of
the observables of interest can be (exactly) computed. In this sense, GFs can be seen
as generalised (fully correlated) density matrices (see Sect. 1.4). Another useful property
relates to the physical interpretation of the one-body GF, which can be thought of as
describing the propagation of a particle or a hole in the correlated many-body system (as
evinced from its definition in Eq. (1.3a)). As a result, g contains information about the
systems with A ± 1 particles. This is explicitly exploited to derive the Lehmann represen-
tation of the propagator, which gives access to the spectra of the A±1-body systems (see
Sect. 1.5). The main drawback is that, because the one-body GF already contains a lot of
information on the system’s properties, its computation is typically more expensive6 than

4In the present document the synonymous terms propagator and Green’s function are used indifferently.
The term correlation function can also be found in the literature to indicate the same object.

5Throughout the document natural units c = ! = 1 are used.
6At the same level of approximation of the theory.
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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⦿ Combine numerator and denominator of Lehmann representation
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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➪ Exact GF display a spectral representation

Transition amplitudes

Separation energies

spectroscopic factors

4

Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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|V a

⌫
|2 (45b)

which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.

}

⦿ Combine numerator and denominator of Lehmann representation
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)

S(z) ⌘ TrH1 [S(z)] (46)

=
X

µ2HA+1

SF
+
µ
�(z � E

+
µ
) +

X

⌫2HA�1

SF
�

⌫
�(z � E

�

⌫
)

which is a basis-independent function of the energy.
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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➪ Exact GF display a spectral representation

Transition amplitudes

Separation energies

spectroscopic factors

4

Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)

S(z) ⌘ TrH1 [S(z)] (46)

=
X

µ2HA+1

SF
+
µ
�(z � E

+
µ
) +

X

⌫2HA�1

SF
�

⌫
�(z � E

�

⌫
)

which is a basis-independent function of the energy.
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⦿ Combine numerator and denominator of Lehmann representation
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➪ Exact GF display a spectral representation
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Transition amplitudes

Kallén-Lehmann spectral representation

Three different implementations

Deformed Dyson (dDSCGF)

Spherical Dyson (sDSCGF)

➝ Symmetry restoration still missing

1.4 Ground-state observables

equation for the one-body GF

gαβ(ω) = g0 αβ(ω) +
∑

γδ

g0 αγ(ω) Σ%
γδ(ω) gδβ(ω) , (1.14)

the well-known Dyson equation.

Perturbative expansion
The Dyson equation can be alternatively derived as an expansion of the exact GF in terms
of the g0 and H1. This is formally achieved in interaction picture by introducing a time-
evolution operator connecting the non-interacting state |ΦA

0 〉 to the correlated state |ΨA
0 〉

and by subsequently expanding this operator in powers of H1. One eventually obtains
the expression

gαβ(tα − tβ) = −i
∞∑

n=0
(−i)n 1

n!

∫
dt1 . . .

∫
dtn

×〈ΦA
0 |T [H1(t1) . . . H1(tn)aI

α(tα)aI
β

†(tβ)]|ΦA
0 〉c , (1.15)

whose n = 0 contribution coincides with the definition of g0, Eq. (1.8). The time-ordered
expectation value is then evaluated using Wick’s theorem, with the subscript ”c” spec-
ifying that only connected terms contribute to g. After Fourier-transforming to energy
domain, by inspecting the full expansion, one finds that all interaction terms can be recast
into the irreducible self-energy introduced in Eq. (1.13) and that the full series can be
written in the form

gαβ(ω) = g0 αβ(ω)
+

∑

γδ

g0 αγ(ω) Σ%
γδ(ω) g0 δβ(ω)

+
∑

γδεξ

g0 αγ(ω) Σ%
γδ(ω) g0 δε(ω) Σ%

εξ(ω) g0 ξβ(ω)

+ . . . . (1.16)

Finally, one realises that the sum of all terms after the first self-energy insertion in fact co-
incides with the full propagator itself, which leads to the standard Dyson equation (1.14).

In general, just like for the many-body Schrödinger equation, the full Dyson equation
can not be solved exactly. Approximations are typically introduced at the level of the
self-energy, either algebraically or making use of diagrammatic techniques9. The main
approximation strategies are briefly discussed in Sec. 1.6.

1.4 Ground-state observables
In general, X-body GFs give access to all X-body observables in the ground state of
the A-body system. To see that, it is convenient to first introduce many-body density

9The use of Wick’s theorem naturally leads to the introduction of Feynman diagrams in the case of
the perturbative expansion of the self-energy [70] (see also Ref. [90] for a pedagogical introduction
to diagrammatic techniques). Equivalently, a a diagrammatic representation can be introduced for
the equation-of-motion approach (see Ref. [89] for a diagrammatic treatment with the inclusion of
three-body forces).

11

Self-energy expansion  ➝  Many-body approximations

Spherical Gorkov (sGSCGF)
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Disposition : Titre et contenu

Actus CEA

q Un nouveau Haut Commissaire (placé auprès du 1er ministre) depuis Sept. 2023 
Vincent Berger

q Une nouvelle directrice de la recherche fondamentale depuis Nov. 2023  
Anne-Isabelle Etienvre

q Deux agences de programmes seront coordonnées par le CEA :
     Energies décarbonées et Composants système et infrastructures du numérique

q Recherche à risque : enveloppe de crédits additionnels pour la recherche 
amont/exploratoire sans garanti de succès. Annonces à venir en février 2024.

q Conseil Scientifique du CEA en 2024 : diffusion neutronique avec focalisation 
sur le projet ICONE
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Self-energy expansion

⦿ Exact self-energy can be expanded and decomposed as
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Static self-energy

Dynamic self-energy

⦿ Dynamic (energy-dependent) self-energy also displays a spectral representation
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#

↵�

⌃⇤

��
(!)Zi

�

���
!="i

=
X

�

"
1

!1� Ĥ0
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1. Rewrite exact self-energy as

2. Expand M, N, C & D in perturbation   ➝  Combine them to construct ADC at order n, i.e. ADC(n)

3. Determine M, N, C & D by requiring that ADC(n) contains standard perturbative expansion up to order n

Non-diagonal energy matrices

A+1 configurations A-1 configurations

[Schirmer 1982]
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4

Self-energy expansion

5.4. Computational aspects

Figure 5.10. Workflow representing the approximation schemes employed to reach two
different degrees of self-consistency, sc0 and sc.

Figure 5.11. Numerical proof of the self-consistency in SCGF at ADC(2) level. Three-
different dHF reference states (determined for the nucleus and the interaction indicated
in the legend) have been chosen to perform an ADC(2) calculation in emax = 6 for 20Ne
with the ∆NNLOgo(394) interaction with !ω = 16 MeV.

69

[Scalesi 2024]
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Testing Hamiltonians along semi-magic chains

○ No Hamiltonian performs well for all observables
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FIG. 19. Evolution of ground and first excited states along even-
N potassium isotopes. GSCGF ADC(2) calculations performed with
three different interactions are compared to existing experimental
data.

experimental efforts along potassium isotopes. From 37K up
to 45K, the ground-state spins have been known to be 3/2+,
as a naive shell model picture would suggest. Several years
back, 47K was shown to have a 1/2+ ground state via a
laser spectroscopy experiment [109], with 3/2+ becoming a
low-lying excited state at 360 keV. Recently, high-resolution
collinear laser spectroscopy measurements determined that
the ground-state spin inversion is maintained in 49K but a
reinversion occurs for 51K [110]. Available experimental data
are summarized in Fig. 19, where the energy difference be-
tween 1/2+ and 3/2+ states is displayed for even N potassium
isotopes. At the time, GSCGF calculations were performed
with the NN + 3N (400) interaction [111], which resulted in
the red curve reported in Fig. 19. Although the calculations
parallel the experimental trend, the energy gap between the
two states is largely overestimated, and the spin inversion in
47K is absent. The same observables have been computed here
using the two more recent interactions. NNLOsat captures the
trend as N increases but presents a shift compared to data
that generates the inversion already at 43K. After that, the
ground state is predicted to have always spin parity 1/2+.
Instead, NN + 3N(lnl) succeeds in reproducing experimental
data, including the inversion and reinversion of the ground-
state spin parity and the position of the first excited state with
remarkable accuracy. Note that Fig. 19 displays results at the
ADC(2) level. The ADC(3) corrections for the 53K gap, from
Fig. 18, are of at most 0.4 MeV and suggest that missing
many-body truncations could shift slightly these curves but
are unlikely to alter our conclusions.

V. DISCUSSION AND CONCLUSIONS

Figure 20 summarizes the performance of the three Hamil-
tonians on the different observables considered in the present
work. Representative ground-state energies, rms charge radii,
and one-nucleon separation energies are displayed. The older
NN + 3N (400) interaction served as a workhorse in the early

FIG. 20. Ratio of theoretical and experimental values for various
observables computed with the NN+ 3N (400), NN+ 3N(lnl), and
NNLOsat interactions. Binding energies and one-nucleon separation
energies (rms charge radii) are evaluated at the ADC(3) [ADC(2)]
level. For NNLOsat, radii are calculated at h̄! = 14 MeV, which rep-
resents the optimal value in terms of model-space convergence (see
Fig. 5). All other observables are taken from the sets of calculations
presented above. Excitation energies computed with NN+ 3N (400)
lie outside the range shown in the figure. For all observables and
interactions, uncertainties coming from model-space and many-body
truncations are of the order of the symbol sizes in the plot.

applications of ab initio calculations with chiral 2N + 3N
forces, with empirical success in light isotopes, up to oxygen
isotopes and neighboring elements. In particular, a notable
achievement was the correct reproduction of the oxygen
dripline [41,43,112]. Typically employed in combination with
SRG evolution, it has allowed important benchmarks between
many-body methods, both nonperturbative and perturbative,
that gave the practitioners confidence in the quality of the
different many-body approximations [15]. However, its flaws
appeared evident early on with strong overbinding being
generated as mass number increases [29] and a severe under-
estimation of nuclear radii even for oxygen isotopes [16]. Fur-
thermore, formal issues were recently raised [34,35], which
question the consistency of the calculations that employed
this interaction. The overbinding and underestimation of radii
emerging in NN + 3N (400) calculations are clearly visible in
Fig. 20.

Present results also confirm the overall empirical quality
of the NNLOsat interaction. Ground-state energies are well re-
produced even beyond the light nuclei that were used in the fit
of its coupling constants. A mild underbinding is observed for
heavier nickel isotopes. However, before drawing definitive
conclusions a careful study of model-space convergence (in
terms of the one- and three-body truncations emax and e3max,
see also Figs. 5 and 10) has to be performed. Nevertheless,
contributions to charge radii are excellently reproduced by this
interaction, even for nickel isotopes. The fact that radii, their
associated density distributions, and trends in the ground-state
energies are already well converged at the ADC(2) opens the
way to systematic calculations of full isotopic chains within
the GSCGF approach. Concerning spectroscopic properties,
NNLOsat had proven very accurate in the neutron p f shell for

014318-15

[Somà et al., 2020]
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○ However, when one does, the description is consistent* along the chain
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When radii are fine…

MICROSCOPIC OPTICAL POTENTIALS FOR … PHYSICAL REVIEW C 109, 034613 (2024)

FIG. 3. Differential cross section as a function of the center-
of-mass scattering angle for elastic proton scattering off 40Ca at a
laboratory energy of 201 MeV. Results obtained with different chiral
interactions in the NN t matrix, NNLOsat (red band) and N4LO
(blue band), are compared. All results are obtained with the nuclear
density matrix from GkvADC(2) SCGF calculations with NNLOsat.
The bands indicate the differences in the nuclear density obtained
with h̄! = 12, 14, 16, 18 and Nmax = 11, 13.

Next we investigate the choice of the chiral forces in the
NN t matrix by comparing two different models for the in-
teraction among the projectile and the nucleons in the target.
The NNLOsat force is consistent with the computation of the
density matrix, which is a general requirement for pursuing
ab initio, well controlled, predictions. It also has the clear
advantage of reproducing correct radii. However, concerns
may arise from the fact that this interaction is only fitted
to low energy scattering data, up to 35 MeV, and it has a
poor reproduction of p-wave NN phase shifts in virtue of
its low order in the chiral EFT expansion. At the scattering
energies we consider in the spectator model even much higher
partial waves are probed. For the second model we employ the
" = 500 MeV cutoff version of the N4LO interaction from
Ref. [45,77], which tames the above concerns. This interaction
is constructed to higher orders in chiral EFT and reproduces
NN partial waves up to l = 4, 5 and scattering energies up
to pion-production threshold. Figure 3 compares the use of
the NNLOsat and N4LO for the elastic proton scattering cross
sections off 40Ca at a laboratory energy of 201 MeV. The de-
pendence on the NN t matrix is sizable. The results obtained
with NNLOsat and N4LO differ in both shape and size, the
differences can be decisive in comparison with experimental
data (see Sec. III B). To better disentangle the implications
that the choice of the Hamiltonian has on different parts of
our computations we repeat a similar study for 48Ca but using
an additional density matrix computed from a local-nonlocal
version of the N4LO Hamiltonian (here named N4LOlnl) as
presented in Refs. [33,47]. Figure 4 shows that the density dis-
tribution generated by N4LOlnl slightly shifts the diffraction
minima toward larger angles with respect to NNLOsat. This is
a direct consequence of the fact that this interaction system-
atically underestimates root-mean-square radii and confirms

FIG. 4. Differential cross section (top panel) and analyzing
power (bottom panel) as a function of the center-of-mass scatter-
ing angle θc.m. for elastic proton scattering off 48Ca at a laboratory
energy of 201 MeV. The solid (dashed) lines are obtained by using
GkvADC(2) density matrices computed with the NNLOsat (N4LOlnl)
interactions, while red (blue) lines use the NN part of NNLOsat

(N4LO) for the NN t matrix. The SCGF computations are done with
Nmax = 13 and used an oscillator frequency of h̄! = 14 MeV for
NNLOsat and h̄! = 20 MeV for N4LOlnl as the values giving optimal
convergence for nuclear radii in both cases [33].

that a correct reproduction of nuclear sizes is an important
constraint for describing the structure of the target. On the
other hand, both cross sections and analyzing powers have
stronger sensitivity on the choice of the NN t matrix. Thus, it
could be expected that refinements in the scattering approach
of Sec. II A such as accounting for three-nucleon forces in
the t matrix, see Ref. [51], will impact the accuracy of the
present approach. Note that only the full-red and the dashed-
blue curves in Fig. 4 are computed consistently with a similar
interaction both in the density matrix and NN t channel,
respectively, using NNLOsat or N4LOlnl. While consistency
in the microscopic Hamiltonian remains a fundamental con-
straint to ensure predictive power for unstable isotopes, Figs. 3
and 4 suggest that a Bayesian analysis over several chiral
Hamiltonians might be important to a systematic estimation
of theoretical uncertainties [9]. For the reminder of this work
the target density will be always computed with NNLOsat, to
be consistent with empirical nuclear sizes, and we neglect 3N
forces in the NN t matrix.

B. Comparison to experimental data

We now move to confronting the prediction of the two
different NN t matrices and compare the results of our mi-
croscopic OPs against the available data for nucleon elastic
scattering off calcium and nickel isotopes. Figure 5 displays
the differential cross section and analyzing power as a func-
tion of the center-of-mass scattering angle for protons off a
48Ca target at 201 MeV laboratory energy. The experimental
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FIG. 4. Neutron (⌫) and charge density (ch.) profiles of 48Ca
(a) and 46Ar (b). The bands represent the spread of predic-
tions from the four di↵erent �EFT interactions used. The ab
initio results are compatible with the measured charge distri-
bution of 48Ca [30] (red line). For 46Ar, a charge depletion
is predicted and reflects in an empty s1/2 orbit at the micro-
scopic level. The three-dimensional density profiles associate
brighter colours with higher densities.

46Ar. We consider the 3-point mass di↵erence �(3) ⌘
� 1

2
[B(47K) � 2B(46Ar) + B(45Cl)] where B(·) are bind-

ing energies. The value of 2�(3) directly represents the
particle-hole proton gap among the empty 1s1/2 and
the fully occupied 0d3/2 orbits. The experimental value

2�(3)

Exp = 5.55(14) MeV [40] for 46Ar is comparable to the

one of doubly-magic 48Ca and twice the ab initio result of
2.59(28) MeV, indicating that the proton shell closure in
46Ar is even stronger than our �EFT predictions. Note
that the 1s1/2 and 0d3/2 orbits seen from 48Ca(e,e0p) re-
actions almost overlap [41], showing a dramatic change of
structure with a new proton magic number arising when
one moves from Z=20 towards Z=18. The �EFT predic-

tion of this trend is sound and it is found already at the
level of independent particle approximations [29].

We note that standard shell model calculations with
the SDPF-U interaction [REF] predict the ground-state
configuration as an open shell with a fairly even mixture
of the 1s1/2 and 0d3/2 proton orbitals but largely overes-
timate the 46Ar B(E2; 0+ ! 2+), as seen by the spectro-
scopic factors in Tab.I. Considerations based on inelastic
proton-scattering (p,p’) experiments [13] narrowed down
this discrepancy to the proton component of the B(E2)
matrix element and the presence of too large 1s1/2 ad-
mixtures imposed by the shell model interactions, hence
suggesting evidence against an open shell description.
We thus performed new shell model calculations start-
ing with the shell ordering predicted by our ab initio
simulations and then mapping the NNLOsat Hamilto-
nian [32] into the e↵ective mean-field orbits generated by
SCGF-ADC(3), as described in Refs. [42, 43] and in the
Supplemental Material [29]. The obtained small B(E2)
value of 35(1) e2fm4 is in much closer agreement with
the experiment and supports a closed shell with a filled
proton 0d3/2 orbit as the solution of the long-standing
B(E2; 0+ ! 2+) puzzle.

Conclusions. The present measurement of the
46Ar(3He,d)47K reaction provides evidence of a closed-
shell ground state for 46Ar, with a fully occupied 0d3/2
proton orbit and an empty 1s1/2. The inversion of these
two orbits is analogous to that already observed by pro-
ton removal from Ca isotopes [44, 45]. However present
spectroscopic data, combined with the experimental 3-
point mass gap, imply a much larger gap and a new pro-
ton magic number at Z=18 around N=28 isotones.

Independent ab initio predictions, based on state-of-
the-art �EFT interactions, are in agreement with the
experimental findings and provide supporting evidence
for a sizeable charge depletion at the center of 46Ar.
To our knowledge, this is the second isotope in which
a charge proton bubble is inferred through indirect ev-
idence, after 34Si [11, 12]. Our ab initio SCGF results
confirm the double shell closure of 46Ar and provide a
solution to the puzzle of the small experimental value of
the B(E2; 0+ ! 2+).

The presence of a charge bubble is closely connected to
the depletion of the 1s1/2 orbit and its inversion with the
0d3/2. In this respect, the knowledge of charge density
distribution in unstable isotopes, where feasible [10, 46],
could become a primary tool for discovering regions of
unconventional nuclear structure and for advancing our
knowledge of nuclear forces.

Data availability — The data used in this study orig-
inate from the E786s GANIL dataset. The ownership
of data generated by the AGATA �-ray spectrometer re-
sides with the AGATA collaboration as detailed in the
AGATA Data Policy [47]. The source data for the fig-
ures is contained in the following reference [48].

Charge density distributions

○ Prediction of a central depletion for 46Ar

○ Good reproduction of 48Ca

○ Consistent with proton-transfer on 46Ar
Optical potentials

○ Sensitivity to input Hamiltonian

○ Folding density with NN t-matrix

○ Data well described for E~50-250 MeV

[Brugnara et al., 2025]

[Vorabbi et al., 2024]



22

Disposition : Titre et contenu

Actus CEA

q Un nouveau Haut Commissaire (placé auprès du 1er ministre) depuis Sept. 2023 
Vincent Berger

q Une nouvelle directrice de la recherche fondamentale depuis Nov. 2023  
Anne-Isabelle Etienvre

q Deux agences de programmes seront coordonnées par le CEA :
     Energies décarbonées et Composants système et infrastructures du numérique

q Recherche à risque : enveloppe de crédits additionnels pour la recherche 
amont/exploratoire sans garanti de succès. Annonces à venir en février 2024.

q Conseil Scientifique du CEA en 2024 : diffusion neutronique avec focalisation 
sur le projet ICONE

4

5

0 2 4 6 8 10
Radius (fm)

0.00

0.02

0.04

0.06

0.08

0.10

� c
h
.,
�
(r

)
(f

m
�

3 )

48Ca

�

ch.

(a)

0 2 4 6 8 10
Radius (fm)

0.00

0.02

0.04

0.06

0.08

0.10

� c
h
.,
�
(r

)
(f

m
�

3 )

46Ar

�

ch.

(b)

FIG. 4. Neutron (⌫) and charge density (ch.) profiles of 48Ca
(a) and 46Ar (b). The bands represent the spread of predic-
tions from the four di↵erent �EFT interactions used. The ab
initio results are compatible with the measured charge distri-
bution of 48Ca [30] (red line). For 46Ar, a charge depletion
is predicted and reflects in an empty s1/2 orbit at the micro-
scopic level. The three-dimensional density profiles associate
brighter colours with higher densities.
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46Ar is even stronger than our �EFT predictions. Note
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actions almost overlap [41], showing a dramatic change of
structure with a new proton magic number arising when
one moves from Z=20 towards Z=18. The �EFT predic-

tion of this trend is sound and it is found already at the
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We note that standard shell model calculations with
the SDPF-U interaction [REF] predict the ground-state
configuration as an open shell with a fairly even mixture
of the 1s1/2 and 0d3/2 proton orbitals but largely overes-
timate the 46Ar B(E2; 0+ ! 2+), as seen by the spectro-
scopic factors in Tab.I. Considerations based on inelastic
proton-scattering (p,p’) experiments [13] narrowed down
this discrepancy to the proton component of the B(E2)
matrix element and the presence of too large 1s1/2 ad-
mixtures imposed by the shell model interactions, hence
suggesting evidence against an open shell description.
We thus performed new shell model calculations start-
ing with the shell ordering predicted by our ab initio
simulations and then mapping the NNLOsat Hamilto-
nian [32] into the e↵ective mean-field orbits generated by
SCGF-ADC(3), as described in Refs. [42, 43] and in the
Supplemental Material [29]. The obtained small B(E2)
value of 35(1) e2fm4 is in much closer agreement with
the experiment and supports a closed shell with a filled
proton 0d3/2 orbit as the solution of the long-standing
B(E2; 0+ ! 2+) puzzle.

Conclusions. The present measurement of the
46Ar(3He,d)47K reaction provides evidence of a closed-
shell ground state for 46Ar, with a fully occupied 0d3/2
proton orbit and an empty 1s1/2. The inversion of these
two orbits is analogous to that already observed by pro-
ton removal from Ca isotopes [44, 45]. However present
spectroscopic data, combined with the experimental 3-
point mass gap, imply a much larger gap and a new pro-
ton magic number at Z=18 around N=28 isotones.

Independent ab initio predictions, based on state-of-
the-art �EFT interactions, are in agreement with the
experimental findings and provide supporting evidence
for a sizeable charge depletion at the center of 46Ar.
To our knowledge, this is the second isotope in which
a charge proton bubble is inferred through indirect ev-
idence, after 34Si [11, 12]. Our ab initio SCGF results
confirm the double shell closure of 46Ar and provide a
solution to the puzzle of the small experimental value of
the B(E2; 0+ ! 2+).

The presence of a charge bubble is closely connected to
the depletion of the 1s1/2 orbit and its inversion with the
0d3/2. In this respect, the knowledge of charge density
distribution in unstable isotopes, where feasible [10, 46],
could become a primary tool for discovering regions of
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Charge density distributions

○ Prediction of a central depletion for 46Ar

○ Good reproduction of 48Ca
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Optical potentials

○ Sensitivity to input Hamiltonian

○ Folding density with NN t-matrix

○ Data well described for E~50-250 MeV
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FIG. 5. Differential cross section (top panel) and analyzing
power (bottom panel) as a function of the center-of-mass scattering
angle θc.m. for elastic proton scattering off 48Ca at a laboratory energy
of 201 MeV. Experimental data [89] are compared with the results of
microscopic OPs obtained using NNLOsat (red curves) and N4LO
(blue curves) chiral interactions in the NN t matrix. In both cases,
the nuclear density is obtained from GkvADC(2) SCGF calculations
computed with NNLOsat with Nmax = 13 and h̄" = 14 MeV.

data are compared with the results obtained using the NNLOsat
and N4LO chiral interactions in the NN t matrix. The two
forces produce significant differences in both shape and size
of the cross section and analyzing power. Both results give a
reasonable description of the experimental cross section, al-
though the agreement is somewhat better for NNLOsat. Larger
differences are found for Ay where both interactions are able
to describe the shape and the position of the experimental
minima. However, only NNLOsat reproduces their depth. The
analogous comparison for 58Ni at 192 MeV is given in Fig. 6.
It confirms that there is a significant dependence of the OPs on
the chiral interactions used for the NN t matrix. In general, the
results obtained with NNLOsat give a better description of the
experimental data and, in particular, a remarkable description
of the experimental analyzing power. We have tested other
isotopes and energies and always found confirmation of these
findings, see Appendix.

In Figs. 5 and 6 and in the Appendix we have com-
pared the results of our OPs with experimental data above
150 MeV, where the approximations adopted in our OP
model are expected to be valid. This has been already
investigated and confirmed in previous works [43,46,49–
51,56]. Let us remark, however, that NNLOsat was con-
strained to much lower NN scattering energies. A quick
look at NN scattering amplitudes shows that predictions
from NNLOsat still compare reasonably well to the ex-
periment up to 200 MeV although this is far from being
perfect (in contrast to N4LO which fits the data by construc-
tion). For a multiple scattering-based approach such as the
present work, it is plausible that small discrepancies with

FIG. 6. Same as in Fig. 5 but for elastic proton scattering off 58Ni
at 192 MeV. Experimental data is taken from Ref. [90].

NN data due to missing higher orders in the chiral EFT
expansion average out as the IA gains validity. Even if its
predicted NNLO phase shifts remain reasonable at larger en-
ergies, the good agreement on experimental analyzing powers
could still be somewhat fortuitous. Importantly, even though
the shape of the target nucleus is under control, the depen-
dence on the interaction between the projectile and the target
nucleons can be important.

The comparison between the results of our OPs computed
with NNLOsat and the experimental differential cross sec-
tions of elastic proton scattering off 40Ca in a range of proton
energies between 65 and 182 MeV is displayed in Fig. 7. Our
OPs are able to give a reasonable description of the experi-
mental cross section at all energies considered. The agreement
gets somewhat worse for larger values of the scattering angle.
We note the remarkably good agreement between our OP and
the data at 65 MeV, an energy that can be considered at the
limit of validity of the impulse approximation adopted in our
OP model.

Overall, the agreement found between our theoretical re-
sults and the experimental data is remarkably good, and it
makes our approach to the OP comparable to the other ex-
isting approaches on the market. The striking feature of our
method is that allows us to compute the OP using NN and 3N
interactions as the only input, which is extremely important to
maintain consistency and predictive power in our calculations.

We now turn to predictions for the total cross sections at
different energies. Figure 8 shows the elastic neutron scatter-
ing cross sections off 40Ca and 48Ca for laboratory scattering
energies between 40 and 250 MeV. The results of our mi-
croscopic OPs computed with the NNLOsat interaction are
compared with the experimental cross sections. The model
adopted to derive our OPs contains several approximations
and we do not expect to obtain a perfect agreement with
the experimental cross section across the whole energy range
considered. The main aim of this investigation is to obtain
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Fig. 1 Total binding energies along Z = 18 − 24 isotopic chains
computed at the ADC(2) level with the NN+3N (lnl) interaction (sym-
bols joined by solid lines). For comparison, experimental data (mea-
sured [37,39,52–54], full symbols and extrapolated [52], empty sym-
bols) are displayed. Both calculated and experimental values are shifted
by (20− Z)×20 MeV for a better readability. For closed-shell calcium
isotopes, available ADC(3) results [8] are displayed as horizontal lines

and titanium up to 19 MeV for chromium. This addition-
ally points to a possible specific deficiency (besides generic
third-order terms) related to a poor account of quadrupole
correlations, as elaborated on in the following.

3.2 One- and two-nucleon separation energies

Systematically accessing successive nuclides along isotopic
or isotonic chains allows to investigate some of the most
fundamental properties of atomic nuclei such as the limits of
their existence as bound states or the emergence (and evolu-
tion) of magic numbers. Such properties are best studied by
looking at total ground-state energy differences. Two-neutron
separation energies

S2n(N , Z) ≡ |E(N , Z)| − |E(N − 2, Z)| (2)

are first considered. Their values computed from the total
energies of Fig. 1 are shown in Fig. 2, together with available
and extrapolated experimental data. The overall agreement
with experiment is remarkable, with computed values fol-
lowing the main trends of measured data. R.m.s. deviations
amount to 2.9, 1.5, 2.0 and 2.2 MeV for argon, calcium,
titanium and chromium respectively. The two neutron magic
numbers N = 20 and N = 28, associated with sudden drops
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Fig. 2 Two-neutron separation energies along Z = 18−24 isotopic
chains computed with the NN+3N (lnl) interaction (symbols joined by
solid lines), compared to experimental (measured, full symbols and
extrapolated, empty symbols) data. Both calculated and experimental
values are shifted by (Z−20) × 5 MeV for a better readability

of S2n, are visible in all theoretical curves. The N = 28 gap
is very well reproduced across all isotopic chains, with the
good description carrying over to larger neutron numbers for
most chains. On the contrary, the gap at N = 20 turns out to
be overestimated, with the comparison to experiment wors-
ening when departing from proton magic number Z = 20.
The description deteriorates also in other regions, e.g. for
argon isotopes between N = 20 and N = 28 or more gener-
ally for chromium isotopes. The latter observation reflects in
the differences between the r.m.s. deviations reported above.
As discussed further below, it might originate in the poorer
description of the strong quadrupole correlations character-
ising doubly open-shell systems.

The neutron dripline, i.e. the position of the last bound
system in a given isotopic chain, can be also read from two-
neutron separation energies as unbound nuclei are charac-
terised by negative values of S2n. None of the computed
neutron rich isotopes shown in Fig. 2 results unbound, i.e.
the dripline is predicted to be located beyond N = 40 for
all considered chains3. The smallest S2n value are reached
for 56−57Ar and are as low as 100 keV. However, one must
remark that continuum coupling is likely to play an impor-
tant role when binding energies are so close to the neu-
tron emission threshold. Presently, the continuum is crudely

3 Present calculations could not be extended beyond N = 40 due to
convergence issues, see discussion in Ref. [8] for more details.
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Fig. 5 Two-neutron shell gaps, Eq. (5), along Z = 18−24 isotopic
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mated by at least 5 MeV in all considered isotones. The dis-
agreement becomes more severe for low neutron numbers,
which impacts the determination of the proton dripline in
lighter isotopes. In spite of these shortcomings, this detailed
analysis confirms the overall quality of present ab initio cal-
culations, not dissimilar from what emerges from the sys-
tematic study reported in Ref. [56].

3.3 Neutron gaps

A finer insight regarding the magic character of specific neu-
tron numbers can be gained by looking at so-called two-
neutron shell gaps, defined as

∆2n(N , Z) ≡ S2n(N , Z) − S2n(N + 2, Z) (5)

and displayed in Fig. 5. As for the S2n, one first notices an
overall very good agreement with experiment, with the clear
exception of the N = 20 peak and its vicinity. R.m.s. devia-
tions for this quantity are slightly larger to the ones character-
ising two-neutron separation energies, specifically 3.8, 1.9,
2.9 and 2.4 MeV for argon, calcium, titanium and chromium
respectively. While in semi-magic calcium isotopes calcu-
lations only fail to reproduce the height of the peak, exper-
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Fig. 6 Two-neutron shell gaps, Eq. (5), along four isotonic chains com-
puted with the NN+3N (lnl) interaction (circles), compared to experi-
mental (measured, full squares, and extrapolated, empty squares) data.
Results for N = 28, 30, 32 and 34 are shown in panels a–d respectively

imental data for other isotopes show a displacement of the
peak, linked to a possible disappearance of the N = 20 magic
number, which is not reproduced by the present calculations.
In contrast, the N = 28 peak is very well reproduced up
to Z = 22, with the description only slightly deteriorating
for Z = 23 and Z = 24. The emergence of the N = 32
subclosure is nicely visible in lighter elements, as well as
the one at N = 34 in argon, potassium and calcium. When
going towards higher proton number their evolution is poorly
described starting with N = 34 in scandium and N = 32
in vanadium. The behaviour becomes even more inconsis-
tent for chromium. Again, this might signal the importance
of certain ingredients (e.g. quadrupole correlations) that are
missing in the present theoretical framework.

In spite of these deficiencies, remarkably, all magic num-
bers as well as their qualitative evolution emerge “from first
principles”, i.e. starting solely from inter-nucleon interac-
tions whose coupling constants have been adjusted only in
few-body systems. Let us stress that, indeed, no ad hoc infor-
mation about the magic character of these isotopes is inserted
at any stage of the calculation. The emergence of this feature
can be better appreciated in Fig. 6 where two-neutron gaps
are compared to experimental (measured and extrapolated)
data along N = 28, 30, 32 and 34 isotonic chains. While
there is room for improvement in Z = 22, 23, 24 isotones
for reasons discussed above, the overall description is very
reasonable. In addition, calculations of the N = 28 gaps were
recently extended down to chlorine and sulfur [39] where an
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mated by at least 5 MeV in all considered isotones. The dis-
agreement becomes more severe for low neutron numbers,
which impacts the determination of the proton dripline in
lighter isotopes. In spite of these shortcomings, this detailed
analysis confirms the overall quality of present ab initio cal-
culations, not dissimilar from what emerges from the sys-
tematic study reported in Ref. [56].

3.3 Neutron gaps

A finer insight regarding the magic character of specific neu-
tron numbers can be gained by looking at so-called two-
neutron shell gaps, defined as

∆2n(N , Z) ≡ S2n(N , Z) − S2n(N + 2, Z) (5)

and displayed in Fig. 5. As for the S2n, one first notices an
overall very good agreement with experiment, with the clear
exception of the N = 20 peak and its vicinity. R.m.s. devia-
tions for this quantity are slightly larger to the ones character-
ising two-neutron separation energies, specifically 3.8, 1.9,
2.9 and 2.4 MeV for argon, calcium, titanium and chromium
respectively. While in semi-magic calcium isotopes calcu-
lations only fail to reproduce the height of the peak, exper-
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imental data for other isotopes show a displacement of the
peak, linked to a possible disappearance of the N = 20 magic
number, which is not reproduced by the present calculations.
In contrast, the N = 28 peak is very well reproduced up
to Z = 22, with the description only slightly deteriorating
for Z = 23 and Z = 24. The emergence of the N = 32
subclosure is nicely visible in lighter elements, as well as
the one at N = 34 in argon, potassium and calcium. When
going towards higher proton number their evolution is poorly
described starting with N = 34 in scandium and N = 32
in vanadium. The behaviour becomes even more inconsis-
tent for chromium. Again, this might signal the importance
of certain ingredients (e.g. quadrupole correlations) that are
missing in the present theoretical framework.

In spite of these deficiencies, remarkably, all magic num-
bers as well as their qualitative evolution emerge “from first
principles”, i.e. starting solely from inter-nucleon interac-
tions whose coupling constants have been adjusted only in
few-body systems. Let us stress that, indeed, no ad hoc infor-
mation about the magic character of these isotopes is inserted
at any stage of the calculation. The emergence of this feature
can be better appreciated in Fig. 6 where two-neutron gaps
are compared to experimental (measured and extrapolated)
data along N = 28, 30, 32 and 34 isotonic chains. While
there is room for improvement in Z = 22, 23, 24 isotones
for reasons discussed above, the overall description is very
reasonable. In addition, calculations of the N = 28 gaps were
recently extended down to chlorine and sulfur [39] where an
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⦿ Differential quantities (“mass filters”) reveal the emergence of magic numbers

○ Quantitative reproduction of some (but not all) magic peaks

○ Description deteriorates away from semi-magic calcium
○ Evolution with Z roughly captured

[Somà et al., 2021]
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Diagnostic summary
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5 Conclusions

Correlation expansion methods represent a promising long-
term option to simulate the majority, if not all, of atomic
nuclei from first principles. To this purpose, the choice of the
reference state, including the use of deformed basis states and
the possibility of breaking symmetries, is crucial, notably to
account for essential static correlations from the outset. So
far, ab initio approaches have mainly exploited the breaking
of U(1) symmetry associated to particle number conservation
to account for static pairing correlations. In the past few years,
this strategy has enabled computations of semi-magic, i.e.
singly open-shell nuclei, where quadrupole correlations asso-
ciated to nuclear deformation are typically weak, i.e. predom-
inantly dynamical. In the present work such U(1)-breaking,
SU(2)-conserving calculations are pushed away from semi-
magic nuclei in a systematic fashion for the first time. Results
are overall encouraging, with many general experimental fea-
tures captured by the ab initio simulations. At the same time,
a degradation of the description for certain groups of nuclei
signals the inefficient account of (static) quadrupole correla-
tions and calls for a SU(2)-breaking extension of the present
theoretical framework.

Bulk nuclear properties, specifically ground-state ener-
gies, charge radii and density distributions, were computed
along seven isotopic chains around calcium, from argon to
chromium. Calculations were performed within the Gorkov
self-consistent Green’s function approach at second order
and employed two state-of-the-art two- plus three-nucleon
Hamiltonians, NN+3N (lnl) and NNLOsat. A concise global
view of the phenomenological quality of the results can be
gained by analysing the r.m.s. deviations from experiment
collected in Table 2. NN+3N (lnl) results provide a good
general description of ground-state energies. Total binding
energies are slightly underestimated, with r.m.s. deviations
of about 10–20 MeV depending on the isotopic chain. For
calcium, one finds that going to the next order in the many-
body expansion, i.e. ADC(3), brings the r.m.s. deviation from

10.3 MeV down to 2.5 MeV. This is encouraging in view of
being able to provide precise predictions in the future and at
the same time underlines the importance of implementing a
Gorkov-ADC(3) formalism.

Systematic deviations of ADC(2) on binding energies can-
cel out to a good extent when computing differential quanti-
ties like one- and two-nucleon separation energies and two-
neutron shell gaps. These energy differences are generally in
very good agreement with experiment with r.m.s. deviations
of the order of 2 MeV. In particular, neutron magic numbers
N = 28, 32, 34 emerge and evolve following experimen-
tal trends. The largest discrepancy with experimental data is
found for the N , Z = 20 gaps, both overestimated by the cal-
culations. This impacts the description of the proton dripline,
which however remains reasonably reproduced. In contrast,
three-point mass differences along the various isotopic chains
evidence that present calculations do not provide sufficient
pairing strength. The future inclusion of higher-order, e.g.
ADC(3), corrections accounting for collective fluctuations
might result instrumental for a more accurate description of
pairing properties. While such computations are routine in
Dyson-SCGF (i.e., for closed shells), they become compu-
tationally challenging in the Gorkov formalism due to the
increase in the number of Bogolyubov mean-field orbits
resulting from SU(1)-breaking. A full Gorkov-ADC(3) will
require improved algorithms, such as importance trunca-
tion [93], but it is within reach and can be implemented in
the foreseeable future.

As remarked in Ref. [8], NN+3N (lnl) calculations yield
charge radii that underestimate the experimental measure-
ments by about 5 to 10% throughout all considered chains.
Corresponding infinite-matter calculations, not available at
present, would be instrumental to confirm whether this corre-
lates with a poor reproduction of saturation properties. The
deficient description of absolute radii is reflected in r.m.s.
deviations that are about ten times larger the ones character-
ising NNLOsat calculations. Still, relative trends are gener-
ally good, which points to some bulk systematic deficiency

Table 2 R.m.s. deviation from
experimental data of ADC(2)
calculations for various
observables considered in the
present study. Deviations are
reported separately for the four
even-Z isotopic chains. For
comparison, the ADC(3) r.m.s.
deviations for sub-shell closures
amount to 2.5 MeV and 0.06
MeV for E and E/A
respectively. Differential r.m.s.
radii are computed relative to
36Ar, 48Ca, 46Ti and 52Cr
respectively

Ar Ca Ti Cr

NN+3N(lnl)

E [MeV] 14.1 10.3 14.2 19.2

E/A [MeV] 0.34 0.21 0.29 0.35

S2n [MeV] 2.90 1.56 2.05 2.22

∆2n [MeV] 3.84 1.96 2.98 2.48

〈r2
ch〉1/2 [fm] 0.211 0.219 0.241 0.242

δ〈r2
ch〉1/2 [fm] 0.012 0.023 0.020 0.016

NNLOsat

〈r2
ch〉1/2 [fm] 0.008 0.022 0.019 0.010

δ〈r2
ch〉1/2 [fm] 0.008 0.024 0.023 0.013

123

ADC(3) 
(sub-shell closures only)

2.5
0.06
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○ Clear impact of the explicit account of deformation

○ ADC(3) now available  ➝  differential energies only slightly affected

⦿ First application of deformed SCGF

○ Flexibility in controlling the breaking of rotational symmetry (axial, triaxial, …)

○ Direct access to odd-even and odd-odd systems (full implementation in progress)

Going doubly open-shell — energies

[Scalesi et al., unpublished]
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⦿ Charge radii along Ar chain

Going doubly open-shell — radii

[Scalesi et al., unpublished]

○ However, parabolic behaviour not reproduced

○ Deformed calculations improve trend

○ ADC(3) does not change the picture

Some dependence on the input Hamiltonian observed
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Problem #1 — Ca charge radii

○ VS-IMSRG does not improve the situation  ➝  Odd-even staggering also barely visible

○ Other Hamiltonians [∆NNLOgo(394) and EM 1.8/2.0(7.5)] lead to similar results

○ Parabolic trend between N=20 and N=28 completely missed by SCGF calculations

⦿ Similar results for Ca isotopes show even more dramatic failure

[Scalesi et al., unpublished]
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⦿ Pairing typically estimated via three-point mass differences
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○ Deformation alone does not help (neither it does in combination with pairing, see BMBPT)

○ VS-IMSRG seems to solve the problem, but convergence VS-IMSRG2  ➝  VS-IMSRG3 unclear

○ Explicit accounting for pairing (at second order) does not lead to reproducing experimental data

Problem #2 — Pairing

[Scalesi et al., unpublished]

[Miyagi et al.]
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○ One-neutron addition from closed-shell 48Ca shows good agreement with data

○ Spectra from open-shell 48Ca display much lower density of states  ➝  Another signature of too low effective mass
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⦿ Same problem can be diagnosed by looking at low-lying spectra
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Many-body convergence & other uncertainties
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Table 1 Breakdown of method uncertainties for the observables con-
sidered in the present study. Errors from breaking of U(1) symmetry
were estimated from the particle-number projected HFB calculations
of Ref. [50]. Contributions from neglected two- and three-body radius
operators were estimated using Ref. [51]. All remaining estimates derive
from the GSCGF calculations of Ref. [8] and the present work

NN+3N (lnl) NNLOsat

E rch rch

Model space (emax) 0.5% < 0.1% 0.5%

Model space (e3max) 0.2% 0.2% 0.3%

ADC truncation 2% 0.5% < 0.1%

U(1) breaking 0.2% < 0.1% < 0.1%

Neglected induced op. 2% 1% –

Total 2.9% 1.1% 0.6%

lack of restoration of the broken U(1) symmetry, ab initio
particle-number projected HFB results from Ref. [50] have
been used as an upper limit. This is justified given that the
variance characterising ADC(2) propagators (σ 2

N,Z ∼ 2) is
always smaller than the one found at the HFB level. While
symmetry restoration has been recently designed for MBPT
and coupled-cluster theory [21,22], the existing formalism
can not be straightforwardly applied to GSCGF theory, for
which a dedicated development is yet to be devised. Finally,
discarding four- and higher-body operators induced by the
SRG evolution of the NN+3N (lnl) Hamiltonian introduces
an additional error. This has been estimated by performing
calculations at different values of the SRG parameter, namely
λ = 1.8 fm−1 and λ = 2.2 fm−1, for selected closed- and
open-shell isotopes. In addition, for radii, the uncertainty
originating from having neglected induced two- and three-
body radius operators has been accounted for based on the
findings of Ref. [51]. One notices that model-space uncer-
tainties from emax and e3max truncations are of similar mag-
nitude, 0.5% or smaller, for all cases. Errors coming from the
lack of symmetry restoration do not exceed 0.2% for ground-
state energies, while they result completely negligible for
radii. For NN+3N (lnl) total energies, the overall error is thus
dominated by the many-body truncation and neglected SRG-
induced many-body operators, both contributing with about
2%. Note that these uncertainties cancel out to a good extent
when energy differences2 like two-neutron separation ener-
gies of three-point mass differences are computed. Also for
NN+3N (lnl) radii the dominating error appears to be related
to neglected many-body operators (mostly in the Hamilto-
nian). On the contrary, radii computed with NNLOsat are
characterised by a very good precision, with a total error of
around 0.5%.

2 A notable exception is represented by energy differences near a closed
shell, where errors related to the breaking of particle-number do not
cancel between a closed-shell and and open-shell system.

3 Ground-state energies

3.1 Total energies

Let us start by analysing total ground-state energies along the
seven isotopic chains studied in this work, i.e. argon (Z =
18), potassium (Z = 19), calcium (Z = 20), scandium (Z =
21), titanium (Z = 22), vanadium (Z = 23) and chromium
(Z = 24). The current implementation of GSCGF theory is
based on the assumption that JΠ = 0+ for targeted ground
states and is therefore well suited for even-even nuclei. The
ground-state energy of odd-even systems can be computed
via [55]

E A
odd-even = Ẽ A + ω0, (1)

where Ẽ A is the ground-state energy of the odd-even nucleus
computed as if it had JΠ = 0+, i.e. as a fully paired even-
number-parity state forced to have the right odd number of
particles on average, and ω0 is the lowest one-nucleon sepa-
ration energies in the latter calculation. Further details can be
found in Refs. [25,41]. A more direct but similar approach
is to use the addition and separation energies encoded in the
spectral function but to recompute the even-even isotope with
the center of mass corrections for A±1, as done in Ref. [45].
As a result, one can access the ground-state energy of all iso-
topes with even Z and that of odd-even isotopes with odd Z .
Other observables, e.g. radii or densities, are instead avail-
able only for even-even systems. Further developments, e.g.
involving the use of Hellmann-Feynman theorem, are needed
to extend their calculation to odd-even systems.

Computed ground-state energies are presented in Fig. 1
and compared to experimental (measured and extrapolated)
data. The global behaviour is well captured by the calculated
energies across all values of Z and N , although underbind-
ing with respect to experiment is observed for all chains.
The deviation per nucleon is roughly of the same magni-
tude for all nuclei, around 0.2−0.3 MeV (see also Fig. 8
in the following). For calcium isotopes, for which ADC(3)
calculations (displayed in Fig. 1 as horizontal bars) are avail-
able [8], the root-mean-square (r.m.s.) deviation of E/A from
experiment goes from 0.21 MeV in ADC(2) down to 0.06
MeV in ADC(3) (see also Table 2). This shows that (1) the
bulk of the ADC(2) underbinding is due to missing third-
order correlations and (2) the NN+3N (lnl) Hamiltonian can
reach an excellent agreement with measured total ground-
state energies in this mass region once a more refined trunca-
tion schemes is used. A more careful inspection of the abso-
lute r.m.s. deviations also reveals differences between the
various isotopic chains, with the ADC(2) inaccuracy increas-
ing when going away from singly-magic calcium. Specifi-
cally, focusing on even-Z isotopes, one goes from an absolute
r.m.s. deviation of 10 MeV for calcium to 14 MeV for argon
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FIG. 7. Radial part of proton 0s1/2, 1s1/2, and 2s1/2 natural single-
particle wave functions calculated at the ADC(3) level in 34Si and 36S.

lowering (rising) of the 0s1/2 (2s1/2) natural wave functions at
r = 0. Overall, even though the disappearance of the proton
bubble when going from 34Si to 36S does mainly reflect the
increased occupation of the 1s1/2 states, one observes that in
quantitative terms the net effect results from the combination
of several intricate features in our ab initio calculations.

As testified by Fig. 8, the fact that point-neutron density
distributions of 34Si and 36S are (nearly) identical reflects the
(essentially) equal occupations of neutron natural orbitals and
their (essentially) unchanged wave functions.
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(a) Results from Dyson ADC(1), ADC(2), and ADC(3) calculations.
(b) Results from Gorkov and Dyson ADC(2) calculations.

C. Impact of correlations

In panel (a) of Fig. 9, point-proton density distributions of
34Si and 36S are compared at various levels of many-body
truncations, i.e., as obtained from Dyson ADC(1), ADC(2),
and ADC(3) calculations. Moving from ADC(1) (i.e., HF) to
ADC(2), the amplitude of the central depletion diminishes in
34Si. This erosion of the bubble structure is the consequence
of explicit dynamical correlations added at the ADC(2) level,
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The impact of many-body correlations can be analyzed
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1p1/2, 0d3/2, 1d5/2) as is visible from Fig. 10. Second,
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TABLE IV. Point-proton depletion factor in 34Si computed within
ADC(1), ADC(2), and ADC(3) approximations.

34Si ADC(1) ADC(2) ADC(3)

Fp 0.49 0.34 0.34

034319-7

○ Specific convergence depend on Hamiltonian & observable

○ Clear convergence patterns  ➝  similar to e.g. CC

[Somà et al., 2020]

[Duguet et al., 2017]

[Somà et al., 2021]
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○ Only partial account of MB convergence  ➝  More general ref. state?

○ No qualitative difference w.r.t. spherical case
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⦿ Alternative strategy: break symmetries, project, then expand

Projection

Shape mixing

Rotational modes

Vibrational modes

Variational principle  ➝  Hill-Wheeler-Griffin equation

6

(PGCM). The unperturbed state is thus of MR character
given that a PGCM state is nothing but a linear combina-
tion of non-orthogonal product states whose coe�cients
result from solving Hill-Wheeler-Gri�n’s (HWG) secu-
lar problem [21], i.e. a generalized many-body eigenvalue
problem. The PGCM perturbation theory (PGCM-PT)
of present interest adapts to the nuclear many-body
problem the MR perturbation theory recently formu-
lated in the context of quantum chemistry [?] where
the reference state arises from a non-orthogonal config-
uration interaction (NOCI) calculation involving Slater
determinants. In order to do so, the method is presently
generalized to the mixing of Bogoliubov vacua.

In the present context, PGCM must thus be viewed as
the unperturbed, i.e. zeroth-order, limit of the PGCM-
PT formalism that is universally applicable, i.e. indepen-
dently of the closed or open-shell nature of the system
and of the ground or excited character of the PGCM
state generated though the initial HWG problem. Be-
cause PGCM states e�ciently capture strong static
correlations associated with the spontaneous breaking
of symmetries and their restoration as well as with
large amplitude collective fluctuations, one is only left
with incorporating the remaining weak dynamical cor-
relations, which PGCM-PT o↵ers to do consistently.
Because of the incorporation of static correlations into
the zeroth-order state, the hope is that nuclear observ-
ables associated with a large set of nuclei and quantum
states can be su�ciently converged at low orders in
PGCM-PT.

3.1 PGCM unperturbed state

3.1.1 Ansatz

|⇥0
i = |�(q)i

|⇥0
i =

X

q

f(q)P |�(q)i

|�(q1)i |�(q2)i |�(q3)i

A MR PGCM state can be written as

|⇥�

µ
i ⌘

Z
dqf �̃

µ
(q)P �̃

M0|�(q)i

=
d�̃
vG

X

q

f �̃

µ
(q)

X

✓

D�̃⇤
M0(✓)|�(q; ✓)i , (27)

where integrals over the collective coordinate q and the
rotation angle ✓ have been discretized as actually done
in a practical calculation.

In Eq. (27), Bq ⌘ {|�(q)i; q 2 set} denotes a set of non-
orthogonal Bogoliubov states di↵ering by the value of
the collective deformation parameter q. Such an ansatz is
characterized by its capacity to e�ciently capture static
correlations from a low-dimensional, i.e. from several
tens to a few hundreds, configuration mixing at the price
of dealing with non-orthogonal vectors. This constitutes
a very advantageous feature, especially as the mass A of
the system, and thus the dimensionality of the Hilbert
space HA, grows.

The product states belonging to Bq are typically ob-
tained in a first step by solving repeatedly Hartree-Fock-
Boboliubov (HFB) mean-field equations with a Lagrange
term associated with a constraining operator11 Q such
that the solution satisfies

h�(q)|Q|�(q)i = q . (28)

The constrained HFB total energyH00(q) (see Eq. (113))
delivers as a function of q, the so-called HFB total energy
curve (TEC). Details about Bogoliubov states and the
associated algebra, as well as constrained HFB equations,
can be found in App. C. The constraining operator Q is
typically defined such that the product states belonging
to Bq break a symmetry of the Hamiltonian as soon
as q 6= 0. Because physical states must carry good
symmetry quantum numbers one acts on |�(q)i with
the operator12

P �̃

M0 =
d�̃
vG

Z

DG

d✓D�̃⇤
M0(✓)R(✓) (29)

in Eq. (27) to project the HFB state onto eigenstates of
the symmetry operators with eigenvalues (�̃,M). The
operator P �̃

M0 is expressed in terms of the symmetry
rotation operator R(✓) and the IRREP D�̃

MK(✓) of the
symmetry group GH . See App. B for a discussion of the
actual symmetry group, symmetry quantum numbers
and symmetry projector of present interest.

Due to the symmetry projection, the PGCM state is
eventually constructed from an extended set Bq;✓ ⌘

{|�(q; ✓)i; q 2 set and ✓ 2 DG}
13 of Bogoliubov states

11The generic operator Q can embody several constraining
operators such that the collective coordinate q may in fact be
multi dimensional.
12The present work is e↵ectively concerned with HFB states
that are invariant under spatial rotation around a given sym-
metry axis. Extending the formulation to the case where |�(q)i
does not display such a symmetry poses no formal di�culty
but requires a more general projection operator P�; see App. B
for details.
13Seeing the PGCM state as a configuration mixing of states
belonging to Bq;✓ rather than as resulting from the projection
of the states belonging Bq allows one to define the SR limit of
PGCM-PT via the truncation of the double sum in Eq. (27) to
a single term such that the PGCM unperturbed state reduces
to one symmetry-breaking state |�(q; 0)i.
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○ Construction of the unperturbed state via projected generator coordinate method (PGCM)

○ Low-dimensional linear combination of non-orthogonal projected Bogolyubov product states  (← EDF)
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Fig. 4: (Color online) Collective PGCM wave-functions in the axial (�2,�3) plane of low-lying positive- and
negative-parity states. Calculations employ the N3LO �EFT Hamiltonian with �srg = 1.88 fm�1.

Fig. 5: (Color online) Low-lying positive- and negative-parity bands in 20Ne. The intra-band E2 transition strengths
(in e2fm4) are indicated along vertical arrows whereas a selection of E3 transition strengths (in e3fm6) are indicated
along oblique lines. Panel (a): PGCM results obtained by restricting the mixing to the quadrupole axial degree of
freedom. Panel (b): PHFB results based on the HFB configuration corresponding to the minimum of the 0+ TES
located at (�2 = 0.75, �3 = 0.53) (see Fig. 3). Panel (c): PGCM results obtained using the set of points in the axial
(�2,�3) plane displayed in Fig. 2. Panel (d): IM-NCSM results. Panel (e): experimental data. PGCM results in
panel (c) display model-space (black box) plus �EFT (pink band) uncertainties. IM-NCSM results in panel (d)
display total many-body (black box) plus �EFT (pink band) uncertainties. The N3LO �EFT Hamiltonian with
�srg = 1.88 fm�1 is employed in PGCM and IM-NCSM calculations.

3.2.3 Density distributions

Point matter densities of 20Ne associated with three
di↵erent HFB configurations are displayed in the x-y

6While IM-NCSM energies and radii are very robust, it is
less clear for B(E2) values at this point in time such that the
reference should be taken with a grain of salt.
7Excitation energies of the positive parity band were however
slightly worse than in the present calculation.

PGCM IM-NCSM Experiment

20Ne

[Frosini et al., 2022]
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Fig. 8 Excitation energy in 20Ne as a function of the axial quadrupole
deformation (β2) of the underlying HFB vacua. Top panel: first 4+

state. Bottom panel: first 2+ state. Calculations are performed with
h̄ω = 20 MeV, emax = 4 and employing the two-body part of the
N3LO χEFT Hamiltonian evolved to λvsrg = 1.88 fm−1

yielding a result that is 2.6 MeV (1.2%) underbound com-
pared to FCI.16

On the other hand, starting from the PHFB TEC and
adding dynamical correlations via PHFB-PT(2) lowers the
energy by 25.1, 24.9 and 25.7 MeV at the HFB, PHFB, and
PHFB-PT(2) minima, respectively. These energies overshoot
the FCI result by about 2.5/3.2/3.4 MeV (1.2/1.5/1.6%).
While the difference between BMBPT(2) and PHFB-PT(2)
TECs is similar to the difference between HFB and PHFB
TECs, one observes that a consistent angular-momentum
restoration favors larger deformations when adding dynam-
ical correlations.

The mixing of quadrupole shapes in PGCM-PT(2) only
adds 310 keV to the PHFB-PT(2) minimum. The PGCM-
PT(2) result keeps a close memory of the PHFB-PT(2) min-
imum (β2 = 0.4) rather than the PHFB-PT(2) value at the
canonical HFB minimum (β2 = 0.3). All in all, the PGCM-

16 Canonical BMBPT(2) is the closest point to FCI along the TEC in
the present example. Note that canonical BMBPT(3) only provides an
extra 0.3 MeV correlation energy compared to canonical BMBPT(2).

Fig. 9 Absolute energies of the first 0+, 2+ and 4+ states in 20Ne
computed via PGCM, PGCM-PT(2) and FCI

PT(2) energy17 overshoots the FCI result by 1.7%. This dis-
crepancy is expected to decrease after the inclusion of the
octupole degree of freedom into the PGCM.

In order to further analyse the theoretical content of
the above results, Fig. 7 shows that the collective PGCM
ground-state wave-function and the associated energy con-
tributions are distributed rather symmetrically around the
Jπ = 0+ PHFB minimum (β2 = 0.35) of the TEC visi-
ble in Fig. 6 and spread over a large interval of β2 values.
Interestingly, dynamical correlations captured via PGCM-
PT(2) favor configurations18 to the left of the HFB mini-
mum (β2 = [0.25, 0.30]). As a result, dynamical correla-
tions could counterbalance the overestimated radii obtained
at the PGCM level (see Paper II) due to the opposite predilec-
tion of the latter for deformations larger than the HFB min-
imum. This interesting and non-trivial finding will have to
be confirmed by an explicit calculation of rms radii at the
PGCM-PT(2) level in the future.

In addition to providing accurate absolute energies in com-
plex systems, e.g. in doubly open-shell nuclei displaying
strong collective static correlations, a key advantage of the

17 Present PGCM-PT(2) and PHFB-PT(2) results were obtained with a
complex shift γ = 15 MeV. The precision error associated with solving
the linear system is shown through an error band in Fig. 23.
18 Once again, single excitations bring negligible contributions to the
correlation energy.
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Fig. 17 Theoretical (PGCM, IM-NCSM) and experimental electro-
magnetic moments along the Neon isotopic chain. Upper panel: reduced
electric quadrupole transition B(E2 : 2+1 → 0+1 ) to which is added the
PGCM B(E2 : 2+2 → 0+2 ) value in 30Ne. Middle panel: spectroscopic
electric quadrupole moment of the first 2+ state. Lower panel: spectro-
scopic magnetic dipole moment of the first 2+ and 4+ states. PGCM
calculations are performed in the axial (β2,β3) plane. The N3LO χEFT
Hamiltonian with λsrg = 1.88 fm−1 is employed in PGCM and IM-
NCSM calculations

4 Conclusions

The second paper of the present series proposed an extensive
ab initio study of neon isotopes based on in-medium no-core
shell model and projected generator coordinate method cal-
culations. The main conclusion of the present work is that, in
spite of missing so-called dynamical correlations, the PGCM
is shown to be a suitable ab initio method to address the
low-lying spectroscopy of complex nuclei within theoretical
uncertainties. For instance, the energy spectrum and electric
multipole transition strengths of the low-lying parity-doublet
bands in 20Ne are reproduced by taking into account the effect
of octupole collective fluctuations.

Still, describing absolute binding energies, accounting
consistently for a wide range of spectroscopic observables,
tackling many nuclei displaying different characteristics and
achieving high accuracy, eventually requires the inclusion of
dynamical correlations on top of the PGCM. In fact, certain
salient features, such as the physics of the island of inversion
around 30Ne, require this inclusion from the outset to achieve
a qualitatively correct description. This incorporation is now
possible thanks to the novel multi-reference perturbation the-
ory (PGCM-PT) formulated in the first paper of the present
series [1] and that embeds the PGCM within a systematic
expansion.

The first PGCM-PT results are presented in the third paper
of the present series [2]. The key question behind the present
work and the associated many-body developments regards
the optimal way to consistently incorporate static and dynam-
ical correlations in view of describing complex nuclei. This
is only the beginning of the journey, hence finding this opti-
mal strategy will require time and a significant amount of
trial-and-error. The third paper of the series represents a first
step in this direction.
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A Linear redundancies in HWG

The linear redundancies due to the non-orthogonality of the
HFB states mixed into the PGCM state must be dealt with
when solving HWG’s equation. Because of the manageable
number of such HFB states, it can be done by diagonalizing
the norm matrix Nσ̃ and by removing the eigenvectors asso-
ciated with eigenvalues smaller than a given threshold εth.
The threshold must be chosen such that the end results do
not depend on its particular value.

In the second step, the Hamiltonian H can be safely diag-
onalized in the orthonormal basis generated in the first step.
Since Nσ̃ is a Hermitian positive-definite matrix, the basis
transformation can be written as
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Fig. 8 Same as Fig. 2 for (emax , h̄ω) = (10, 16 MeV) employing Hamiltonians at different chiral orders (λsrg = 1.88 fm−1). The energy is plotted
with respect to the minimal HFB energy for the respective chiral order

Fig. 9 Same as Fig. 6 for (emax , h̄ω) = (10, 16 MeV) employing
Hamiltonians at different chiral orders (λsrg = 1.88 fm−1)

approximately −0.6 fm with respect to N2LO and N3LO.
The NLO TES is also significantly stiffer.

Properties of the HFB TES directly translate into the
monopole responses displayed in Fig. 9 (top panel). NLO
results are very distinct from N2LO and N3LO ones, the
stiffer TES of the former pushing the GMR 8 MeV higher
in energy. Moreover, the magnitude of the strength is signif-
icantly smaller than at N3LO. Going from N2LO to N3LO,
the position of the GMR is further lowered by ∼1 MeV.

Fig. 10 Same as Fig. 7 for (emax , h̄ω) = (10, 16 MeV) employing
Hamiltonians at different chiral orders (λsrg = 1.88 fm−1). Dashed
lines represent the corresponding experimental values, the shaded areas
standing for the corresponding uncertainty [87]

Similar observations concern the quadrupole response in
Fig. 9 (bottom panel). The NLO strengh function exhibits
little resemblance to N2LO and N3LO responses. The latter
two are similar even though the highly fragmented response
below 20 MeV is still significantly modified going from
N2LO to N3LO.

The mean energies extracted from the monopole response
are shown in the upper panel of Fig. 10 to display a converging
pattern with the chiral order, the N3LO results comparing
favorably with experimental data. Based on this pattern, the
remaining uncertainty associated with omitted higher orders
is estimated to be below 2%.

While the dispersion changes less going from N2LO to
N3LO than from NLO to N2LO, the converging pattern is
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Hσ (p; q) ≡ 〈Φ(p)|HPσ |Φ(q)〉
=

∑

ϕ

gσ (ϕ)〈Φ(p)|H |Φ(q,ϕ)〉 , (8a)

N σ (p; q) ≡ 〈Φ(p)|Pσ |Φ(q)〉
=

∑

ϕ

gσ (ϕ)〈Φ(p)|Φ(q,ϕ)〉 , (8b)

themselves expressed in terms of the unprojected kernels

H(p, q;ϕ) ≡ 〈Φ(p)|H |Φ(q,ϕ)〉 , (9a)

N (p, q;ϕ) ≡ 〈Φ(p)|Φ(q,ϕ)〉 , (9b)

involving two Bogoliubov states carrying different values of
the collective variables, the second state being further sym-
metry rotated. Eventually, the key ingredients to be com-
puted are the unprojected norm kernel N (p, q;ϕ) and the
connected Hamiltonian kernel [62,63] defined as

h(p, q;ϕ) ≡ H(p, q;ϕ)
N (p, q;ϕ) . (10)

The connected operator kernel (Eq. (10)) can be effi-
ciently computed by applying the off-diagonal Wick theo-
rem (ODWT) of Balian and Brezin [64]. The evaluation of the
norm kernel8 (Eq. (9b)) relies on the Onishi formula [67], the
Pfaffian formula by Robledo [68] or the integral formula by
Bally and Duguet [63]. Traditionally, the derivation of these
two categories of kernels relies on different formal schemes
that do not share a common ground. One exception relies on
the use of fermion coherent states based on Grassmann vari-
ables allowing one to express both the connected operator
kernel [69,70] and the norm kernel [68] in terms of Pfaffi-
ans. Another consistent derivation of both kernels based on
a diagrammatic method was recently proposed in Ref. [71].

2.3 Intrinsic collective wave functions

The linear redundancies due to the non-orthogonality of the
HFB states mixed into the PGCM state must be dealt with
when solving HWG’s equation. This is also a necessary step
to extract meaningful intrinsic collective wave function as a
function of the generator coordinates for each PGCM state.
The detailed way to handle this problem can be found in, e.g.
Ref [55].

Denoting as Nσ the Hermitian positive-definite matrix
associated with the overlap kernel defined in Eq. (8b), it can
be diagonalized according to

Nσ = Sσ†N̆σSσ , (11)

8 For a detailed discussion about the connection between these different
approaches and the hypothesis under which they are valid, see Refs.
[65,66].

where Sσ is a unitary matrix and where N̆σ is diagonal with
strictly positive eigenvalues. Defining

Gσ ≡ Sσ†(N̆σ )−1/2Sσ (12)

and only keeping the rows ofSσ corresponding to eigenvalues
of N̆σ larger than εth, HWG’s Eq. (7) is transformed into the
associated orthonormal basis and becomes

∑

q

H̆σ
pq f̆

σ
ν (q) = Eσ

ν f̆ σ
ν (p), (13)

with

H̆σ ≡ Gσ†HσGσ , (14a)

fσ ≡ Gσ f̆σ . (14b)

The solutions { f̆ σ
ν (q); q ∈ set} play the role of orthonormal

intrinsic collective wave functions as a function of q that can
be interpreted as probability amplitudes.

In the following, the threshold value εth = 10−4 has been
consistently adopted for all the displayed results, unless dif-
ferently specified.

2.4 GCM reduction

The restoration of the symmetries broken by the Bogoliubov
states {|Φ(q)〉, q ∈ [q0, q1]〉} is a key feature of the PGCM.
Contrarily, the original GCM was formulated without tak-
ing it into consideration [59,60]. Because it is the goal of
Paper IV to investigate the impact of the angular momentum
restoration on the monopole strength function, the GCM is
also presently considered and can be easily obtained from the
above by neglecting the projection operator Pσ . As a result,
the GCM ansatz reduces to

|Ψν〉 =
∑

q

fν(q)|Φ(q)〉. (15)

The subsequent GCM HWG equation and GCM kernels can
be straightforwardly obtained accordingly.

2.5 Strength function and moments

Given the set of PGCM states {|Ψ σ
ν 〉, σ ∈ IRREPs, ν =

0, . . . , νmax}, the ground-state strength function associated
with the transition operator F is given by

SF (ω) ≡
∑

νσ

|〈Ψ σ
ν |F |Ψ σ0

0 〉|2 δ(Eσ
ν − Eσ0

0 − ω) , (16)
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Elliptic flow

➝ Test of the hydrodynamic QGP paradigm for small systems

➝ New observables to test nuclear structure models
3

medium-mass nuclei [50–55] and first applications to
208Pb were even recently reported [55, 56]. In this work,
we employ results for the structure of 16O and 20Ne de-
rived within the the framework of Nuclear Lattice E↵ec-
tive Field Theory (NLEFT) simulations and the ab initio
Projected Generator Coordinate Method (PGCM).

The NLEFT framework [57–59] combines the princi-
ples of e↵ective field theory with lattice Monte Carlo
methods, and is well suited to probe clustering and other
collective phenomena in the ground states of nuclei [60].
NLEFT simulations implement a Euclidean time evolu-
tion coupled with auxiliary-field Monte Carlo simulations
to produce ground-state configurations of nucleons for
each realization of the nuclear wave function. The pin-
hole algorithm [60] enables one to keep track of the posi-
tions of the nucleons during the Euclidean time evolution
while preserving the information about their center-of-
mass. The produced nuclear configurations carry, thus,
many-body correlations to all orders as dictated by the
ground state of the Hamiltonian. We employ a mini-
mal pion-less EFT Hamiltonian with a periodic lattice of
eight sites with spacing a = 1.315 fm [61], which success-
fully reproduces measured binding energies and charge
radii for the isotopes under study. For 16O, the pinhole
configurations are taken from Ref. [62], while a new set
is calculated for 20Ne. Due to the larger mass number,
these configurations contain a larger fraction of nuclei
with a non-unique center-of-mass due to the periodic-
ity, as well as a higher number of negative-weight states
[58, 60] than the 16O ones. These issues are addressed in
the evaluation of our uncertainties for the subsequent hy-
drodynamic study (see the Supplemental Material (SM)).
Lastly, we distribute nucleons at each lattice site uni-
formly between �a/2 and a/2 while maintaining a mini-
mum inter-nucleon distance, dmin, to mimic the e↵ect of
short-range repulsion.

The ab initio PGCM formalism [63–68] is also adapted
to describe collective correlations, e.g. quadrupolar and
octupolar deformations that appear in doubly-open-shell
systems such as 20Ne. In particular, it was shown in
Ref. [67] that this method captures experimental data
on the ground-state rotational band and the charge den-
sity of this nucleus, employing a recent N3LO chiral EFT
Hamiltonian [69] which we also use here. We first perform
PGCM calculations exploring simultaneously the triax-
ial quadrupole (�v

20
,�

v
22
) and octupole (�v

30
,�

v
32
) degrees

of freedom to determine average intrinsic deformations
for the correlated ground states of 16O and 20Ne. The
resulting shape parameters align with the results of em-
pirical frameworks such as the energy density functional
approach [70–72] or the antisymmetrized molecular dy-
namics approach [73]. Then, we compute an intrinsic
Hartree-Fock-Bogoliubov state constrained at those av-
erage deformations, and we evaluate the particle-number
projected one-body density of the resulting system. To
quantify the systematic uncertainty on the procedure, the

Figure 1. Point-nucleon densities of 16O and 20Ne obtained
from particle-number-projected Hartree-Fock-Bogoliubov
states with deformations constrained to the predictions of
the ab initio PGCM framework. The background plots show
slices of the densities through the origin. The black dots and
lines show the centers and boundaries of the regions used in
the clustered sampling method (see text and SM for details).

average deformations of the ground states are computed
from pure mean-field states as well as from particle-
number-projected states (more details in the SM). The
results in the latter case are shown in Fig. 1. We note de-
formed geometries with well-separated clusters. In 16O
they form an irregular tetrahedron with two short and
two long edges of 2.30 and 2.55 fm respectively (see [74]
for recent work employing a regular tetrahedron). For
20Ne we observe a characteristic bowling-pin-like 16O+↵.

For the hydrodynamic simulations, the densities in
Fig. 1 are randomly oriented and used to sample either
16 or 20 coordinates of nucleons for each realization of
the nucleus. Unlike the NLEFT simulations, PGCM does
not provide us with correlated samplings of nucleon po-
sitions. Sampling nucleons capturing the ground-state
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number-projected states (more details in the SM). The
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formed geometries with well-separated clusters. In 16O
they form an irregular tetrahedron with two short and
two long edges of 2.30 and 2.55 fm respectively (see [74]
for recent work employing a regular tetrahedron). For
20Ne we observe a characteristic bowling-pin-like 16O+↵.

For the hydrodynamic simulations, the densities in
Fig. 1 are randomly oriented and used to sample either
16 or 20 coordinates of nucleons for each realization of
the nucleus. Unlike the NLEFT simulations, PGCM does
not provide us with correlated samplings of nucleon po-
sitions. Sampling nucleons capturing the ground-state
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Figure 2. The deformed shape of 20Ne impacts the hydrodynamic flow of its collisions as compared to 16O16O collisions.
Here we show results for charged particle multiplicity dNch/d⌘ (top left), mean transverse momentum hpT i (top middle),
relative fluctuations of transverse momentum �pT /hpT i (top right), elliptic flow v2{2, |�⌘| > 1} (bottom left), triangular flow
v3{2, |�⌘| > 1} (bottom middle) and the Pearson correlation coe�cient ⇢(v2{2}2, hpT i) (bottom right). In each panel, we
show the 16O16O and 20Ne20Ne results, as well as their ratio, using both PGCM and NLEFT as nuclear structure inputs. For
⇢(v2{2}2, hpT i) a di↵erence is taken instead of a ratio in the lower panel. We show statistical uncertainties (error bars), the
total systematic uncertainty (solid bands) as well as its components being Trajectum (hatched) and nuclear structure (dotted).

16 or 20 coordinates of nucleons for each realization of
the nucleus. Unlike the NLEFT simulations, PGCM does
not provide us with correlated samplings of nucleon po-
sitions. Sampling nucleons capturing the ground-state
correlations of the N3LO Hamiltonian is therefore am-
biguous. We use two methods as a quantification of this
systematic uncertainty. One samples nucleons indepen-
dently (as in [76, 77]), whereas the second divides up
space into four or five regions (see Fig. 1) and samples
exactly two protons and two neutrons from each (see also
SM). Lastly, configurations are rejected if nucleons are
closer than dmin.

Hydrodynamic simulations. We perform event-by-
event hydrodynamic simulations of 20Ne20Ne and 16O16O
collisions by means of the Trajectum framework [44, 78–
80]. The calculations start with configurations of nucle-
ons in the colliding nuclei, taken from either the PGCM
or the NLEFT results.1 Each collision is then assigned to
an impact parameter, participant nucleons are selected,
and energy density is deposited in the transverse plane.
Following a brief pre-equilibrium phase, the system is

1
For all profiles we provide 20k configurations as part of the sub-

mission.

evolved as a relativistic viscous fluid. Hydrodynamic
cooling lasts until the local temperature reaches a critical
value (T ⇠ 154MeV), below which hadronization occurs.
Subsequent strong decays and rescattering of hadrons
are computed by the SMASH code [81–83], leading to
the particle distributions in the final state. These are
analyzed to construct multi-particle correlations follow-
ing the experimental protocols. We define the collision
centrality from the multiplicity of charged particles with
pT � 0.4GeV and |⌘|  2.4, with 0% centrality corre-
sponding to the limit of small impact parameters.
The parameters of the model are chosen probabilisti-

cally by sampling from the posterior distribution inferred
in a Bayesian analysis of 208Pb208Pb collisions, within
the same model [84]. We use twenty di↵erent samples
from the parameter space to quantify the uncertainty on
the results coming from wide parameter variations. This
represents the largest part of the Trajectum systematic
uncertainty, which in addition also takes into account ef-
fects of finite grid spacing (as discussed in the SM).
Our results for pT -integrated observables that char-

acterize the collective flow of hadrons are displayed in
Fig. 2. Our first remark concerns the cancellation of un-
certainties we observe when a relative variation of observ-
ables, e.g. a ratio, is taken between 16O16O and 20Ne20Ne
collisions. The dominant uncertainty on the absolute
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Elliptic flow

➝ Test of the hydrodynamic QGP paradigm for small systems

➝ New observables to test nuclear structure models
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medium-mass nuclei [50–55] and first applications to
208Pb were even recently reported [55, 56]. In this work,
we employ results for the structure of 16O and 20Ne de-
rived within the the framework of Nuclear Lattice E↵ec-
tive Field Theory (NLEFT) simulations and the ab initio
Projected Generator Coordinate Method (PGCM).

The NLEFT framework [57–59] combines the princi-
ples of e↵ective field theory with lattice Monte Carlo
methods, and is well suited to probe clustering and other
collective phenomena in the ground states of nuclei [60].
NLEFT simulations implement a Euclidean time evolu-
tion coupled with auxiliary-field Monte Carlo simulations
to produce ground-state configurations of nucleons for
each realization of the nuclear wave function. The pin-
hole algorithm [60] enables one to keep track of the posi-
tions of the nucleons during the Euclidean time evolution
while preserving the information about their center-of-
mass. The produced nuclear configurations carry, thus,
many-body correlations to all orders as dictated by the
ground state of the Hamiltonian. We employ a mini-
mal pion-less EFT Hamiltonian with a periodic lattice of
eight sites with spacing a = 1.315 fm [61], which success-
fully reproduces measured binding energies and charge
radii for the isotopes under study. For 16O, the pinhole
configurations are taken from Ref. [62], while a new set
is calculated for 20Ne. Due to the larger mass number,
these configurations contain a larger fraction of nuclei
with a non-unique center-of-mass due to the periodic-
ity, as well as a higher number of negative-weight states
[58, 60] than the 16O ones. These issues are addressed in
the evaluation of our uncertainties for the subsequent hy-
drodynamic study (see the Supplemental Material (SM)).
Lastly, we distribute nucleons at each lattice site uni-
formly between �a/2 and a/2 while maintaining a mini-
mum inter-nucleon distance, dmin, to mimic the e↵ect of
short-range repulsion.

The ab initio PGCM formalism [63–68] is also adapted
to describe collective correlations, e.g. quadrupolar and
octupolar deformations that appear in doubly-open-shell
systems such as 20Ne. In particular, it was shown in
Ref. [67] that this method captures experimental data
on the ground-state rotational band and the charge den-
sity of this nucleus, employing a recent N3LO chiral EFT
Hamiltonian [69] which we also use here. We first perform
PGCM calculations exploring simultaneously the triax-
ial quadrupole (�v

20
,�

v
22
) and octupole (�v

30
,�

v
32
) degrees

of freedom to determine average intrinsic deformations
for the correlated ground states of 16O and 20Ne. The
resulting shape parameters align with the results of em-
pirical frameworks such as the energy density functional
approach [70–72] or the antisymmetrized molecular dy-
namics approach [73]. Then, we compute an intrinsic
Hartree-Fock-Bogoliubov state constrained at those av-
erage deformations, and we evaluate the particle-number
projected one-body density of the resulting system. To
quantify the systematic uncertainty on the procedure, the

Figure 1. Point-nucleon densities of 16O and 20Ne obtained
from particle-number-projected Hartree-Fock-Bogoliubov
states with deformations constrained to the predictions of
the ab initio PGCM framework. The background plots show
slices of the densities through the origin. The black dots and
lines show the centers and boundaries of the regions used in
the clustered sampling method (see text and SM for details).

average deformations of the ground states are computed
from pure mean-field states as well as from particle-
number-projected states (more details in the SM). The
results in the latter case are shown in Fig. 1. We note de-
formed geometries with well-separated clusters. In 16O
they form an irregular tetrahedron with two short and
two long edges of 2.30 and 2.55 fm respectively (see [74]
for recent work employing a regular tetrahedron). For
20Ne we observe a characteristic bowling-pin-like 16O+↵.

For the hydrodynamic simulations, the densities in
Fig. 1 are randomly oriented and used to sample either
16 or 20 coordinates of nucleons for each realization of
the nucleus. Unlike the NLEFT simulations, PGCM does
not provide us with correlated samplings of nucleon po-
sitions. Sampling nucleons capturing the ground-state
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the clustered sampling method (see text and SM for details).

average deformations of the ground states are computed
from pure mean-field states as well as from particle-
number-projected states (more details in the SM). The
results in the latter case are shown in Fig. 1. We note de-
formed geometries with well-separated clusters. In 16O
they form an irregular tetrahedron with two short and
two long edges of 2.30 and 2.55 fm respectively (see [74]
for recent work employing a regular tetrahedron). For
20Ne we observe a characteristic bowling-pin-like 16O+↵.

For the hydrodynamic simulations, the densities in
Fig. 1 are randomly oriented and used to sample either
16 or 20 coordinates of nucleons for each realization of
the nucleus. Unlike the NLEFT simulations, PGCM does
not provide us with correlated samplings of nucleon po-
sitions. Sampling nucleons capturing the ground-state

[Calculations by B. Bally]

20Ne16O

○ Nuclear densities (PGCM & NLEFT) ➝ Hydro simulation ➝ Hadronization

[Giacalone et al., 
PRL 2025]

○ Enhanced elliptic flow in Ne collisions vs. O baseline

○ Triggered change in LHC schedule  ➝  20Ne-20Ne run in July 2025!

See talk by 

G. Nijs

our initial arguments that comparing light-ion collision
systems helps reduce errors related to poorly known
features of the high-energy nucleon structure.
Another probe of the bowling-pin shape of 20Ne is the

correlation between the mean squared elliptic flow, v2f2g2,
and the mean transverse momentum, hpTi. It is quantified
via a Pearson coefficient denoted by ρ2 ≡ ρðv2f2g2; hpTiÞ
[87], which reflects the correlation between the shape and
the size of the produced QGP droplets [43,88,89]. Results
for ρ2 are reported in the lower-right panel of Fig. 2. The
suppression of the observable in central 20Neþ 20Ne
collisions relative to 16Oþ 16O, observed for both nuclear
structure inputs, is a generic signature of the elongated
nuclear shape [77,90–93]. The same effect has been
reported in 238Uþ 238U [94] and 129Xeþ 129Xe [95,96]
experiments.
The ρ2 correlator is strongly sensitive to several hydro-

dynamic model parameters, and thus plagued by a large
systematic uncertainty which makes 16Oþ 16O and 20Neþ
20Ne results overlap. Neglecting the triaxiality of these
nuclei, and dubbing β2 the nuclear quadrupole deformation
(where β2;20Ne > β2;16O from spectroscopic data [97], as
well as from the densities shown in Fig. 1), the ρ2
observable roughly follows at a given centrality:
ρ2 ¼ a − bβ32, where a and b are positive coefficients

[94,98,99]. Model studies suggest that both a and b are
nearly independent of the collision system at the same
centrality [77,98]. As a consequence, we expect the differ-
ence ρ2;NeþNe−ρ2;OþO∝

!
β3
2;16O−β3

2;20Ne

"
to isolate the

imprint of the nuclear deformation. This is confirmed in
Fig. 2 (lower-right panel), where the evaluated difference
cancels most of the systematic uncertainties. A comment is
in order. In hydrodynamics, the ρ2 of ultracentral 16Oþ 16O
collisions is about the same as that of peripheral 208Pbþ
208Pb collisions at the same multiplicities [81,100].
Therefore, contrary to the enhancement of v2f2g relative
to 16Oþ 16O systems, which occurs in both central 20Neþ
20Ne and peripheral 208Pbþ 208Pb collisions, the suppres-
sion of ρ2 represents a geometry-driven effect only acces-
sible by colliding 20Ne isotopes.
Four more observables are in Fig. 2, namely, the charged

multiplicity, dNch=dη, the mean transverse momentum,
hpTi, the fluctuations thereof, and the triangular flow,
v3f2g. Significant differences appear between PGCM
and NLEFT for dNch=dη and hpTi in the ratio plots.
These can be understood from the respective nuclear
radii [101]. The NLEFT charge rms radii are 2.76 and
3.17 fm for 16O and 20Ne, respectively, (ratio 1.14), whereas
clustered PGCM has 2.87 and 3.09 fm with ratio 1.08. For
both NLEFTand PGCM we use a Gaussian nucleon charge

FIG. 2. The deformed shape of 20Ne impacts the hydrodynamic flow of its collisions as compared to 16Oþ 16O collisions. Here we
show results for charged particle multiplicity dNch=dη (top left), mean transverse momentum hpTi (top middle), relative fluctuations of
transverse momentum δpT=hpTi (top right), elliptic flow v2f2; jΔηj > 1g (bottom left), triangular flow v3f2; jΔηj > 1g (bottom
middle) and the Pearson correlation coefficient ρðv2f2g2; hpTiÞ (bottom right). In each panel, we show the 16Oþ 16O and 20Neþ 20Ne
results, as well as their ratio, using both PGCM and NLEFTas nuclear structure inputs. For ρðv2f2g2; hpTiÞ a difference is taken instead
of a ratio in the lower panel. We show statistical uncertainties (error bars), the total systematic uncertainty (solid bands) as well as its
components being Trajectum (hatched) and nuclear structure (dotted).
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q Un nouveau Haut Commissaire (placé auprès du 1er ministre) depuis Sept. 2023 
Vincent Berger

q Une nouvelle directrice de la recherche fondamentale depuis Nov. 2023  
Anne-Isabelle Etienvre

q Deux agences de programmes seront coordonnées par le CEA :
     Energies décarbonées et Composants système et infrastructures du numérique

q Recherche à risque : enveloppe de crédits additionnels pour la recherche 
amont/exploratoire sans garanti de succès. Annonces à venir en février 2024.

q Conseil Scientifique du CEA en 2024 : diffusion neutronique avec focalisation 
sur le projet ICONE
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○ First analyses of experimental measurements confirm PGCM predictions!
Anisotropic flow in OO and Ne–Ne ALICE Collaboration
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Figure 3: Ratios v2(Ne–Ne/OO) and v3(Ne–Ne/OO) as a function of centrality in the 0–30% centrality range.
The vertical lines represent statistical uncertainties and the open boxes represent the systematic uncertainties,
while most of them are smaller than the symbol size. The measurements are compared with Trajectum cal-
culations with NLEFT and PGCM inputs [50] as well as IP-Glasma+JIMWLK+MUSIC+UrQMD [84] and
3DGlauber+MUSIC+UrQMD [85] calculations with PGCM input.

based predictions. Notably, both NLEFT- and PGCM-based hydrodynamic calculations slightly overes-
timate the measured v2{2} ratios as seen in Fig. 3. Given the fact that the two systems evolve similarly,
leading to a cancellation of many final-state effects when taking the ratio, this major discrepancy may
originate from the modeling of the immediate post-collision initial state. Specifically, parameters gov-
erning energy deposition, nucleon and subnucleon spatial profiles, and preequilibrium dynamics may
require refinement [58].

To determine whether the observed discrepancies in the system ratio stem from the initial conditions em-
ployed in hydrodynamic calculations or from inaccurate nuclear structure inputs, calculations from both
the IP-Glasma+JIMWLK+MUSIC+UrQMD model [84] and the 3DGlauber+MUSIC+UrQMD frame-
work [85] are presented. Both models utilize nuclear structure inputs from ab initio PGCM [61, 62], iden-
tical to those used in the Trajectum predictions. As shown in Fig. 3, the IP-Glasma-based hydrodynamic
model describes the system ratios very well, capturing both the trend and the magnitude of the measure-
ments. A comparison to the individual flow coefficients can be found in Fig. A.3. The main difference in
the system ratio calculations between the Trajectum and IP-Glasma+JIMWLK+MUSIC+UrQMD mod-
els most likely lies in their description of the initial conditions immediately after the collisions and early-
time dynamics prior to thermalization. The subnucleon width wq, the effective transverse size over which
partons (quarks and gluons) inside a nucleon are distributed, is obtained from Bayesian inference from
Pb–Pb collisions and has a size of wq ⇡ 0.40 fm for the Trajectum model. It is much larger compared to
the IP-Glasma+JIMWLK+MUSIC+UrQMD model, which uses a width of wq ⇡ 0.11 fm inferred from
incoherent J/y production [88, 89] from HERA data [90, 91]. At the same time, a reasonable agree-
ment is also seen between the measurements and the 3DGlauber+MUSIC+UrQMD calculations [85],
which use a wq ⇡ 0.11 fm. The determination of the nucleon and subnucleon width with the Bayesian
parameter estimation framework has so far proved to be challenging [92]. The present measurements

6

0 20 40 60 80
Centrality [%]

0.9

0.95

1

1.05

1.1

1.15

Ra
tio

 N
e+

Ne
 / 

O
+O ATLAS

Ne+Ne 5.36 TeV
O+O 5.36 TeV

 < 5 GeV]
T
p data  [0.5 < {2}sub

2v
 Trento+PGCM initial geometry{2}2ε

 < 3 GeV]
T
p Hydro +   Trento    + PGCM  [0.3 < {2}2v

 < 5 GeV]
T
p Hydro + IPGlasma + PGCM  [0.5 < {2}2v

(a)

0 20 40 60
Centrality [%]

0.9

0.95

1

1.05

1.1

1.15

Ra
tio

 N
e+

Ne
 / 

O
+O ATLAS

Ne+Ne 5.36 TeV
O+O 5.36 TeV

 < 5 GeV]
T
p data    [0.5 < {2}sub

3v
 Trento+PGCM initial geometry{2}3ε

 < 3 GeV]
T
p Hydro +   Trento    + PGCM  [0.3 < {2}3v

 < 5 GeV]
T
p Hydro + IPGlasma + PGCM  [0.5 < {2}3v

(b)

Figure 9: Comparison of the measurements to theory predictions for the ratio of (a) E2{2} and (b) E3{2} between
Ne+Ne and O+O. The E={2} in the data are obtained from the template fit method. The Hydro+Trento+PGCM
theory is taken from Ref. [44] and the Hydro+IPGlasma+PGCM is an extension of Ref. [78]. The ratios are also
shown for the eccentricities, a quantification of the elliptic (Y2) or triangular (Y3) shape of the initial-state energy
density, using the Trento+PGCM model. For the data, the vertical lines and vertical bars indicate statistical and
systematic uncertainties, respectively. The bands for the theory calculations represent combined statistical and
systematic uncertainties.

including JIMWLK evolution [79], to calculate the initial energy densities of the colliding nuclei. These
energy densities are then evolved using viscous relativistic hydrodynamics (MUSIC [80]). Finally, a
hadronic afterburner (UrQMD [81, 82]) is applied to obtain the E=. The centrality is determined with
the charged-particle multiplicity at mid-rapidity. The model is denoted as “Hydro+IPGlasma+PGCM”
in the figure. The calculations overpredict the E2 and E3 in central collisions, but are consistent within
uncertainties with the measurements in more peripheral collisions. These comparisons indicate that the
light-ion measurements can provide additional constraints for tuning existing theory models.

Figure 9 shows comparisons of the measured ratios for E={2} between Ne+Ne and O+O collisions, to two
theory calculations. The first is the Hydro+IPGlasma+PGCM model introduced above. The second model
is described in Ref. [78] and uses PGCM [83] to determine the nuclear configurations of both oxygen
and neon, which are then collided, generating initial-state energy densities with the Trento model [84].
These events are then simulated with the Trajectum hydrodynamic framework [85, 86]. This model is
labeled as “Hydro+Trento+PGCM.” The model uses mid-rapidity multiplicity to determine centrality.
The fluctuations in the model calculations are statistical in nature. The measured E={2} are obtained
from the template-fit method. The event-averaged eccentricity, a quantification of the magnitude of
ellipticity n2 and the triangularity n3, ratios for a particular Trento parameter set [87] are also shown
in Figure 9. The data and Hydro+Trento+PGCM model agree quantitatively, at the edge of the theory
uncertainties, in E2{2} in central collisions. The large enhancement in the E2{2} ratio in the 0–10%
central collisions observed in the hydrodynamic theory calculation is attributed to the elongated shape
of the neon nucleus, leading to an elliptic initial-state, as can be seen in the n2{2} ratio. The qualitative
behavior of the measured E2{2} ratio supports this picture. The Hydro+IPGlasma+PGCM calculation
does not capture this proposed geometrically driven behavior in the 0–10% centrality range. This inability
to capture geometric effects in the latter calculation, is also reflected in the data-theory disagreement in
Figure 8. In both Ne+Ne and O+O collisions, the measured E2 decreases in the most central collisions,
but this trend is not predicted by the model. Because the nuclear structure model PGCM can capture
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Figure 2: Charged particle v2{2}, v3{2}, and v2{4} as a function of centrality in OO (left) and Ne–Ne (right)
collisions at psNN = 5.36 TeV. The vertical lines represent statistical uncertainties, and the open boxes represent
systematic uncertainties, with most of them being smaller than the symbol size. The measurements are compared
with Trajectum calculations with NLEFT and PGCM inputs [50].

different centrality dependence from the initial-state triangular eccentricity e3 calculation, which predicts
larger values in semicentral than in central collisions [80]. This difference between the initial-state ge-
ometric shape and the final-state triangular flow highlights the role of the strong response of the created
system, which is accurately captured by the hydrodynamic predictions. It is noteworthy that when cen-
trality is estimated using particle multiplicity in the midrapidity region (which is used in the Trajectum
calculations), the v2{2} and v3{2} measurements remain unchanged, while a ⇠10% reduction in v2{4}
is observed, leading to a better agreement with hydrodynamic predictions. The consistency between
the presented v2{2}, v3{2}, and v2{4} measurements and hydrodynamic model predictions supports the
emergence of collective behavior in light-ion collisions, well described by a hydrodynamic expansion of
the QGP.

Ratios between two collision systems of comparable size are particularly valuable, as they largely can-
cel out final-state effects and reduce systematic uncertainties for both theoretical model calculations and
experimental measurements [86, 87]. These ratios serve as sensitive probes of the initial-state geometry
and enable rigorous testing of the theoretical understanding of the dynamic evolution in small systems.
The centrality dependence of the system-comparison ratios v2{2}(Ne–Ne/OO) and v3{2}(Ne–Ne/OO) is
presented in Fig. 3. For v2{2}(Ne–Ne/OO), the ratio peaks at around 1.08 in ultracentral collisions and
rapidly decreases to about 1.05 by 10% centrality, after which it exhibits a weak centrality dependence.
Similar centrality dependence is also observed in the ratio of v2{4}(Ne–Ne/OO). This pronounced en-
hancement in central events is attributed to the stronger quadrupole deformation of 20Ne compared to
the tetrahedral 16O [50]. In contrast, v3{2}(Ne–Ne/OO) begins around unity in central collisions and in-
creases gradually with increasing centrality percentile, reaching approximately 1.06 at 10%. The smaller
v3{2} ratio in central collisions could be attributed to the tetrahedral configuration of 16O, which leads
to a larger octupole deformation. This results in a larger triangular eccentricity e3 and consequently, a
smaller v3{2}(Ne–Ne/OO) in the most central collisions.

As shown in Fig. 2, the measurements of the centrality dependence of anisotropic flow favor the NLEFT-
based hydrodynamic calculations. In contrast, the system-comparison ratios are closer to the PGCM-
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Figure 2: Charged particle v2{2}, v3{2}, and v2{4} as a function of centrality in OO (left) and Ne–Ne (right)
collisions at psNN = 5.36 TeV. The vertical lines represent statistical uncertainties, and the open boxes represent
systematic uncertainties, with most of them being smaller than the symbol size. The measurements are compared
with Trajectum calculations with NLEFT and PGCM inputs [50].

different centrality dependence from the initial-state triangular eccentricity e3 calculation, which predicts
larger values in semicentral than in central collisions [80]. This difference between the initial-state ge-
ometric shape and the final-state triangular flow highlights the role of the strong response of the created
system, which is accurately captured by the hydrodynamic predictions. It is noteworthy that when cen-
trality is estimated using particle multiplicity in the midrapidity region (which is used in the Trajectum
calculations), the v2{2} and v3{2} measurements remain unchanged, while a ⇠10% reduction in v2{4}
is observed, leading to a better agreement with hydrodynamic predictions. The consistency between
the presented v2{2}, v3{2}, and v2{4} measurements and hydrodynamic model predictions supports the
emergence of collective behavior in light-ion collisions, well described by a hydrodynamic expansion of
the QGP.

Ratios between two collision systems of comparable size are particularly valuable, as they largely can-
cel out final-state effects and reduce systematic uncertainties for both theoretical model calculations and
experimental measurements [86, 87]. These ratios serve as sensitive probes of the initial-state geometry
and enable rigorous testing of the theoretical understanding of the dynamic evolution in small systems.
The centrality dependence of the system-comparison ratios v2{2}(Ne–Ne/OO) and v3{2}(Ne–Ne/OO) is
presented in Fig. 3. For v2{2}(Ne–Ne/OO), the ratio peaks at around 1.08 in ultracentral collisions and
rapidly decreases to about 1.05 by 10% centrality, after which it exhibits a weak centrality dependence.
Similar centrality dependence is also observed in the ratio of v2{4}(Ne–Ne/OO). This pronounced en-
hancement in central events is attributed to the stronger quadrupole deformation of 20Ne compared to
the tetrahedral 16O [50]. In contrast, v3{2}(Ne–Ne/OO) begins around unity in central collisions and in-
creases gradually with increasing centrality percentile, reaching approximately 1.06 at 10%. The smaller
v3{2} ratio in central collisions could be attributed to the tetrahedral configuration of 16O, which leads
to a larger octupole deformation. This results in a larger triangular eccentricity e3 and consequently, a
smaller v3{2}(Ne–Ne/OO) in the most central collisions.

As shown in Fig. 2, the measurements of the centrality dependence of anisotropic flow favor the NLEFT-
based hydrodynamic calculations. In contrast, the system-comparison ratios are closer to the PGCM-
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Disposition : Titre et contenu

Actus CEA

q Un nouveau Haut Commissaire (placé auprès du 1er ministre) depuis Sept. 2023 
Vincent Berger

q Une nouvelle directrice de la recherche fondamentale depuis Nov. 2023  
Anne-Isabelle Etienvre

q Deux agences de programmes seront coordonnées par le CEA :
     Energies décarbonées et Composants système et infrastructures du numérique

q Recherche à risque : enveloppe de crédits additionnels pour la recherche 
amont/exploratoire sans garanti de succès. Annonces à venir en février 2024.

q Conseil Scientifique du CEA en 2024 : diffusion neutronique avec focalisation 
sur le projet ICONE

4

Perspectives and challenges

○ Current bottleneck on the way to heavy nuclei ➝  rank-reduction of three-nucleon forces

○ Many complementary methods  ➝  BMBPT, SCGF, PGCM(-PT) + CC, (VS-)IMSRG, …

➝ Development of dimensionality-reduction techniques (importance truncation, natural orbitals, tensor factorisation, …)

⦿ Progress in ab initio calculations of (medium/heavy) open-shell nuclei

○ Symmetry breaking & restoration proves effective in capturing strong static correlations

⦿ Challenges

○ High computational costs

➝ Development of emulators

○ Thorough assessment of many-body uncertainties

⦿ INT 26-1 challenges

○ Failures: is it the many-body method or the Hamiltonian? Or both?  ➝  Less evident than in light or closed-shell nuclei

○ Open-shell observables in fitting procedure? In importance resampling?

○ How to develop reliable emulators for open-shell, possibly heavy systems?


