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<latexit sha1_base64="4SbD/+hyETmPaCxA+lGScEgRwUY=">AAACBHicbVA9SwNBEN3zM8avqGWaxSDEJtypqGXQxjKC+YBcCHubuWTJ3t6xOyeEmMLGv2JjoYitP8LOf+Pmo9DEBwOP92aYmRckUhh03W9naXlldW09s5Hd3Nre2c3t7ddMnGoOVR7LWDcCZkAKBVUUKKGRaGBRIKEe9K/Hfv0etBGxusNBAq2IdZUIBWdopXYu/+DznqC+hBCL6GvR7eGxr5nqSmjnCm7JnYAuEm9GCmSGSjv35XdinkagkEtmTNNzE2wNmUbBJYyyfmogYbzPutC0VLEITGs4eWJEj6zSoWGsbSmkE/X3xJBFxgyiwHZGDHtm3huL/3nNFMPL1lCoJEVQfLooTCXFmI4ToR2hgaMcWMK4FvZWyntMM442t6wNwZt/eZHUTkreeen09qxQvprFkSF5ckiKxCMXpExuSIVUCSeP5Jm8kjfnyXlx3p2PaeuSM5s5IH/gfP4AhtSYCA==</latexit>

|� (t)i
<latexit sha1_base64="Twkvsk4mFDxcga7rp6Iom3SwOSg="></latexit>

H =

Z
d
3
xH (� (x) ,⇡ (x))

Time Evolution
<latexit sha1_base64="5nknDc9Xt3071TIAIF0/U8S9kJA="></latexit>

i
@|� (t)i

@t
= H|� (t)i

Analog of Ehrenfest 
Theorem?


Schwinger Dyson Equations
Quantum Supremacy




Schwinger Dyson
<latexit sha1_base64="NnMJMZsnYxsCDJfysdurBTFJ4Z4=">AAACBnicbZDLSsNAFIYnXmu9RV2KMFgEVyWRom6Eoi5cVrQXTGKZTE/boZMLMxOhhK7c+CpuXCji1mdw59s4abPQ1h8GPv5zDnPO78ecSWVZ38bc/MLi0nJhpbi6tr6xaW5tN2SUCAp1GvFItHwigbMQ6oopDq1YAAl8Dk1/cJHVmw8gJIvCWzWMwQtIL2RdRonSVtvcu8Nn2GWhwpfYjfsMw33K8I2TsTdqmyWrbI2FZ8HOoYRy1drml9uJaBJAqCgnUjq2FSsvJUIxymFUdBMJMaED0gNHY0gCkF46PmOED7TTwd1I6KcXGru/J1ISSDkMfN0ZENWX07XM/K/mJKp76qUsjBMFIZ181E04VhHOMsEdJoAqPtRAqGB6V0z7RBCqdHJFHYI9ffIsNI7K9nG5cl0pVc/zOApoF+2jQ2SjE1RFV6iG6oiiR/SMXtGb8WS8GO/Gx6R1zshndtAfGZ8/3WmXgQ==</latexit>

Z =

Z
D�eiS[�]



Schwinger Dyson
<latexit sha1_base64="NnMJMZsnYxsCDJfysdurBTFJ4Z4=">AAACBnicbZDLSsNAFIYnXmu9RV2KMFgEVyWRom6Eoi5cVrQXTGKZTE/boZMLMxOhhK7c+CpuXCji1mdw59s4abPQ1h8GPv5zDnPO78ecSWVZ38bc/MLi0nJhpbi6tr6xaW5tN2SUCAp1GvFItHwigbMQ6oopDq1YAAl8Dk1/cJHVmw8gJIvCWzWMwQtIL2RdRonSVtvcu8Nn2GWhwpfYjfsMw33K8I2TsTdqmyWrbI2FZ8HOoYRy1drml9uJaBJAqCgnUjq2FSsvJUIxymFUdBMJMaED0gNHY0gCkF46PmOED7TTwd1I6KcXGru/J1ISSDkMfN0ZENWX07XM/K/mJKp76qUsjBMFIZ181E04VhHOMsEdJoAqPtRAqGB6V0z7RBCqdHJFHYI9ffIsNI7K9nG5cl0pVc/zOApoF+2jQ2SjE1RFV6iG6oiiR/SMXtGb8WS8GO/Gx6R1zshndtAfGZ8/3WmXgQ==</latexit>

Z =

Z
D�eiS[�]

<latexit sha1_base64="0jKpkymddxV2mhViJ9KZq+H/dMM="></latexit>

Change Variables: � ! �+ �� =) �Z = 0

<latexit sha1_base64="kUlcCrWUQgeEhlBwxNAMDm1fnAU="></latexit>

�Z =

Z
D�

✓
@S

@�

◆
eiS[�]��



Schwinger Dyson
<latexit sha1_base64="NnMJMZsnYxsCDJfysdurBTFJ4Z4=">AAACBnicbZDLSsNAFIYnXmu9RV2KMFgEVyWRom6Eoi5cVrQXTGKZTE/boZMLMxOhhK7c+CpuXCji1mdw59s4abPQ1h8GPv5zDnPO78ecSWVZ38bc/MLi0nJhpbi6tr6xaW5tN2SUCAp1GvFItHwigbMQ6oopDq1YAAl8Dk1/cJHVmw8gJIvCWzWMwQtIL2RdRonSVtvcu8Nn2GWhwpfYjfsMw33K8I2TsTdqmyWrbI2FZ8HOoYRy1drml9uJaBJAqCgnUjq2FSsvJUIxymFUdBMJMaED0gNHY0gCkF46PmOED7TTwd1I6KcXGru/J1ISSDkMfN0ZENWX07XM/K/mJKp76qUsjBMFIZ181E04VhHOMsEdJoAqPtRAqGB6V0z7RBCqdHJFHYI9ffIsNI7K9nG5cl0pVc/zOApoF+2jQ2SjE1RFV6iG6oiiR/SMXtGb8WS8GO/Gx6R1zshndtAfGZ8/3WmXgQ==</latexit>

Z =

Z
D�eiS[�]

<latexit sha1_base64="0jKpkymddxV2mhViJ9KZq+H/dMM="></latexit>

Change Variables: � ! �+ �� =) �Z = 0

<latexit sha1_base64="kUlcCrWUQgeEhlBwxNAMDm1fnAU="></latexit>

�Z =

Z
D�

✓
@S

@�

◆
eiS[�]��

(e.g. Heisenberg Picture)
<latexit sha1_base64="59EoYTAjkMuCuhF3mB7qbMQJiQ4="></latexit>
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|�i = 0



Schwinger Dyson
<latexit sha1_base64="NnMJMZsnYxsCDJfysdurBTFJ4Z4=">AAACBnicbZDLSsNAFIYnXmu9RV2KMFgEVyWRom6Eoi5cVrQXTGKZTE/boZMLMxOhhK7c+CpuXCji1mdw59s4abPQ1h8GPv5zDnPO78ecSWVZ38bc/MLi0nJhpbi6tr6xaW5tN2SUCAp1GvFItHwigbMQ6oopDq1YAAl8Dk1/cJHVmw8gJIvCWzWMwQtIL2RdRonSVtvcu8Nn2GWhwpfYjfsMw33K8I2TsTdqmyWrbI2FZ8HOoYRy1drml9uJaBJAqCgnUjq2FSsvJUIxymFUdBMJMaED0gNHY0gCkF46PmOED7TTwd1I6KcXGru/J1ISSDkMfN0ZENWX07XM/K/mJKp76qUsjBMFIZ181E04VhHOMsEdJoAqPtRAqGB6V0z7RBCqdHJFHYI9ffIsNI7K9nG5cl0pVc/zOApoF+2jQ2SjE1RFV6iG6oiiR/SMXtGb8WS8GO/Gx6R1zshndtAfGZ8/3WmXgQ==</latexit>

Z =

Z
D�eiS[�]

<latexit sha1_base64="0jKpkymddxV2mhViJ9KZq+H/dMM="></latexit>

Change Variables: � ! �+ �� =) �Z = 0

<latexit sha1_base64="kUlcCrWUQgeEhlBwxNAMDm1fnAU="></latexit>

�Z =

Z
D�

✓
@S

@�

◆
eiS[�]��

(e.g. Heisenberg Picture)
<latexit sha1_base64="59EoYTAjkMuCuhF3mB7qbMQJiQ4="></latexit>

=) h�|@S
@�

|�i = 0

Gauge theories?



Classical and Quantum Gauge Theories

Classical Field Theory

(e.g. General Relativity)

<latexit sha1_base64="Uhp3YBx6Ql3IQVzSt6Y6Tgmn0qM=">AAACEXicbZDLSgMxFIYz9VbrbdSlm2ARuiozUtSNUHTjsqK9QGcsmTTThiaZIckIZZhXcOOruHGhiFt37nwb03YEbf0h8PGfczg5fxAzqrTjfFmFpeWV1bXiemljc2t7x97da6kokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjC4n9fY9kYpG4laPY+JzNBA0pBhpY/XsihdKhFOvT5hG8Cb7ocFd6vEEeiLJMngOHdizy07VmQougptDGeRq9OxPrx/hhBOhMUNKdV0n1n6KpKaYkazkJYrECI/QgHQNCsSJ8tPpRRk8Mk4fhpE0T2g4dX9PpIgrNeaB6eRID9V8bWL+V+smOjzzUyriRBOBZ4vChEEdwUk8sE8lwZqNDSAsqfkrxENkItImxJIJwZ0/eRFax1X3pFq7rpXrF3kcRXAADkEFuOAU1MEVaIAmwOABPIEX8Go9Ws/Wm/U+ay1Y+cw++CPr4xtfZpyy</latexit>

�S

�gµ⌫
= 0



Classical and Quantum Gauge Theories

Classical Field Theory

(e.g. General Relativity)

<latexit sha1_base64="Uhp3YBx6Ql3IQVzSt6Y6Tgmn0qM=">AAACEXicbZDLSgMxFIYz9VbrbdSlm2ARuiozUtSNUHTjsqK9QGcsmTTThiaZIckIZZhXcOOruHGhiFt37nwb03YEbf0h8PGfczg5fxAzqrTjfFmFpeWV1bXiemljc2t7x97da6kokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjC4n9fY9kYpG4laPY+JzNBA0pBhpY/XsihdKhFOvT5hG8Cb7ocFd6vEEeiLJMngOHdizy07VmQougptDGeRq9OxPrx/hhBOhMUNKdV0n1n6KpKaYkazkJYrECI/QgHQNCsSJ8tPpRRk8Mk4fhpE0T2g4dX9PpIgrNeaB6eRID9V8bWL+V+smOjzzUyriRBOBZ4vChEEdwUk8sE8lwZqNDSAsqfkrxENkItImxJIJwZ0/eRFax1X3pFq7rpXrF3kcRXAADkEFuOAU1MEVaIAmwOABPIEX8Go9Ws/Wm/U+ay1Y+cw++CPr4xtfZpyy</latexit>

�S

�gµ⌫
= 0

Quantum Field Theory

<latexit sha1_base64="eyiOS5117WebtSvWVud3TzzOSFY="></latexit>

Z =

Z
Dgµ⌫eiS[g] =) �Z =

Z
Dgµ⌫

✓
�S

�gµ⌫

◆
�gµ⌫ = 0



Classical and Quantum Gauge Theories

Classical Field Theory

(e.g. General Relativity)

<latexit sha1_base64="Uhp3YBx6Ql3IQVzSt6Y6Tgmn0qM=">AAACEXicbZDLSgMxFIYz9VbrbdSlm2ARuiozUtSNUHTjsqK9QGcsmTTThiaZIckIZZhXcOOruHGhiFt37nwb03YEbf0h8PGfczg5fxAzqrTjfFmFpeWV1bXiemljc2t7x97da6kokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjC4n9fY9kYpG4laPY+JzNBA0pBhpY/XsihdKhFOvT5hG8Cb7ocFd6vEEeiLJMngOHdizy07VmQougptDGeRq9OxPrx/hhBOhMUNKdV0n1n6KpKaYkazkJYrECI/QgHQNCsSJ8tPpRRk8Mk4fhpE0T2g4dX9PpIgrNeaB6eRID9V8bWL+V+smOjzzUyriRBOBZ4vChEEdwUk8sE8lwZqNDSAsqfkrxENkItImxJIJwZ0/eRFax1X3pFq7rpXrF3kcRXAADkEFuOAU1MEVaIAmwOABPIEX8Go9Ws/Wm/U+ay1Y+cw++CPr4xtfZpyy</latexit>

�S

�gµ⌫
= 0

Quantum Field Theory

<latexit sha1_base64="eyiOS5117WebtSvWVud3TzzOSFY="></latexit>

Z =

Z
Dgµ⌫eiS[g] =) �Z =

Z
Dgµ⌫

✓
�S

�gµ⌫

◆
�gµ⌫ = 0

<latexit sha1_base64="6wmav1Lb+YBrtNm+NwnoR4fbVv0=">AAAB7XicdVBNS8NAEN34WetX1aOXxSJ4Ckla23orevFYwX5AG8pmu23XbjZhdyKU0P/gxYMiXv0/3vw3btoKKvpg4PHeDDPzglhwDY7zYa2srq1vbOa28ts7u3v7hYPDlo4SRVmTRiJSnYBoJrhkTeAgWCdWjISBYO1gcpX57XumNI/kLUxj5odkJPmQUwJGavWAh0z3C0XHvqhVvHMPO7bjVL1SJSNeteyVsGuUDEW0RKNfeO8NIpqETAIVROuu68Tgp0QBp4LN8r1Es5jQCRmxrqGSmCV+Or92hk+NMsDDSJmSgOfq94mUhFpPw8B0hgTG+reXiX953QSGNT/lMk6ASbpYNEwEhghnr+MBV4yCmBpCqOLmVkzHRBEKJqC8CeHrU/w/aXm2W7HLN+Vi/XIZRw4doxN0hlxURXV0jRqoiSi6Qw/oCT1bkfVovVivi9YVazlzhH7AevsEHBGPgQ==</latexit>⇥
Need to Gauge Fix to define Path Integral




Classical and Quantum Gauge Theories

Classical Field Theory

(e.g. General Relativity)

<latexit sha1_base64="Uhp3YBx6Ql3IQVzSt6Y6Tgmn0qM=">AAACEXicbZDLSgMxFIYz9VbrbdSlm2ARuiozUtSNUHTjsqK9QGcsmTTThiaZIckIZZhXcOOruHGhiFt37nwb03YEbf0h8PGfczg5fxAzqrTjfFmFpeWV1bXiemljc2t7x97da6kokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjC4n9fY9kYpG4laPY+JzNBA0pBhpY/XsihdKhFOvT5hG8Cb7ocFd6vEEeiLJMngOHdizy07VmQougptDGeRq9OxPrx/hhBOhMUNKdV0n1n6KpKaYkazkJYrECI/QgHQNCsSJ8tPpRRk8Mk4fhpE0T2g4dX9PpIgrNeaB6eRID9V8bWL+V+smOjzzUyriRBOBZ4vChEEdwUk8sE8lwZqNDSAsqfkrxENkItImxJIJwZ0/eRFax1X3pFq7rpXrF3kcRXAADkEFuOAU1MEVaIAmwOABPIEX8Go9Ws/Wm/U+ay1Y+cw++CPr4xtfZpyy</latexit>

�S

�gµ⌫
= 0

Quantum Field Theory

<latexit sha1_base64="eyiOS5117WebtSvWVud3TzzOSFY="></latexit>

Z =

Z
Dgµ⌫eiS[g] =) �Z =

Z
Dgµ⌫

✓
�S

�gµ⌫

◆
�gµ⌫ = 0

<latexit sha1_base64="6wmav1Lb+YBrtNm+NwnoR4fbVv0=">AAAB7XicdVBNS8NAEN34WetX1aOXxSJ4Ckla23orevFYwX5AG8pmu23XbjZhdyKU0P/gxYMiXv0/3vw3btoKKvpg4PHeDDPzglhwDY7zYa2srq1vbOa28ts7u3v7hYPDlo4SRVmTRiJSnYBoJrhkTeAgWCdWjISBYO1gcpX57XumNI/kLUxj5odkJPmQUwJGavWAh0z3C0XHvqhVvHMPO7bjVL1SJSNeteyVsGuUDEW0RKNfeO8NIpqETAIVROuu68Tgp0QBp4LN8r1Es5jQCRmxrqGSmCV+Or92hk+NMsDDSJmSgOfq94mUhFpPw8B0hgTG+reXiX953QSGNT/lMk6ASbpYNEwEhghnr+MBV4yCmBpCqOLmVkzHRBEKJqC8CeHrU/w/aXm2W7HLN+Vi/XIZRw4doxN0hlxURXV0jRqoiSi6Qw/oCT1bkfVovVivi9YVazlzhH7AevsEHBGPgQ==</latexit>⇥
Need to Gauge Fix to define Path Integral


<latexit sha1_base64="SmywzQdX0JF1efoc65BseJCii7g="></latexit>

Z =

Z
Dgµ⌫eiSgf [g] =) �Z =

Z
Dgµ⌫

✓
�Sgf

�gµ⌫

◆
�gµ⌫ = 0

<latexit sha1_base64="hcglnRi3aR07VAUcpq3eWn3MaRU=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFSY1xiyLblxWsA9sQ5lMJ+2QySTMTIQS+hduXCji1r9x5984fQgqeuDC4Zx7ufeeMONMaYQ+rNLK6tr6RnmzsrW9s7tX3T9oqzSXhLZIylPZDbGinAna0kxz2s0kxUnIaSeMr2Z+555KxVJxqycZDRI8EixiBGsj3fXJmJI4wTIeVGvIRr7nu2cQ2eeeh1zHEOTWkV+Hjo3mqIElmoPqe3+YkjyhQhOOleo5KNNBgaVmhNNppZ8rmmES4xHtGSpwQlVQzC+ewhOjDGGUSlNCw7n6faLAiVKTJDSdCdZj9dubiX95vVxHflAwkeWaCrJYFOUc6hTO3odDJinRfGIIJpKZWyEZY4mJNiFVTAhfn8L/SbtuO57t3ri1xuUyjjI4AsfgFDjgAjTANWiCFiBAgAfwBJ4tZT1aL9brorVkLWcOwQ9Yb58Kr5Ev</latexit>X



Classical and Quantum Gauge Theories

Classical Field Theory

(e.g. General Relativity)

<latexit sha1_base64="Uhp3YBx6Ql3IQVzSt6Y6Tgmn0qM=">AAACEXicbZDLSgMxFIYz9VbrbdSlm2ARuiozUtSNUHTjsqK9QGcsmTTThiaZIckIZZhXcOOruHGhiFt37nwb03YEbf0h8PGfczg5fxAzqrTjfFmFpeWV1bXiemljc2t7x97da6kokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjC4n9fY9kYpG4laPY+JzNBA0pBhpY/XsihdKhFOvT5hG8Cb7ocFd6vEEeiLJMngOHdizy07VmQougptDGeRq9OxPrx/hhBOhMUNKdV0n1n6KpKaYkazkJYrECI/QgHQNCsSJ8tPpRRk8Mk4fhpE0T2g4dX9PpIgrNeaB6eRID9V8bWL+V+smOjzzUyriRBOBZ4vChEEdwUk8sE8lwZqNDSAsqfkrxENkItImxJIJwZ0/eRFax1X3pFq7rpXrF3kcRXAADkEFuOAU1MEVaIAmwOABPIEX8Go9Ws/Wm/U+ay1Y+cw++CPr4xtfZpyy</latexit>

�S

�gµ⌫
= 0

Quantum Field Theory

<latexit sha1_base64="eyiOS5117WebtSvWVud3TzzOSFY="></latexit>

Z =

Z
Dgµ⌫eiS[g] =) �Z =

Z
Dgµ⌫

✓
�S

�gµ⌫

◆
�gµ⌫ = 0

<latexit sha1_base64="6wmav1Lb+YBrtNm+NwnoR4fbVv0=">AAAB7XicdVBNS8NAEN34WetX1aOXxSJ4Ckla23orevFYwX5AG8pmu23XbjZhdyKU0P/gxYMiXv0/3vw3btoKKvpg4PHeDDPzglhwDY7zYa2srq1vbOa28ts7u3v7hYPDlo4SRVmTRiJSnYBoJrhkTeAgWCdWjISBYO1gcpX57XumNI/kLUxj5odkJPmQUwJGavWAh0z3C0XHvqhVvHMPO7bjVL1SJSNeteyVsGuUDEW0RKNfeO8NIpqETAIVROuu68Tgp0QBp4LN8r1Es5jQCRmxrqGSmCV+Or92hk+NMsDDSJmSgOfq94mUhFpPw8B0hgTG+reXiX953QSGNT/lMk6ASbpYNEwEhghnr+MBV4yCmBpCqOLmVkzHRBEKJqC8CeHrU/w/aXm2W7HLN+Vi/XIZRw4doxN0hlxURXV0jRqoiSi6Qw/oCT1bkfVovVivi9YVazlzhH7AevsEHBGPgQ==</latexit>⇥
Need to Gauge Fix to define Path Integral


<latexit sha1_base64="SmywzQdX0JF1efoc65BseJCii7g="></latexit>

Z =

Z
Dgµ⌫eiSgf [g] =) �Z =

Z
Dgµ⌫

✓
�Sgf

�gµ⌫

◆
�gµ⌫ = 0

<latexit sha1_base64="hcglnRi3aR07VAUcpq3eWn3MaRU=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFSY1xiyLblxWsA9sQ5lMJ+2QySTMTIQS+hduXCji1r9x5984fQgqeuDC4Zx7ufeeMONMaYQ+rNLK6tr6RnmzsrW9s7tX3T9oqzSXhLZIylPZDbGinAna0kxz2s0kxUnIaSeMr2Z+555KxVJxqycZDRI8EixiBGsj3fXJmJI4wTIeVGvIRr7nu2cQ2eeeh1zHEOTWkV+Hjo3mqIElmoPqe3+YkjyhQhOOleo5KNNBgaVmhNNppZ8rmmES4xHtGSpwQlVQzC+ewhOjDGGUSlNCw7n6faLAiVKTJDSdCdZj9dubiX95vVxHflAwkeWaCrJYFOUc6hTO3odDJinRfGIIJpKZWyEZY4mJNiFVTAhfn8L/SbtuO57t3ri1xuUyjjI4AsfgFDjgAjTANWiCFiBAgAfwBJ4tZT1aL9brorVkLWcOwQ9Yb58Kr5Ev</latexit>X

Not the Same

????????


Quantum 
Supremacy




Outline
1. Classical Mini Superspace Cosmology


2. Path Integral


3. Hamiltonian


4. Wheeler deWitt


5. Conclusions




Mini Superspace Cosmology



Homogeneous Universe

<latexit sha1_base64="soqZcoi6Oj3fxPRkZdfRKDKjLXU="></latexit>

gµ⌫ = �N (t)2 dt2 + a (t)2
�
dx2 + dy2 + dz2

�
Study homogeneous space-times in General Relativity


Couple this to homogenous sources of matter, for e.g. rolling scalar field φ

<latexit sha1_base64="of3C8rPooQ0kdY24EBr9XW1NlFc="></latexit>

S =

Z
dtL

⇣
a (t) , ȧ (t) , N (t) ,� (t) , �̇ (t)

⌘



Homogeneous Universe

<latexit sha1_base64="soqZcoi6Oj3fxPRkZdfRKDKjLXU="></latexit>

gµ⌫ = �N (t)2 dt2 + a (t)2
�
dx2 + dy2 + dz2

�
Study homogeneous space-times in General Relativity


Couple this to homogenous sources of matter, for e.g. rolling scalar field φ


Physical Degrees of freedom: a(t), φ(t)

Gauge Freedom: N(t) 


<latexit sha1_base64="of3C8rPooQ0kdY24EBr9XW1NlFc="></latexit>

S =

Z
dtL

⇣
a (t) , ȧ (t) , N (t) ,� (t) , �̇ (t)

⌘



Homogeneous Universe

<latexit sha1_base64="soqZcoi6Oj3fxPRkZdfRKDKjLXU="></latexit>

gµ⌫ = �N (t)2 dt2 + a (t)2
�
dx2 + dy2 + dz2

�
Study homogeneous space-times in General Relativity


Couple this to homogenous sources of matter, for e.g. rolling scalar field φ


Physical Degrees of freedom: a(t), φ(t)

Gauge Freedom: N(t) 


<latexit sha1_base64="of3C8rPooQ0kdY24EBr9XW1NlFc="></latexit>

S =

Z
dtL

⇣
a (t) , ȧ (t) , N (t) ,� (t) , �̇ (t)

⌘

Classical Equations?


2 FRW + 1 Scalar Field




Classical Equations
<latexit sha1_base64="of3C8rPooQ0kdY24EBr9XW1NlFc="></latexit>

S =

Z
dtL

⇣
a (t) , ȧ (t) , N (t) ,� (t) , �̇ (t)

⌘

<latexit sha1_base64="U9CLWOL5NsOld/zMdTSJqsSEWjg="></latexit>
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a
+ · · · = 0

◆
2nd FRW Equation
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⌘
Klein Gordon
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1st FRW Equation


(Hubble)




Classical Equations
<latexit sha1_base64="of3C8rPooQ0kdY24EBr9XW1NlFc="></latexit>

S =

Z
dtL

⇣
a (t) , ȧ (t) , N (t) ,� (t) , �̇ (t)

⌘
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2nd FRW Equation
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= 0 i.e.

⇣
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Klein Gordon
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@S

@N
= 0 =) @L
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ȧ

a
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+ · · · = 0

!
1st FRW Equation


(Hubble)


Classical Solutions are over-constrained (3 equations for 2 variables)


Solve: Klein Gordon + 2nd FRW with boundary condition from 1st FRW




Path Integral



Path Integral
<latexit sha1_base64="of3C8rPooQ0kdY24EBr9XW1NlFc="></latexit>

S =

Z
dtL

⇣
a (t) , ȧ (t) , N (t) ,� (t) , �̇ (t)

⌘

Physical Degrees of freedom: a(t), φ(t), Gauge Freedom: N(t) 


To get finite path integral, need to gauge fix N(t)




Path Integral
<latexit sha1_base64="of3C8rPooQ0kdY24EBr9XW1NlFc="></latexit>

S =

Z
dtL

⇣
a (t) , ȧ (t) , N (t) ,� (t) , �̇ (t)

⌘

Physical Degrees of freedom: a(t), φ(t), Gauge Freedom: N(t) 


To get finite path integral, need to gauge fix N(t)

<latexit sha1_base64="6P0GcTp4CFIOum41aG18mFmE7CU=">AAACHXicbVA9SwNBEN3z2/gVtbRZDIKFhDsJaiOINhYiCsYEkhDmNpNkyd7esTsnhiN/xMa/YmOhiIWN+G/cxBR+PVh4vDezM/PCRElLvv/hTUxOTc/Mzs3nFhaXllfyq2vXNk6NwLKIVWyqIVhUUmOZJCmsJgYhChVWwt7J0K/coLEy1lfUT7ARQUfLthRATmrmS/VWTNn5gB9yn9cJbynb4ajbsfue30jgZ9AxoDvIo1SRdCuhGTTzBb/oj8D/kmBMCmyMi2b+zY0RaYSahAJra4GfUCMDQ1IoHOTqqcUERA86WHNUQ4S2kY2uG/Atp7S428g9TXykfu/IILK2H4WuMgLq2t/eUPzPq6XUPmhkUicpoRZfg9qp4hTzYVS8JQ0KUn1HQBjpduWiCwYEuUBzLoTg98l/yfVuMdgrli5LhaPjcRxzbINtsm0WsH12xE7ZBSszwe7YA3tiz9699+i9eK9fpRPeuGed/YD3/gm5XKHB</latexit>

Ṅ = 0, enforce via Lagrange multiplier

<latexit sha1_base64="lWRMRZn4YdOGqpx2Fnny7Il72Pk="></latexit>

h�f , af |T (t2; t1) |�i, aii =
Z �(t2)=�f ,a(t2)=af ,N(t2)=N2

�(t1)=�i,a(t1)=ai,N(t1)=N1

D�DaDND�ei
R t=t2
t=t1

(L��Ṅ)



Path Integral
<latexit sha1_base64="of3C8rPooQ0kdY24EBr9XW1NlFc="></latexit>

S =

Z
dtL

⇣
a (t) , ȧ (t) , N (t) ,� (t) , �̇ (t)

⌘

Physical Degrees of freedom: a(t), φ(t), Gauge Freedom: N(t) 


To get finite path integral, need to gauge fix N(t)

<latexit sha1_base64="6P0GcTp4CFIOum41aG18mFmE7CU=">AAACHXicbVA9SwNBEN3z2/gVtbRZDIKFhDsJaiOINhYiCsYEkhDmNpNkyd7esTsnhiN/xMa/YmOhiIWN+G/cxBR+PVh4vDezM/PCRElLvv/hTUxOTc/Mzs3nFhaXllfyq2vXNk6NwLKIVWyqIVhUUmOZJCmsJgYhChVWwt7J0K/coLEy1lfUT7ARQUfLthRATmrmS/VWTNn5gB9yn9cJbynb4ajbsfue30jgZ9AxoDvIo1SRdCuhGTTzBb/oj8D/kmBMCmyMi2b+zY0RaYSahAJra4GfUCMDQ1IoHOTqqcUERA86WHNUQ4S2kY2uG/Atp7S428g9TXykfu/IILK2H4WuMgLq2t/eUPzPq6XUPmhkUicpoRZfg9qp4hTzYVS8JQ0KUn1HQBjpduWiCwYEuUBzLoTg98l/yfVuMdgrli5LhaPjcRxzbINtsm0WsH12xE7ZBSszwe7YA3tiz9699+i9eK9fpRPeuGed/YD3/gm5XKHB</latexit>

Ṅ = 0, enforce via Lagrange multiplier

<latexit sha1_base64="lWRMRZn4YdOGqpx2Fnny7Il72Pk="></latexit>

h�f , af |T (t2; t1) |�i, aii =
Z �(t2)=�f ,a(t2)=af ,N(t2)=N2

�(t1)=�i,a(t1)=ai,N(t1)=N1

D�DaDND�ei
R t=t2
t=t1

(L��Ṅ)

<latexit sha1_base64="BSDCRL5nGLsYnqUQjwt/ypACxG8="></latexit>

Ṅ = 0 =) N (t2) = N0, N (t1) = N0



Path Integral
<latexit sha1_base64="vo0XfbrFqD17tVDM30uNuwnr+N4="></latexit>

h�f , af |T (t2; t1) |�i, aii =
Z �(t2)=�f ,a(t2)=af

�(t1)=�i,a(t1)=ai

D�Daei
R t=t2
t=t1

(L̃(N0))

Can show that path integral over a(t), φ(t) are finite


<latexit sha1_base64="ykKZnaYBmivqv+vJNGYsjRBfvZc="></latexit>

h�f , af |T (t2; t1) |�i, aii = eiP (�f ,af ,t2;�i,ai,t1;N0)



Path Integral
<latexit sha1_base64="vo0XfbrFqD17tVDM30uNuwnr+N4="></latexit>

h�f , af |T (t2; t1) |�i, aii =
Z �(t2)=�f ,a(t2)=af

�(t1)=�i,a(t1)=ai

D�Daei
R t=t2
t=t1

(L̃(N0))

Can show that path integral over a(t), φ(t) are finite


<latexit sha1_base64="ykKZnaYBmivqv+vJNGYsjRBfvZc="></latexit>

h�f , af |T (t2; t1) |�i, aii = eiP (�f ,af ,t2;�i,ai,t1;N0)

Path Integral explicitly depends upon random gauge choice N0


Path integral obviously not gauge invariant




Path Integral
<latexit sha1_base64="vo0XfbrFqD17tVDM30uNuwnr+N4="></latexit>

h�f , af |T (t2; t1) |�i, aii =
Z �(t2)=�f ,a(t2)=af

�(t1)=�i,a(t1)=ai

D�Daei
R t=t2
t=t1

(L̃(N0))

Can show that path integral over a(t), φ(t) are finite


<latexit sha1_base64="ykKZnaYBmivqv+vJNGYsjRBfvZc="></latexit>

h�f , af |T (t2; t1) |�i, aii = eiP (�f ,af ,t2;�i,ai,t1;N0)

Path Integral explicitly depends upon random gauge choice N0


Path integral obviously not gauge invariant


Is this a problem?




Gauge Invariant Physics
<latexit sha1_base64="9WjsaCyQfWMpW4db7UMePsvNpd8="></latexit>

h�f , af |T (t2; t1) |�i, aii

Path integral defines the time evolution operator

<latexit sha1_base64="soqZcoi6Oj3fxPRkZdfRKDKjLXU="></latexit>

gµ⌫ = �N (t)2 dt2 + a (t)2
�
dx2 + dy2 + dz2

�

Time coordinate is a gauge choice in General Relativity




Gauge Invariant Physics
<latexit sha1_base64="9WjsaCyQfWMpW4db7UMePsvNpd8="></latexit>

h�f , af |T (t2; t1) |�i, aii

Path integral defines the time evolution operator

<latexit sha1_base64="soqZcoi6Oj3fxPRkZdfRKDKjLXU="></latexit>

gµ⌫ = �N (t)2 dt2 + a (t)2
�
dx2 + dy2 + dz2

�

Time coordinate is a gauge choice in General Relativity


Perfectly Reasonable for the time evolution operator to be gauge dependent


We need gauge invariant physics. What does this mean?




Gauge Invariant Physics
<latexit sha1_base64="ykKZnaYBmivqv+vJNGYsjRBfvZc="></latexit>

h�f , af |T (t2; t1) |�i, aii = eiP (�f ,af ,t2;�i,ai,t1;N0)

<latexit sha1_base64="OXZZQvue2wz4ibWO2UUwLCDlLX0="></latexit>

What happens if N0 ! Ñ0?



Gauge Invariant Physics
<latexit sha1_base64="ykKZnaYBmivqv+vJNGYsjRBfvZc="></latexit>

h�f , af |T (t2; t1) |�i, aii = eiP (�f ,af ,t2;�i,ai,t1;N0)

<latexit sha1_base64="OXZZQvue2wz4ibWO2UUwLCDlLX0="></latexit>

What happens if N0 ! Ñ0?

<latexit sha1_base64="mOJJ/q4Uv635IC7oUeR0K0wUNF4="></latexit>

h�f , af |T (t2; t1) |�i, aii = h�f , af |T
�
t̃2; t̃1

�
|�i, aii

<latexit sha1_base64="DEs3bHar9wOfxVbUrKj5C5pUJaA=">AAACG3icbVDLSgNBEJz1GeMr6tHLYBA8hV0R9SIEvXgKEcwDsiHMTnrN4OyDmV41LPsfXvwVLx4U8SR48G+cJHvQxIKGmqpupru8WAqNtv1tzc0vLC4tF1aKq2vrG5ulre2mjhLFocEjGam2xzRIEUIDBUpoxwpY4EloebcXI791B0qLKLzGYQzdgN2EwhecoZF6pUMX4QHT+wEooJmLQvYhxYyeUddXjKe1np2luVzLzINir1S2K/YYdJY4OSmTHPVe6dPtRzwJIEQumdYdx46xmzKFgkvIim6iIWb8lt1Ax9CQBaC76fi2jO4bpU/9SJkKkY7V3xMpC7QeBp7pDBgO9LQ3Ev/zOgn6p91UhHGCEPLJR34iKUZ0FBTtCwUc5dAQxpUwu1I+YCYTNHEWTQjO9MmzpHlYcY4rR1dH5ep5HkeB7JI9ckAcckKq5JLUSYNw8kieySt5s56sF+vd+pi0zln5zA75A+vrB+T8oe8=</latexit>

where t̃ =
N0

Ñ0

t

Can Explicitly 
Show: 




Gauge Invariant Physics
<latexit sha1_base64="ykKZnaYBmivqv+vJNGYsjRBfvZc="></latexit>

h�f , af |T (t2; t1) |�i, aii = eiP (�f ,af ,t2;�i,ai,t1;N0)

<latexit sha1_base64="OXZZQvue2wz4ibWO2UUwLCDlLX0="></latexit>

What happens if N0 ! Ñ0?

<latexit sha1_base64="mOJJ/q4Uv635IC7oUeR0K0wUNF4="></latexit>

h�f , af |T (t2; t1) |�i, aii = h�f , af |T
�
t̃2; t̃1

�
|�i, aii

<latexit sha1_base64="DEs3bHar9wOfxVbUrKj5C5pUJaA=">AAACG3icbVDLSgNBEJz1GeMr6tHLYBA8hV0R9SIEvXgKEcwDsiHMTnrN4OyDmV41LPsfXvwVLx4U8SR48G+cJHvQxIKGmqpupru8WAqNtv1tzc0vLC4tF1aKq2vrG5ulre2mjhLFocEjGam2xzRIEUIDBUpoxwpY4EloebcXI791B0qLKLzGYQzdgN2EwhecoZF6pUMX4QHT+wEooJmLQvYhxYyeUddXjKe1np2luVzLzINir1S2K/YYdJY4OSmTHPVe6dPtRzwJIEQumdYdx46xmzKFgkvIim6iIWb8lt1Ax9CQBaC76fi2jO4bpU/9SJkKkY7V3xMpC7QeBp7pDBgO9LQ3Ev/zOgn6p91UhHGCEPLJR34iKUZ0FBTtCwUc5dAQxpUwu1I+YCYTNHEWTQjO9MmzpHlYcY4rR1dH5ep5HkeB7JI9ckAcckKq5JLUSYNw8kieySt5s56sF+vd+pi0zln5zA75A+vrB+T8oe8=</latexit>

where t̃ =
N0

Ñ0

t

Can Explicitly 
Show: 


<latexit sha1_base64="LgQSPFft+6SKw7t7bmIvBj5fRhs="></latexit>

|�i, aii !
X

�f ,af

c�f ,af (t2, t1) |�f , af i =
X

�f ,af

c�f ,af

�
t̃2, t̃1

�
|�f , af i

<latexit sha1_base64="jJ8ZyzjahFl8d5rzzAFUwn0cmCg="></latexit>

| (t1)i = | ̃
�
t̃1
�
i = |⌃i ! | (t2)i = | ̃

�
t̃2
�
i = |⌦i



Gauge Invariant Physics
<latexit sha1_base64="ykKZnaYBmivqv+vJNGYsjRBfvZc="></latexit>

h�f , af |T (t2; t1) |�i, aii = eiP (�f ,af ,t2;�i,ai,t1;N0)

Fix manifold (R1).

 Pick any choice of time co-ordinate on the manifold




Gauge Invariant Physics
<latexit sha1_base64="ykKZnaYBmivqv+vJNGYsjRBfvZc="></latexit>

h�f , af |T (t2; t1) |�i, aii = eiP (�f ,af ,t2;�i,ai,t1;N0)

<latexit sha1_base64="mOJJ/q4Uv635IC7oUeR0K0wUNF4="></latexit>

h�f , af |T (t2; t1) |�i, aii = h�f , af |T
�
t̃2; t̃1

�
|�i, aiiCan Explicitly 

Show: 


<latexit sha1_base64="rdOkyzSOOnhMhNOZgKO2CK0TPUA=">AAACIXicbVDLSgNBEJz1GeMr6tHLYBD0EnYlqAiC6CGeJIIxgWwIs5PeZMjs7DLTK4Ylv+LFX/HiQZHcxJ9xEnPwVdBQVHXT3RUkUhh03XdnZnZufmExt5RfXlldWy9sbN6aONUcajyWsW4EzIAUCmooUEIj0cCiQEI96F+M/fodaCNidYODBFoR6yoRCs7QSu3CsY9wj1kFFGgmaYWlXTihQ3rlSwhxD30tuj3cp6c0/Km0C0W35E5A/xJvSopkimq7MPI7MU8jUMglM6bpuQm2MqZRcAnDvJ8aSBjvsy40LVUsAtPKJh8O6a5VOjSMtS2FdKJ+n8hYZMwgCmxnxLBnfntj8T+vmWJ43MqESlIExb8WhamkGNNxXLQjNHCUA0sY18LeSnmPacbRhpq3IXi/X/5Lbg9K3mGpfF0unp1P48iRbbJD9ohHjsgZuSRVUiOcPJAn8kJenUfn2XlzRl+tM850Zov8gPPxCVEXovs=</latexit>

General Gauge: N (t) = f (t)

Fix manifold (R1).

 Pick any choice of time co-ordinate on the manifold


<latexit sha1_base64="W/R8C4TbmB3bGJKyI7fp7crPReM=">AAACJXicbVDJSgNBEO1xjXGLevTSGIQIEmZE1INC0IsniWAWyITQ01OTNPYsdNeIYcjPePFXvHgwiODJX7GzIG4PCh7vVVFVz0uk0Gjb79bM7Nz8wmJuKb+8srq2XtjYrOs4VRxqPJaxanpMgxQR1FCghGaigIWehIZ3ezHyG3egtIijG+wn0A5ZNxKB4AyN1Cmcugj3mDV6oIAO6FXHpu4+9ZGe0cCVEGDJRSF9yHDgKtHt4R71v5ROoWiX7THoX+JMSZFMUe0Uhq4f8zSECLlkWrccO8F2xhQKLmGQd1MNCeO3rAstQyMWgm5n4y8HdNcoPg1iZSpCOla/T2Qs1LofeqYzZNjTv72R+J/XSjE4aWciSlKEiE8WBamkGNNRZNQXCjjKviGMK2FupbzHFONogs2bEJzfL/8l9YOyc1Q+vD4sVs6nceTINtkhJeKQY1Ihl6RKaoSTB/JEXsjQerSerVfrbdI6Y01ntsgPWB+foT+kyg==</latexit>

Where N0 dt = f
�
t̃
�
dt̃



Gauge Invariant Physics
<latexit sha1_base64="ykKZnaYBmivqv+vJNGYsjRBfvZc="></latexit>

h�f , af |T (t2; t1) |�i, aii = eiP (�f ,af ,t2;�i,ai,t1;N0)

<latexit sha1_base64="mOJJ/q4Uv635IC7oUeR0K0wUNF4="></latexit>

h�f , af |T (t2; t1) |�i, aii = h�f , af |T
�
t̃2; t̃1

�
|�i, aiiCan Explicitly 

Show: 


<latexit sha1_base64="rdOkyzSOOnhMhNOZgKO2CK0TPUA=">AAACIXicbVDLSgNBEJz1GeMr6tHLYBD0EnYlqAiC6CGeJIIxgWwIs5PeZMjs7DLTK4Ylv+LFX/HiQZHcxJ9xEnPwVdBQVHXT3RUkUhh03XdnZnZufmExt5RfXlldWy9sbN6aONUcajyWsW4EzIAUCmooUEIj0cCiQEI96F+M/fodaCNidYODBFoR6yoRCs7QSu3CsY9wj1kFFGgmaYWlXTihQ3rlSwhxD30tuj3cp6c0/Km0C0W35E5A/xJvSopkimq7MPI7MU8jUMglM6bpuQm2MqZRcAnDvJ8aSBjvsy40LVUsAtPKJh8O6a5VOjSMtS2FdKJ+n8hYZMwgCmxnxLBnfntj8T+vmWJ43MqESlIExb8WhamkGNNxXLQjNHCUA0sY18LeSnmPacbRhpq3IXi/X/5Lbg9K3mGpfF0unp1P48iRbbJD9ohHjsgZuSRVUiOcPJAn8kJenUfn2XlzRl+tM850Zov8gPPxCVEXovs=</latexit>

General Gauge: N (t) = f (t)

Fix manifold (R1).

 Pick any choice of time co-ordinate on the manifold


<latexit sha1_base64="W/R8C4TbmB3bGJKyI7fp7crPReM=">AAACJXicbVDJSgNBEO1xjXGLevTSGIQIEmZE1INC0IsniWAWyITQ01OTNPYsdNeIYcjPePFXvHgwiODJX7GzIG4PCh7vVVFVz0uk0Gjb79bM7Nz8wmJuKb+8srq2XtjYrOs4VRxqPJaxanpMgxQR1FCghGaigIWehIZ3ezHyG3egtIijG+wn0A5ZNxKB4AyN1Cmcugj3mDV6oIAO6FXHpu4+9ZGe0cCVEGDJRSF9yHDgKtHt4R71v5ROoWiX7THoX+JMSZFMUe0Uhq4f8zSECLlkWrccO8F2xhQKLmGQd1MNCeO3rAstQyMWgm5n4y8HdNcoPg1iZSpCOla/T2Qs1LofeqYzZNjTv72R+J/XSjE4aWciSlKEiE8WBamkGNNRZNQXCjjKviGMK2FupbzHFONogs2bEJzfL/8l9YOyc1Q+vD4sVs6nceTINtkhJeKQY1Ihl6RKaoSTB/JEXsjQerSerVfrbdI6Y01ntsgPWB+foT+kyg==</latexit>

Where N0 dt = f
�
t̃
�
dt̃

Moral: Gauge invariant physics from gauge dependent path integral

Reasonable since time is gauge choice!



Schwinger Dyson Equations
<latexit sha1_base64="lWRMRZn4YdOGqpx2Fnny7Il72Pk="></latexit>

h�f , af |T (t2; t1) |�i, aii =
Z �(t2)=�f ,a(t2)=af ,N(t2)=N2

�(t1)=�i,a(t1)=ai,N(t1)=N1

D�DaDND�ei
R t=t2
t=t1

(L��Ṅ)

<latexit sha1_base64="00wLH/5jj8Ygso6yCsi+J2jBna8=">AAACRHicbVDLSgMxFM34tr5GXboJFkGwlBkp6rLoxlVRsFboDOVOmrbBzIPkjlJKP86NH+DOL3DjQhG3YjoO1FYPBE7OOZebnCCRQqPjPFszs3PzC4tLy4WV1bX1DXtz61rHqWK8zmIZq5sANJci4nUUKPlNojiEgeSN4PZs5DfuuNIijq6wn3A/hG4kOoIBGqllN72kJ6inRLeHoFR8TzPhgHptLhGyW4nCRALGNpRobcKrjb1ayy46ZScD/UvcnBRJjouW/eS1Y5aGPEImQeum6yToD0ChYJIPC16qeQLsFrq8aWgEIdf+ICthSPeM0qadWJkTIc3U3xMDCLXuh4FJhoA9Pe2NxP+8ZoqdE38goiRFHrGfRZ1UUozpqFHaFoozlH1DgClh3kpZDxQwNL0XTAnu9Jf/kuvDsntUrlxWitXTvI4lskN2yT5xyTGpknNyQeqEkQfyQt7Iu/VovVof1udPdMbKZ7bJBKyvb2IPr0A=</latexit>

� ! �+ ��, a ! a+ �a,N ! N + �N



Schwinger Dyson Equations
<latexit sha1_base64="lWRMRZn4YdOGqpx2Fnny7Il72Pk="></latexit>

h�f , af |T (t2; t1) |�i, aii =
Z �(t2)=�f ,a(t2)=af ,N(t2)=N2

�(t1)=�i,a(t1)=ai,N(t1)=N1

D�DaDND�ei
R t=t2
t=t1

(L��Ṅ)

<latexit sha1_base64="00wLH/5jj8Ygso6yCsi+J2jBna8=">AAACRHicbVDLSgMxFM34tr5GXboJFkGwlBkp6rLoxlVRsFboDOVOmrbBzIPkjlJKP86NH+DOL3DjQhG3YjoO1FYPBE7OOZebnCCRQqPjPFszs3PzC4tLy4WV1bX1DXtz61rHqWK8zmIZq5sANJci4nUUKPlNojiEgeSN4PZs5DfuuNIijq6wn3A/hG4kOoIBGqllN72kJ6inRLeHoFR8TzPhgHptLhGyW4nCRALGNpRobcKrjb1ayy46ZScD/UvcnBRJjouW/eS1Y5aGPEImQeum6yToD0ChYJIPC16qeQLsFrq8aWgEIdf+ICthSPeM0qadWJkTIc3U3xMDCLXuh4FJhoA9Pe2NxP+8ZoqdE38goiRFHrGfRZ1UUozpqFHaFoozlH1DgClh3kpZDxQwNL0XTAnu9Jf/kuvDsntUrlxWitXTvI4lskN2yT5xyTGpknNyQeqEkQfyQt7Iu/VovVof1udPdMbKZ7bJBKyvb2IPr0A=</latexit>

� ! �+ ��, a ! a+ �a,N ! N + �N

<latexit sha1_base64="zsVkfHXevWzX4J/nXfDaSbw31lE="></latexit>

h |@t
✓
@L
@ȧ

◆
� @L

@a
| i = 0

<latexit sha1_base64="yKtYcYUZpraNInpRdN5jKDwWXXA="></latexit>

h |@t
✓
@L
@�̇

◆
� @L

@�
| i = 0

2nd FRW Equation


Klein Gordon
Heisenberg Picture




Schwinger Dyson Equations
<latexit sha1_base64="lWRMRZn4YdOGqpx2Fnny7Il72Pk="></latexit>

h�f , af |T (t2; t1) |�i, aii =
Z �(t2)=�f ,a(t2)=af ,N(t2)=N2

�(t1)=�i,a(t1)=ai,N(t1)=N1

D�DaDND�ei
R t=t2
t=t1

(L��Ṅ)

<latexit sha1_base64="00wLH/5jj8Ygso6yCsi+J2jBna8=">AAACRHicbVDLSgMxFM34tr5GXboJFkGwlBkp6rLoxlVRsFboDOVOmrbBzIPkjlJKP86NH+DOL3DjQhG3YjoO1FYPBE7OOZebnCCRQqPjPFszs3PzC4tLy4WV1bX1DXtz61rHqWK8zmIZq5sANJci4nUUKPlNojiEgeSN4PZs5DfuuNIijq6wn3A/hG4kOoIBGqllN72kJ6inRLeHoFR8TzPhgHptLhGyW4nCRALGNpRobcKrjb1ayy46ZScD/UvcnBRJjouW/eS1Y5aGPEImQeum6yToD0ChYJIPC16qeQLsFrq8aWgEIdf+ICthSPeM0qadWJkTIc3U3xMDCLXuh4FJhoA9Pe2NxP+8ZoqdE38goiRFHrGfRZ1UUozpqFHaFoozlH1DgClh3kpZDxQwNL0XTAnu9Jf/kuvDsntUrlxWitXTvI4lskN2yT5xyTGpknNyQeqEkQfyQt7Iu/VovVof1udPdMbKZ7bJBKyvb2IPr0A=</latexit>

� ! �+ ��, a ! a+ �a,N ! N + �N

<latexit sha1_base64="zsVkfHXevWzX4J/nXfDaSbw31lE="></latexit>

h |@t
✓
@L
@ȧ

◆
� @L

@a
| i = 0

<latexit sha1_base64="yKtYcYUZpraNInpRdN5jKDwWXXA="></latexit>

h |@t
✓
@L
@�̇

◆
� @L

@�
| i = 0

2nd FRW Equation


Klein Gordon


<latexit sha1_base64="QTCiczcb1TJFcc/TBr4ZSZl9rjM="></latexit>

h |@�
@t

� @L
@N

| i = 0
Tells you how λ evolves in the 

path integral - not 1st FRW 
Equation?????


Heisenberg Picture




Hamiltonian



Hamiltonian Construction
<latexit sha1_base64="soqZcoi6Oj3fxPRkZdfRKDKjLXU="></latexit>

gµ⌫ = �N (t)2 dt2 + a (t)2
�
dx2 + dy2 + dz2

�

Physical Degrees of freedom: a(t), φ(t)

Gauge Freedom: N(t) 


<latexit sha1_base64="of3C8rPooQ0kdY24EBr9XW1NlFc="></latexit>

S =

Z
dtL

⇣
a (t) , ȧ (t) , N (t) ,� (t) , �̇ (t)

⌘



Hamiltonian Construction
<latexit sha1_base64="soqZcoi6Oj3fxPRkZdfRKDKjLXU="></latexit>

gµ⌫ = �N (t)2 dt2 + a (t)2
�
dx2 + dy2 + dz2

�

Physical Degrees of freedom: a(t), φ(t)

Gauge Freedom: N(t) 


<latexit sha1_base64="of3C8rPooQ0kdY24EBr9XW1NlFc="></latexit>

S =

Z
dtL

⇣
a (t) , ȧ (t) , N (t) ,� (t) , �̇ (t)

⌘

<latexit sha1_base64="DoRM0+lzj/KWbd3LExd7A1E9ekA="></latexit>

⇧a =
@L
@ȧ

,⇧� =
@L
@�̇

Quantize These




Hamiltonian Construction
<latexit sha1_base64="soqZcoi6Oj3fxPRkZdfRKDKjLXU="></latexit>

gµ⌫ = �N (t)2 dt2 + a (t)2
�
dx2 + dy2 + dz2

�

Physical Degrees of freedom: a(t), φ(t)

Gauge Freedom: N(t) 


<latexit sha1_base64="of3C8rPooQ0kdY24EBr9XW1NlFc="></latexit>

S =

Z
dtL

⇣
a (t) , ȧ (t) , N (t) ,� (t) , �̇ (t)

⌘

<latexit sha1_base64="DoRM0+lzj/KWbd3LExd7A1E9ekA="></latexit>

⇧a =
@L
@ȧ

,⇧� =
@L
@�̇

<latexit sha1_base64="UJfaZeMHRk3nVeuymV62Ax4RKE8=">AAACI3icbVDLSsNAFJ3UV62vqEs3g0VwVRIpKoJQdONCpIJ9QBPCZDpph04mYWYilJB/ceOvuHGhFDcu/BcnbRBtPTBwOPfcO/ceP2ZUKsv6NEpLyyura+X1ysbm1vaOubvXllEiMGnhiEWi6yNJGOWkpahipBsLgkKfkY4/us7rnUciJI34gxrHxA3RgNOAYqS05JkXTpN66V0GL6ETCIRTJ0ZCUcScEKkhRiy9zbIfETr9SGl3brc8s2rVrCngIrELUgUFmp450e04CQlXmCEpe7YVKzfNR2NGsoqTSBIjPEID0tOUo5BIN53emMEjrfRhEAn9uIJT9XdHikIpx6Gvnfnmcr6Wi//VeokKzt2U8jhRhOPZR0HCoIpgHhjsU0GwYmNNEBZU7wrxEOmolI61okOw509eJO2Tmn1aq9/Xq42rIo4yOACH4BjY4Aw0wA1oghbA4Am8gDfwbjwbr8bE+JhZS0bRsw/+wPj6BpTppNk=</latexit>

⇧N =
@L
@Ṅ

= 0

Quantize These


What to do with N?




Hamiltonian Construction
<latexit sha1_base64="DoRM0+lzj/KWbd3LExd7A1E9ekA="></latexit>

⇧a =
@L
@ȧ

,⇧� =
@L
@�̇

Quantize These


<latexit sha1_base64="ONOf4CdRRX2HXd7Yucvkccqet5Q=">AAACDnicbZDLSsNAFIYn9VbrLerSzWApuJCSSFE3QtGNywr2AkkIk+mkHTqZhJmJUEKfwI2v4saFIm5du/NtnKRZaOsPAz/fOYcz5w8SRqWyrG+jsrK6tr5R3axtbe/s7pn7Bz0ZpwKTLo5ZLAYBkoRRTrqKKkYGiSAoChjpB5ObvN5/IELSmN+raUK8CI04DSlGSiPfbDjoFLod6mdo5sEr6LjJmJYktwWkvlm3mlYhuGzs0tRBqY5vfrnDGKcR4QozJKVjW4nyMiQUxYzMam4qSYLwBI2Ioy1HEZFeVpwzgw1NhjCMhX5cwYL+nshQJOU0CnRnhNRYLtZy+F/NSVV46WWUJ6kiHM8XhSmDKoZ5NnBIBcGKTbVBWFD9V4jHSCCsdII1HYK9ePKy6Z017fNm665Vb1+XcVTBETgGJ8AGF6ANbkEHdAEGj+AZvII348l4Md6Nj3lrxShnDsEfGZ8/Tj6aZQ==</latexit>

[a,⇧a] = [�,⇧�] = i

<latexit sha1_base64="P+FBniV+NZIERva2ulTXVfom6Rg=">AAACJHicbVDLSgNBEJz1bXxFPXoZDEJEDbsiKohg9OIxgjGBbAyzk97NkNkHM71CWPIxXvwVLx584MGL3+Ik5qDGgoGiqpqeLi+RQqNtf1gTk1PTM7Nz87mFxaXllfzq2o2OU8WhymMZq7rHNEgRQRUFSqgnCljoSah53YuBX7sDpUUcXWMvgWbIgkj4gjM0Uit/wugpLdMdWr7N3DYLAlD9XepWRGtgCOpK8LFYpns/A64SQQe3W/mCXbKHoOPEGZECGaHSyr+67ZinIUTIJdO64dgJNjOmUHAJ/ZybakgY77IAGoZGLATdzIZH9umWUdrUj5V5EdKh+nMiY6HWvdAzyZBhR//1BuJ/XiNF/7iZiShJESL+vchPJcWYDhqjbaGAo+wZwrgS5q+Ud5hiHE2vOVOC8/fkcXKzX3IOSwdXB4Wz81Edc2SDbJIiccgROSOXpEKqhJN78kieyYv1YD1Zb9b7d3TCGs2sk1+wPr8AyAyh7Q==</latexit>

a = A+A†,⇧a = i
�
A�A†� <latexit sha1_base64="hsaVXEEsT8c4fkgtKf8jTYmXhwk="></latexit>

� = B +B†,⇧� = i
�
B �B†�



Hamiltonian Construction
<latexit sha1_base64="DoRM0+lzj/KWbd3LExd7A1E9ekA="></latexit>

⇧a =
@L
@ȧ

,⇧� =
@L
@�̇

Quantize These


Fully non-linear General Relativity - no “free” theory with “free” kinetic term


<latexit sha1_base64="ONOf4CdRRX2HXd7Yucvkccqet5Q=">AAACDnicbZDLSsNAFIYn9VbrLerSzWApuJCSSFE3QtGNywr2AkkIk+mkHTqZhJmJUEKfwI2v4saFIm5du/NtnKRZaOsPAz/fOYcz5w8SRqWyrG+jsrK6tr5R3axtbe/s7pn7Bz0ZpwKTLo5ZLAYBkoRRTrqKKkYGiSAoChjpB5ObvN5/IELSmN+raUK8CI04DSlGSiPfbDjoFLod6mdo5sEr6LjJmJYktwWkvlm3mlYhuGzs0tRBqY5vfrnDGKcR4QozJKVjW4nyMiQUxYzMam4qSYLwBI2Ioy1HEZFeVpwzgw1NhjCMhX5cwYL+nshQJOU0CnRnhNRYLtZy+F/NSVV46WWUJ6kiHM8XhSmDKoZ5NnBIBcGKTbVBWFD9V4jHSCCsdII1HYK9ePKy6Z017fNm665Vb1+XcVTBETgGJ8AGF6ANbkEHdAEGj+AZvII348l4Md6Nj3lrxShnDsEfGZ8/Tj6aZQ==</latexit>

[a,⇧a] = [�,⇧�] = i

<latexit sha1_base64="P+FBniV+NZIERva2ulTXVfom6Rg=">AAACJHicbVDLSgNBEJz1bXxFPXoZDEJEDbsiKohg9OIxgjGBbAyzk97NkNkHM71CWPIxXvwVLx584MGL3+Ik5qDGgoGiqpqeLi+RQqNtf1gTk1PTM7Nz87mFxaXllfzq2o2OU8WhymMZq7rHNEgRQRUFSqgnCljoSah53YuBX7sDpUUcXWMvgWbIgkj4gjM0Uit/wugpLdMdWr7N3DYLAlD9XepWRGtgCOpK8LFYpns/A64SQQe3W/mCXbKHoOPEGZECGaHSyr+67ZinIUTIJdO64dgJNjOmUHAJ/ZybakgY77IAGoZGLATdzIZH9umWUdrUj5V5EdKh+nMiY6HWvdAzyZBhR//1BuJ/XiNF/7iZiShJESL+vchPJcWYDhqjbaGAo+wZwrgS5q+Ud5hiHE2vOVOC8/fkcXKzX3IOSwdXB4Wz81Edc2SDbJIiccgROSOXpEKqhJN78kieyYv1YD1Zb9b7d3TCGs2sk1+wPr8AyAyh7Q==</latexit>

a = A+A†,⇧a = i
�
A�A†� <latexit sha1_base64="hsaVXEEsT8c4fkgtKf8jTYmXhwk="></latexit>

� = B +B†,⇧� = i
�
B �B†�

But, can still construct Hilbert space with Fock states of A, B - these are 
operator level statements independent of kinetic terms of the theory


<latexit sha1_base64="ifQY1vW3YSYCZ6BMr0OIjd2Nd9k=">AAACJnicbZBNS8NAEIY3flu/qh69LBbBg5REinopVL14rGBVaGrZbKdxcbMJuxOxpP01XvwrXjxURLz5U9zWCH4NLDy87wyz8waJFAZd982ZmJyanpmdmy8sLC4trxRX185NnGoODR7LWF8GzIAUChooUMJlooFFgYSL4OZ45F/cgjYiVmfYS6AVsVCJruAMrdQuVg/7rq+ZCiXQKnV36OFV5ndYGIIefHf63hf7CHeYUUBeHrSLJbfsjov+BS+HEsmr3i4O/U7M0wgUcsmMaXpugq2MaRRcwqDgpwYSxm9YCE2LikVgWtn4zAHdskqHdmNtn0I6Vr9PZCwyphcFtjNieG1+eyPxP6+ZYveglQmVpAiKfy7qppJiTEeZ0Y7QwFH2LDCuhf0r5ddMM4422YINwft98l843y17e+XKaaVUO8rjmCMbZJNsE4/skxo5IXXSIJzck0cyJM/Og/PkvDivn60TTj6zTn6U8/4BMnykcQ==</latexit>

A|0i = 0, A†|0i = |1i etc.



Hamiltonian Construction
<latexit sha1_base64="of3C8rPooQ0kdY24EBr9XW1NlFc="></latexit>

S =

Z
dtL

⇣
a (t) , ȧ (t) , N (t) ,� (t) , �̇ (t)

⌘

Construct Canonical Hamiltonian from this Lagrangian


<latexit sha1_base64="S2pQBDaV72NTJWD0plnWAkPK+i4=">AAACHnicbVDLSgMxFM3UV62vqks3wSJUKGVG6mMjFN10VSrYB3TKkEkzbWjmQXJHKEO/xI2/4saFIoIr/RszbRfaeiDk5Jx7ubnHjQRXYJrfRmZldW19I7uZ29re2d3L7x+0VBhLypo0FKHsuEQxwQPWBA6CdSLJiO8K1nZHt6nffmBS8TC4h3HEej4ZBNzjlICWnPx5zanja1zHdgnXHNMWzIMiKWG7wZ30ioZ89khSOrElHwzh1MkXzLI5BV4m1pwU0BwNJ/9p90Ma+ywAKohSXcuMoJcQCZwKNsnZsWIRoSMyYF1NA+Iz1Uum603wiVb62AulPgHgqfq7IyG+UmPf1ZU+gaFa9FLxP68bg3fVS3gQxcACOhvkxQJDiNOscJ9LRkGMNSFUcv1XTIdEEgo60ZwOwVpceZm0zsrWRblyVylUb+ZxZNEROkZFZKFLVEU11EBNRNEjekav6M14Ml6Md+NjVpox5j2H6A+Mrx95Tp+3</latexit>

HN = N H0 (a,⇧a,�,⇧�)



Hamiltonian Construction
<latexit sha1_base64="of3C8rPooQ0kdY24EBr9XW1NlFc="></latexit>

S =

Z
dtL

⇣
a (t) , ȧ (t) , N (t) ,� (t) , �̇ (t)

⌘

Construct Canonical Hamiltonian from this Lagrangian


<latexit sha1_base64="S2pQBDaV72NTJWD0plnWAkPK+i4=">AAACHnicbVDLSgMxFM3UV62vqks3wSJUKGVG6mMjFN10VSrYB3TKkEkzbWjmQXJHKEO/xI2/4saFIoIr/RszbRfaeiDk5Jx7ubnHjQRXYJrfRmZldW19I7uZ29re2d3L7x+0VBhLypo0FKHsuEQxwQPWBA6CdSLJiO8K1nZHt6nffmBS8TC4h3HEej4ZBNzjlICWnPx5zanja1zHdgnXHNMWzIMiKWG7wZ30ioZ89khSOrElHwzh1MkXzLI5BV4m1pwU0BwNJ/9p90Ma+ywAKohSXcuMoJcQCZwKNsnZsWIRoSMyYF1NA+Iz1Uum603wiVb62AulPgHgqfq7IyG+UmPf1ZU+gaFa9FLxP68bg3fVS3gQxcACOhvkxQJDiNOscJ9LRkGMNSFUcv1XTIdEEgo60ZwOwVpceZm0zsrWRblyVylUb+ZxZNEROkZFZKFLVEU11EBNRNEjekav6M14Ml6Md+NjVpox5j2H6A+Mrx95Tp+3</latexit>

HN = N H0 (a,⇧a,�,⇧�)

What is N? Different values of N yield different Hamiltonians

Different physics? Gauge Invariance? 


If N is a non-trivial operator on the Fock space, no way to make physics gauge invariant

Possible choice: N is a c-number


But still, different choices of N yield different Hamiltonians!




Schrodinger Equation
<latexit sha1_base64="TpbzOi9fo9u4LljGPwrKC/0JNBU="></latexit>

i
@|� (t)i

@t
= NH0|� (t)i

N is a c-number, different choices of N yield different Hamiltonians




Schrodinger Equation
<latexit sha1_base64="TpbzOi9fo9u4LljGPwrKC/0JNBU="></latexit>

i
@|� (t)i

@t
= NH0|� (t)i

N is a c-number, different choices of N yield different Hamiltonians

<latexit sha1_base64="exo0ZnLBmPbpq6JdJnlfkJ+Ejlw="></latexit>

i
1

N

@|� (t)i
@t

= H0|� (t)i
<latexit sha1_base64="SmzoAlRC49EUrE70mQ6dx/Upz6s=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5JIUS9C0YsnqWA/oA1ls9m0SzebsDtRSuxP8eJBEa/+Em/+G7dtDtr6YODx3gwz8/xEcA2O820VVlbX1jeKm6Wt7Z3dPbu839Jxqihr0ljEquMTzQSXrAkcBOskipHIF6ztj66nfvuBKc1jeQ/jhHkRGUgeckrASH27HPSAi4BlMMGX+BYH0LcrTtWZAS8TNycVlKPRt796QUzTiEmggmjddZ0EvIwo4FSwSamXapYQOiID1jVUkohpL5udPsHHRglwGCtTEvBM/T2RkUjrceSbzojAUC96U/E/r5tCeOFlXCYpMEnni8JUYIjxNAcccMUoiLEhhCpubsV0SBShYNIqmRDcxZeXSeu06p5Va3e1Sv0qj6OIDtEROkEuOkd1dIMaqIkoekTP6BW9WU/Wi/VufcxbC1Y+c4D+wPr8AUiek18=</latexit>

dt̃ = Ndt



Schrodinger Equation
<latexit sha1_base64="TpbzOi9fo9u4LljGPwrKC/0JNBU="></latexit>

i
@|� (t)i

@t
= NH0|� (t)i

N is a c-number, different choices of N yield different Hamiltonians

<latexit sha1_base64="exo0ZnLBmPbpq6JdJnlfkJ+Ejlw="></latexit>

i
1

N

@|� (t)i
@t

= H0|� (t)i

Different choices of N correspond to different choices of time co-ordinate. 
Gauge invariant physics!


<latexit sha1_base64="SmzoAlRC49EUrE70mQ6dx/Upz6s=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5JIUS9C0YsnqWA/oA1ls9m0SzebsDtRSuxP8eJBEa/+Em/+G7dtDtr6YODx3gwz8/xEcA2O820VVlbX1jeKm6Wt7Z3dPbu839Jxqihr0ljEquMTzQSXrAkcBOskipHIF6ztj66nfvuBKc1jeQ/jhHkRGUgeckrASH27HPSAi4BlMMGX+BYH0LcrTtWZAS8TNycVlKPRt796QUzTiEmggmjddZ0EvIwo4FSwSamXapYQOiID1jVUkohpL5udPsHHRglwGCtTEvBM/T2RkUjrceSbzojAUC96U/E/r5tCeOFlXCYpMEnni8JUYIjxNAcccMUoiLEhhCpubsV0SBShYNIqmRDcxZeXSeu06p5Va3e1Sv0qj6OIDtEROkEuOkd1dIMaqIkoekTP6BW9WU/Wi/VufcxbC1Y+c4D+wPr8AUiek18=</latexit>

dt̃ = Ndt

<latexit sha1_base64="vo0XfbrFqD17tVDM30uNuwnr+N4="></latexit>

h�f , af |T (t2; t1) |�i, aii =
Z �(t2)=�f ,a(t2)=af

�(t1)=�i,a(t1)=ai

D�Daei
R t=t2
t=t1

(L̃(N0))



Schrodinger Equation
<latexit sha1_base64="TpbzOi9fo9u4LljGPwrKC/0JNBU="></latexit>

i
@|� (t)i

@t
= NH0|� (t)i

N is a c-number, different choices of N yield different Hamiltonians

<latexit sha1_base64="exo0ZnLBmPbpq6JdJnlfkJ+Ejlw="></latexit>

i
1

N

@|� (t)i
@t

= H0|� (t)i

Different choices of N correspond to different choices of time co-ordinate. 
Gauge invariant physics!
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D�Daei
R t=t2
t=t1

(L̃(N0))

Consistent with Path Integral - you just pick N
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Thus:
dh�|a3 @L

@N |�i
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= 0

This is almost the 1st FRW equation - but not quite. 

1st FRW equation only satisfied up to overall constant
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Implied Classical Dynamics
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2nd FRW Equation


Klein Gordon


1st FRW but with “Dark” 
Matter




Quantum “Dark” Matter
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Create quantum states of a, φ

Quantum Dynamics: Just 1 first order ODE (Schrodinger) 


No reason to constrain initial state!
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�
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Failure manifests classically as “dark” matter - though no real particle 
excitation there. Conservation implies super-selection sector.


Can be positive or negative!




Wheeler deWitt
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But… Time???
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Path Integral Version
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Path Integral explicitly depends upon random gauge choice N0


Path integral obviously not gauge invariant


Gauge fixed path integral implies we lose  1st FRW equation
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Path integral obviously not gauge invariant
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Integrate over all N0


Unsurprisingly, this yields infinity


Demanding gauge invariant path integral implies only possible 
states are static  (Wheeler deWitt)
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Full General Relativity , similar issues in Electromagnetism



