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O Lattice QCD offers a systematically improvable approach to investigate the hadron spectrum

O Finite volume and Euclidean spacetime complicate the study of multi-hadron systems
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O Lattice QCD offers a systematically improvable approach to investigate the hadron spectrum
O Finite volume and Euclidean spacetime complicate the study of multi-hadron systems i

O Enormous progress in the two-particle formalism & application. [Talks by J. Dudek, A. Hanlon, D. Mohler, A. Nicholson] “
[Talks by F. Ortega-Gama, S. Prelovsek, A. Rodas, A. Walker-Loud] q
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Many reasons to study the three-body problem in finite volume

O The two-body formalism is restricted to few interesting resonances

O The puzzle of the Roper resonance

N(1440) - Az — Nrn
O Exotic hadrons

T..— DD*,DDx

O Many-body nuclear physics: 3N force, tritium nucleus

O cPviolation: K — 37, K' o 3r o K

[Talk by D. Pefkou]
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Resonance I ... J¥ ?
W(782) 0 1-
h1(1170) 0 1 “
w3(1670) 0 3~ ﬁ
7(1300) 1 0 ‘&
a1 (1260) 1 1T m
71(1400) 1 1- \
7T2(1670) 1 2~ ‘
a2(1320) 1 2T
a4(1970) 1 4+ )

(with >3 decay modes)
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' : +.0_— gt g+t
. M Formalism has been developed for several cases of interest eg. mnw K "K'n",NNN

O [Hansen, Sharpe, PRD 2014 & 2015] [Talk by S. Sharpe]

® Non-Relativistic EFT (NREFT) [Hammer, Pang, Rusetsky, JHEP 2017] x 2 [Talk by A. Rusetsky] ?
|

‘ Finite-Volume Unitarity (FVU) [Mai, Doring, EPJA 2017] [Talks by M. Doring & M. Mai] ‘

|
M Applications to simple system have been achieved ﬁ

[Alexandrou et al, PRD 2020], [Blanton et al., PRL 2020 & JHEP 2021], [Brett et al, PRD 2021], [Culver et al, PRD 2021],
[Fischer et al, EPJC 2021], [Garofalo et al, JHEP 2023], [Hansen et al, PRL 2021], [Mai et a PRL 2019 & 2021]
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M Applications to simple system have been achieved ﬁ
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| O Important benchmark systems: N

2 Implement formalism and explore its features

> Test fitting strategies to extract three-body K matrix

2 Interpret results in combination with EFTs
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l. Resulks for 3K and 3 svs&ams

2. 3 systems ab NLO in ChPT

e ———

S, Resulks for mixed systems: 7K, 7K, Krm
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q [Hansen, Sharpe, PRD 2014 & 2015]
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q [Hansen, Sharpe, PRD 2014 & 2015]

Quankizakion ?
condikions ,

- T+ Fl =0
£m

R det [%de ~+ F;l] — O
W kCm ’

Matrix indices describe
three on-shell particles
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q [Hansen, Sharpe, PRD 2014 & 2015]

K—=nakrices
Quankizakion ?
condibtions ‘,
A det [7,+ F; '] =0 % )
r ‘m

K v v S
. DAAEELAAEED LS Y ’ N ~
S AW
»> AND). (I
,\ \ 1 .
P~ \JC ) :‘\. —
. C drf.3
et lf, 3
< >, ! ﬁ
B, ../
X ;fa”‘/
.

E, Matrix indices describe

three on-shell particles Parametrize:

ICQZCO—|—Clk‘2—|—...

2
__ 1-1s0,0 iso,1 s —9m
’Cdf,i% — de,3 T ,Cdf,3 9 ) T ...
Im
[Blanton, FRL, Sharpe, JHEP 2019]
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Quanktizakion
condikions

» det [%2 + Fz_l] =0

‘m

7 o
N\
- -’
s -
~ iz
‘

Matrix indices describe
three on-shell particles

———

det [‘%dfﬁ + F;l] —

[Hansen, Sharpe, PRD 2014 & 2015]

K-matrices Sc:a\?:&.erw\g
amgt&udes ?
K ‘
Unitarit %
cik 2 retaﬁiavxg 2

—— . ————

Integral ﬂ
equa&&ons 3
[Briceino et al., PRD 2018]

[Hansen et al., PRL 2021]
[Jackura et al., PRD 2021]
[Dawid et al., 2303.04394]
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Paramebrize:
ICo :CO—|—Clk‘2—|—...

2
__ 1-1s0,0 iso,1 s —9m
’Cdf,3 — ,Cdf,3 + ,Cdf,3 ( 9 ) T ...
Im
[Blanton, FRL, Sharpe, JHEP 2019]

[Talks by D. Islam & S. Dawid]
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q [Hansen, Sharpe, PRD 2014 & 2015]

: Scattering
K-matrices _
Quankizakion amgt&udes ?
&0&\&&%&0%5 ‘»
~1] _ % Unikarik %
et [%2 + 1y ] =0 2 retaﬁiomz 2

‘m ﬁﬁ&

—— . ————

det [%dﬁ + F;l] =0

i i % Integral %
‘ p dﬁB equations 3

e ———

[Briceino et al., PRD 2018]
[Hansen et al., PRL 2021]

[Jackura et al., PRD 2021]
[Dawid et al., 2303.04394]

E, Matrix indices describe

three on-shell particles Parametrize:

ICo :CO—|—Clk‘2—|—...
2
iso,( iso,1 s —9m
Kats = de,3 _|_,Cdf,3 ( 92 ) T ...
m
[Blanton, FRL, Sharpe, JHEP 2019]
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| O Requires large sets of energy levels obtained using variational techniques
Using stochastic LapH method [Morningstar et al, PRD 2011]

3K™ energy levels| O(30) energy levels!

O XE TN PN OB TP PN TN PN OBY ONF RN PN OB OB N PN TN PN R B W PN OBy OBy B TR PN PN OB OB PN PN PN OB OPF TR PN P OB P PN PN OB OB P PR

iIrreps
NS S O A A A A R A A A AR A OO
POV WP PR O & frames
9 /31 [Blanton, Hanlon, Horz, Morningstar, FRL, Sharpe, JHEP 2021]
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| O Requires large sets of energy levels obtained using variational techniques
Using stochastic LapH method [Morningstar et al, PRD 2011]

3K™ energy levels| O(30) energy levels!

XN TN PN OB F PN TN PN DY NF RN TN PN OB B PN TN PN P B WM PN OBy OB OB TN PN PN OB OB . o oo oo o o B3 BY B TE PN OPY OBY OB OB

Frecliét&cm from QC3
(fitted)

o» o nowhinteracting
--------- energy Latbtice QCD spea&rum

3.25

D irreps
PRI YT & frames
9 /31 [Blanton, Hanlon, Horz, Morningstar, FRL, Sharpe, JHEP 2021]
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O Extraction of the scattering parameters requires fitting spectral information.

“Spe&%rum mebhod” ?
|
CB) =D (Bemi — EEL(5)) (C7) ; (Bems — ES(5))

/ 1]
parameters in \

K-matrices : ” : : '
‘ covariance predicted minus measured
|

é—%—_&-t

matrix of energies center-of-mass energies
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O Extraction of the scattering parameters requires fitting spectral information.

“Sp@.&%rum mebhod” ?
Xz(ﬁ) — Z(Ecmz o E?Ifz( )) (C_l)ij (Ecm,] - E?HSJ( ))

/' 1]
parameters in \

K-matrices : ” : : '
‘ covariance predicted minus measured
|

matrix of energies center-of-mass energies

D200, a ~ 0.063 fm 21" /37"
’ | M — 200 MeV 2/dof = 1.99 (s wave)
MK 480 MeV 2/dof — 1.67 (sandd waves)
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' - eeﬁ;zl on CM er;egy, R »:
' ~1 iso,( iso, 1 150, 2 A 2 |
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Katz =

[Blanton, FRL, Sharpe, PRL 2019]
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' | Depend on CM energy ;. 11 Angular dependence
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: O Relation between amplitude and K matrix involves integral equations

M 3(p, k) = M3—5 {// LY (p, 8)T (s, 7)R™Y (r, k)} ?

(cutoff dependent) /
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O Relation between amplitude and K matrix involves integral equations

Masalp k) = M = S(D0) = 84 [ [ L0, 9)T (5, )R, ) | ?
|
(cutoff d dent)
S TR / T(p,k) = zcdfgp, ~ [ Ko, 9)o(s)£) (5,7)T (r, k)
£9p, ) = (3 — Malp)o(p) ) 3(p— k) — D) (p, Wyl

“ D(u,u) (p7 k’) — _M2(p)GOO (p7 k)MZ(k’) + /MZ(p)GOO (pa T)D(u,u) (’I", k)
|

M Chiral counting at NLO leads to a very simple relation:

— NLO _ NLO
F 4> Karz = Re Mges

————— R —



one-particle-irreducible “Bull’s-head”
diagrams subtraction

| off-shell
¢, propagator
0’ ‘

NLO amplitude computed in
[Bijnens, Husek, (2107.06291)] |
[Bijnens, Husek, Sjo (2206.14212)]

NLO, OPE
’ M, DNLO, OPE
onhe-particle-exchange onhe-particle-exchange
| diagrams subtraction
| Fernando Romero-Lopez, MIT 16/31
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, k= 1/(167°)
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K
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e
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“EEE
—

X

o)
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e ——

207k
2923 — 420log 3) — D L+0
T0p (2923 — 12010g3) = Dz + 360L + £y | j
| Ky = 125 (21800 — 105010g3) — D — 9L+ £1,, &
' A — %( — 0g3) — Da — _l_(A)_a
27k

9
os
|

(6698 — 24510g 3) — Dp + 54L + {{p,

’ [Baeza-Ballesteros, Bijnens, Husek ,FRL, Sharpe, Sjo (to appear)] numerical I LECs

| coefficients L = klog(M;/u?)
(cutoff dependent)
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[Baeza-Ballesteros, Bijnens, Husek ,FRL, Sharpe, Sjo (to appear)]

x| --- LO ChPT
T —— LO+4+NLO ChPT
. (): 143] and LO+NLO fit
10% 0.5
:4,’// P
0.0 he"°"’mc\-
. S |

(My/Fy)’

M NLO effects can accommodate discrepancy!
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2.01

1.0}

—2.0}

1.0}

T ’ T

LO ChPT
LO+NLO ChPT

43] and LO+NLO fit

0.0F

_
(My/F,)’

I Large NLO corrections.

100 150




term with
angular dependence
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[Baeza-Ballesteros, Bijnens, Husek ,FRL, Sharpe, Sjo (to appear)]

2 First nonzero contribution at NLO ?

1
—

—— . ————

% Large NNLO corrections?

P

— NLO ChPT N
o (13 ‘
0 500 1.000 1,500  2.000
(M, /Fy)
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' O Relevant three-body systems involve nonidentical particles (z7zN)

O First step: RFT formalism for three different scalars |eg. 77n'nr, K*Ktn", DI D7
[Blanton, Sharpe, PRD 2021] x 2, [Hansen, FRL, Sharpe, JHEP 2021] ?

detr s m el — Kaes(E*)F3(E, P,L)] =0 ‘

r Implementation: github.com/ferolo2/QC3 release

—— . ————

determinant runs over an
additional “flavor” index
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https://github.com/ferolo2/QC3_release

' O Relevant three-body systems involve nonidentical particles (z7zN)

O First step: RFT formalism for three different scalars |eg. 77n'nr, K*Ktn", DI D7
[Blanton, Sharpe, PRD 2021] x 2, [Hansen, FRL, Sharpe, JHEP 2021] ?

detr s m e[l — Kass(EY)F3(E, P,L)] =0 ‘

r Implementation: github.com/ferolo2/QC3 release

—— . ————

determinant runs over an
additional “flavor” index

e ———

h O Less symmetry in the K-matrix, leading to more coefficients in the expansion:
1

‘ (I O o M

’ A = M2

e —— — 4

2
(pﬂ' + Dr’ ) — 4m§
M2

F.. — (pK _p,K)2
22 — Mz

Ay =
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https://github.com/ferolo2/QC3_release

| O Requires fitting three systems at one. For instance: 7'('7'('K —|— TTC _|_ 7-‘-K

2 Perform a simultaneous (correlated) fit

| Fernando Romero-Lopez, MIT

———. ] B —
L  ——— e T —— e E—




| O Requires fitting three systems at one. For instance: 7'('7'('K —|— TTC _|_ 7-‘-K

2 Perform a simultaneous (correlated) fit ?

O Switch to fitting energy shifts in the lab frame |

2 (= —1

f X (p) — Z (AElab,z AElab z( )> (C )ij (AElabaj o AE'lab,]( ))
/ i] 2 N

parameters in matfiiv;r:glr;?:hifts “predicted minus measured”

“ K-matrices lab-frame energy shifts
|

é—%—_&-t
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O Requires fitting three systems at one. For instance: 7'('7'('K —|— TCTT —|— 7TK

> Perform a simultaneous (correlated) fit ?

O Switch to fitting energy shifts in the lab frame |

| X2§?) — ; (AElab,i — AElab z( )) (/C-"—l)ij (AElabaj _\AElab,]( ))

_ covariance 3 : : '
parameters in matrix of lab-shifts predicted minus measured

‘ K-matrices lab-frame energy shifts
| | HN203, Ax(2), BT N203, A,(9), EXET

{,_#—_ e ————

I%
2 Direct output of Lattice QCD
‘ 0.00650- ! 0.00400 £--nmmmmmmmm e
> Better conditioned covariance matrix ST e oo . ‘%ﬁ
o . _ 0.00600- i 1 00300 - b1
> More constrained fits (lower errors)
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: arK, N203, a ~ 0.063 fm

o M, = 340 MeV, Mg = 440 MeV

O(50) energy levels!

--------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

_________ ~ - -

3.5:- =TT nowninteracting QC3 predictio |
S . energy (Ei&&ed) |
'_. ............... T T T K . "
3 0L " Laktice QCD
XA D™ ™D D DS 3B DD D DD @ @@ QOO ¢

23 /31
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p-wave
interactions

480 MeV

My

KK, D200 M, =200 MeV

————— R —
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| O By-product of three-body studies are two-meson amplitudes

0.45 ?

0.40 - "

> LECs from SU(3) NLO ChPT: 0.35 - ﬂ

0.30 - ,

L'/m — _877(36) X 10_4 S 0.25- ﬁ
| L;=00(15) x 107 "o
x> /dof = 0.4 -

-=== LOChPT & Mgal¥
— NLOfit & Mygaj®

-
-
-
-
-
-
-
> J
/’
P

0.00 -

| 0.00 . . . . . .
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l (Mr/Fr)*

| Fernando Romero-Lopez, MIT

———. ] B —
L  ——— e T —— e E—




| O Access to higher partial waves in the near threshold region

attractive at threshold ?

Experimental results —— T ‘>
1 / — — — only high energy 00251 =77~ Chiral fit
_ : Q@  This work
r 0 I ! } — f — § Dispersive analysis [Pelaez, Rodas, 2010.11222] ﬂ
_ } 1 0.020 1 § HadSpec [Wilson et al., 1411.2004] ﬁ
1 L

—3 L o
‘ | | 0.010 - N\ - \m

—_— | - '(e o ”/”

4 repulsive at _‘;\“59\ L--- 1
’ higher energies UFD - - - - 0.005 - ‘0‘(\? T

=7 CFD - wOt T

P _. o Estallbrgok§ etlal.I e ‘ S § ————
| 0.8 1 1.2 1.4 1.6 00T A 6 & 10 12 14 16 18 ’
| [Pelaez, Rodas, 2010.11222] Vs GeV ( M. / FW)Q J
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| i 3
| ,1 Depend on |
{ CM energy

Kata | + KA

' :’ ) .
Y i

physical point

0 3 4 6 ] 10 19
(My/Fr)?

Disagreement with LO ChPT.

6 3 10 19
(M) Fr)?

Statistically significant different from zero
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l\D_
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, Depend on
| CM energy

physical point

M)
©
—h
i
O

—— Chiral fit
§ MIQ(ICB(KKW) —4000 -
Q@ MiKp(KKr)

M*Kp(rrK)
M*Kg(rrK)
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|
physical point
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| O Sofar, single- attice spacing calculations. What about discretization effects?

Wilson-ChPT = ChPT + discretization effects

(2wg + wy)
107

— 6z, (2wg + wy)

a—

combination of in two- and three-body quantities
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O Sofar, single- attice spacing calculations. What about discretization effects?

Wilson-ChPT = ChPT + discretization effects

(2wg + wg) -

h mr i K iy
| MIKE5 = deg —6:1: 2 (2wg + wy)

K TK
Mygag" = Mygag™|

\ combination of in two- and three-body quantities
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= —0.14(23)
Ensemble ICo 04 (1Co)
mn + K + K fits
D200 190(80) 4(7)
N203 —240(150) ' 10(16)
KK + K + KK fits
D200 170(270) | 17(27)
N203 260(310) | 14(23)
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O Significant progress both in the theoretical formalism and
as a benchmark system ?

O Determination of the three-particle K matrix in systems

> Kars # 0 with statistical significance (several “sigmas”)
O Two-particle amplitudes as a by-product

> LQCD determination of scattering

v
O between & results increase confidence in results M

2> Another example of synergy between lattice QCD and EFTs!

O Future requires both development and LQCD !

2> Roper resonance, doubly-charmed tetraquark...
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| can go on-shell
(physical divergence)
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pair-wise
4 rescattering

can go on-shelli
(physical divergence)
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pair-wise
_# rescattering

T

h ' O Finite-volume formalism has been developed independently by three groups

|
can go on-shell “ |
(physical divergence)
|

B

!

M
® Generic Relativistic Field Theory (RFT) [Hansen, Sharpe, PRD 2014 & 2015]
[Talks by J. Baeza-Ballesteros, M. Hansen, S. Sharpe]

c . . o ” o “’t
@® Non-Relativistic EFT (NREFT) [Hammer, Pang, Rusetsky, JHEP 2017] x2 | Equwalence has been establlshed |
’ [Talk by F. Miller] 1 [Jackura et al. PRD 2019],[Blanton, Sharpe, PRD 2020], {

[Jackura (to appear)]

® Finite-Volume Unitarity (FVU) [Mai, Déring, EPJA 2017] S s
[Talk by M. Mai]
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Finite-volume information & two-body interactions
1 | F 1 )

— F F 3

L’ 3 (K2) '+ F+G

Fy =

| Fernando Romero-Lopez, MIT

———. ] B —
L  ——— e T —— e E—




Finite-volume information & two-body interactions

F 1 ' ?
13 4 1 4 |
3 (K2) "+ F+G

L3 Z / d3k

| Fernando Romero-Lopez, MIT

———. ] B —
L  ——— e T —— e E—




| O Construct a “finite-volume amplitude” with spectator singled out

M (P) = D) £

<
=
3
I

S| My (P)

& S R

O Infinite-volume limit

’ M5(E, P) = lim lim Ms 1 (E + ie, P)

| e—0" L—00

————— R —



O The three-particle K-matrix has the same symmetries as the scattering amplitude

O For identical particles: ?
> Particle exchange symmetry: de,g(pl,pz,pg; k;) = de,3(p2,p1,p3; ki)=... |
2> Time reversal: ’Cdf,3(297:, ki) = ,Cdf,3(ki7pi) ‘

O For there-pions with definite isospin, need to consider flavor indices. Example:

_ 2
2 |=0 flavor wave function is fully antisymmetric t’ij = (pi — kj)
‘ 3m, I=0)~|+0-)—[04+—-)+]0—+)+|—0+) — |+ —0) + | — +0) |
v
V > Therefore, the K-matrix must also be antisymmetric Kgff;o] O ICQSS €;ikE€mnrbimbin M
ijk
Il
> Minimal parametrization for resonances: Kgffzo""(m)] _ cxVaV
’ ’ S — Mf
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. O Indirect connection between the spectrum and the two-particle scattering amplitude [Luscher 89)

& Rt : FUS AT AP T T (s Sy T2 N e e A W MR ~aheus
S P s B > o Y g PE . > N r PN

Twcmparﬁi‘:{a Quankizakion Condikion

det ‘%Z(En) + F_l(En, F, L)] —
£m

y Scattering Kiowin kinematic F=E
4 K-Makrix function

: A I i L. B a2 i
.~ - . L~ -
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. O Indirect connection between the spectrum and the two-particle scattering amplitude [Luscher 89)

- MR sge 5 1 DR IS ok ST Sy VWP 2 DS Tl ok ST MAsashiul
S P s B > o Y g PE . > N r PN

Twc:wgmrﬁf:ia Quankizakion Condikion

- M o0t st
v ol

K-matrix parametrized
in terms of phase shift

det | % (E)+F\(E,, P, L)] —
‘m

Scattering Kinowi kinemaktic E=F
K-Makrix function

: A I i L. B a2 i
.~ - . L~ -
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. O Indirect connection between the spectrum and the two-particle scattering amplitude [Luscher 89)

- MR sge 5 1 DR IS ok ST Sy VWP 2 DS Tl ok ST MAsashiul
S P s B > o Y g PE . > N r PN

Twcwgmrﬁf:i.@. Quankizakion Condikion

.. RS e
L) So@e 5Te (&0 -

K-matrix parametrized
in terms of phase shift

det | % (E)+F\(E,, P, L)]
‘m

Scattering Kinowi kinemakic
K-Makrix function

: A I i B a2 i
.~ - L~ -

Finite-volume information

1 J dk 1
L3 - Q) | k2 —g¢q

F, oo(q 2) ~

. B 2ot £
LImas o, e 0
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. O Indirect connection between the spectrum and the two-particle scattering amplitude [Luscher 89)

B i 4 o8 " ' . e P MR o ~gite 40 IC. °8 - P e e o agdits a
>, [ P O Ay . - PR g Y PR

o R > e i

£ Two-particle Quantization Condition

/} T e ‘
- ' ' 3 —1 D
¢ K-matrix parametrized det | # 2( En) + F( Env P.,L)
in terms of phase shift m
' Scattering Kiowh kinemabic
K-Makrix function

indiri dhc T i e i
N N o= - % - e

- : = -- ‘..'5'-
Y "-..\ O on o

Finite-volume information

1 J dk 1
L3 - Q) | k2 —g¢q

O Fully general formalism (nondegenerate, spin, multi-channel): Foolq®) ~

[Rummukainen, Gottlieb, NPB 1995] [Kim, Sachrajda and Sharpe, NPB 2005]

[Bernard et al, JHEP 2008] [Davoudi, Savage, PRD 2011] R
[Leskovec, Previosek, PRD 2012] [Gockeler et al, PRD 2012] et G S RN S B IR
[Briceno, PRD 2014]

2> See also the HALQCD method:

m
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