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The gluon structure of the proton

Phiala Shanahan, MIT

MIT Bag Model

gluon radius > charge radius

Constituent 
Quark Model

gluon radius ~ charge radius

Lattice QCD with 
heavy quarks

gluon radius < charge radius

How does the gluon radius of a proton 
compare to the quark/charge radius?
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Beyond 3D Structure

Multidimensional Imaging  
of Confined Motion!

Generalized TMDs

• Graphical representation of GTMD correlator for quarks; kinematics in symmetric frame
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• GTMD correlator: definition through traces (can appear in observables)

W
q [�] =

Z
dz

�
d
2
~z?

2 (2⇡)3
e
ik · z hp0 |  ̄q(�z

2)�WTMD[�z

2,
z

2] 
q(z2) | pi

���
z
+
=0

– W
q [�] parameterized through GTMDs Xq(x, ⇠,~k?, ~�?)

x =
k
+

P
+ ⇠ =

p
+ � p

0+

p
+ + p

0+ = �
�+

2P+
~k? ~�? = ~p

0
? � ~p?

– two auxiliary scales (for which evolution equations exist) omitted

– issue of light-cone singularities in definition of GTMDs can be dealt with
(Echevarria, Idilbi, Kanazawa, Lorcé, Kanazawa, Metz, Pasquini, Schlegel, 1602.06953)

proton

quark

�
d2kT

�
d2kT

�
d2kT

�
d2b�

T

�
d2b�

T

f(x, kT )f(x, bT ) f(x, b�
T )

W (x, kT , b�
T )

H(x, kT , �,�T )H(x, kT , �, b�
T )

H(x, �, b�
T ) H(x, �, �2

T )

kT

�T

x =
k+

P+

� = � �+

2P+

Fn(b�
T ) Fn(�2

T )

Quark TMDs

�[�+]
q h(x, b) = f1(x, b) + i✏µ⌫T bµs⌫Mf?1 (x, b)
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• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum

Three-dimensional partonic structure 
of the proton

longitudinal

TMD

+ transverse 

+ impact parameter
GPD
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Community overview: 
Constantinou et al., 
“2020 PDFLattice Report” 
arXiv:2006.08636
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Partonic structure of the proton



•Discretise QCD onto 4D space-time lattice 

•Approximate QCD path integral using 
Monte-Carlo methods and importance 
sampling 

•Run on supercomputers and dedicated 
clusters 

•Take limit of vanishing discretisation, 
infinite volume, physical quark masses

Lattice QCD
Numerical first-principles approach to  

non-perturbative QCD

Phiala Shanahan, MIT4



Numerical first-principles approach to  
non-perturbative QCD

Lattice QCD action has same free 
parameters as QCD: quark masses,  

• Fix quark masses by matching to 
measured hadron masses, e.g., 

 for  

• One experimental input to fix lattice 
spacing in GeV (and also  ), e.g.,                                   

 splitting in , or  or  mass

αS

π, K, Ds, Bs u, d, s, c, b

αS
2S − 1S Υ fπ Ω

Lattice QCD

5

Calculations of all other 
quantities are QCD 
predictions

Phiala Shanahan, MIT

INPUT OUTPUT



L3 ⇥ T ⇡ 323 ⇥ 64Differences between calculations 

•Uncertainties on a single “ensemble” 

• Data volume (statistical sampling) 

• Fitting methodology (e.g., treatment of  
“excited-state contamination”) 

• Renormalisation procedure  
(i.e., matching from lattice quantities to ) 

•Uncertainties of result “extrapolated to physical point” 

• Continuum extrapolation: range of lattice spacings 

• Infinite-volume extrapolation: range of volumes 

• Tuning of the bare quark masses: values of pion, kaon 
masses, extrapolation/interpolation thereof, isospin-
breaking, …

MS

Uncertainties in lattice QCD

Phiala Shanahan, MIT

Lattice QCD - systematics and limitations

Finite lattice spacing a

discretisation artifacts

Continuum extrapolation

Finite box size L

) momentum quantized, finite-volume e↵ects

Finite-volume corrections

Large pion mass m⇡
Chiral extrapolation

BUT: Can map out m�-dependence of observables

Omitted disconnected loops
BUT: can separate ‘valence’ and ‘sea’ contributions

Discuss this later . . .
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Phiala Shanahan, MIT

Understanding the quark and gluon 
structure of matter

PDF

Midterm Review, Part Part II: Theory - I. Stewart �6

Beyond 3D Structure

Multidimensional Imaging  
of Confined Motion!

Generalized TMDs

• Graphical representation of GTMD correlator for quarks; kinematics in symmetric frame

P =
p + p

0

2
� = p

0 � p

• GTMD correlator: definition through traces (can appear in observables)

W
q [�] =

Z
dz

�
d
2
~z?

2 (2⇡)3
e
ik · z hp0 |  ̄q(�z

2)�WTMD[�z

2,
z

2] 
q(z2) | pi

���
z
+
=0

– W
q [�] parameterized through GTMDs Xq(x, ⇠,~k?, ~�?)

x =
k
+

P
+ ⇠ =

p
+ � p

0+

p
+ + p

0+ = �
�+

2P+
~k? ~�? = ~p

0
? � ~p?

– two auxiliary scales (for which evolution equations exist) omitted

– issue of light-cone singularities in definition of GTMDs can be dealt with
(Echevarria, Idilbi, Kanazawa, Lorcé, Kanazawa, Metz, Pasquini, Schlegel, 1602.06953)

proton

quark

�
d2kT

�
d2kT

�
d2kT

�
d2b�

T

�
d2b�

T

f(x, kT )f(x, bT ) f(x, b�
T )

W (x, kT , b�
T )

H(x, kT , �,�T )H(x, kT , �, b�
T )

H(x, �, b�
T ) H(x, �, �2

T )

kT

�T

x =
k+

P+

� = � �+

2P+

Fn(b�
T ) Fn(�2

T )

Quark TMDs

�[�+]
q h(x, b) = f1(x, b) + i✏µ⌫T bµs⌫Mf?1 (x, b)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

b? ⇠ 1
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• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum

Three-dimensional partonic structure 
of the proton

longitudinal

TMD

+ transverse 

+ impact parameter
GPD

fq/H(x)
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Fourier 
transform
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e.g., Gravitational form factors 

• Encode “graviton scattering” from the nucleon 

• Related to leading-twist chiral-even GPDs

Phiala Shanahan, MIT
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The distributions of pressure and shear forces inside the proton are investigated using Lattice

Quantum Chromodynamics (LQCD) calculations of the energy momentum tensor, allowing the

first model-independent determination of these aspects of proton structure. This is achieved by

combining recent LQCD results for the gluon contributions to the energy momentum tensor with

earlier calculations of the quark contributions. The utility of LQCD calculations in exploring, and

supplementing, the assumptions in the recent extraction of the pressure distribution in the proton

from deeply virtual Compton scattering in Ref. [1] is also discussed. Based on this study, the target

kinematics for experiments aiming to determine the pressure and shear distributions with greater

precision at a future Electron Ion Collider are defined.

Many of the most fundamental aspects of hadron
structure are encoded in form factors that describe the
hadron’s interactions with the electromagnetic, weak,
and gravitational forces. In the forward limit, the elec-
tromagnetic form factors reduce to properties such as the
electric charge and magnetic moment of a hadron, weak
form factors to the axial charge and induced pseudoscalar
coupling, while the gravitational form factors describe
the hadron’s mass, spin, and D-term. Unlike the mass,
spin and electromagnetic and weak form factors of the
proton, which are well-known, the quark D-term form
factor, Dq(t) (where t is the squared momentum trans-
fer), has only recently been measured for the first time [1],
while the gluon term Dg(t) has never been measured.
These functions, which parameterise the spatial-spatial
components of the energy momentum tensor (EMT), de-
scribe the internal dynamics of the system through the
pressure and shear distributions inside the proton [2].
While the quark and gluon contributions to the pressure
are not individually well-defined because they depend on
the non-conserved components of the EMT and are scale-
and scheme-dependent, the sum of all quark and gluon
contributions to the pressure is a measurable quantity
and, as such, is of fundamental interest as one of the few
remaining aspects of proton structure about which very
little is known.

Recently, the pressure distribution in the proton was
extracted for the first time from deeply virtual Compton
scattering (DVCS) experiments at the Thomas Je↵erson
National Accelerator Facility (JLab) [1] over a limited
kinematic range. The result is remarkable; it indicates
that the internal pressure in a proton is approximately
1035 pascals, exceeding the estimated pressure in the in-
terior of a neutron star. However, since DVCS is almost
insensitive to gluons, this determination necessarily re-
lies on several assumptions about the gluon contributions
that are important to investigate. In particular, the anal-
ysis presented in Ref. [1] (referred to henceforth as BEG)
assumes that Dg(t) = Dq(t) as there is no information
on the gluon D-term from experiment. Since DVCS ac-
cesses the charge-squared weighted combination of quark
flavours, BEG also necessarily assumes that the isovec-

tor quark contributions to the Dq(t) form factor vanish,
i.e., Du(t) = Dd(t). Additionally, the calculation of the
pressure distribution from the isoscalar D-term form fac-
tor involves an integral over all t (see Eq. (4), below)
and thus requires an assumption of a functional form for
the t-dependence of the form factor. The tripole form
assumed for Dq(t) in BEG introduces significant model-
dependence.

In this letter, the first determination of the QCD
pressure distribution inside the proton is presented
based on lattice Quantum Chromodynamics (LQCD)
studies at larger-than-physical values of the light quark
masses. The utility of LQCD calculations in augmenting
the experimental extraction of the pressure in BEG
is also explored. While the calculations provide some
support to the assumptions made in the pioneering
work of BEG, they also indicate deficiencies that must
be remedied before a completely model-independent
determination of the pressure and shear distributions is
possible from experiment. Based on these studies, the
kinematics of future experiments at the EIC or other
facilities that will be needed to achieve this are discussed.

The EMT and D-term form factors: The pres-
sure and shear distributions in the proton are constructed
from the D-term form factors Dq,g(t), which are defined
from the nucleon matrix elements of the traceless, sym-
metric energy-momentum tensor. Precisely, the matrix
elements of the gluon component of the EMT,

hp0, s0|Ga
↵{µG

a↵
⌫} |p, si = ū0Fµ⌫ [Ag, Bg, Dg]u (1)

= ū0
h
Ag �{µP⌫} +Bg

i P{µ�⌫}⇢�
⇢

2MN
+Dg

�{µ�⌫}

4MN

i
u ,

depend on three generalised form factors (GFFs), Ag(t),
Bg(t) and Dg(t), that are functions of the momentum
transfer t = �2 with �µ = p0µ � pµ. In Eq. (1), Ga

µ⌫
is the gluon field strength tensor, braces denote sym-
metrisation and trace-subtraction of the enclosed indices,
Pµ = (pµ+ p0µ)/2, the spinors are expressed as u = us(p)
and u0 = us0(p0), and MN is the proton mass. An exactly
analogous decomposition exists for matrix elements of the
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where (again, following the conventions of Ref. [5])

Fµ⌫ [Ag, Bg, Dg] = Ag(t) �{µP⌫} +Bg(t)
i P{µ�⌫}⇢�

⇢

2MN
+Dg(t)

�{µ�⌫}

4MN
. (5)

An exactly analogous decomposition exists for matrix elements of the quark contribution of flavour q to the traceless
part of the EMT:

hp0, s0| q�{µi
$

D⌫} q|p, si = Ū(p0, s0)Fµ⌫ [Aq, Bq, Dq]U(p, s). (6)

For each q = {u, d, . . . }, the GFFs are related to the lowest Mellin moments of the relevant unpolarised GPDs defined
in Eq. (1):

Z
1

�1

dx xHq(x, ⇠, t) = Aq(t) + ⇠2Dq(t) ,

Z
1

�1

dx xEq(x, ⇠, t) = Bq(t)� ⇠2Dq(t) , (7)

and similarly the gluon GFFs are related to the GPDs defined in Eq. (2):
Z

1

0

dx Hg(x, ⇠, t) = Ag(t) + ⇠2Dg(t) ,

Z
1

0

dx Eg(x, ⇠, t) = Bg(t)� ⇠2Dg(t) . (8)

Since the quark and gluon pieces of the EMT are not separately conserved, the individual form factors Aa(t), Ba(t)
and Da(t) are scale- and scheme-dependent, although the total form factors A(t), B(t), D(t), where X(t) ⌘

P
a Xa(t)

with a = {u, d, . . . , g}, are renormalisation-scale invariant. The GFFs Aa(t) encode the distribution of the nucleon’s
momentum among its constituents (and momentum conservation implies A(0) = 1), while the angular momentum
distributions are described by Ja(t) = 1

2
(Aa(t) + Ba(t)) (and total spin constrains J(0) = 1

2
). The Da(t) terms

encode the shear forces acting on the quarks and gluons in the nucleon while their sum D(t) determines the pressure
distribution [7–9].

B. Pion

The spin-independent pion GPDs are defined by pion matrix elements of the lowest-twist light-ray quark and gluon
operators:
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for q = {u, d, . . .}, and
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2
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�
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b↵ (

�

2
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g (x, ⇠, t) + . . . , (10)

where the notation is as in Eqs. (1) and (2). A covariant normalisation of pion states has been used: hp0| pi =
2p0 (2⇡)3�(3)(p0

� p). The lowest moments of these GPDs are related to the pion matrix elements of the quark and

gluon pieces of the traceless EMT, which are described by two scalar GFFs for each flavour a, labelled A(⇡)
a (t) and

D(⇡)
a (t). Precisely,

hp 0
|Ga
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a↵
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(⇡)
g (t) +

1

2
�{µ�⌫} D

(⇡)
g (t) ⌘ Kµ⌫ [A

(⇡)
g , D(⇡)

g ] , (11)

and similarly for the quark operators,

hp 0
| q�{µi

$

D⌫} q|pi = Kµ⌫ [A
(⇡)
q , D(⇡)

q ] . (12)

Just as for the nucleon, the GFFs which describe pion matrix elements of the EMT correspond to the quark and
gluon gravitational form factors of the pion, and can be expressed as Mellin moments of the pion GPDs:

Z
1

�1

dx xH(⇡)
q (x, ⇠, t) = A(⇡)

q (t) + ⇠2D(⇡)
q (t) ,

Z
1

0

dxH(⇡)
g (x, ⇠, t) = A(⇡)

g (t) + ⇠2D(⇡)
g (t) . (13)

The forward limit A(⇡)
a (0) encodes the light-cone momentum fraction of the pion carried by parton a. The GFFs

D(⇡)
a (t) are related to the pressure and shear distributions in the pion [7–9].

Gluon gravitational form factors

Generalised form factors encode moments of Generalised Parton 
Distribution functions (GPDs)
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• Gravitational form factors describe matrix elements of Energy-
Momentum Tensor 
e.g., traceless gluon EMT for nucleon: 

•  

• Sum rules of gluon and quark GFFs in forward limit

• Momentum fraction.                   

• Spin                             

• D-terms  less known but equally fundamental! 

•  GFFs encodes pressure and shear distributions

Aa(0) = ⟨x⟩a ∑a=q,g Aa(0) = 1
Ja(t) = 1

2 (Aa(t) + Ba(t)) ∑a=q,g Ja(0) = 1
2

Da(0)

Da(t)

Phiala Shanahan, MIT

Gravitational FFs encode EMT
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The distributions of pressure and shear forces inside the proton are investigated using Lattice

Quantum Chromodynamics (LQCD) calculations of the energy momentum tensor, allowing the

first model-independent determination of these aspects of proton structure. This is achieved by

combining recent LQCD results for the gluon contributions to the energy momentum tensor with

earlier calculations of the quark contributions. The utility of LQCD calculations in exploring, and

supplementing, the assumptions in the recent extraction of the pressure distribution in the proton

from deeply virtual Compton scattering in Ref. [1] is also discussed. Based on this study, the target

kinematics for experiments aiming to determine the pressure and shear distributions with greater

precision at a future Electron Ion Collider are defined.

Many of the most fundamental aspects of hadron
structure are encoded in form factors that describe the
hadron’s interactions with the electromagnetic, weak,
and gravitational forces. In the forward limit, the elec-
tromagnetic form factors reduce to properties such as the
electric charge and magnetic moment of a hadron, weak
form factors to the axial charge and induced pseudoscalar
coupling, while the gravitational form factors describe
the hadron’s mass, spin, and D-term. Unlike the mass,
spin and electromagnetic and weak form factors of the
proton, which are well-known, the quark D-term form
factor, Dq(t) (where t is the squared momentum trans-
fer), has only recently been measured for the first time [1],
while the gluon term Dg(t) has never been measured.
These functions, which parameterise the spatial-spatial
components of the energy momentum tensor (EMT), de-
scribe the internal dynamics of the system through the
pressure and shear distributions inside the proton [2].
While the quark and gluon contributions to the pressure
are not individually well-defined because they depend on
the non-conserved components of the EMT and are scale-
and scheme-dependent, the sum of all quark and gluon
contributions to the pressure is a measurable quantity
and, as such, is of fundamental interest as one of the few
remaining aspects of proton structure about which very
little is known.

Recently, the pressure distribution in the proton was
extracted for the first time from deeply virtual Compton
scattering (DVCS) experiments at the Thomas Je↵erson
National Accelerator Facility (JLab) [1] over a limited
kinematic range. The result is remarkable; it indicates
that the internal pressure in a proton is approximately
1035 pascals, exceeding the estimated pressure in the in-
terior of a neutron star. However, since DVCS is almost
insensitive to gluons, this determination necessarily re-
lies on several assumptions about the gluon contributions
that are important to investigate. In particular, the anal-
ysis presented in Ref. [1] (referred to henceforth as BEG)
assumes that Dg(t) = Dq(t) as there is no information
on the gluon D-term from experiment. Since DVCS ac-
cesses the charge-squared weighted combination of quark
flavours, BEG also necessarily assumes that the isovec-

tor quark contributions to the Dq(t) form factor vanish,
i.e., Du(t) = Dd(t). Additionally, the calculation of the
pressure distribution from the isoscalar D-term form fac-
tor involves an integral over all t (see Eq. (4), below)
and thus requires an assumption of a functional form for
the t-dependence of the form factor. The tripole form
assumed for Dq(t) in BEG introduces significant model-
dependence.

In this letter, the first determination of the QCD
pressure distribution inside the proton is presented
based on lattice Quantum Chromodynamics (LQCD)
studies at larger-than-physical values of the light quark
masses. The utility of LQCD calculations in augmenting
the experimental extraction of the pressure in BEG
is also explored. While the calculations provide some
support to the assumptions made in the pioneering
work of BEG, they also indicate deficiencies that must
be remedied before a completely model-independent
determination of the pressure and shear distributions is
possible from experiment. Based on these studies, the
kinematics of future experiments at the EIC or other
facilities that will be needed to achieve this are discussed.

The EMT and D-term form factors: The pres-
sure and shear distributions in the proton are constructed
from the D-term form factors Dq,g(t), which are defined
from the nucleon matrix elements of the traceless, sym-
metric energy-momentum tensor. Precisely, the matrix
elements of the gluon component of the EMT,

hp0, s0|Ga
↵{µG

a↵
⌫} |p, si = ū0Fµ⌫ [Ag, Bg, Dg]u (1)

= ū0
h
Ag �{µP⌫} +Bg

i P{µ�⌫}⇢�
⇢

2MN
+Dg

�{µ�⌫}

4MN

i
u ,

depend on three generalised form factors (GFFs), Ag(t),
Bg(t) and Dg(t), that are functions of the momentum
transfer t = �2 with �µ = p0µ � pµ. In Eq. (1), Ga

µ⌫
is the gluon field strength tensor, braces denote sym-
metrisation and trace-subtraction of the enclosed indices,
Pµ = (pµ+ p0µ)/2, the spinors are expressed as u = us(p)
and u0 = us0(p0), and MN is the proton mass. An exactly
analogous decomposition exists for matrix elements of the
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tor involves an integral over all t (see Eq. (4), below)
and thus requires an assumption of a functional form for
the t-dependence of the form factor. The tripole form
assumed for Dq(t) in BEG introduces significant model-
dependence.

In this letter, the first determination of the QCD
pressure distribution inside the proton is presented
based on lattice Quantum Chromodynamics (LQCD)
studies at larger-than-physical values of the light quark
masses. The utility of LQCD calculations in augmenting
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is also explored. While the calculations provide some
support to the assumptions made in the pioneering
work of BEG, they also indicate deficiencies that must
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possible from experiment. Based on these studies, the
kinematics of future experiments at the EIC or other
facilities that will be needed to achieve this are discussed.

The EMT and D-term form factors: The pres-
sure and shear distributions in the proton are constructed
from the D-term form factors Dq,g(t), which are defined
from the nucleon matrix elements of the traceless, sym-
metric energy-momentum tensor. Precisely, the matrix
elements of the gluon component of the EMT,

hp0, s0|Ga
↵{µG

a↵
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Experimental determination of DVCS D-term 
and extraction of proton pressure distribution 
[Burkert, Elouadrhiri, Girod, Nature 557, 396 (2018)]  

• Peak pressure near centre ~1035 Pascal, 
greater than pressure estimated for neutron stars 

• Key assumptions: gluon D-term same as quark 
term, tripole form factor model,

D-term from JLab DVCS

Phiala Shanahan, MIT
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given as one standard deviation. The negative sign of d1(0) found in this 
analysis seems deeply rooted in the spontaneous breakdown of chiral 
symmetry25, which is a consequence of the transition of the micro-
second-old Universe from a state of de-confined quarks and gluons 
to a state of confined quarks in stable protons. It is thus intimately 
connected with the stability of the proton24 and of the visible Universe.

We can relate d1(t) to the pressure distribution via the spherical 
Bessel integral:

∫∝
−

d t
j r t

t
p r r( )

( )
2

( )d1
0 3

where j0 is the first spherical Bessel function. Our results of the quark 
pressure distribution in the proton are illustrated in Fig. 1. The thick 
black line corresponds to the pressure distribution r2p(r), as extracted 
from the D-term parameters that are fitted to the published data22 
acquired at 6 GeV. The estimated uncertainties are displayed as the 
light-green shaded area. The red-shaded area represents projected 
results from future experiments at higher energy. The distribution has 
a positive core and a negative tail of the r2p(r) distribution as a function 
of r, with a zero crossing near r = 0.6 fm. The regions where repulsive 
and binding pressures dominate are separated in radial space, with 
the repulsive distribution peaking near r = 0.25 fm, and the maximum 
of the negative pressure that is responsible for the binding occurring 
near r = 0.8 fm.

The outer, blue-shaded area in Fig. 1 corresponds to the D-term 
uncertainties obtained in the global fit results from previous 
research10,11. This area has a shape similar to the light-green area, con-
firming the robustness of the analysis procedure used to extract the 
D-term. The pressure p(r) must satisfy the stability condition:

∫ =
∞

r p r r( )d 0
0

2

which is satisfied within the uncertainties of our analysis. The shape of 
the radial pressure distribution resembles closely that obtained using 

the chiral quark–soliton model24, in which the proton is modelled as a 
chiral soliton whose constituent quarks are bound by a self-consistent 
pion field. This agreement suggests that the pion field is appropriate for 
the description of the proton as a bound state of quarks.

Other applications of the GFFs of the energy–momentum tensor 
include the description of nucleons in the nuclear medium23,26,27, 
excited baryon states (such as the ∆(1232) resonance28) and point-
like and composed spin-0 particles29.

Future precision experiments are expected to provide substantially 
more DVCS data30 and enable the mapping of d1(t) in much finer steps 
and in a much larger −t range, which will reduce the systematic uncer-
tainties, as indicated by the red-shaded area in Fig. 1. We also expect 
that this work will motivate new theoretical efforts to understand the 
fundamental characteristics of the stability of the proton from first  
principles. Our results may serve as a benchmark for the assessment 
of theo retical models, including lattice quantum chromodynamics 
models.
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Fig. 4 | Example of a fit to gravitational form factor d1(t). The error 
bars are from the fit to the cross-sections at a fixed value of −t. The 
light-shaded area at the bottom corresponds to the uncertainties from 
the extension of the fit into regions without data and coincides with the 
light-green shaded area in Fig. 1. The dark-shaded area corresponds to 
the projected uncertainties for a future experiment30 at 12 GeV, as shown 
by the red-shaded area in Fig. 1. Uncertainties represent one standard 
deviation.
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DVCS (quark) D-term

2

quark EMT:

hp0, s0| q�{µi
$

D⌫} q|p, si = ū0Fµ⌫ [Aq, Bq, Dq]u, (2)

where  q is the quark field of flavour q and D⌫ is the
gauge covariant derivative.

The individual EMT form factors depend on the renor-
malisation scheme and scale, µ. Since the isoscalar com-
binations of twist-two operators in Eqs. (1) and (2) mix
under renormalisation, so too do the individual isoscalar
quark (Du+d(t)) and gluon (Dg(t)) form factors. This
mixing takes the form
✓
Du+d(t, µ)
Dg(t, µ)

◆
=

✓
Zqq(

µ
µ0 ) Zqg(

µ
µ0 )

Zgq(
µ
µ0 ) Zgg(

µ
µ0 )

◆✓
Du+d(t, µ0)
Dg(t, µ0)

◆
,(3)

where the perturbative mixing coe�cients are given in
Ref. [3]. Because of conservation of the EMT, the
isoscalar combination of the quark and gluon pieces,
D(t) = Du+d(t, µ) +Dg(t, µ), is scale invariant.

In terms of the total D(t) form factor, the shear and
pressure distributions in the proton can be expressed in
the Breit frame as [2, 4, 5]

s(r) = �r

2

d

dr

1

r

d

dr
eD(r), p(r) =

1

3

1

r2
d

dr
r2

d

dr
eD(r), (4)

respectively, where

eD(r) =

Z
d3~p

2E(2⇡)3
e�i~p·~r D(�~p 2). (5)

While the quark and gluon shear forces are individually
well-defined (i.e., one can define scale-dependent partial
contributions sa(r)), p(r) is defined only for the total
system as it depends not only on the separate Dq,g(t)
but on GFFs related to the trace terms of the EMT that
cancel in the sum [2].

Lattice QCD quark and gluon D-term form fac-
tors: The quark GFFs of the proton have been computed
by a number of LQCD collaborations [6–11] since the first
study in Refs. [12–14] (see Ref. [15] for a review). While
there are as-yet no calculations directly at the physi-
cal quark masses, studies over masses corresponding to
0.21  m⇡ . 1.0 GeV show very mild mass-dependence
relative to the other statistical and systematic uncertain-
ties of the calculations. The t-dependence of the GFFs
has been determined over the range 0  �t  2 GeV2.
The calculations are complete for the isovector combina-
tion Du�d(t), while so-called disconnected contractions
have been neglected in most (but not all) determinations
of the isoscalar quark GFFs, Du+d(t), since these terms
are both particularly numerically challenging and are
found to be small in many other quantities. An impor-
tant observation from these determinations of the GFFs
is that the isovector combination Du�d(t) ⇠ 0 over the
entire range of quark masses and momentum transfers
that have been studied. This provides compelling moti-
vation for the assumption in BEG of isoscalarity of the

FIG. 1: Comparison of the BEG extracted D-term (blue

inverted triangles) to a LQCD determination of D(conn.)
u+d (t)

(purple triangles) [8] and the LQCD calculation of the gluon

Dg(t) (green diamonds) [17], all at the scale µ = 2 GeV in

the MS scheme. The shaded bands denote tripole (solid) and

z-expansion (dashed, Eq. (6)) fits to the three data sets.

D-term extracted from DVCS (large Nc arguments [16]
also support this). An example of the isoscalar connected
quark D-term form factor from Ref. [8] is shown in Fig. 1
at quark masses corresponding to m⇡ ⇠ 450 MeV.

The gluon D-term form factor was recently deter-
mined for the first time in Ref. [17] at a single value of
the quark masses corresponding to m⇡ ⇠ 450 MeV and
a single lattice spacing and volume. The uncertainties,
whcih encompass statistical and systematic e↵ects in
the LQCD calculations, are somewhat larger than for
the quark form factor because of a more complicated
renormalisation procedure and the much larger statis-
tical variance of gluonic quantities. The quark-mass
dependence of this purely gluonic quantity is expected
to be extremely weak. Supporting this expectation,
calculations of the quark-mass–dependence of the gluon
momentum fraction, which corresponds to the forward
limit Ag(0), reveal that this quantity is approximately
independent of the quark masses (see Ref. [17] for a
collation of results and discussion). Compared with the
LQCD determination of the quark D-term form factor
at similar quark masses, the gluon form factor is a factor
of two larger, with a somewhat di↵erent t-dependence,
as shown in Fig. 1.

Comparison to BEG D-term: In Fig. 1, the
BEG D-term form factor extracted from DVCS is
compared with the LQCD determinations of the quark
and gluon form factors. The BEG result has been
shifted to the renormalisation scale µ = 2 GeV in the
MS scheme using the three-loop running [18]1. The

1 The result illustrated in Fig. 4 of BEG has been rescaled by
18/25 to relate the DVCS extraction to the flavour-singlet com-

4

mined from LQCD is approximately 1.7⇥ smaller in mag-
nitude than the BEG GFF, albeit with significant uncer-
tainties, and has a similar dependence on the momentum
transfer t. The LQCD determination of the gluon D-
term form factor is noticeably larger in magnitude than
the BEG result. It also favours a more general functional
form in t than the tripole assumed in BEG, although it is
not inconsistent with a tripole ansatz within uncertain-
ties.

The BEG analysis assumes that Dg(t, µ) = Dq(t, µ)
as there is no information on the gluon D-term from ex-
periment. This is in mild tension with the LQCD re-
sults, and, moreover, given the scale evolution, Eq. (3),
can only possibly hold at one scale. Since DVCS ac-
cesses the charge-squared weighted combination of quark
flavours, BEG also necessarily assumes that the isovec-
tor quark contributions to the Dq(t, µ) form factor van-
ish, i.e., Du(t, µ) = Dd(t, µ). The LQCD finding that
Du�d(t, µ) ⇠ 0 provides compelling motivation for this
assumption (large Nc arguments [20] also support this).
The left panel of Fig. 4 shows the pressure distribution
of the proton computed from the BEG quark D-term
GFF and the LQCD gluon GFF, both parametrised us-
ing a tripole form and assuming that the quark-mass de-
pendence of the latter is negligible in comparison with
the statistical uncertainties. This pressure distribution
is consistent within uncertainties with the determination
using only LQCD data. The pressure obtained under
the assumptions of BEG (i.e., Dg(t, µ) = Du+d(t, µ)) is
also displayed. In comparison with the BEG assumption,
the inclusion of the LQCD gluon contribution shifts the
peaks of the pressure distribution outwards and extends
the region over which the pressure is non-zero.

As discussed above, the tripole form assumed for
Dq(t, µ) in BEG introduces significant model-dependence
into the pressure extraction. With the limited kinematic
range of the CLAS data this is particularly problematic;
the LQCD calculations show that the quark and gluonD-
term GFFs have significant support up to |t| ⇠ 2 GeV2

(assuming weak quark-mass dependence), which is far be-
yond the range of the experimental data. Fig. 1 shows the
result of a modified z-expansion fit to the BEG D-term
form factor; outside the data range, the parametrisation
is very poorly constrained. As shown in the right panel
of Fig. 4, this more general fit leads to a pressure distri-
bution that is consistent with zero everywhere, demon-
strating that experimental data over a larger kinematic
range is needed before a model-independent extraction of
the pressure is possible.

In order to investigate the range of t required for a
model-independent pressure extraction from experiment,
fake data for the quark D-term GFF are generated in
intervals of �t = 0.1 GeV2 extending the experimental
data along the tripole fit, assuming uncertainties of the

of Dq(t, µ) have been included in quadrature.
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FIG. 4: Left) Pressure distribution of the proton determined

from tripole parametrisations of the BEG quark GFF and

the LQCD gluon GFF. The red band corresponds to the to-

tal pressure distribution, while the dark blue dotted and green

dashed bands denote to the (ill-defined) quark and gluon con-

tributions to the total. The pressure under the BEG assump-

tion that that Dg(t, µ) = Dq(t, µ) is shown as the blue solid

band. Right) The same totals computed based on modified z-
expansion fits to the GFFs. Also shown is the result obtained

using only LQCD data, parametrised using the modified z-
expansion (orange dashed band).

same size as the average uncertainty in the BEG GFF
determination. The consistency of the LQCD data with
a tripole form gives confidence that such an extension is
justified. These fake data are then used to constrain a
modified z-expansion fit and calculate the corresponding
pressure distribution. For a determination of the pres-
sure distribution that is distinct from zero at 2 standard
deviations at the maximum of the first peak, the range
of the experimental data must be extended in this
manner to at least |t| ⇠ 1.0 GeV2. Future experiments,
such as those using the CLAS12 detector at JLab and a
future EIC, should seek to extend the kinematic reach to
address this deficiency, even at the expense of precision
in individual t bins. With the EIC’s potential [21, 22] to
determine the gluon GPDs that are necessary in defining
the pressure, similar kinematic coverage should be the
goal of EIC experiments. Finally, the flavour separation
necessary for a complete determination of the pressure
distribution can be enabled by studies of deeply-virtual
meson production and DVCS on deuterons [21, 22].

Summary: The shear and pressure distributions of
the proton are determined from LQCD calculations for
the first time. The results indicate that gluons play an
important role in the internal dynamics of the proton,
distinct from that of quarks. In particular, the gluon
contributions to the D-term form factor, from which the
pressure and shear distributions are defined, dominate
the quark terms at the scale µ = 2 GeV in the MS
scheme. These calculations are undertaken at heavier-
than-physical quark masses corresponding to a pion mass
roughly three times the physical value. LQCD calcula-

EXP + LQCD    
complete pressure determination 

[Shanahan, Detmold PRL 122 072003 (2019)]
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Gluon GFFs: Shanahan, Detmold, PRD 99, 014511 (2019) 

Quark GFFs: P. Hägler et al. (LHPC), PRD77, 094502 (2008) 

Expt quark GFFs (BEG): Burkert et al, Nature 557, 396 (2018) 

EXP + LQCD 2019    
first complete pressure determination  

[First lattice calculation of gluon GFFs, some uncontrolled systematics 
Shanahan, Detmold PRL 122 072003 (2019)]

Nucleon D-term GFFs from LQCD
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Gluon GFFs: Shanahan, Detmold, PRD 99, 014511 (2019) 

Quark GFFs: P. Hägler et al. (LHPC), PRD77, 094502 (2008) 

Expt quark GFFs (BEG): Burkert et al, Nature 557, 396 (2018) 

EXP + LQCD 2019    
first complete pressure determination  

[First lattice calculation of gluon GFFs, some uncontrolled systematics 
Shanahan, Detmold PRL 122 072003 (2019)]

Nucleon D-term GFFs from LQCD

Rapid progress since 2019!

- First experimental constraints of gluon GFFs

- First LQCD calculations with physical pion mass



New calculations in 2022-2024! 

• Quark masses corresponding to a 
close-to-physical pion mass 

• All contributions from light quarks and 
gluons separately computed 

• Non-pert. renormalisation incl. mixing 

• [Still a single ensemble, no control of 
discretisation effects]

Phiala Shanahan, MIT

New proton+pion GFF calculations

13

HackettPefkou

Pefkou, Hackett, Shanahan, Phys.Rev.Lett. 132 (2024) 25, 251904 

Pefkou, Hackett, Shanahan, Phys.Rev.D 108 (2023) 11, 114504 

Pefkou, Hackett, Shanahan, Phys.Rev.D 105 (2022) 5, 054509 
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Proton GFFs from lattice QCD
2

in the supplementary material.
First, the bare matrix elements of T̂µ⌫

g , and of the
singlet and non-singlet quark flavor combinations of the
EMT, i.e.,

singlet: T̂µ⌫
q = T̂µ⌫

u + T̂µ⌫
d + T̂µ⌫

s (3)

non-singlet: T̂µ⌫
v1

= T̂µ⌫
u � T̂µ⌫

d , (4)

T̂µ⌫
v2 = T̂µ⌫

u + T̂µ⌫
d � 2T̂µ⌫

s , (5)

are constrained from ratios of three-point and two-point
functions that are proportional to the bare matrix ele-
ments of the EMT, Eq. (1), at large Euclidean times.
The three-point function of the gluon EMT is measured
on 2511 configurations, averaged over 1024 source posi-
tions per configuration, with the gluon EMT measured
on gauge fields that have been Wilson flowed [52–54]
to tflow/a2 = 2, for all sink and operator momenta
with |p0|2  10(2⇡/L)2 and |�|2  25(2⇡/L)2, and
all four spin channels, s, s0 2 {±1/2}. The connected
part of the quark three-point function is measured on
1381 configurations using the sequential source method,
inverting through the sink for 11 choices of source-
sink separation in the range [6a, 18a], with the num-
ber of sources varying between 9 and 32 for the di↵er-
ent source-sink separations. The momenta measured are
p0 2 2⇡/L{(1, 0,�1), (�2,�1, 0), (�1,�1,�1)} and all
� with |�|2  25(2⇡/L)2, for a single spin channel with
s = s0 = 1/2. The disconnected parts are stochasti-
cally estimated on the same 1381 configurations as the
connected parts, using 2 samples of Z4 noise [55], di-
luting in spacetime using hierarchical probing [56, 57]
with 512 Hadamard vectors, and computing the spin-
color trace exactly. Measurements are made for all
|p0|2  10(2⇡/L)2, |�|2  25(2⇡/L)2, and all four spin
channels,

Second, ratios of three- and two-point functions that
correspond to the same linear combination of GFFs—
as defined in Eq. (1), and up to an overall sign—are
averaged. The summation method [58–61] is used to
fit the Euclidean time-dependence of the averaged ra-
tios and extract the bare matrix elements. In all cases,
1000 bootstrap ensembles are used to estimate statisti-
cal uncertainties, and systematic uncertainties in fits are
propagated using model averaging with weights dictated
by the Akaike information criterion [62] (AIC) [63–65].
Since connected measurements exist for only a subset of
the matrix elements, the disconnected contributions to
the bare GFFs of Tq and Tv2

1 are fit separately using
all available data, with the results used to obtain better
constraints for the subset for which connected parts are
available and thus to obtain the full matrix elements of

1 Tv1 is purely connected, as the disconnected contributions cancel
in the di↵erence.

FIG. 1. The three GFFs of the proton, and their decompo-
sition into gluon and total quark contributions, are shown as
functions of t. Inset figures show the isosinglet quark GFFs
further decomposed into up-, down-, and strange-quark con-
tributions. The total GFFs are renormalization scheme- and
scale-independent, while all other GFFs are shown in the MS
scheme at µ = 2 GeV. The dark bands represent dipole fits
to the data in the case of g and q = u+d+s, and linear com-
binations of the dipole fits to q, v1, and v2 in all other cases.
The lighter bands show analogous fits using the z-expansion.

Tq and Tv2 . Finally, the matrix elements are divided
into 34 t-bins using k-means clustering [66], and the
GFFs are extracted by solving the resulting linear sys-
tems of equations, with the renormalization performed
non-perturbatively using the results and procedure pre-
sented in Ref. [51].

2

in the supplementary material.
First, the bare matrix elements of T̂µ⌫

g , and of the
singlet and non-singlet quark flavor combinations of the
EMT, i.e.,

singlet: T̂µ⌫
q = T̂µ⌫

u + T̂µ⌫
d + T̂µ⌫

s (3)

non-singlet: T̂µ⌫
v1

= T̂µ⌫
u � T̂µ⌫

d , (4)

T̂µ⌫
v2 = T̂µ⌫

u + T̂µ⌫
d � 2T̂µ⌫

s , (5)

are constrained from ratios of three-point and two-point
functions that are proportional to the bare matrix ele-
ments of the EMT, Eq. (1), at large Euclidean times.
The three-point function of the gluon EMT is measured
on 2511 configurations, averaged over 1024 source posi-
tions per configuration, with the gluon EMT measured
on gauge fields that have been Wilson flowed [52–54]
to tflow/a2 = 2, for all sink and operator momenta
with |p0|2  10(2⇡/L)2 and |�|2  25(2⇡/L)2, and
all four spin channels, s, s0 2 {±1/2}. The connected
part of the quark three-point function is measured on
1381 configurations using the sequential source method,
inverting through the sink for 11 choices of source-
sink separation in the range [6a, 18a], with the num-
ber of sources varying between 9 and 32 for the di↵er-
ent source-sink separations. The momenta measured are
p0 2 2⇡/L{(1, 0,�1), (�2,�1, 0), (�1,�1,�1)} and all
� with |�|2  25(2⇡/L)2, for a single spin channel with
s = s0 = 1/2. The disconnected parts are stochasti-
cally estimated on the same 1381 configurations as the
connected parts, using 2 samples of Z4 noise [55], di-
luting in spacetime using hierarchical probing [56, 57]
with 512 Hadamard vectors, and computing the spin-
color trace exactly. Measurements are made for all
|p0|2  10(2⇡/L)2, |�|2  25(2⇡/L)2, and all four spin
channels,

Second, ratios of three- and two-point functions that
correspond to the same linear combination of GFFs—
as defined in Eq. (1), and up to an overall sign—are
averaged. The summation method [58–61] is used to
fit the Euclidean time-dependence of the averaged ra-
tios and extract the bare matrix elements. In all cases,
1000 bootstrap ensembles are used to estimate statisti-
cal uncertainties, and systematic uncertainties in fits are
propagated using model averaging with weights dictated
by the Akaike information criterion [62] (AIC) [63–65].
Since connected measurements exist for only a subset of
the matrix elements, the disconnected contributions to
the bare GFFs of Tq and Tv2

1 are fit separately using
all available data, with the results used to obtain better
constraints for the subset for which connected parts are
available and thus to obtain the full matrix elements of

1 Tv1 is purely connected, as the disconnected contributions cancel
in the di↵erence.

FIG. 1. The three GFFs of the proton, and their decompo-
sition into gluon and total quark contributions, are shown as
functions of t. Inset figures show the isosinglet quark GFFs
further decomposed into up-, down-, and strange-quark con-
tributions. The total GFFs are renormalization scheme- and
scale-independent, while all other GFFs are shown in the MS
scheme at µ = 2 GeV. The dark bands represent dipole fits
to the data in the case of g and q = u+d+s, and linear com-
binations of the dipole fits to q, v1, and v2 in all other cases.
The lighter bands show analogous fits using the z-expansion.

Tq and Tv2 . Finally, the matrix elements are divided
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Momentum sum 
consistent with 1

Total spin 
consistent with 0.5

Lattice QCD: Pefkou, Hackett, Shanahan, PRD 105, 054509 (2022), 

PRD 108, 114504 (2023), PRL 132, 251904 (2024)

• First complete 
decomposition of proton 
gravitational form factors 
into  contributions 
from lattice QCD in 
2023/2024 

• Physical pion mass 

• Non-pert. renormalisation 
incl. mixing 

• [Still a single ensemble, no 
control of discretisation effects]

u, d, s, g

Solving system yields flavour-decomposition of all three GFFs
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ments of the EMT, Eq. (1), at large Euclidean times.
The three-point function of the gluon EMT is measured
on 2511 configurations, averaged over 1024 source posi-
tions per configuration, with the gluon EMT measured
on gauge fields that have been Wilson flowed [52–54]
to tflow/a2 = 2, for all sink and operator momenta
with |p0|2  10(2⇡/L)2 and |�|2  25(2⇡/L)2, and
all four spin channels, s, s0 2 {±1/2}. The connected
part of the quark three-point function is measured on
1381 configurations using the sequential source method,
inverting through the sink for 11 choices of source-
sink separation in the range [6a, 18a], with the num-
ber of sources varying between 9 and 32 for the di↵er-
ent source-sink separations. The momenta measured are
p0 2 2⇡/L{(1, 0,�1), (�2,�1, 0), (�1,�1,�1)} and all
� with |�|2  25(2⇡/L)2, for a single spin channel with
s = s0 = 1/2. The disconnected parts are stochasti-
cally estimated on the same 1381 configurations as the
connected parts, using 2 samples of Z4 noise [55], di-
luting in spacetime using hierarchical probing [56, 57]
with 512 Hadamard vectors, and computing the spin-
color trace exactly. Measurements are made for all
|p0|2  10(2⇡/L)2, |�|2  25(2⇡/L)2, and all four spin
channels,

Second, ratios of three- and two-point functions that
correspond to the same linear combination of GFFs—
as defined in Eq. (1), and up to an overall sign—are
averaged. The summation method [58–61] is used to
fit the Euclidean time-dependence of the averaged ra-
tios and extract the bare matrix elements. In all cases,
1000 bootstrap ensembles are used to estimate statisti-
cal uncertainties, and systematic uncertainties in fits are
propagated using model averaging with weights dictated
by the Akaike information criterion [62] (AIC) [63–65].
Since connected measurements exist for only a subset of
the matrix elements, the disconnected contributions to
the bare GFFs of Tq and Tv2

1 are fit separately using
all available data, with the results used to obtain better
constraints for the subset for which connected parts are
available and thus to obtain the full matrix elements of

1 Tv1 is purely connected, as the disconnected contributions cancel
in the di↵erence.

FIG. 1. The three GFFs of the proton, and their decompo-
sition into gluon and total quark contributions, are shown as
functions of t. Inset figures show the isosinglet quark GFFs
further decomposed into up-, down-, and strange-quark con-
tributions. The total GFFs are renormalization scheme- and
scale-independent, while all other GFFs are shown in the MS
scheme at µ = 2 GeV. The dark bands represent dipole fits
to the data in the case of g and q = u+d+s, and linear com-
binations of the dipole fits to q, v1, and v2 in all other cases.
The lighter bands show analogous fits using the z-expansion.

Tq and Tv2 . Finally, the matrix elements are divided
into 34 t-bins using k-means clustering [66], and the
GFFs are extracted by solving the resulting linear sys-
tems of equations, with the renormalization performed
non-perturbatively using the results and procedure pre-
sented in Ref. [51].

D-term decomposition 
previously unknown

Lattice QCD: Pefkou, Hackett, Shanahan, PRD 105, 054509 (2022), 

PRD 108, 114504 (2023), PRL 132, 251904 (2024)

Solving system yields flavour-decomposition of all three GFFs

• First complete 
decomposition of proton 
gravitational form factors 
into  contributions 
from lattice QCD in 
2023/2024 

• Physical pion mass 

• Non-pert. renormalisation 
incl. mixing 

• [Still a single ensemble, no 
control of discretisation effects]

u, d, s, g
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Gravitational FFs c.f. experiment
Compare quark  GFF with 2018 results from DVCS 
[Burkert, Elouadrhiri, Girod, Nature 557, 396 (2018)] 

• Consistency and complementarity: lattice result more precise at large , 
experimental constraints are at small 

D

t
t

3

Dipole z-expansion

Ai Ji Di Ai Ji Di

u 0.3255(92) 0.2213(85) �0.56(17) 0.349(11) 0.238(18) �0.56(17)

d 0.1590(92) 0.0197(85) �0.57(17) 0.171(11) 0.033(18) �0.56(17)

s 0.0257(95) 0.0097(82) �0.18(17) 0.032(12) 0.014(19) �0.08(17)

u+ d+ s 0.510(25) 0.251(21) �1.30(49) 0.552(31) 0.286(48) �1.20(48)

g 0.501(27) 0.255(13) �2.57(84) 0.526(31) 0.234(27) �2.15(32)

Total 1.011(37) 0.506(25) �3.87(97) 1.079(44) 0.520(55) �3.35(58)

TABLE I. The flavor decomposition of the momentum fraction, spin, and D-term of the proton, obtained from dipole and
z-expansion fits to the proton GFFs, renormalized at µ = 2 GeV in the MS scheme.

FIG. 2. The proton GFFs Ag(t), Dg(t), and Du+d(t) and
corresponding dipole fits from this work are compared with
the experimental results of Refs. [24] (BEG), [40] (Duran et
al.), and [44] (Guo et al.). For this comparison, the results for
Ag(t) are re-scaled such that the gluon momentum fraction is
Ag(0) = 0.414(8) [67], which is the value used as an input in
the extraction of Refs. [40] and [44]. This does not a↵ect the
t-dependence of the GFF.

Results: The flavor decomposition of the renormal-
ized GFFs is presented in Fig. 1. To guide the eye, the
GFFs of currents g and q are fit using both a multipole
ansatz with n = 2 (dipole), chosen as the integer yielding
the lowest �2 per degree of freedom for the majority of
the fits, as well as the more expressive z-expansion [68].
The GFFs are further decomposed to yield the individual
quark flavor contributions G(t) = (A(t), J(t), D(t)) from
the data and fits for currents q, v1, and v2, using

Gu(t) =
1

3
Gq(t) +

1

6
Gv2(t) +

1

2
Gv1(t) , (6)

Gd(t) =
1

3
Gq(t) +

1

6
Gv2(t)�

1

2
Gv1(t) , (7)

Gs(t) =
1

3
Gq(t)�

1

3
Gv2(t) . (8)

The functional forms of the fit models, along with the
resulting fit parameters, are given in the supplementary
material.
The flavor decomposition of the forward limits A(0),

J(0), and D(0) is summarized in Table I, and can be
compared with other recent lattice QCD calculations of
the decomposition of the momentum and spin fractions of
the proton in Refs. [69, 70]. The sum rules for the total
momentum fraction and spin are satisfied, and the to-
tal quark and gluon contributions to these quantities are
approximately equal. The calculated gluon momentum
fraction is, however, several standard deviations larger
than the global fit result Ag(0) = 0.414(8) [67], which
can likely be attributed to remaining systematic uncer-
tainties that could not be estimated from this calcula-
tion using a single ensemble of lattice QCD gauge fields.
In particular, the continuum limit has not be taken, and
renormalization coe�cients were computed on an ensem-
ble with larger lattice spacing and quark masses [51]. The
calculated result for the total D-term satisfies the chiral
perturbation theory prediction for its upper bound [71],
D(0)/m  �1.1(1) GeV�1, and is in agreement with chi-
ral models [72–78].
Figure 2 presents a comparison of the dipole fit results

with the available experimental results for Du+d, Ag, and
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TABLE I. The flavor decomposition of the momentum fraction, spin, and D-term of the proton, obtained from dipole and
z-expansion fits to the proton GFFs, renormalized at µ = 2 GeV in the MS scheme.
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Ag(t) are re-scaled such that the gluon momentum fraction is
Ag(0) = 0.414(8) [67], which is the value used as an input in
the extraction of Refs. [40] and [44]. This does not a↵ect the
t-dependence of the GFF.

Results: The flavor decomposition of the renormal-
ized GFFs is presented in Fig. 1. To guide the eye, the
GFFs of currents g and q are fit using both a multipole
ansatz with n = 2 (dipole), chosen as the integer yielding
the lowest �2 per degree of freedom for the majority of
the fits, as well as the more expressive z-expansion [68].
The GFFs are further decomposed to yield the individual
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The functional forms of the fit models, along with the
resulting fit parameters, are given in the supplementary
material.
The flavor decomposition of the forward limits A(0),

J(0), and D(0) is summarized in Table I, and can be
compared with other recent lattice QCD calculations of
the decomposition of the momentum and spin fractions of
the proton in Refs. [69, 70]. The sum rules for the total
momentum fraction and spin are satisfied, and the to-
tal quark and gluon contributions to these quantities are
approximately equal. The calculated gluon momentum
fraction is, however, several standard deviations larger
than the global fit result Ag(0) = 0.414(8) [67], which
can likely be attributed to remaining systematic uncer-
tainties that could not be estimated from this calcula-
tion using a single ensemble of lattice QCD gauge fields.
In particular, the continuum limit has not be taken, and
renormalization coe�cients were computed on an ensem-
ble with larger lattice spacing and quark masses [51]. The
calculated result for the total D-term satisfies the chiral
perturbation theory prediction for its upper bound [71],
D(0)/m  �1.1(1) GeV�1, and is in agreement with chi-
ral models [72–78].
Figure 2 presents a comparison of the dipole fit results

with the available experimental results for Du+d, Ag, and

Related to pressure

Lattice QCD: Pefkou, Hackett, Shanahan, PRD 105, 054509 (2022), 

PRD 108, 114504 (2023), PRL 132, 251904 (2024)



Synergy between lattice QCD and 
experiment continues! 

• First experimental constraint on  
gluon GFFs in 2023 from J/ψ 
photoproduction  
[Duran et al., Nature 615, 813-816 (2023)] 

• Lattice calculation important in 
distinguishing between analyses  
using different models 
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Momentum 
fraction in 

forward limit
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Guo et al., 2308.13006 (2023); BEG 2310.11568 (2023)
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Define quark and gluon radii from 
energy and longitudinal force 
densities 
 

• Mass and mechanical radii of proton 
comparable to charge radius 

• Gluons act to extend radius defined 
by quark contributions 

Phiala Shanahan, MIT18

Proton quark and gluon radii

where r =

the longitudinal force density

F ||
i (r) = pi(r) + 2si(r)/3 (13)

yield the mass and mechanical radii of the proton [

tributions "i(r), pi(r), and si(r), defined as
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shows the quark, gluon, and total densities and
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Define quark and gluon radii from 
energy and longitudinal force 
densities 
 

• Mass and mechanical radii of proton 
comparable to charge radius 

• Gluons act to extend radius defined 
by quark contributions 
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Proton quark and gluon radii
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Gravitational FFs of Glueballs
There are multiple experimental candidates for glueball states with 
various quantum numbers; what is their structure? 

• QUESTION: Can structure measurements act as ‘smoking gun’ for ID of 
Glueball or glue hybrid states? 

• NEW (unpublished): First calculations of aspects of the gluonic structure 
of Glueball states (c.f. structure of hadrons)

Figure 3: Comparison between the ⌧ [0++] glueball GFFs in Yang-Mills theory obtained in this work, and
the gluon GFFs of four other hadrons—the pion, d meson, nucleon, and � baryon, indicated with their �%

quantum numbers—obtained with an # 5 = 2 + 1 QCD ensemble with <c = 450 MeV [33]. The latter have
been normalized to match the values of the glueball �(0) and ⇡ (0).

systems of linear equations dictated by Eq. (1) to obtain the bare GFFs �R (C) and ⇡R (C) for each
bin and irrep. These may be renormalized by imposing the sum rule �(0) = 1. The renormalization
factors 1/�bare

R
(0) are obtained from a fit of a dipole model U/(1 + C/⇤2

)
2 to the bare GFF �R (C),

where U and ⇤ are fitted parameters, identifying U = �
bare
R

(0). The bare GFFs in each momentum
bin for each irrep are then multiplied by these factors, averaged together, and fit again with dipoles
to obtain the results shown in Fig. 3.

Figure 3 compares the results for �(C) and ⇡ (C) of the 0++ glueball against the gluon GFFs
obtained for four hadrons with quantum numbers �

% = 0�, 1�, 1/2+, and 3/2+, corresponding
to the pion, d meson, nucleon, and � baryon, computed for a single lattice QCD ensemble with
0 ⇡ 0.12 fm and <c ⇡ 450 MeV [33]. This previous work used an ensemble with # 5 = 2+1 clover-
improved dynamical quark flavors, for which the hadron GFFs receive both a quark and a gluon
contribution; only the gluon one was constrained, neglecting its mixing with the quark one. The
comparison of the overall normalization between those and the gluon GFFs in this work—which
coincide with the total GFFs in a theory with only gluonic degrees of freedom, as investigated
here—is not meaningful. We thus rescale the results of Ref. [33] to match each glueball GFF in
the forward limit, i.e., such that �6 (C = 0) = 1 and ⇡6 (C = 0) = ⇡0++ (C = 0) for all hadrons. We
can then compare the C-dependence of the form factors. The glueball �(C) form factor decays more
slowly than that of the pion, corresponding to a smaller mass radius contribution. The uncertainty
of ⇡ (C) is very large; however, the form factor shows a C-dependence more similar to that of the
meson ⇡ (C) form factors than of the baryonic ones.

6. Conclusion

These preliminary results constitute the first time the internal structure of glueballs has been
investigated in an (* (3) lattice gauge theory, representing a promising first step towards under-
standing the internal structure of potential glueball-like hadrons in nature, and towards an analogous
computation in QCD. The next steps towards finalizing the calculation include expanding the vari-

6

Mesons: Pefkou, Hackett, Shanahan, Phys.Rev.D 105 (2022); Glueball: Abbott et al. [2410.02706]
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Understanding the quark and gluon 
structure of matter

PDF
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Beyond 3D Structure

Multidimensional Imaging  
of Confined Motion!

Generalized TMDs

• Graphical representation of GTMD correlator for quarks; kinematics in symmetric frame

P =
p + p

0

2
� = p

0 � p

• GTMD correlator: definition through traces (can appear in observables)

W
q [�] =

Z
dz

�
d
2
~z?

2 (2⇡)3
e
ik · z hp0 |  ̄q(�z

2)�WTMD[�z

2,
z

2] 
q(z2) | pi

���
z
+
=0

– W
q [�] parameterized through GTMDs Xq(x, ⇠,~k?, ~�?)

x =
k
+

P
+ ⇠ =

p
+ � p

0+

p
+ + p

0+ = �
�+

2P+
~k? ~�? = ~p

0
? � ~p?

– two auxiliary scales (for which evolution equations exist) omitted

– issue of light-cone singularities in definition of GTMDs can be dealt with
(Echevarria, Idilbi, Kanazawa, Lorcé, Kanazawa, Metz, Pasquini, Schlegel, 1602.06953)

proton
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Quark TMDs
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q h(x, b) = f1(x, b) + i✏µ⌫T bµs⌫Mf?1 (x, b)
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• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum

Three-dimensional partonic structure 
of the proton

longitudinal

TMD

+ transverse 

+ impact parameter
GPD

fq/H(x)
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Community overview: 
Constantinou et al., 
“2020 PDFLattice Report” 
arXiv:2006.08636
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Collins-Soper evolution kernel

Phiala Shanahan, MIT

Collins-Soper Evolution Kernel • Governs TMD rapidity evolution 

• Needed to match lattice QCD 
calculations of TMDs through  
“quasi-TMDs” to physical TMDs

�q
⇣ (µ, bT ) = ⇣

d

d⇣
ln fq(x,~bT , µ, ⇣)
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• Perturbative at short distances  

• Non-perturbative for                 lattice QCD? 

• Independent of hadron 

μ, b−1
T ≫ ΛQCD

b−1
T ≲ ΛQCD

Parton Distributions
provide key information about 
the structure of hadrons

Semi-Inclusive DIS

electron 
p

h 

Drell-Yan Dihadron in e+e-

p p

h1 

h2 

Quark TMDs

�[�+]
q h(x, b) = f1(x, b) + i✏µ⌫T bµs⌫Mf?1 (x, b)
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b? ⇠ 1
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• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum

h
h1

h2e-

e- e-e+

fq/P (x, kT )
longitudinal & Transverse

TMD:

� � Dh1/q(x, kT )Dh2/q(x, kT )� � fq/P (x, kT )Dh/q(x, kT ) � � fq/P (x, kT )fq/P (x, kT )

qT � Q
Fragmentation

Dh/q(x, kT )

µ+

µ�

Q, qT

Pa Pb

PDF

longitudinal

TMD

+ transverse 
fq/P (x)
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FIG. 1: Comparison of extracted values of RAD. The lines
labeled as SV19, SV17, Pavia19 and Pavia17 corresponds to
[17],[15],[18], and [14].

an anomalous dimension, such as additive structure of

renormalization group equation (3).

The equation (2) essentially mixes the definitions of

two NP functions: a TMD distribution and RAD. For

that reason, the separation of these functions with the

data is a non-trivial phenomenological task. Nonethe-

less, it could be done observing that RAD governs the Q-

behavior of the cross-section, whereas F ’s the x-behavior.

Therefore, analyzing a global set of data with a large span

in x and Q, it is possible to decorrelate these functions.

Such global studies were made recently [14–18]. The val-

ues of RAD obtained in these works are shown in fig.1.

Clearly, there is no agreement between these extraction

for b > 2GeV�1. Another observation is that extrac-

tion based on the joined data of Drell-Yan and SIDIS

cross-sections [14, 17] provide a higher value of RAD at

b ⇠ 1GeV�1 in comparison to extraction based only on

the Drell-Yan data [15, 18]. These contradictions could

be resolved by adding more low-qT data in the analysis,

or by some alternative approaches to access RAD. One of

promising approaches is the recently proposed methods

to compute RAD with lattice QCD [19, 20].

Definition of RAD. To derive the self-contained ex-

pression for RAD, I take a step backward in the deriva-

tion of (1) and recall the origin of scale �. At an interme-

diate stage, the expression for cross-section has the form

d� ⇠ F̃1 ⇥ S ⇥ F̃2 [3, 5], where F̃ are unsubtracted TMD

distributions, and S is the TMD soft factor. Each of

these terms contains the rapidity divergence(s) that can-

cel in the product. To obtain (1), the soft factor is factor-

ized into parts with only rapidity divergences related to a

particular light-like direction. Afterwards, they are com-

bined with F̃ into physical TMD distributions [6, 21, 22].

The scale � in the definition of a physical TMD distribu-

tion (2) is the scale of rapidity divergence factorization.

Thus, the soft factor is the primary object to define RAD.

FIG. 2: Contours defining TMD soft factor (in the Drell-Yan
kinematics) and its derivatives. Axes n and n̄ are light-like
(n

2
= n̄

2
= 0), and the axis T is transverse. The black (blue)

solid line shows contour C (C�). The black dashed lines show
the contour C�. The blue dot shows the insertion of gluon
strength tensor.

The TMD soft factor is defined as

S(b, µ) =
Tr

Nc
�0|WC |0�Z

2
S(µ), (4)

where WC = P exp(ig
�

C dxµAµ(x)) is a gauge link along

the contour C (see fig.2), ZS is the renormalization factor

for light-like cusps. In ref.[6] it has been proven that the

TMD soft factor with a properly designed regularization

has the general form

S(b, µ) = exp (2D(b, µ) ln(�) + B(b, µ) + ...) , (5)

where � is the Lorenz-invariant combination of param-

eters of rapidity divergence regularization(� ! 0). The

function B is the finite part of the soft factor, and the

dots denote terms vanishing at � ! 0. Consequently,

RAD can be obtained from TMD soft factor as

D(b, µ) =
1

2
lim
��0

d ln S(b, µ)

d ln �
. (6)

The expression (5) is a general one, but it is di�cult

to observe outside of the perturbation theory. The main

complication is the definition of an appropriate rapidity

divergence regulator. To guarantee (5) and make use of

(6), the regulator must be given on the level of the oper-

ator, preserve the gauge invariance, and fully regularize

rapidity divergences without generation of extra infrared

divergences. None of commonly used in perturbative cal-

culations regulators (see e.g.[3–5, 23–25]) fulfill these re-

quirements entirely. All these points can be fulfilled by a

deformation of the contour C such that it does not touch

light-like infinities [6]. The most straightforward defor-

mation is the contour C� shown in fig.2. In this case, the

parameters ⇤± regularize rapidity divergences at both

infinities, and � = (⇤+⇤�)�1.

Next, I deform the contour C� further, by setting one

of ⇤’s finite (for definiteness, I choose ⇤� and replace it

2
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the contour C (see fig.2), ZS is the renormalization factor

for light-like cusps. In ref.[6] it has been proven that the

TMD soft factor with a properly designed regularization

has the general form

S(b, µ) = exp (2D(b, µ) ln(�) + B(b, µ) + ...) , (5)

where � is the Lorenz-invariant combination of param-
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function B is the finite part of the soft factor, and the

dots denote terms vanishing at � ! 0. Consequently,

RAD can be obtained from TMD soft factor as
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The expression (5) is a general one, but it is di�cult

to observe outside of the perturbation theory. The main

complication is the definition of an appropriate rapidity

divergence regulator. To guarantee (5) and make use of

(6), the regulator must be given on the level of the oper-

ator, preserve the gauge invariance, and fully regularize

rapidity divergences without generation of extra infrared

divergences. None of commonly used in perturbative cal-

culations regulators (see e.g.[3–5, 23–25]) fulfill these re-

quirements entirely. All these points can be fulfilled by a

deformation of the contour C such that it does not touch

light-like infinities [6]. The most straightforward defor-

mation is the contour C� shown in fig.2. In this case, the
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FIG. 1. Figure adapted from Ref. [1], showing the quark Collins-Soper kernel as determined

from recent phenomenological fits (in 2017 and 2019) by two independent analysis groups using

di↵erent models, which are represented by the green and orange bands respectively.

processes at low transverse momentum, from ⇠ 1–10 GeV, which are sensitive to the
nonperturbative Collins-Soper evolution. Experiments at the Thomas Je↵erson National
Accelerator Facility 12 GeV Upgrade and the future Electron-Ion Collider at Brookhaven
National Laboratory will provide enormous amount of data in this kinematic regime over
the next two decades, highlighting the timeliness of this research e↵ort.

II. LATTICE QCD

Lattice QCD is a first-principles method of calculating QCD observables numerically on
a discrete four-dimensional representation of spacetime. Monte-Carlo techniques are used
to create a representative set (named an ensemble) of configurations of the background
quark and gluon fields on the spacetime representation, which are then used to perform
calculations of physical observables of interest. As the only known direct method of
studying QCD at low energy, lattice QCD is an important source of information for tests
of the Standard Model and it provides results for various hadronic matrix elements that
are systematically improvable and model-independent. As such, it is the necessary tool
for the calculations we propose.

There are several major computational costs involved in lattice QCD calculations.
Firstly, the background configurations of quark and gluon fields are extremely expensive
to generate and are generally stored and reused. Large lattice QCD collaborations (such
as USQCD) make these available to the community; these resources will be exploited in
this proposal. Calculations of matrix elements such as those involved in the determination
of the Collins-Soper kernel as proposed here additionally involve computing various quark
propagators and the combination of these into the appropriate correlation functions. The
computation of light (up, down and strange) quark propagators involves the inversion
of very large, very sparse, but nearly singular matrices (O(108 ⇥ 108) in our calculation)
which is e�ciently done using iterative solvers similar to the conjugate gradient algorithm.
Multiple inversions are required for each field configuration in the ensemble, and this task
requires significant computational resources.

Figure adapted from Vladimirov [2003.02288] 
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Status of lattice QCD calculations of the CS kernel in early 2023 

• Lattice QCD results broadly consistent with phenomenology  

• Many calculations, not yet at the level of complete systematic control: 
consistency improving as systematics are addressed 

12

FIG. 14. bT -dependence of the Collins-Soper kernel computed from the same quasi beam functions via the di↵erent approaches
defined in Sec. IIID. All points other than the primary results of this work (“NLO”) are o↵set on the horizontal axis for clarity.
For the “NLO” and “LO” approaches, results computed based on quasi beam functions with Dirac structures �4 and �3 are
combined as described in the text; the outer error bars include half the di↵erence between the results with �4 and �3 combined
in quadrature with the average uncertainty, shown by the inner error bars. For the other approaches the empty (filled) points
show results obtained with Dirac structure �4 (�3). “Hermite/Bernstein” points with Dirac structure �3 are not shown at
bT /a = 4 because the corresponding fits of the P zbz-dependence of the relevant quasi beam functions were of poor quality, as
described in the text.

(a) Comparison with the SV19 [4] and Pavia19 [5]

phenomenological parameterizations and the

next-to-next-to-next-to-leading order (N
3
LO) perturbative

result [42, 43].
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(b) Comparison with quenched results of Ref. [19] (SWZ), as

well as results from the LPC [20], Regensburg/NMSU [21],

and ETMC/PKU [22] collaborations. Di↵erent sets of points

with the same color show di↵erent sets of results from the

same collaboration.

FIG. 15. bT -dependence of the Collins-Soper kernel as determined in this work (green squares in both panels) compared with
(a) phenomenological results, and (b) the results of other lattice QCD calculations of this quantity.

(“Regensburg/NMSU”) uses an approach similar to the
“bz = 0, bare” approach but with NLO matching, and
Ref. [22] (“ETMC/PKU) applies the “bz = 0/bT = 0,
bare” approach. While the various calculations exhibit
similar dependence on bT , there are some significant dis-
crepancies between the numerical results, and a wide
range of uncertainty estimates. Given the analysis of
Sec. III D, this is to be expected; even when the same
quasi beam function data is used, following the various

“bz = 0” approaches and the approach presented here re-
sult in significant systematic di↵erences, and significantly
di↵erent uncertainty estimates. Since Refs. [20–22] all
use somewhat larger maximum P z values than that of
the present study, the e↵ects of power corrections and
higher-twist contamination can be expected to be smaller
than those found in Sec. III D, but these e↵ects, together
with the di↵erence between NLO and LO matching il-
lustrated in Appendix E, could nevertheless be respon-

Collins Soper kernel from lattice QCD

[LPC 2005.14572; Regensburg/NMSU 2103.16991;  
ETMC/PKU 2106.13027; SWZ 2003.06063, 2107.11930]

24

[Figure from LPC 2306.06488; SWZ 22 2107.11930; 
LPC 22 2204.00200; RQCD 23 2103.16991] 

we fit the momentum-dependent CS kernel to the following theoretically inspired ansatz [31]

K(b?, µ, x, P z

1 , P z

2 ) = K(b?, µ) + A
h 1

x2(1 � x)2(P z
1 )2

�
1

x2(1 � x)2(P z
2 )2

i
(4.1)

in the range x 2 [0.1, 0.9]. The intervals beyond this range are discarded as LaMET breaks down
there. We show an example of this fit in Fig. 12 for a selected b?. We point out that the CS
kernel calculated in this way is complex and in Fig. 12 only the real part is shown. The imaginary
part comes from the matching kernel H, not the quasi TMDWF itself, see [31]. The final CS
kernel result is shown in Fig. 13 as red points. We take the real part as the central values. The
statistical uncertainties are shown as inner error bars and the sum of the statistical and systematical
uncertainties are shown as outer error bars. The systematical uncertainties are estimated using the
measure

�sys =
p

ReK(b?, µ)2 + ImK(b?, µ)2 � |ReK(b?, µ)|. (4.2)

From [31] we know that the real part is equivalent to the average of the complex CS kernel calculated
for both “±” directions, which at the same time eliminates the imaginary part.
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Figure 13. A comparison of the CS kernel obtained in this work to the perturbative determination at

three-loop order labelled as “N3LO” [44, 45], phenomenological extractions “SV19” [6] and “MAP22” [12],

and lattice calculations “SWZ 22” [41], “LPC 22” [31] and “RQCD 23” [43].

In Fig. 13 we compare the CS kernel obtained in this work with those from other calculations,
including the 3-loop perturbative results [44, 45], the phenomenological extractions, SV19 [6] and
MAP22 [12], and the lattice calculations [31, 41, 43]. The calculation [41] is based on the analysis
of the quasi pion beam function with leading order matching kernel. The calculation [31] is same
as this work but on the MILC ensemble a12m310. The calculation [43] is based on the analysis
of the (first) Mellin moments of the quasi TMDPDF, including one-loop contributions as well. It
originally contains four data sets, obtained for pion and proton targets with twist-2 and twist-3
quasi TMDPDF operators. Here we have combined them and shown the results in a single band.
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FIG. 14. bT -dependence of the Collins-Soper kernel computed from the same quasi beam functions via the di↵erent approaches
defined in Sec. IIID. All points other than the primary results of this work (“NLO”) are o↵set on the horizontal axis for clarity.
For the “NLO” and “LO” approaches, results computed based on quasi beam functions with Dirac structures �4 and �3 are
combined as described in the text; the outer error bars include half the di↵erence between the results with �4 and �3 combined
in quadrature with the average uncertainty, shown by the inner error bars. For the other approaches the empty (filled) points
show results obtained with Dirac structure �4 (�3). “Hermite/Bernstein” points with Dirac structure �3 are not shown at
bT /a = 4 because the corresponding fits of the P zbz-dependence of the relevant quasi beam functions were of poor quality, as
described in the text.
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same collaboration.

FIG. 15. bT -dependence of the Collins-Soper kernel as determined in this work (green squares in both panels) compared with
(a) phenomenological results, and (b) the results of other lattice QCD calculations of this quantity.

(“Regensburg/NMSU”) uses an approach similar to the
“bz = 0, bare” approach but with NLO matching, and
Ref. [22] (“ETMC/PKU) applies the “bz = 0/bT = 0,
bare” approach. While the various calculations exhibit
similar dependence on bT , there are some significant dis-
crepancies between the numerical results, and a wide
range of uncertainty estimates. Given the analysis of
Sec. III D, this is to be expected; even when the same
quasi beam function data is used, following the various

“bz = 0” approaches and the approach presented here re-
sult in significant systematic di↵erences, and significantly
di↵erent uncertainty estimates. Since Refs. [20–22] all
use somewhat larger maximum P z values than that of
the present study, the e↵ects of power corrections and
higher-twist contamination can be expected to be smaller
than those found in Sec. III D, but these e↵ects, together
with the di↵erence between NLO and LO matching il-
lustrated in Appendix E, could nevertheless be respon-
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Status of lattice QCD calculations of the CS kernel in early 2023 

• Lattice QCD results broadly consistent with phenomenology  

• Many calculations, not yet at the level of complete systematic control: 
consistency improving as systematics are addressed 
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FIG. 15. bT -dependence of the Collins-Soper kernel as determined in this work (green squares in both panels) compared with
(a) phenomenological results, and (b) the results of other lattice QCD calculations of this quantity.

(“Regensburg/NMSU”) uses an approach similar to the
“bz = 0, bare” approach but with NLO matching, and
Ref. [22] (“ETMC/PKU) applies the “bz = 0/bT = 0,
bare” approach. While the various calculations exhibit
similar dependence on bT , there are some significant dis-
crepancies between the numerical results, and a wide
range of uncertainty estimates. Given the analysis of
Sec. III D, this is to be expected; even when the same
quasi beam function data is used, following the various

“bz = 0” approaches and the approach presented here re-
sult in significant systematic di↵erences, and significantly
di↵erent uncertainty estimates. Since Refs. [20–22] all
use somewhat larger maximum P z values than that of
the present study, the e↵ects of power corrections and
higher-twist contamination can be expected to be smaller
than those found in Sec. III D, but these e↵ects, together
with the di↵erence between NLO and LO matching il-
lustrated in Appendix E, could nevertheless be respon-
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we fit the momentum-dependent CS kernel to the following theoretically inspired ansatz [31]
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in the range x 2 [0.1, 0.9]. The intervals beyond this range are discarded as LaMET breaks down
there. We show an example of this fit in Fig. 12 for a selected b?. We point out that the CS
kernel calculated in this way is complex and in Fig. 12 only the real part is shown. The imaginary
part comes from the matching kernel H, not the quasi TMDWF itself, see [31]. The final CS
kernel result is shown in Fig. 13 as red points. We take the real part as the central values. The
statistical uncertainties are shown as inner error bars and the sum of the statistical and systematical
uncertainties are shown as outer error bars. The systematical uncertainties are estimated using the
measure

�sys =
p

ReK(b?, µ)2 + ImK(b?, µ)2 � |ReK(b?, µ)|. (4.2)

From [31] we know that the real part is equivalent to the average of the complex CS kernel calculated
for both “±” directions, which at the same time eliminates the imaginary part.
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In Fig. 13 we compare the CS kernel obtained in this work with those from other calculations,
including the 3-loop perturbative results [44, 45], the phenomenological extractions, SV19 [6] and
MAP22 [12], and the lattice calculations [31, 41, 43]. The calculation [41] is based on the analysis
of the quasi pion beam function with leading order matching kernel. The calculation [31] is same
as this work but on the MILC ensemble a12m310. The calculation [43] is based on the analysis
of the (first) Mellin moments of the quasi TMDPDF, including one-loop contributions as well. It
originally contains four data sets, obtained for pion and proton targets with twist-2 and twist-3
quasi TMDPDF operators. Here we have combined them and shown the results in a single band.
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described in the text.

(a) Comparison with the SV19 [4] and Pavia19 [5]

phenomenological parameterizations and the

next-to-next-to-next-to-leading order (N
3
LO) perturbative

result [42, 43].

-

-

-

(b) Comparison with quenched results of Ref. [19] (SWZ), as

well as results from the LPC [20], Regensburg/NMSU [21],

and ETMC/PKU [22] collaborations. Di↵erent sets of points

with the same color show di↵erent sets of results from the

same collaboration.

FIG. 15. bT -dependence of the Collins-Soper kernel as determined in this work (green squares in both panels) compared with
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(“Regensburg/NMSU”) uses an approach similar to the
“bz = 0, bare” approach but with NLO matching, and
Ref. [22] (“ETMC/PKU) applies the “bz = 0/bT = 0,
bare” approach. While the various calculations exhibit
similar dependence on bT , there are some significant dis-
crepancies between the numerical results, and a wide
range of uncertainty estimates. Given the analysis of
Sec. III D, this is to be expected; even when the same
quasi beam function data is used, following the various

“bz = 0” approaches and the approach presented here re-
sult in significant systematic di↵erences, and significantly
di↵erent uncertainty estimates. Since Refs. [20–22] all
use somewhat larger maximum P z values than that of
the present study, the e↵ects of power corrections and
higher-twist contamination can be expected to be smaller
than those found in Sec. III D, but these e↵ects, together
with the di↵erence between NLO and LO matching il-
lustrated in Appendix E, could nevertheless be respon-
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Major progress since 2023!

- First QCD calculation and parameterisation of the CS 

kernel with systematic control

https://arxiv.org/abs/2107.11930
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• TMDPDF defined by matrix element of non-local light-cone quark 
bilinear operator 

• Calculate via quasi-TMD prescription 
[Ji, Sun, Xiong,Yuan ’14, Ji, Jin, Yuan, Zhang, Zhao, PRD99 (2019), Ebert, Stewart, Zhao, PRD99 (2019), JHEP09 (2019), 
Ji, Liu, Liu, [1911.03840] (2019),  Nucl.Phys.B (2020), Vladimirov, Schäfer, Phys.Rev.D 101 (2020)] 
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Midterm Review, Part Part II: Theory - I. Stewart �14

TMD Definitions

fq(x,�bT , µ, �) = lim
��0,��0

Zuv(�, µ, �)Bq(x,�bT , �, �, �)
�

Sq(bT , �, �)

collinear  
region

soft  
region

Reminder (& notation) of TMDPDFs

Definition of TMDPDFs

Motivation: TMD factorization theorem (example: pp ! Z ! l
+
l
�)

�(~qT ) = H(Q,µ)

Z
d2~bT e

i~qT ·~bT f
TMD
q/a (xa,

~bT , µ, ⇣a) f
TMD
q/b (xb,

~bT , µ, ⇣b) + O

⇣
qT

Q

⌘2

I H(Q ⇠ mZ , µ): Hard function (virtual corrections)

Quark TMDPDF: [Collins ’11; Echevarria, Idilbi, Scimemi ’11; Chiu, Jain, Neill, Rothstein ’12, ...]

f
TMD
q (x,~bT , µ, ⇣) = Zuv(µ, ⇣, ✏) lim

⌘!0
Bq(x,~bT , ✏, ⌘, ⇣)

p
Sq(bT , ✏, ⌘)

S0
q(bT , ✏, ⌘)

I Bq: Beam function (collinear matrix element)
I Sq, S

0
q : Soft contributions

I ⌘: Regulates rapidity divergences
I ⇣: Collins-Soper scale [Collins, Soper’81]

Definitions of ⌘ and hence of Bq and Sq

are scheme dependent,
but fTMD

q is scheme independent
l

p p

l

+

-

Soft

Beam
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� :  regulates UV divergences

� :  regulates rapidity divergences
� �

0

dk+

k+

Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi beam function

Beam function: (light-cone correlator)

Bq(x,~bT , . . . ) =

Z
db+

4⇡
e
� i

2b
+
(xP�

)

D
p(P )

���q̄(bµ)W (0,~0T )

(b+,~bT )

�
�

2
q(0)

���p(P )
E

Quasi beam function: (equal-time correlator)

B̃q(x,~bT , . . . ) =

Z
dbz

2⇡
e
ibz

(xP z
)

D
p(P )

���q̄(bµ)W (0,~0T )

(bz,~bT )

�
3

2
q(0)

���p(P )
E

Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators related by Lorentz boost

b?

t
z

q

q

b+

?

z

t

nn̄

b
z�b

z

�
�
b z
n̄

�
b z
n̄

b
µ =

b
+

2
(1, 0, 0, 1) + b

µ
T
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Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi soft function

Soft function: (light-cone correlator)

S
q(bT ) = h0

��[S†
nSTSn̄](~bT )[S

†
n̄S

†
TSn](~0T )

��0i

Quasi soft function: (equal-time correlator)

S̃
q(bT ) = h0

��[S†
ẑSTS�ẑ](~bT )[S

†
�ẑSTSẑ](~0T )

��0i

Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators not related by Lorentz boost (more on this later)

?

z

t

nn̄

b
z�b

z

�
b z
n̄

�
b
z n

v < 0v > 0

n
µ = (1, 0, 0, 1) , n̄µ = (1, 0, 0,�1)
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Wilson Lines
Bq = �p|OB |p�

OB :

staple shaped

Sq = �0|OS |0�

OS :

Midterm Review, Part Part II: Theory - I. Stewart �33

Quasi-TMDs

Towards quasi-TMDPDFs from Lattice QCD

Bent soft function

Recall soft and quasi soft function:
S

q(bT ) = h0
��[S†

nSTSn̄](~bT )[S
†
n̄S

†
TSn](~0T )

��0i

S̃
q(bT ) = h0

��[S†
ẑSTS�ẑ](~bT )[S

†
�ẑSTSẑ](~0T )

��0i

S
q(bT ) and S̃

q(bT ) not related through Lorentz boost
Define “bent” soft function to remove boost-violating diagrams at NLO:

S̃
q
bent

(bT ) = h0
��[S†

ẑSTS�n̄? ](~bT )[S
†
�n̄?STSẑ](~0T )

��0i

Compare Wilson line paths:

S̃
q(bT ) = b?

x

z

L

y

L

$
b?

x

-z

L

y

L

= S̃
q
bent

(bT )

Yields a perturbative matching relation at NLO
I Proof beyond NLO required
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Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi soft function

Soft function: (light-cone correlator)

S
q(bT ) = h0

��[S†
nSTSn̄](~bT )[S

†
n̄S

†
TSn](~0T )

��0i

Quasi soft function: (equal-time correlator)

S̃
q(bT ) = h0

��[S†
ẑSTS�ẑ](~bT )[S

†
�ẑSTSẑ](~0T )

��0i

Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators not related by Lorentz boost (more on this later)

?

z

t

nn̄

b
z�b

z

�
b z
n̄

�
b
z n

v < 0v > 0

n
µ = (1, 0, 0, 1) , n̄µ = (1, 0, 0,�1)
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Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi beam function

Beam function: (light-cone correlator)

Bq(x,~bT , . . . ) =

Z
db+

4⇡
e
� i

2b
+
(xP�

)

D
p(P )

���q̄(bµ)W (0,~0T )

(b+,~bT )

�
�

2
q(0)

���p(P )
E

Quasi beam function: (equal-time correlator)

B̃q(x,~bT , . . . ) =

Z
dbz

2⇡
e
ibz

(xP z
)

D
p(P )

���q̄(bµ)W (0,~0T )

(bz,~bT )

�
3

2
q(0)

���p(P )
E

Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators related by Lorentz boost

?

z

t

nn̄

b
z�b

z

�
�
b z
n̄

�
b z
n̄

b?

t
z

q

q

bz

L

b
µ =

b
+

2
(1, 0, 0, 1) + b

µ
T
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Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi beam function

Beam function: (light-cone correlator)

Bq(x,~bT , . . . ) =

Z
db+

4⇡
e
� i

2b
+
(xP�

)

D
p(P )

���q̄(bµ)W (0,~0T )

(b+,~bT )

�
�

2
q(0)

���p(P )
E

Quasi beam function: (equal-time correlator)

B̃q(x,~bT , . . . ) =

Z
dbz

2⇡
e
ibz

(xP z
)

D
p(P )

���q̄(bµ)W (0,~0T )

(bz,~bT )

�
3

2
q(0)

���p(P )
E

Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators related by Lorentz boost

?

z

t

nn̄

b
z�b

z

�
�
b z
n̄

�
b z
n̄

b
µ =

b
+

2
(1, 0, 0, 1) + b

µ
T
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[49] Ji, Jin, Yuan, Zhang, Zhao, 1801.05930
[38] Ebert, Stewart, Zhao, 1901.03685

f̃u-d(x,�bT , µ, P z) = CTMD
u-d (µ, xP z) exp

�
1
2
�q

� (µ, bT ) ln
(2xP z)2

�

�
fu-d(x,�bT , µ, �)

from  
Lattice QCD

perturbation 
theory

Collins-Soper 
kernel

desired 
TMDPDF

Status:  construction found which is confirmed at 1-loop
f̃q = B̃q

�
S̃q fq = Bq

�
Sq

Bq :

Sq :S̃q :

B̃q :Spatial staple 
calculable in 

LQCD

quasi-TMD 
from LQCD

perturbative 
matching

desired 
TMDPDF

Collins-Soper 
evolution kernel

f̃u-d(x,~bT , µ, P
z) = CTMD

u-d (µ, xP z) gSq (bT , µ) exp

"
1

2
�q
⇣ (µ, bT ) ln

(2xP z)2

⇣

#
fu-d(x,~bT , µ, ⇣)

<latexit sha1_base64="FYo0cvlvcppVYRRlpCwbiIKD/RE="></latexit><latexit sha1_base64="FYo0cvlvcppVYRRlpCwbiIKD/RE="></latexit><latexit sha1_base64="FYo0cvlvcppVYRRlpCwbiIKD/RE="></latexit><latexit sha1_base64="FYo0cvlvcppVYRRlpCwbiIKD/RE="></latexit> non-pert. 
soft factor
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2023/2024: First calculation at quark masses 
yielding a close-to-physical pion mass 
• Nonperturbative operator mixing 

• Investigate effect of different perturbative orders of 
matching, resummation, etc 

Phiala Shanahan, MIT

Five steps to CS kernel from lattice QCD: 

• Calculation of bare quasi-wavefunctions  

• Renormalisation and matching to the MS scheme  

• Fourier transform to momentum space 

• Ratio, perturbative matching, power corrections 

• Continuum extrapolation 

1
2
3

27

4
5

Avkhadiev, Shanahan, Wagman, Zhao; Phys.Rev.D 108 (2023) 11, 114505;  

Phys.Rev.Lett. 132 (2024) 23, 231901 

Collins Soper kernel from lattice QCD

Wagman Zhao

Avkhadiev



Phiala Shanahan, MIT

Collins Soper kernel from lattice QCD
• First calculation at ~physical pion mass and NNLO + NNLL matching 

• Allows first parameterisation of kernel constrained by pure theory results 

• Begins to distinguish between phenomenological models in non-perturbative 
regime

28
Avkhadiev, Shanahan, Wagman, Zhao; Phys.Rev.D 108 (2023) 11, 114505; Phys.Rev.Lett. 132 (2024) 23, 231901 



Phiala Shanahan, MIT

Gluon Collins-Soper Kernel
• Experiment: 

• Can expect first constraints on gluon TMDs and CS kernel from 
future Electron-Ion Collider 

• Theory: 

• Perturbative region: from 1-loop PT, quark and gluon CS kernels 
differ by only a group theory factor (  vs ) 

• Non-perturbative region: no information yet! 

• First LQCD calculation in progress

CA CF

29

Avkhadiev Fu Wagman Zhao



Phiala Shanahan, MIT

Gluon Collins-Soper Kernel

30

Quark vs. Gluon

Comparison of quark and gluon cases

- bT = 0.12 fm, Pz = 4 ◊
2fi
L = 0.86 GeV

- same number of measurements Ncfg ◊ Nsrc ≥ 470 ◊ 16

Quark: few % errors Gluon: 20 ≠ 30% errors

-10 -5 0 5 10

-0.05

0.00
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bz Pz

B� (
bz
,b

T
,P

z )

bT � 0.12 fm
nz � 4

prelim

An order of magnitude more stats are needed to achieve a similar precision

13 / 16

Work in progress (ETA 2025): High statistics required for gluon CS kernel!

Quark quasi-beam function Gluon analogue (same stats)

Avkhadiev Fu Wagman Zhao



Future colliders will dramatically alter our knowledge of the quark and gluon 
structure of hadrons and nuclei 

• Work towards a complete 3D picture of parton structure  
(moments, x-dependence of PDFs, GPDs, TMDs) 

• New lattice QCD calculations of the Collins-Soper kernel for TMD 
rapidity evolution 

• New flavour-decomposition of generalised form factors of the proton 
and other hadrons, yielding decomposition of distributions including 
shear and pressure 

Lattice QCD calculations in hadrons and light nuclei will complement and 
extend understanding of fundamental structure of nature

Phiala Shanahan, MIT

Parton structure from LQCD
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