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Jet Angularities
• Angularities are a class of jet substructure observables that characterize the angular and momentum  
distribution of partons inside a jet through a continuous free parameter  a

• In              collisions, the jet angularity is defined as 

• Special cases
Thrust: (a = 0)

Broadening: (a = 1)

• Varying the exponent ‘ ’ changes the sensitivity of the observable to collinear and soft radiation in the 
jet. 

a

• For , the observable weighs collinear radiation more strongly while for  close to , the effect of soft 
radiation to the measured value of the observable cannot be ignored. 
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Soft Collinear Effective Theory
• SCET describes the interactions of soft and collinear degrees of freedom

Collinear → Inhomogeneous momenta Q(1,λ2, λ)→
Soft → homogeneous momenta Q(λ, λ, λ)→

Hard scaleQ →
Power counting parameterλ →

ℒ(ξn, ξn̄, An, An̄, As) = ℒn(ξn, An) + ℒn̄(ξn̄, An̄) + ℒs(As)

χn(x) = U†
n(x)ξn(x) ℬμ

n,⊥(x) = 1
g

U†
n(x)iDμ

n,⊥Un(x) Gauge invariant fields

ps ∼ Q(λ2−a, λ2−a, λ2−a)

• Scaling with angularity exponent

λ ∼ τ
1

2 − a
apn ∼ Q(λ2,1,λ)

• For the case          of angularities, this soft mode always scales smaller than a < 1 λ
p2

s ≪ p2
c =>

SCETI



Factorization Theorem for Angularities
• For  angularities  and , the factorized differential distribution isa < 1 τ

1
2 − a
a ≪ R

dσpp→( jet τa)X

dτa dpT dη
= 2pT

s ∑
abc

∑
i

∫
1

xmina

dxa

xa
fa(xa, μ)∫

1

xmin
b

dxb

xb
fb(xb, μ)∫

1

zmin

dz
z2 Hc

ab(xa, xb, ̂s, ̂η, pT /z, μ) ℋc→i(z, pT R, μ)J(τc
a, pT, μ) ⊗ S(τs

a, pT, R, μ)

Hard function Observable independent →

xmin
a = W xmin

b = 1 − V
1 − VW/xa

zmin = 1 − V
xb

+ VW
xa
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μH ∼ pT

μℋ ∼ pTR

μJ ∼ pT(τa)
1

(2 − a)

μS ∼ pTτa

R1−a

Hard function
• For  : we compute all processes up-to next-to-leading-order.Hc

ab

•   satisfies a DGLAP-type evolution equationℋc→i

μ
d

dμ
ℋc→i(z, pTR, μ) = ∑

k
∫

1

z

dz′ 

z′ 

γck( z
z′ 

, pTR, μ)ℋk→i(z′ , pTR, μ)
Hc

ab

ℋc→i

Ji
Sifor 2 = 9 : far C = G

-
2

C
: 99-> 9X Hab: 89- 59X

Hab 99 -> 9/9X 98 + qX Hard matching func tion

ag- 9/9X 99 - qX
encodes radiation at

99 ->9X 99-9x virtuality PTR .



Angularity jet function

• Jet function is related to spin averaged QCD splitting function with appropriate 
phase factors 

Ji(…) = ( μ2 eγE

4π )
ϵ

2g2
s ∑

i1i2…in
∫

m

∏
n=1

ddkn

(2π)d−1 Pi→i1i2…in δ(…)δ(k2
n)

δ(τa − ̂τa) ̂τa = pa−2
T k2−a

⊥ (xa−1 + (1 − x)a−1)

Pi→jk(x, k⊥) = 1
k2⊥

Pi→jk(x)

• Measurement function is angularity

→ Vacuum splitting functions 

J(τa, pT, μ) = δ(τa) + αs(μ)
π � (2 − a) �

δ(τa)f1 + [ 1
τa ]

+

f2 + [ ln τa

τa ]
+

f3

• Vacuum jet function
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Angularity soft function

• Soft function   Sg( . . . ) = 1
N2 − 1 ⟨0 � Ȳnδ( . . . )Yn̄ � X⟩⟨X � Ȳn̄Yn � 0⟩

μ
d

dμ
Jvac

i (τa, pT, R, μ) = ∫ dτ′ a γJi
(τa − τ′ a, pT, R, μ) Jvac

i (τ′ a, pT, R, μ)

• RGE for vacuum jet function

Θalg ≡ Θ(ωx (1 − x)tan R
2 − k⊥)

• Jet algorithm function

μ
d

dμ
Svac

i (τa, pT, R, μ) = ∫ dτ′ a γSi
(τa − τ′ a, pT, R, μ) Svac

i (τ′ a, pT, R, μ)

• RGE for soft function

5 = ra)(2b, en()
- Fa[taht]
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• As  , non-perturbative effects become relevant  incorporate through a shape functionμS ∼ ΛQCD →

Non-perturbative effects via Shape function

SNP(k) = 4k
Ω2a

exp(−2k/Ωa) with Ωa = Ω0
1 − a

dσ
dpTdτ

= ∫ dσpert

dpTdτ
(τ − τshift(k))SNP(k)dk

• The final angularity cross-section is then

τshift(k) = k
pTR

•            can be universally obtained by a global fitΩ0 w/o Sahpe function

with Shape function
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Resummed Distributions for pp-collisions

• Bands are obtained by varying       from pT − 2pTμ

R = 0.4 80 < pT < 100 Ω0 = 0.35 GeV

2 107 . 11303



Soft Collinear Effective Theory with Glaubers

• Scaling of the Glaubers depends on the source that emits these modes

• Glauber Lagrangian in addition to SCET Lagrangian

pG ∼ Q(λ̃2, λ̃2, λ̃) pS ∼ Q(1,1,λ̃)

pG ∼ Q(λ̃, λ̃2, λ̃) pS ∼ Q(λ̃, λ̃, λ̃)

pS ∼ Q(λ̃2,1,λ̃)
λ̃ ∼ T

Q

ℒG(χn, ℬn, η) = ∑
q,p,p′ 

e−i(q+p−p′ )⋅x( 1
2 χ̄n,p′ 

Γν,aqqGγμn̄μχn,p − iΓνμλ,abc
ggG (ℬc

n,p′ 
)λ(ℬb

n,p)ν)η̄Γδ,a
s ηΔνδ(q)

• Glaubers are off-shell modes

x
dNq→q g

dxd2k⊥
= α̃∫

L̄

0

dΔz
λ

d2q⊥
1
σ

dσ
d2q⊥

2k⊥ ⋅ q⊥
k2⊥(q⊥ − k⊥)2 [1 − cos( (q⊥ − k⊥)2Δz

x ω )]

• To see the LPM effect, we require minimum two scattering sources. To leading order, in the small x-limit

with τf = x ω
(q⊥ − k⊥)2
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Medium modified jet function

Jmed
i (τa, pT, μ) = ∫ dΦc

2 σc
2δ(τa − p2−a

T {xa−1k2−a
⊥ + (1 − x)a−1q2−a

⊥ })

• Medium modification to the jet function are incorporated via splitting functions

dΦc
2 = 2(2π)3−2ϵ(2EJ)∫ ddk

(2π)d−1 δ(k2)θ(k0)∫ ddq
(2π)d−1 δ(q2)θ(q0)δ(2EJ − k+ − q+)δd−2(k⊥ + q⊥)

Jmed
i (τa, pT, μ) = αs

π � 2 − a �
μ2ϵeϵγE

Γ(1 − ϵ)
1

τ
2ϵ − a
2 − aa

∑
j,k

∫ dx (xa−1 + (1 − x)a−1)
2ϵ − 2
2 − a Pmed

i→jk (x, pTτ 1
2 − a

(xa−1 + (1 − x)a−1) 1
2 − a )

• No new divergence in               limitϵ → 0

• Explicit divergence in a → 2   limit 
σc

2 = ∑
j,k ( μ2 eγE

4π )
ϵ

2g2
s Pmed

i→jk(x, k⊥)



Ji(τa, pT, R, μ) = Jmed
i (τa, pT, R, μ) + Jvac

i (τa, pT, R, μ)
• Total jet function

• Jet energy loss 

ϵg = 2π(∫
1
2

0
dx x + ∫

1

1
2

dx (1 − x))∫
2pT x(1−x)tan R0

2

2pT x(1−x)tan R
2

dk⊥ k⊥ [Pmed
g→gg(x, k⊥) + 2Nf Pmed

g→qq̄(x, k⊥)]
• Medium parameters are averaged quantities

Parameter
b (fm) 3.34 7.01

L (fm) 4.96     1.22 3.56     0.99

T0 (MeV) 456 437

T (MeV) 308     84 248     128

0 − 10 % 10 − 30 %

±

±

±

±

± ±
L(b) =

∫ d2r l(b, r, θ) P(b, r, θ)
∫ d2r P(b, r, θ)

Medium modifications



Results
• pp vs AA distributions

Normalised differential distributions in PbPb (central) and pp for , jet parameters  and (a) , (b) . 
The theoretical error bands correspond to variation in  from  to  .

a = 0 40 < pT < 60 R = 0.2 R = 0.4
μ pT 2pT



Results
• pp vs AA distributions

Normalised angularity distributions for  with (a) ,  centrality and (b) ,  
centrality, for a jet with 

a = 0 80 < pT < 100 0 − 10 % 40 < pT < 60 10 − 30 %
R = 0.4



Results

• Initial state energy loss is not included

• For both the figures                       and centrality is 0-10%.40 < pT < 60



Groomed angularities
• Less sensitive to soft radiation

dσ
dη dpT dτa

= ∑
ijk

∫
dxi

xi
fi(xi, μ)∫

dxj

xj
fj(xj, μ)∫ dz

z
Hijk(xi, xj, η, pT /z, μ)Gk(z, τa, pTR, zcut, β, μ)

• Factorization

Gi(z, τa, pTR, zcut, β, μ) = Ji(z, pTR, μ)δ(τa) + δ(1 − z)ΔGi(z, τa, pTR, zcut, β, αs(μ))

• Measurement function

ΔGi(z, τa, pTR, zcut, β, αs(μ)) = ∫ dΦ2 σc
2,i Θ(ωx(1 − x)tan R

2 − k⊥)[θ1δ (τa − pa−2
T k2−a

⊥ (xa−1 + (1 − x)a−1)) + . . ]

θ1 = Θ(x > zcut( ΔR
R )β)Θ(1 − x > zcut( ΔR

R )β)

2007 . 1218]



Semi-inclusive jet function
• Scales in the problem 

pTR

pT

ΛQCD

Jet energy→
Jet Virtuality→
Non-perturbative→

λ ∼ R

λ̃ ∼ T
Q

Pc ∼ pT(1,λ2, λ)
PM ∼ (T, T, T )

• For a virtual photon probing the nuclear medium 

x = Q2

2P ⋅ q
xHIC ∼ (pTR)2

2pTT

• Two regimes for x
x < < 1 x ∼ 1

T ∼ pTR2T ≫ pTR2

PM ∼ pT(R2, R2, R2)PM ∼ pT(λ̃, λ̃, λ̃)

SCET1Glauber
Pc ∼ pT(λ, λ2, λ)

PT R
-

Medium
Perturbative

Tw10 .5-1]heV

Sax 3



Factorization 

• Cross-section

Σ = limt−>∞Tr[eiHtρ(0)e−iHtℳ] ρ(0) = � e+e−⟩⟨e+e− � ⊗ ρM(0)

H = Hn + Hus + Hintθ(τ − t) + CLμJμ

• Total Hamiltonian

Σ = � C �2 Lμν ∫ dω−Hμν
e+e−→qlimt→∞ ∫ d4sd4re−iωrTr[e−iHHSETt( χ̄n,IY†

n)(0,s)ρM(0) n̄
2 (Yn χn,I)(r + s)eiHHSETtθalg]

• SCET1 subleading operators 

ℒ(1) = gχ̄nℬus(n) ⋅ P⊥
n̄
𝒫̄

χn − 2g[Pμ
⊥ℬ⊥

n ][ℬ⊥
nν, ℬ⊥

usμ] ℒ(2) = χ̄n(taγμ
⊥

1
P̄

tbγν
⊥) n̄

2 χnℬaμ
us(n)ℬ

bν
us(n)

ℬμ
us = [ 1

in ⋅ ∂us
inνGbνμ

us 𝒴b
n] At leading order

contribution

comes from Wilson lines.
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• Factorization at 𝒪(H2
int)

Σ2
R = V � C �2 Lμν ∫ dω−Hμν

e+e−→q ∫ dr+ ∫ d2r⊥e−iω−r+ ∫ d4ud4vJ(2)
μν (u, v)Uμν(u, v)

Uμν(u, v) = ⟨Xs � T[e−i ∫ dtlHint
us (tl)gℬ⊥,μ

us(n),I(u
− + v−, v+, v⊥)]ρM(0)T̄[e−i ∫ dtrHint

us (tr)gℬ⊥,ν
us(n),I(u

− − v−, v+, v⊥)] � Xs⟩

J(2)
R (u, v) = Tr[T{(χ̄nPμ⊥

n̄
P̄

χn)(v − u)χ̄n(s)} n̄
2 T̄{(χ̄nPν⊥

n̄
P̄

χn)(v + u)χn(r+ + s+, s−, s⊥ + r⊥)θalg}]

Factorization 

• Factorization at 𝒪(H0
int) reproduces the vacuum one

Σ = V � C �2 Lμν ∫ dω−Hμν
e+e−→q ∫ dr+ ∫ d2r⊥e−iω−r+Tr[χ̄n,I(0) n̄

2 χn,I(r+, r⊥)θalg]/

↑ A

/ / /

order by order factorization



Diagrams 
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Summary and outlook

• Jet angularities allow to study a class of substructure observables with sensitivity to collinear emissions 
controlled by a continuous parameter, .a

• Jet-medium interactions modelled through off-shell Glauber gluons generated by color gauge fields of 
the medium.

• For , all medium modifications consistently incorporated in the medium modified jet function 
through the medium splittings.

a < 1

• For a cleaner understanding of medium effects on the jet core, one needs to look at groomed 
angularities  less sensitive to hadronization and jet selection effects            →


