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Multi-hadron interactions

3

Lattice QCD offers a systematically improvable approach to investigate the hadron spectrum

Finite volume and  Euclidean spacetime complicate the study of  multi-hadron systems
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Multi-hadron interactions
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Lattice QCD offers a systematically improvable approach to investigate the hadron spectrum

Enormous progress in the two-particle formalism & application. 

Finite volume and  Euclidean spacetime complicate the study of  multi-hadron systems

and beyond two? 

[Talks by J. Dudek, A. Hanlon, D. Mohler, A. Nicholson]
[Talks by F. Ortega-Gama, S. Prelovsek, A. Rodas, A. Walker-Loud]



/31Fernando Romero-López, MIT

Three-particle processes

4

The puzzle of  the Roper resonance

N(1440) → Δπ → Nππ

(with 3π decay modes)≥

Many-body nuclear physics: 3N force, tritium nucleus

The two-body formalism is restricted to few interesting resonances

K → 3π, K0 ↔ 3π ↔ K0CP violation: 

Exotic hadrons

Tcc → DD*, DDπ

Many reasons to study the three-body problem in finite volume

[Talk by D. Pefkou]
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A three-particle era

5

Formalism has been developed for several cases of  interest e.g.

Applications to simple system have been achieved

• Finite-Volume Unitarity (FVU)

• Generic Relativistic Field Theory (RFT)

• Non-Relativistic EFT (NREFT)

[Hansen, Sharpe, PRD 2014 & 2015]

[Hammer, Pang, Rusetsky, JHEP 2017] x 2

[Mai, Döring, EPJA 2017]

[Talk by S. Sharpe]

[Talk by A. Rusetsky]

[Talks by M. Döring & M. Mai]

[Alexandrou et al, PRD 2020], [Blanton et al., PRL 2020 & JHEP 2021], [Brett et al, PRD 2021], [Culver et al, PRD 2021], 

[Fischer et al, EPJC 2021], [Garofalo et al, JHEP 2023], [Hansen et al, PRL 2021], [Mai et a PRL 2019 & 2021] 
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A three-particle era
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Formalism has been developed for several cases of  interest e.g.

Applications to simple system have been achieved

• Finite-Volume Unitarity (FVU)

• Generic Relativistic Field Theory (RFT)

• Non-Relativistic EFT (NREFT)

[Hansen, Sharpe, PRD 2014 & 2015]

[Hammer, Pang, Rusetsky, JHEP 2017] x 2

[Mai, Döring, EPJA 2017]

[Talk by S. Sharpe]

[Talk by A. Rusetsky]

[Talks by M. Döring & M. Mai]

Important benchmark systems: three pseudoscalar mesons at maximal isospin

 Implement formalism and explore its features

 Test fitting strategies to extract three-body K matrix

 Interpret results in combination with EFTs

[Alexandrou et al, PRD 2020], [Blanton et al., PRL 2020 & JHEP 2021], [Brett et al, PRD 2021], [Culver et al, PRD 2021], 

[Fischer et al, EPJC 2021], [Garofalo et al, JHEP 2023], [Hansen et al, PRL 2021], [Mai et a PRL 2019 & 2021] 
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Outline
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1.  Results for 3K and 3π systems


2.  3π systems at NLO in ChPT


3.  Results for mixed systems: πK, ππK, Kππ
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3K and 3π systems
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Relativistic three-particle formalism 
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[Hansen, Sharpe, PRD 2014 & 2015]
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Matrix indices describe  
three on-shell particles
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Relativistic three-particle formalism 
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relations
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𝒦2

𝒦df,3

Fit
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[Hansen, Sharpe, PRD 2014 & 2015]
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Matrix indices describe  
three on-shell particles

Experiments

[Talks by D. Islam & S. Dawid]
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The LQCD spectrum

9

Requires large sets of  energy levels obtained using variational techniques
Using stochastic LapH method [Morningstar et al, PRD 2011]

[Blanton, Hanlon, Hörz, Morningstar, FRL, Sharpe, JHEP 2021]

 inelastic threshold3Kπ

 threshold3K

E/MK

 energy levels3K+

irreps  
& frames

O(30) energy levels! 
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The LQCD spectrum

9

Requires large sets of  energy levels obtained using variational techniques
Using stochastic LapH method [Morningstar et al, PRD 2011]

[Blanton, Hanlon, Hörz, Morningstar, FRL, Sharpe, JHEP 2021]

 inelastic threshold3Kπ

 threshold3K

E/MK

 energy levels3K+

irreps  
& frames

prediction from QC3

(fitted)

prediction from QC3

(not fitted)

Lattice QCD spectrum
noninteracting


energy

O(30) energy levels! 
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Fitting the spectrum

10

Extraction of  the scattering parameters requires fitting spectral information. 

parameters in 
K-matrices “predicted minus measured” 

center-of-mass energies
covariance  

matrix of energies

“Spectrum method”
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Fitting the spectrum

10

Extraction of  the scattering parameters requires fitting spectral information. 

parameters in 
K-matrices “predicted minus measured” 

center-of-mass energies
covariance  

matrix of energies

“Spectrum method”

(s wave)

(s and d waves)

(s wave)

(s and d waves)
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3π+ Kdf,3 from lattice QCD

11

Depend on CM energy Angular dependence
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Depend on CM energy Angular dependence

[Blanton, Hanlon, Hörz, Morningstar, FRL, Sharpe, JHEP 2021]

[Blanton, FRL, Sharpe, PRL 2019]
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3π+ Kdf,3 from lattice QCD

11

Depend on CM energy Angular dependence

Successfully constrained 

subleading term including 

angular dependence!            

[Blanton, Hanlon, Hörz, Morningstar, FRL, Sharpe, JHEP 2021]
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3K+ Kdf,3 from lattice QCD

12

Depend on CM energy Angular dependence
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3K+ Kdf,3 from lattice QCD

12

Depend on CM energy Angular dependence

[Blanton, Hanlon, Hörz, Morningstar, FRL, Sharpe, JHEP 2021]
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Three-pion scattering 
at NLO in ChPT
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2π/3π interactions & ChPT 

14

Two-pion sector is well described at LO
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??

! Three-pion with large discrepancy

[Blanton, Hanlon, Hörz, Morningstar, FRL, Sharpe, JHEP 2021]
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Kdf,3 at NLO in ChPT

15

Relation between amplitude and K matrix involves integral equations

(cutoff dependent)
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Kdf,3 at NLO in ChPT

15

Chiral counting at NLO leads to a very simple relation:

Relation between amplitude and K matrix involves integral equations

(cutoff dependent)
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Computing Kdf,3 at NLO

16

= −

+ −( )
[

]
cutof

one-particle-exchange 
diagrams

one-particle-exchange 
subtraction

“Bull’s-head”  
subtraction

one-particle-irreducible 
diagrams

off-shell 
propagatorNLO amplitude computed in 

[Bijnens, Husek, (2107.06291)]

[Bijnens, Husek, Sjö (2206.14212)]
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Results for Kdf,3 at NLO

17

LECsnumerical 
coefficients 

(cutoff dependent)

[Baeza-Ballesteros, Bijnens, Husek ,FRL, Sharpe, Sjö (to appear)]
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Comparison to LQCD

18

Phenomenological LECs

NLO effects can accommodate discrepancy! ! Large NLO corrections.

[Baeza-Ballesteros, Bijnens, Husek ,FRL, Sharpe, Sjö (to appear)]
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Comparison to LQCD

19

First nonzero contribution at NLO 

Large NNLO corrections?

[Baeza-Ballesteros, Bijnens, Husek ,FRL, Sharpe, Sjö (to appear)]

Phenomenological LECs

term with 

angular dependence
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Mixed meson systems: 

πK, ππK, Kππ

20
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Nondegenerate systems

21

First step: RFT formalism for three different scalars
[Blanton, Sharpe, PRD 2021] x 2, [Hansen, FRL, Sharpe, JHEP 2021]

determinant runs over an  
additional “flavor” index

e.g.

Relevant three-body systems involve nonidentical particles ( )  ππN

Implementation: github.com/ferolo2/QC3_release 

https://github.com/ferolo2/QC3_release
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Nondegenerate systems

21

First step: RFT formalism for three different scalars
[Blanton, Sharpe, PRD 2021] x 2, [Hansen, FRL, Sharpe, JHEP 2021]

determinant runs over an  
additional “flavor” index

e.g.

Relevant three-body systems involve nonidentical particles ( )  ππN

Less symmetry in the K-matrix, leading to more coefficients in the expansion:

Example:  

π+π+K+ scattering

Implementation: github.com/ferolo2/QC3_release 

https://github.com/ferolo2/QC3_release
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Fitting “2+1” systems

22

Requires fitting three systems at one. For instance: 

Perform a simultaneous (correlated) fit
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Fitting “2+1” systems

22

Switch to fitting energy shifts in the lab frame

parameters in 
K-matrices

covariance  
matrix of lab-shifts “predicted minus measured” 

lab-frame energy shifts

Requires fitting three systems at one. For instance: 

Perform a simultaneous (correlated) fit
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Fitting “2+1” systems

22

Switch to fitting energy shifts in the lab frame

parameters in 
K-matrices

covariance  
matrix of lab-shifts “predicted minus measured” 

lab-frame energy shifts

Direct output of  Lattice QCD

10 20 30
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N203, A2(2), EKKº

1

10 20 30

0.00300

0.00400

0.00500
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N203, A2(9), EKKº

0

Better conditioned covariance matrix

More constrained fits (lower errors)

Requires fitting three systems at one. For instance: 

Perform a simultaneous (correlated) fit

Motivations: Examples of  
ratio fits
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Lattice QCD spectrum

23
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Visualization of fits

24
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interactions
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Scattering lengths
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[Pelaez, Rodas, 2010.11222]

[Pelaez, Rodas, 2010.11222]

attractive at threshold

repulsive at  
higher energies

Experimental results  
only high energy

“ChPT-inspired” fit

Access to higher partial waves in the near threshold region

[Wilson et al., 1411.2004]
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Kdf,3 results (I)
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Kdf,3 results (II)
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Discretization effects

29

So far, single- attice spacing calculations. What about discretization effects?

Wilson-ChPT = ChPT + discretization effects

Same combination of LECs in two- and three-body quantities
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Significant progress both in the theoretical formalism and applications

 Three mesons at maximal isospin as a benchmark system

Future progress requires both formalism development and LQCD applications!

 Roper resonance, doubly-charmed tetraquark…

Qualitative agreement between NLO ChPT & Lattice QCD results increase confidence in results 

 Another example of  synergy between lattice QCD and EFTs!

Determination of  the three-particle K matrix in 3π, 3K, ππK, KKπ systems

Two-particle amplitudes as a by-product

 LQCD determination of  p-wave π+K+ scattering

                     with statistical significance (several “sigmas”)
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Visualization of fits
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Three-particle scattering
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pair-wise

 rescattering

can go on-shell

(physical divergence)

Qualitatively more complicated than the two-particle case!

ℳ3 = + + +⋯

Finite-volume formalism has been developed independently by three groups

• Finite-Volume Unitarity (FVU)

• Generic Relativistic Field Theory (RFT)

• Non-Relativistic EFT (NREFT)

[Hansen, Sharpe, PRD 2014 & 2015]

[Hammer, Pang, Rusetsky, JHEP 2017] x 2

[Mai, Döring, EPJA 2017]

Equivalence has been established

[Jackura et al. PRD 2019],[Blanton, Sharpe, PRD 2020], 


[Jackura (to appear)] 

[Talks by J. Baeza-Ballesteros, M. Hansen, S. Sharpe]

[Talk by F. Müller]

[Talk by M. Mai]
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Integral equations
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Construct a “finite-volume amplitude” with spectator singled out

Symmetrize (each particle gets a turn to be the spectator)

Infinite-volume limit

=
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Parametrizing Kdf,3
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The three-particle K-matrix has the same symmetries as the scattering amplitude

For identical particles: 

For there-pions with definite isospin, need to consider flavor indices. Example:

 Time reversal:

 Particle exchange symmetry: 

  I=0 flavor wave function is fully antisymmetric

 Therefore, the K-matrix must also be antisymmetric 

 Minimal parametrization for resonances:
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det
ℓm [𝒦2(En) + F−1(En, ⃗P , L)]

E=En

= 0
Scattering 

K-Matrix

Known kinematic

function

Two-particle Quantization Condition

“QC2”

Indirect connection between the spectrum and the two-particle scattering amplitude [Lüscher 89’]
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See also the HALQCD method:

Fully general formalism (nondegenerate, spin, multi-channel):
[Rummukainen, Gottlieb, NPB 1995] [Kim, Sachrajda and Sharpe, NPB 2005]

[Göckeler et al, PRD 2012]
[Briceño, PRD 2014]

[Bernard et al, JHEP 2008] [Davoudi, Savage, PRD 2011]
[Leskovec, Prevlosek, PRD 2012]


