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Based on
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And previous work by Ringer, Siopsis et al



Lots of interest towards physics
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One major goal: Quantum Chromodynamics

LQCD =
∑

f

ψ̄i,f (iγ
µ(Dµ)ij −mfδij)ψj,f

︸ ︷︷ ︸
quarks & antiquarks

− 1
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︸ ︷︷ ︸
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3 colors 3 anticolors
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The difficulties with QCD

Quark and gluons are never 
observed ( color confinement )

Unlike photons, gluons interact with themselves

The interaction is strong
 (of order 1)

Strong 1

Electromagnetic 1/137

Weak 10-6

Gravity 10-39
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Perturbative vs nonpertubative
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Highly 
nonperturbative

Large distance

Low energy

Small distance

High energy

Perturbative



Complexity of QCD?
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P/BPP

NP

Solve in polynomial time
Multiplication of an n×n matrix Ο(𝑛3)

Sudoku

Verifiable in polynomial time

BQP
Solve in polynomial time 
with a quantum computer

RSA encryption
 problem

Scalar QFT
scattering

(with arbitrary operator insertions)



Qubits, (qudits) and qumodes
Elementary units for quantum computation

•Qubits
• Realization with: superconducting 

circuits, cold atoms, trapped ions, 
topological qubits, …

• Two-dimensional Hilbert space per 
qubit

• Digital gate-based computing with 
discrete variables (DV)

•Qumodes
• Realization with: photonics, trapped ions, 

superconducting circuits,…
• Infinite-dimensional Hilbert space per 

qumode
• Gate-based with continuous variables 

(CV)

7Araz, Grau, Montgomery, Ringer `24



Qubits and qumodes with different platforms

Chuang, Girvin, Wiebe, et al. `24 8Platform dependence: Native gates, coherence time, connectivity



Qubit states and operations

Superposition

Entanglement

Gate = Unitary operation
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Qumode states and operations

<latexit sha1_base64="h1C5uI4ufqxpRgiihDtOdPYTY5k="></latexit>

a, a† () q̂, p̂
<latexit sha1_base64="Uf/x3h6fNZ7wV83vh+2H8GbuvzA="></latexit>

[a, a†] = 1 () [q̂, p̂] = i

Lloyd and Braunstein `99

Ladder operators Quadratures

<latexit sha1_base64="P7YbXCounPtSlblDzqDmVPayayw="></latexit>

|ni / (a†)n|0i
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https://journals.aps.org/prl/pdf/10.1103/PhysRevLett.82.1784


Hybrid states and operations
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Gaussian is (mostly) equivalent to Clifford
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<latexit sha1_base64="9vPzzXxMwUGjUf7UIlc4dQt9eDY="></latexit>

R(✓) = e�i✓n̂

<latexit sha1_base64="aLGoChz0knYGxCoOCzD+7/ZDpdQ="></latexit>

S(⇣) = e
1
2 (⇣

⇤a2�⇣a†2)

<latexit sha1_base64="SeF/ZwH6AbuHn+dg56sV6T+k6dw="></latexit>

BS(✓,�) = e�i ✓
2 (e

i�a†b+e�i�ab†)

<latexit sha1_base64="x+rDnI9IfZ3sA26QnySGGltSxUk="></latexit>

D(↵) = e↵a
†�↵⇤a

<latexit sha1_base64="ggS6R8qkx0+C2JhO1BJgGXdxqFQ=">AAACP3icbVDJSgNBFOxxjXFL9CjIYBA8SJiRoB6DuXjSCNkgCaGn85Jp0rPQ/UYMQz7Dq36Ln+EXeBOv3uxJ5mCWgqaLqvegXjmh4Aot69NYW9/Y3NrO7GR39/YPDnP5o4YKIsmgzgIRyJZDFQjuQx05CmiFEqjnCGg6o0riN59BKh74NRyH0PXo0OcDzihqqd1BeMG48vBYm/RyBatoTWEuEzslBZKi2ssbp51+wCIPfGSCKtW2rRC7MZXImYBJthMpCCkb0SG0NfWpB6obTzNPzHOt9M1BIPXz0Zyq/zdi6ik19hw96VF01aKXiCs9paO40Nde6I4VZ2o+Bw5uuzH3wwjBZ7MYg0iYGJhJPWafS2AoxppQJrm+xGQulZShLnFVvss0S/Inl6iEoOtNslndqL3Y3zJpXBXt62LpqVQo36XdZsgJOSMXxCY3pEzuSZXUCSMBeSVv5N34ML6Mb+NnNrpmpDvHZA7G7x+N0a+R</latexit>

CNOT

<latexit sha1_base64="Vr69Gz6PVGEaON0r66w6dJYv6K4=">AAACNXicbVDLSsNAFJ3UV42vVpeCBIvgQkoiRV0W3XTZgn1AG8pkctMMnTyYmQgh9Avc6rf4LS7ciVt/wUmbhX0cGOZwzr1w7nFiRoU0zU+ttLW9s7tX3tcPDo+OTyrV056IEk6gSyIW8YGDBTAaQldSyWAQc8CBw6DvTJ9yv/8CXNAofJZpDHaAJyH1KMFSSZ3WuFIz6+YcxjqxClJDBdrjqnYxciOSBBBKwrAQQ8uMpZ1hLilhMNNHiYAYkymewFDREAcg7GyedGZcKcU1vIirF0pjrv7fyHAgRBo4ajLA0herXi5u9ISK4oOrvNhPBSViOYf0HuyMhnEiISSLGF7CDBkZeSmGSzkQyVJFMOFUXWIQH3NMpKpuU76bIkv+55eInEg/mOm6atRa7W+d9G7r1l290WnUmo9Ft2V0ji7RNbLQPWqiFmqjLiII0Ct6Q+/ah/alfWs/i9GSVuycoSVov3+1zqso</latexit>

H

<latexit sha1_base64="DBO69h1twMSmtlYLZxgxdxcJ/is=">AAACP3icbVDLSsNAFJ3UV42vVpeCDBbBhdSkFHUjFN24rGgf2MYymUyboZMHMxMhhHyGW/0WP8MvcCdu3Tlps7CPA8MczrkXzj12yKiQhvGpFVZW19Y3ipv61vbO7l6pvN8WQcQxaeGABbxrI0EY9UlLUslIN+QEeTYjHXt8m/mdF8IFDfxHGYfE8tDIp0OKkVRS7wFew6fnxDyvpYNSxagaE8BFYuakAnI0B2XtqO8EOPKILzFDQvRMI5RWgrikmJFU70eChAiP0Yj0FPWRR4SVTDKn8EQpDhwGXD1fwon6fyNBnhCxZ6tJD0lXzHuZuNQTKopLHOWFbiwoFrM55PDKSqgfRpL4eBpjGDEoA5jVAx3KCZYsVgRhTtUlELuIIyxVicvyneVZsj+7RGREul6q66pRc76/RdKuVc2Lav2+Xmnc5N0WwSE4BqfABJegAe5AE7QABgF4BW/gXfvQvrRv7Wc6WtDynQMwA+33D0mMrlY=</latexit>

S = Z1/2

Clifford gates Gaussian gates



Universality
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<latexit sha1_base64="QN7jtJ24TdokUchEE+faxlKF4oQ="></latexit>

T = ei
⇡
8 Z

<latexit sha1_base64="9vPzzXxMwUGjUf7UIlc4dQt9eDY="></latexit>

R(✓) = e�i✓n̂

<latexit sha1_base64="aLGoChz0knYGxCoOCzD+7/ZDpdQ="></latexit>

S(⇣) = e
1
2 (⇣

⇤a2�⇣a†2)

<latexit sha1_base64="Xv+2qsy4a4YInvQFWKxJrbQOQtU="></latexit>

V (�) = ei
�
3 x̂
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<latexit sha1_base64="SeF/ZwH6AbuHn+dg56sV6T+k6dw="></latexit>

BS(✓,�) = e�i ✓
2 (e

i�a†b+e�i�ab†)

<latexit sha1_base64="x+rDnI9IfZ3sA26QnySGGltSxUk="></latexit>

D(↵) = e↵a
†�↵⇤a

<latexit sha1_base64="ggS6R8qkx0+C2JhO1BJgGXdxqFQ=">AAACP3icbVDJSgNBFOxxjXFL9CjIYBA8SJiRoB6DuXjSCNkgCaGn85Jp0rPQ/UYMQz7Dq36Ln+EXeBOv3uxJ5mCWgqaLqvegXjmh4Aot69NYW9/Y3NrO7GR39/YPDnP5o4YKIsmgzgIRyJZDFQjuQx05CmiFEqjnCGg6o0riN59BKh74NRyH0PXo0OcDzihqqd1BeMG48vBYm/RyBatoTWEuEzslBZKi2ssbp51+wCIPfGSCKtW2rRC7MZXImYBJthMpCCkb0SG0NfWpB6obTzNPzHOt9M1BIPXz0Zyq/zdi6ik19hw96VF01aKXiCs9paO40Nde6I4VZ2o+Bw5uuzH3wwjBZ7MYg0iYGJhJPWafS2AoxppQJrm+xGQulZShLnFVvss0S/Inl6iEoOtNslndqL3Y3zJpXBXt62LpqVQo36XdZsgJOSMXxCY3pEzuSZXUCSMBeSVv5N34ML6Mb+NnNrpmpDvHZA7G7x+N0a+R</latexit>

CNOT

<latexit sha1_base64="Vr69Gz6PVGEaON0r66w6dJYv6K4=">AAACNXicbVDLSsNAFJ3UV42vVpeCBIvgQkoiRV0W3XTZgn1AG8pkctMMnTyYmQgh9Avc6rf4LS7ciVt/wUmbhX0cGOZwzr1w7nFiRoU0zU+ttLW9s7tX3tcPDo+OTyrV056IEk6gSyIW8YGDBTAaQldSyWAQc8CBw6DvTJ9yv/8CXNAofJZpDHaAJyH1KMFSSZ3WuFIz6+YcxjqxClJDBdrjqnYxciOSBBBKwrAQQ8uMpZ1hLilhMNNHiYAYkymewFDREAcg7GyedGZcKcU1vIirF0pjrv7fyHAgRBo4ajLA0herXi5u9ISK4oOrvNhPBSViOYf0HuyMhnEiISSLGF7CDBkZeSmGSzkQyVJFMOFUXWIQH3NMpKpuU76bIkv+55eInEg/mOm6atRa7W+d9G7r1l290WnUmo9Ft2V0ji7RNbLQPWqiFmqjLiII0Ct6Q+/ah/alfWs/i9GSVuycoSVov3+1zqso</latexit>

H

<latexit sha1_base64="DBO69h1twMSmtlYLZxgxdxcJ/is=">AAACP3icbVDLSsNAFJ3UV42vVpeCDBbBhdSkFHUjFN24rGgf2MYymUyboZMHMxMhhHyGW/0WP8MvcCdu3Tlps7CPA8MczrkXzj12yKiQhvGpFVZW19Y3ipv61vbO7l6pvN8WQcQxaeGABbxrI0EY9UlLUslIN+QEeTYjHXt8m/mdF8IFDfxHGYfE8tDIp0OKkVRS7wFew6fnxDyvpYNSxagaE8BFYuakAnI0B2XtqO8EOPKILzFDQvRMI5RWgrikmJFU70eChAiP0Yj0FPWRR4SVTDKn8EQpDhwGXD1fwon6fyNBnhCxZ6tJD0lXzHuZuNQTKopLHOWFbiwoFrM55PDKSqgfRpL4eBpjGDEoA5jVAx3KCZYsVgRhTtUlELuIIyxVicvyneVZsj+7RGREul6q66pRc76/RdKuVc2Lav2+Xmnc5N0WwSE4BqfABJegAe5AE7QABgF4BW/gXfvQvrRv7Wc6WtDynQMwA+33D0mMrlY=</latexit>

S = Z1/2

Qubit Qumode



Universal gate set
Minimal set of gates to create any other

14Chuang, Wiebe, Girvin et al `24

Lie brakets of small control set generate universality



Hybrid example:

15

Repeat for higher order polynomials



Lots of details and additional info
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Simulations of physical theories
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The steps for the formulation
• The QFT Lagrangian (continuum)

• Switch to Hamiltonian formulation (continuum)
• Legendre transform
• Choose gauge condition (gauge fixing)

• Formulate a discrete version of the Hamiltonian
• Staggered fermion formulation (Kogut-Susskind)
• Compact gauge dofs at each link

• Map to qubits and qumodes
• Fermions                  Jordan-Wigner transformation (for example)
• Bosons                      QHO spectrum (qumodes)

<latexit sha1_base64="Vr69Gz6PVGEaON0r66w6dJYv6K4=">AAACNXicbVDLSsNAFJ3UV42vVpeCBIvgQkoiRV0W3XTZgn1AG8pkctMMnTyYmQgh9Avc6rf4LS7ciVt/wUmbhX0cGOZwzr1w7nFiRoU0zU+ttLW9s7tX3tcPDo+OTyrV056IEk6gSyIW8YGDBTAaQldSyWAQc8CBw6DvTJ9yv/8CXNAofJZpDHaAJyH1KMFSSZ3WuFIz6+YcxjqxClJDBdrjqnYxciOSBBBKwrAQQ8uMpZ1hLilhMNNHiYAYkymewFDREAcg7GyedGZcKcU1vIirF0pjrv7fyHAgRBo4ajLA0herXi5u9ISK4oOrvNhPBSViOYf0HuyMhnEiISSLGF7CDBkZeSmGSzkQyVJFMOFUXWIQH3NMpKpuU76bIkv+55eInEg/mOm6atRa7W+d9G7r1l290WnUmo9Ft2V0ji7RNbLQPWqiFmqjLiII0Ct6Q+/ah/alfWs/i9GSVuycoSVov3+1zqso</latexit>

H

<latexit sha1_base64="jQIO/nHHs00gzXR3732+KMKuazE=">AAACP3icbVDLSsNAFJ3xWeOr1aUgwSK4kJJIUZdFNy5cVLAPaEOZTCbN0EkmzEyEEPIZbvVb/Ay/wJ24deekzcI+DgxzOOdeOPe4MaNSWdYnXFvf2NzaruwYu3v7B4fV2lFX8kRg0sGccdF3kSSMRqSjqGKkHwuCQpeRnju5L/zeCxGS8uhZpTFxQjSOqE8xUloaDEOkAoxY9piPqnWrYU1hLhO7JHVQoj2qwdOhx3ESkkhhhqQc2FasnAwJRTEjuTFMJIkRnqAxGWgaoZBIJ5tmzs1zrXimz4V+kTKn6v+NDIVSpqGrJ4uMctErxJWe1FEC4mkvDlJJsZzPofxbJ6NRnCgS4VkMP2Gm4mZRj+lRQbBiqSYIC6ovMXGABMJKl7gq32WZpfiLS2RBVBDmhqEbtRf7Wybdq4Z93Wg+Neutu7LbCjgBZ+AC2OAGtMADaIMOwICDV/AG3uEH/ILf8Gc2ugbLnWMwB/j7B991r74=</latexit>

L

Qumodes Qubits

Discrete space
Continuous time

18



Some selected challenges to tackle

• Representation of the Hamiltonian
• Hybrid qubit-qumode, qubit-only, qumode-only

• Ground state preparation (or even higher states)
• QITE, VQE (regular, ADAPT, SC-ADAPT,…), non unitary ansatz, adiabatic 

state preparation,…

• Time evolution (Real time dynamics)
• Survival probabilities, correlations, …

19

Many more …



QED in 2+1

20



One plaquette

<latexit sha1_base64="7ZHHKcql+zlJ7yR9WvhEYu3a/L8=">AAACRXicbVDLSsNAFJ3UV42PtroUJFiECqUkpajLogguK5i20JYymUyaoZMHMxMhhHyJW/0Wv8GPcCdudZJmYR8XLvdwzr1w7rFCSrjQ9U+ltLW9s7tX3lcPDo+OK9XaSZ8HEUPYRAEN2NCCHFPiY1MQQfEwZBh6FsUDa36f6YMXzDgJ/GcRh3jiwZlPHIKgkNS0Wmk8TBOjnTbNfFxNq3W9peelrQOjAHVQVG9aU87HdoAiD/ sCUcj5yNBDMUkgEwRRnKrjiOMQojmc4ZGEPvQwnyS581S7lIytOQGT7QstZ/9fJNDjPPYsuelB4fJVLSM3alxacbEttdCNOUF82YdwbicJ8cNIYB8tbDgR1USgZSFpNmEYCRpLABEj8hMNuZBBJGSUm/w1Cy/ZzD7hGRCul6qqTNRYzW8d9Nst47rVeerUu3dFtmVwBi5AAxjgBnTBI+gBEyAQgVfwBt6VD+VL+VZ+Fqslpbg5BUul/P4BHgGwKA==</latexit>

(E12, U12)

<latexit sha1_base64="6ZQHRqNFnsVCfIlMA8MOM6vy4yk=">AAACRXicbVDLSsNAFJ34rPHRVpeCBItQoZREirosiuCygmkLbQiTyaQZOnkwMxFC6Je41W/xG/wId+JWJ2kW9nHhcg/n3AvnHiemhAtd/1Q2Nre2d3Yre+r+weFRtVY/7vMoYQibKKIRGzqQY0pCbAoiKB7GDMPAoXjgTO9zffCCGSdR+CzSGFsBnITEIwgKSdm1avPBzozOrGUW49KuNfS2XpS2CowSNEBZPbuunI3dCCUBDgWikPORocfCyiATBFE8U8cJxzFEUzjBIwlDGGBuZYXzmXYhGVfzIiY7FFrB/r/IYMB5GjhyM4DC58taTq7VuLTiY1dqsZ9ygviiD+HdWhkJ40TgEM1teAnVRKTlIWkuYRgJmkoAESPyEw35kEEkZJTr/LVKL/nMP+E5EH4wU1WZqLGc3yroX7WN63bnqdPo3pXZVsApOAdNYIAb0AWPoAdMgEACXsEbeFc+lC/lW/mZr24o5c0JWCjl9w8lW7As</latexit>

(E14, U14)

<latexit sha1_base64="bgYPNL9bAOAPo2Mr2Jp25kvX4P4=">AAACRXicbVDLSsNAFJ34rPXRVpeCBItQoZSkFnVZFMFlBdMW2hAmk0kzdPJgZiKUkC9xq9/iN/gR7sStTtIs7OPC5R7OuRfOPXZECRea9qlsbG5t7+yW9sr7B4dHlWrtuM/DmCFsoJCGbGhDjikJsCGIoHgYMQx9m+KBPb3P9MELZpyEwbOYRdj04SQgLkFQSMqqVhoPVtK+SptGPi6tal1raXmpq0AvQB0U1bNqytnYCVHs40AgCjkf6VokzAQyQRDFaXkccxxBNIUTPJIwgD7mZpI7T9ULyTiqGzLZgVBz9v9FAn3OZ74tN30oPL6sZeRajUsrHnakFnkzThBf9CHcWzMhQRQLHKC5DTemqgjVLCTVIQwjQWcSQMSI/ERFHmQQCRnlOn/Nwks2s094BoTnp+WyTFRfzm8V9Nst/brVeerUu3dFtiVwCs5BA+jgBnTBI+gBAyAQg1fwBt6VD+VL+VZ+5qsbSnFzAhZK+f0DJV2wLA==</latexit>

(E23, U23)

<latexit sha1_base64="gQHUJAZ4nfl5kmAQPPnEaAKkjgY=">AAACRXicbVDLSsNAFJ3UV42PtroUJFiECqUkWtRlUQSXFUxbaEOYTCbN0MmDmYlQQr7ErX6L3+BHuBO3OmmzsI8Ll3s451449zgxJVzo+qdS2tjc2t4p76p7+weHlWrtqMejhCFsoohGbOBAjikJsSmIoHgQMwwDh+K+M7nP9f4LZpxE4bOYxtgK4DgkHkFQSMquVhoPdtq+yprmbFzY1bre0melrQKjAHVQVNeuKacjN0JJgEOBKOR8aOixsFLIBEEUZ+oo4TiGaALHeChhCAPMrXTmPNPOJeNqXsRkh0Kbsf8vUhhwPg0cuRlA4fNlLSfXalxa8bErtdifcoL4og/h3VopCeNE4BDNbXgJ1USk5SFpLmEYCTqVACJG5Cca8iGDSMgo1/lrFl7ymX/CcyD8IFNVmaixnN8q6F22jOtW+6ld79wV2ZbBCTgDDWCAG9ABj6ALTIBAAl7BG3hXPpQv5Vv5ma+WlOLmGCyU8vsHLLuwMA==</latexit>

(E43, U43)

<latexit sha1_base64="1K2JoD0rLWp4L4GuNdigjpy3/xo=">AAACNXicbVDLSsNAFJ34rPHV6lKQwSK4kJJIUZdFNy5bsA9oQ5lMbpuhkwczEyGEfoFb/Ra/xYU7cesvOGmzsI8DwxzOuRfOPW7MmVSW9WlsbG5t7+yW9sz9g8Oj43LlpCOjRFBo04hHoucSCZyF0FZMcejFAkjgcui6k8fc776AkCwKn1UagxOQcchGjBKlpZY9LFetmjUDXiV2QaqoQHNYMc4HXkSTAEJFOZGyb1uxcjIiFKMcpuYgkRATOiFj6GsakgCkk82STvGlVjw8ioR+ocIz9f9GRgIp08DVkwFRvlz2cnGtJ3UUHzztxX4qGZWLOdTo3slYGCcKQjqPMUo4VhHOS8EeE0AVTzUhVDB9CaY+EYQqXd26fNdFlvzPL5E5UX4wNU3dqL3c3yrp3NTs21q9Va82HopuS+gMXaArZKM71EBPqInaiCJAr+gNvRsfxpfxbfzMRzeMYucULcD4/QOMB6sR</latexit>

1

<latexit sha1_base64="oUR13Sh70KCeiQQpSkGzxNdkqTs=">AAACNXicbVDLSsNAFJ3UV42vVpeCBIvgQkpSirosunHZgn1AG8pkctMMnTyYmQgh9Avc6rf4LS7ciVt/wUmbhX0cGOZwzr1w7nFiRoU0zU+ttLW9s7tX3tcPDo+OTyrV056IEk6gSyIW8YGDBTAaQldSyWAQc8CBw6DvTB9zv/8CXNAofJZpDHaAJyH1KMFSSZ3GuFIz6+YcxjqxClJDBdrjqnYxciOSBBBKwrAQQ8uMpZ1hLilhMNNHiYAYkymewFDREAcg7GyedGZcKcU1vIirF0pjrv7fyHAgRBo4ajLA0herXi5u9ISK4oOrvNhPBSViOYf07u2MhnEiISSLGF7CDBkZeSmGSzkQyVJFMOFUXWIQH3NMpKpuU76bIkv+55eInEg/mOm6atRa7W+d9Bp167be7DRrrYei2zI6R5foGlnoDrXQE2qjLiII0Ct6Q+/ah/alfWs/i9GSVuycoSVov3+N2KsS</latexit>

2
<latexit sha1_base64="SllppN2d51qb2SC3azkfBRGYSEE=">AAACNXicbVDLSsNAFJ3UV42vVpeCBIvgQkqiRV0W3bhswT6gDWUyuWmGTh7MTIQQ+gVu9Vv8FhfuxK2/4KTNwj4ODHM451449zgxo0Ka5qdW2tjc2t4p7+p7+weHR5XqcVdECSfQIRGLeN/BAhgNoSOpZNCPOeDAYdBzJo+533sBLmgUPss0BjvA45B6lGCppPbNqFIz6+YMxiqxClJDBVqjqnY2dCOSBBBKwrAQA8uMpZ1hLilhMNWHiYAYkwkew0DREAcg7GyWdGpcKMU1vIirF0pjpv7fyHAgRBo4ajLA0hfLXi6u9YSK4oOrvNhPBSViMYf07u2MhnEiISTzGF7CDBkZeSmGSzkQyVJFMOFUXWIQH3NMpKpuXb6rIkv+55eInEg/mOq6atRa7m+VdK/r1m290W7Umg9Ft2V0is7RJbLQHWqiJ9RCHUQQoFf0ht61D+1L+9Z+5qMlrdg5QQvQfv8Aj6mrEw==</latexit>

3

<latexit sha1_base64="078bRq8t04T9clvb5+j52adDWPo=">AAACMXicbVDLSsNAFJ3UV42v1q0gwSK4kJJIUZdFNy4r2Ae0oUwmN83QmSTMTIQQ+gVu9Vv8Fhfu3PoPTtos7OPAMIdz7oVzj5cwKpVtfxmVre2d3b3qvnlweHR8UjPrPRmngkCXxCwWAw9LYDSCrqKKwSARgLnHoO9NHwu//wpC0jh6UVkCLseTiAaUYKWl59a41rCb9hzWOnFK0kAlOuO6cT7yY5JyiBRhWMqhYyfKzbFQlDCYmaNUQoLJFE9gqGmEOUg3nyedWZda8a0gFvpFypqr/zdyzKXMuKcnOVahXPUKcaMndZQQfO0lYSYpkcs5VHDv5jRKUgURWcQIUmap2CpKsXwqgCiWaYKJoPoSi4RYYKJ0dZvyXZdZir+4RBZEhXxmmrpRZ7W/ddK7aTq3zVaj/VA2W0Vn6AJdIQfdoTZ6Qh3URQQBekPv6MP4NL6Nn8VgxSg3TtESjN8/pYapnQ==</latexit>

4

<latexit sha1_base64="RudxC98HCBrtFqAbJqQyyGIVOqE="></latexit>

( 1, 
†
1)

<latexit sha1_base64="D1J52tp/gW8YJmLlYu3S9K/C5h0="></latexit>

( 2, 
†
2)

<latexit sha1_base64="XMwRaULMqJWfXqXFf8r7Q8bHTi8="></latexit>

( 3, 
†
3)

<latexit sha1_base64="d4503mhRMDq4UEHWgg0e/Nsab4A="></latexit>

( 4, 
†
4)

<latexit sha1_base64="sD6DFIVToS9JcU3oFh38pQgBvhk="></latexit>

[Ej , Uk] = Uk�jk

<latexit sha1_base64="5Tivoj/4m2qHJ/sPSCjM1c0Az1A="></latexit>

[Ej ,�k] = �i�jk

<latexit sha1_base64="JgQtUvuTb1dI32zgtsAQ6TVlx6A="></latexit>

{ j , 
†
k} = �jk

Bosonic CCR

Fermionic CAR

<latexit sha1_base64="lh+P7SKH0vNpl1qjnvfc/vQfWFM="></latexit>

Uj = ei�j 2 U(1)
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Gauss Law <latexit sha1_base64="AwFk6RX38RZW61OqojbCc+zWKr8="></latexit>

~r · ~E = ⇢

<latexit sha1_base64="VErp9raWVT3lNstx61verHeklpY="></latexit>

En,êx + En,êy � En,�êx � En,�êy = Qn

<latexit sha1_base64="4rxyG5t78UXUL0mAkv10KwCIkE8="></latexit>

Qn =  †
n n � I

2

⇥
1� (�1)nx+ny

⇤

Even site

Odd site
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Gauss Law

<latexit sha1_base64="7ZHHKcql+zlJ7yR9WvhEYu3a/L8=">AAACRXicbVDLSsNAFJ3UV42PtroUJFiECqUkpajLogguK5i20JYymUyaoZMHMxMhhHyJW/0Wv8GPcCdudZJmYR8XLvdwzr1w7rFCSrjQ9U+ltLW9s7tX3lcPDo+OK9XaSZ8HEUPYRAEN2NCCHFPiY1MQQfEwZBh6FsUDa36f6YMXzDgJ/GcRh3jiwZlPHIKgkNS0Wmk8TBOjnTbNfFxNq3W9peelrQOjAHVQVG9aU87HdoAiD/sCUcj5yNBDMUkgEwRRnKrjiOMQojmc4ZGEPvQwnyS581S7lIytOQGT7QstZ/9fJNDjPPYsuelB4fJVLSM3alxacbEttdCNOUF82YdwbicJ8cNIYB8tbDgR1USgZSFpNmEYCRpLABEj8hMNuZBBJGSUm/w1Cy/ZzD7hGRCul6qqTNRYzW8d9Nst47rVeerUu3dFtmVwBi5AAxjgBnTBI+gBEyAQgVfwBt6VD+VL+VZ+Fqslpbg5BUul/P4BHgGwKA==</latexit>

(E12, U12)

<latexit sha1_base64="6ZQHRqNFnsVCfIlMA8MOM6vy4yk=">AAACRXicbVDLSsNAFJ34rPHRVpeCBItQoZREirosiuCygmkLbQiTyaQZOnkwMxFC6Je41W/xG/wId+JWJ2kW9nHhcg/n3AvnHiemhAtd/1Q2Nre2d3Yre+r+weFRtVY/7vMoYQibKKIRGzqQY0pCbAoiKB7GDMPAoXjgTO9zffCCGSdR+CzSGFsBnITEIwgKSdm1avPBzozOrGUW49KuNfS2XpS2CowSNEBZPbuunI3dCCUBDgWikPORocfCyiATBFE8U8cJxzFEUzjBIwlDGGBuZYXzmXYhGVfzIiY7FFrB/r/IYMB5GjhyM4DC58taTq7VuLTiY1dqsZ9ygviiD+HdWhkJ40TgEM1teAnVRKTlIWkuYRgJmkoAESPyEw35kEEkZJTr/LVKL/nMP+E5EH4wU1WZqLGc3yroX7WN63bnqdPo3pXZVsApOAdNYIAb0AWPoAdMgEACXsEbeFc+lC/lW/mZr24o5c0JWCjl9w8lW7As</latexit>

(E14, U14)

<latexit sha1_base64="bgYPNL9bAOAPo2Mr2Jp25kvX4P4=">AAACRXicbVDLSsNAFJ34rPXRVpeCBItQoZSkFnVZFMFlBdMW2hAmk0kzdPJgZiKUkC9xq9/iN/gR7sStTtIs7OPC5R7OuRfOPXZECRea9qlsbG5t7+yW9sr7B4dHlWrtuM/DmCFsoJCGbGhDjikJsCGIoHgYMQx9m+KBPb3P9MELZpyEwbOYRdj04SQgLkFQSMqqVhoPVtK+SptGPi6tal1raXmpq0AvQB0U1bNqytnYCVHs40AgCjkf6VokzAQyQRDFaXkccxxBNIUTPJIwgD7mZpI7T9ULyTiqGzLZgVBz9v9FAn3OZ74tN30oPL6sZeRajUsrHnakFnkzThBf9CHcWzMhQRQLHKC5DTemqgjVLCTVIQwjQWcSQMSI/ERFHmQQCRnlOn/Nwks2s094BoTnp+WyTFRfzm8V9Nst/brVeerUu3dFtiVwCs5BA+jgBnTBI+gBAyAQg1fwBt6VD+VL+VZ+5qsbSnFzAhZK+f0DJV2wLA==</latexit>

(E23, U23)

<latexit sha1_base64="gQHUJAZ4nfl5kmAQPPnEaAKkjgY=">AAACRXicbVDLSsNAFJ3UV42PtroUJFiECqUkWtRlUQSXFUxbaEOYTCbN0MmDmYlQQr7ErX6L3+BHuBO3OmmzsI8Ll3s451449zgxJVzo+qdS2tjc2t4p76p7+weHlWrtqMejhCFsoohGbOBAjikJsSmIoHgQMwwDh+K+M7nP9f4LZpxE4bOYxtgK4DgkHkFQSMquVhoPdtq+yprmbFzY1bre0melrQKjAHVQVNeuKacjN0JJgEOBKOR8aOixsFLIBEEUZ+oo4TiGaALHeChhCAPMrXTmPNPOJeNqXsRkh0Kbsf8vUhhwPg0cuRlA4fNlLSfXalxa8bErtdifcoL4og/h3VopCeNE4BDNbXgJ1USk5SFpLmEYCTqVACJG5Cca8iGDSMgo1/lrFl7ymX/CcyD8IFNVmaixnN8q6F22jOtW+6ld79wV2ZbBCTgDDWCAG9ABj6ALTIBAAl7BG3hXPpQv5Vv5ma+WlOLmGCyU8vsHLLuwMA==</latexit>

(E43, U43)

<latexit sha1_base64="1K2JoD0rLWp4L4GuNdigjpy3/xo=">AAACNXicbVDLSsNAFJ34rPHV6lKQwSK4kJJIUZdFNy5bsA9oQ5lMbpuhkwczEyGEfoFb/Ra/xYU7cesvOGmzsI8DwxzOuRfOPW7MmVSW9WlsbG5t7+yW9sz9g8Oj43LlpCOjRFBo04hHoucSCZyF0FZMcejFAkjgcui6k8fc776AkCwKn1UagxOQcchGjBKlpZY9LFetmjUDXiV2QaqoQHNYMc4HXkSTAEJFOZGyb1uxcjIiFKMcpuYgkRATOiFj6GsakgCkk82STvGlVjw8ioR+ocIz9f9GRgIp08DVkwFRvlz2cnGtJ3UUHzztxX4qGZWLOdTo3slYGCcKQjqPMUo4VhHOS8EeE0AVTzUhVDB9CaY+EYQqXd26fNdFlvzPL5E5UX4wNU3dqL3c3yrp3NTs21q9Va82HopuS+gMXaArZKM71EBPqInaiCJAr+gNvRsfxpfxbfzMRzeMYucULcD4/QOMB6sR</latexit>

1

<latexit sha1_base64="oUR13Sh70KCeiQQpSkGzxNdkqTs=">AAACNXicbVDLSsNAFJ3UV42vVpeCBIvgQkpSirosunHZgn1AG8pkctMMnTyYmQgh9Avc6rf4LS7ciVt/wUmbhX0cGOZwzr1w7nFiRoU0zU+ttLW9s7tX3tcPDo+OTyrV056IEk6gSyIW8YGDBTAaQldSyWAQc8CBw6DvTB9zv/8CXNAofJZpDHaAJyH1KMFSSZ3GuFIz6+YcxjqxClJDBdrjqnYxciOSBBBKwrAQQ8uMpZ1hLilhMNNHiYAYkymewFDREAcg7GyedGZcKcU1vIirF0pjrv7fyHAgRBo4ajLA0herXi5u9ISK4oOrvNhPBSViOYf07u2MhnEiISSLGF7CDBkZeSmGSzkQyVJFMOFUXWIQH3NMpKpuU76bIkv+55eInEg/mOm6atRa7W+d9Bp167be7DRrrYei2zI6R5foGlnoDrXQE2qjLiII0Ct6Q+/ah/alfWs/i9GSVuycoSVov3+N2KsS</latexit>

2
<latexit sha1_base64="SllppN2d51qb2SC3azkfBRGYSEE=">AAACNXicbVDLSsNAFJ3UV42vVpeCBIvgQkqiRV0W3bhswT6gDWUyuWmGTh7MTIQQ+gVu9Vv8FhfuxK2/4KTNwj4ODHM451449zgxo0Ka5qdW2tjc2t4p7+p7+weHR5XqcVdECSfQIRGLeN/BAhgNoSOpZNCPOeDAYdBzJo+533sBLmgUPss0BjvA45B6lGCppPbNqFIz6+YMxiqxClJDBVqjqnY2dCOSBBBKwrAQA8uMpZ1hLilhMNWHiYAYkwkew0DREAcg7GyWdGpcKMU1vIirF0pjpv7fyHAgRBo4ajLA0hfLXi6u9YSK4oOrvNhPBSViMYf07u2MhnEiISTzGF7CDBkZeSmGSzkQyVJFMOFUXWIQH3NMpKpuXb6rIkv+55eInEg/mOq6atRa7m+VdK/r1m290W7Umg9Ft2V0is7RJbLQHWqiJ9RCHUQQoFf0ht61D+1L+9Z+5qMlrdg5QQvQfv8Aj6mrEw==</latexit>

3

<latexit sha1_base64="078bRq8t04T9clvb5+j52adDWPo=">AAACMXicbVDLSsNAFJ3UV42v1q0gwSK4kJJIUZdFNy4r2Ae0oUwmN83QmSTMTIQQ+gVu9Vv8Fhfu3PoPTtos7OPAMIdz7oVzj5cwKpVtfxmVre2d3b3qvnlweHR8UjPrPRmngkCXxCwWAw9LYDSCrqKKwSARgLnHoO9NHwu//wpC0jh6UVkCLseTiAaUYKWl59a41rCb9hzWOnFK0kAlOuO6cT7yY5JyiBRhWMqhYyfKzbFQlDCYmaNUQoLJFE9gqGmEOUg3nyedWZda8a0gFvpFypqr/zdyzKXMuKcnOVahXPUKcaMndZQQfO0lYSYpkcs5VHDv5jRKUgURWcQIUmap2CpKsXwqgCiWaYKJoPoSi4RYYKJ0dZvyXZdZir+4RBZEhXxmmrpRZ7W/ddK7aTq3zVaj/VA2W0Vn6AJdIQfdoTZ6Qh3URQQBekPv6MP4NL6Nn8VgxSg3TtESjN8/pYapnQ==</latexit>

4

<latexit sha1_base64="RudxC98HCBrtFqAbJqQyyGIVOqE="></latexit>

( 1, 
†
1)

<latexit sha1_base64="D1J52tp/gW8YJmLlYu3S9K/C5h0="></latexit>

( 2, 
†
2)

<latexit sha1_base64="XMwRaULMqJWfXqXFf8r7Q8bHTi8="></latexit>

( 3, 
†
3)

<latexit sha1_base64="d4503mhRMDq4UEHWgg0e/Nsab4A="></latexit>

( 4, 
†
4)

<latexit sha1_base64="bgYPNL9bAOAPo2Mr2Jp25kvX4P4=">AAACRXicbVDLSsNAFJ34rPXRVpeCBItQoZSkFnVZFMFlBdMW2hAmk0kzdPJgZiKUkC9xq9/iN/gR7sStTtIs7OPC5R7OuRfOPXZECRea9qlsbG5t7+yW9sr7B4dHlWrtuM/DmCFsoJCGbGhDjikJsCGIoHgYMQx9m+KBPb3P9MELZpyEwbOYRdj04SQgLkFQSMqqVhoPVtK+SptGPi6tal1raXmpq0AvQB0U1bNqytnYCVHs40AgCjkf6VokzAQyQRDFaXkccxxBNIUTPJIwgD7mZpI7T9ULyTiqGzLZgVBz9v9FAn3OZ74tN30oPL6sZeRajUsrHnakFnkzThBf9CHcWzMhQRQLHKC5DTemqgjVLCTVIQwjQWcSQMSI/ERFHmQQCRnlOn/Nwks2s094BoTnp+WyTFRfzm8V9Nst/brVeerUu3dFtiVwCs5BA+jgBnTBI+gBAyAQg1fwBt6VD+VL+VZ+5qsbSnFzAhZK+f0DJV2wLA==</latexit>

(E23, U23)

<latexit sha1_base64="1K2JoD0rLWp4L4GuNdigjpy3/xo=">AAACNXicbVDLSsNAFJ34rPHV6lKQwSK4kJJIUZdFNy5bsA9oQ5lMbpuhkwczEyGEfoFb/Ra/xYU7cesvOGmzsI8DwxzOuRfOPW7MmVSW9WlsbG5t7+yW9sz9g8Oj43LlpCOjRFBo04hHoucSCZyF0FZMcejFAkjgcui6k8fc776AkCwKn1UagxOQcchGjBKlpZY9LFetmjUDXiV2QaqoQHNYMc4HXkSTAEJFOZGyb1uxcjIiFKMcpuYgkRATOiFj6GsakgCkk82STvGlVjw8ioR+ocIz9f9GRgIp08DVkwFRvlz2cnGtJ3UUHzztxX4qGZWLOdTo3slYGCcKQjqPMUo4VhHOS8EeE0AVTzUhVDB9CaY+EYQqXd26fNdFlvzPL5E5UX4wNU3dqL3c3yrp3NTs21q9Va82HopuS+gMXaArZKM71EBPqInaiCJAr+gNvRsfxpfxbfzMRzeMYucULcD4/QOMB6sR</latexit>

1

<latexit sha1_base64="oUR13Sh70KCeiQQpSkGzxNdkqTs=">AAACNXicbVDLSsNAFJ3UV42vVpeCBIvgQkpSirosunHZgn1AG8pkctMMnTyYmQgh9Avc6rf4LS7ciVt/wUmbhX0cGOZwzr1w7nFiRoU0zU+ttLW9s7tX3tcPDo+OTyrV056IEk6gSyIW8YGDBTAaQldSyWAQc8CBw6DvTB9zv/8CXNAofJZpDHaAJyH1KMFSSZ3GuFIz6+YcxjqxClJDBdrjqnYxciOSBBBKwrAQQ8uMpZ1hLilhMNNHiYAYkymewFDREAcg7GyedGZcKcU1vIirF0pjrv7fyHAgRBo4ajLA0herXi5u9ISK4oOrvNhPBSViOYf07u2MhnEiISSLGF7CDBkZeSmGSzkQyVJFMOFUXWIQH3NMpKpuU76bIkv+55eInEg/mOm6atRa7W+d9Bp167be7DRrrYei2zI6R5foGlnoDrXQE2qjLiII0Ct6Q+/ah/alfWs/i9GSVuycoSVov3+N2KsS</latexit>

2
<latexit sha1_base64="SllppN2d51qb2SC3azkfBRGYSEE=">AAACNXicbVDLSsNAFJ3UV42vVpeCBIvgQkqiRV0W3bhswT6gDWUyuWmGTh7MTIQQ+gVu9Vv8FhfuxK2/4KTNwj4ODHM451449zgxo0Ka5qdW2tjc2t4p7+p7+weHR5XqcVdECSfQIRGLeN/BAhgNoSOpZNCPOeDAYdBzJo+533sBLmgUPss0BjvA45B6lGCppPbNqFIz6+YMxiqxClJDBVqjqnY2dCOSBBBKwrAQA8uMpZ1hLilhMNWHiYAYkwkew0DREAcg7GyWdGpcKMU1vIirF0pjpv7fyHAgRBo4ajLA0hfLXi6u9YSK4oOrvNhPBSViMYf07u2MhnEiISTzGF7CDBkZeSmGSzkQyVJFMOFUXWIQH3NMpKpuXb6rIkv+55eInEg/mOq6atRa7m+VdK/r1m290W7Umg9Ft2V0is7RJbLQHWqiJ9RCHUQQoFf0ht61D+1L+9Z+5qMlrdg5QQvQfv8Aj6mrEw==</latexit>

3

<latexit sha1_base64="078bRq8t04T9clvb5+j52adDWPo=">AAACMXicbVDLSsNAFJ3UV42v1q0gwSK4kJJIUZdFNy4r2Ae0oUwmN83QmSTMTIQQ+gVu9Vv8Fhfu3PoPTtos7OPAMIdz7oVzj5cwKpVtfxmVre2d3b3qvnlweHR8UjPrPRmngkCXxCwWAw9LYDSCrqKKwSARgLnHoO9NHwu//wpC0jh6UVkCLseTiAaUYKWl59a41rCb9hzWOnFK0kAlOuO6cT7yY5JyiBRhWMqhYyfKzbFQlDCYmaNUQoLJFE9gqGmEOUg3nyedWZda8a0gFvpFypqr/zdyzKXMuKcnOVahXPUKcaMndZQQfO0lYSYpkcs5VHDv5jRKUgURWcQIUmap2CpKsXwqgCiWaYKJoPoSi4RYYKJ0dZvyXZdZir+4RBZEhXxmmrpRZ7W/ddK7aTq3zVaj/VA2W0Vn6AJdIQfdoTZ6Qh3URQQBekPv6MP4NL6Nn8VgxSg3TtESjN8/pYapnQ==</latexit>

4

<latexit sha1_base64="RudxC98HCBrtFqAbJqQyyGIVOqE="></latexit>

( 1, 
†
1)

<latexit sha1_base64="D1J52tp/gW8YJmLlYu3S9K/C5h0="></latexit>

( 2, 
†
2)

<latexit sha1_base64="XMwRaULMqJWfXqXFf8r7Q8bHTi8="></latexit>

( 3, 
†
3)

<latexit sha1_base64="d4503mhRMDq4UEHWgg0e/Nsab4A="></latexit>

( 4, 
†
4)
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Gauss Law

<latexit sha1_base64="7ZHHKcql+zlJ7yR9WvhEYu3a/L8=">AAACRXicbVDLSsNAFJ3UV42PtroUJFiECqUkpajLogguK5i20JYymUyaoZMHMxMhhHyJW/0Wv8GPcCdudZJmYR8XLvdwzr1w7rFCSrjQ9U+ltLW9s7tX3lcPDo+OK9XaSZ8HEUPYRAEN2NCCHFPiY1MQQfEwZBh6FsUDa36f6YMXzDgJ/GcRh3jiwZlPHIKgkNS0Wmk8TBOjnTbNfFxNq3W9peelrQOjAHVQVG9aU87HdoAiD/sCUcj5yNBDMUkgEwRRnKrjiOMQojmc4ZGEPvQwnyS581S7lIytOQGT7QstZ/9fJNDjPPYsuelB4fJVLSM3alxacbEttdCNOUF82YdwbicJ8cNIYB8tbDgR1USgZSFpNmEYCRpLABEj8hMNuZBBJGSUm/w1Cy/ZzD7hGRCul6qqTNRYzW8d9Nst47rVeerUu3dFtmVwBi5AAxjgBnTBI+gBEyAQgVfwBt6VD+VL+VZ+Fqslpbg5BUul/P4BHgGwKA==</latexit>

(E12, U12)

<latexit sha1_base64="6ZQHRqNFnsVCfIlMA8MOM6vy4yk=">AAACRXicbVDLSsNAFJ34rPHRVpeCBItQoZREirosiuCygmkLbQiTyaQZOnkwMxFC6Je41W/xG/wId+JWJ2kW9nHhcg/n3AvnHiemhAtd/1Q2Nre2d3Yre+r+weFRtVY/7vMoYQibKKIRGzqQY0pCbAoiKB7GDMPAoXjgTO9zffCCGSdR+CzSGFsBnITEIwgKSdm1avPBzozOrGUW49KuNfS2XpS2CowSNEBZPbuunI3dCCUBDgWikPORocfCyiATBFE8U8cJxzFEUzjBIwlDGGBuZYXzmXYhGVfzIiY7FFrB/r/IYMB5GjhyM4DC58taTq7VuLTiY1dqsZ9ygviiD+HdWhkJ40TgEM1teAnVRKTlIWkuYRgJmkoAESPyEw35kEEkZJTr/LVKL/nMP+E5EH4wU1WZqLGc3yroX7WN63bnqdPo3pXZVsApOAdNYIAb0AWPoAdMgEACXsEbeFc+lC/lW/mZr24o5c0JWCjl9w8lW7As</latexit>

(E14, U14)

<latexit sha1_base64="bgYPNL9bAOAPo2Mr2Jp25kvX4P4=">AAACRXicbVDLSsNAFJ34rPXRVpeCBItQoZSkFnVZFMFlBdMW2hAmk0kzdPJgZiKUkC9xq9/iN/gR7sStTtIs7OPC5R7OuRfOPXZECRea9qlsbG5t7+yW9sr7B4dHlWrtuM/DmCFsoJCGbGhDjikJsCGIoHgYMQx9m+KBPb3P9MELZpyEwbOYRdj04SQgLkFQSMqqVhoPVtK+SptGPi6tal1raXmpq0AvQB0U1bNqytnYCVHs40AgCjkf6VokzAQyQRDFaXkccxxBNIUTPJIwgD7mZpI7T9ULyTiqGzLZgVBz9v9FAn3OZ74tN30oPL6sZeRajUsrHnakFnkzThBf9CHcWzMhQRQLHKC5DTemqgjVLCTVIQwjQWcSQMSI/ERFHmQQCRnlOn/Nwks2s094BoTnp+WyTFRfzm8V9Nst/brVeerUu3dFtiVwCs5BA+jgBnTBI+gBAyAQg1fwBt6VD+VL+VZ+5qsbSnFzAhZK+f0DJV2wLA==</latexit>

(E23, U23)

<latexit sha1_base64="gQHUJAZ4nfl5kmAQPPnEaAKkjgY=">AAACRXicbVDLSsNAFJ3UV42PtroUJFiECqUkWtRlUQSXFUxbaEOYTCbN0MmDmYlQQr7ErX6L3+BHuBO3OmmzsI8Ll3s451449zgxJVzo+qdS2tjc2t4p76p7+weHlWrtqMejhCFsoohGbOBAjikJsSmIoHgQMwwDh+K+M7nP9f4LZpxE4bOYxtgK4DgkHkFQSMquVhoPdtq+yprmbFzY1bre0melrQKjAHVQVNeuKacjN0JJgEOBKOR8aOixsFLIBEEUZ+oo4TiGaALHeChhCAPMrXTmPNPOJeNqXsRkh0Kbsf8vUhhwPg0cuRlA4fNlLSfXalxa8bErtdifcoL4og/h3VopCeNE4BDNbXgJ1USk5SFpLmEYCTqVACJG5Cca8iGDSMgo1/lrFl7ymX/CcyD8IFNVmaixnN8q6F22jOtW+6ld79wV2ZbBCTgDDWCAG9ABj6ALTIBAAl7BG3hXPpQv5Vv5ma+WlOLmGCyU8vsHLLuwMA==</latexit>

(E43, U43)

<latexit sha1_base64="1K2JoD0rLWp4L4GuNdigjpy3/xo=">AAACNXicbVDLSsNAFJ34rPHV6lKQwSK4kJJIUZdFNy5bsA9oQ5lMbpuhkwczEyGEfoFb/Ra/xYU7cesvOGmzsI8DwxzOuRfOPW7MmVSW9WlsbG5t7+yW9sz9g8Oj43LlpCOjRFBo04hHoucSCZyF0FZMcejFAkjgcui6k8fc776AkCwKn1UagxOQcchGjBKlpZY9LFetmjUDXiV2QaqoQHNYMc4HXkSTAEJFOZGyb1uxcjIiFKMcpuYgkRATOiFj6GsakgCkk82STvGlVjw8ioR+ocIz9f9GRgIp08DVkwFRvlz2cnGtJ3UUHzztxX4qGZWLOdTo3slYGCcKQjqPMUo4VhHOS8EeE0AVTzUhVDB9CaY+EYQqXd26fNdFlvzPL5E5UX4wNU3dqL3c3yrp3NTs21q9Va82HopuS+gMXaArZKM71EBPqInaiCJAr+gNvRsfxpfxbfzMRzeMYucULcD4/QOMB6sR</latexit>

1

<latexit sha1_base64="oUR13Sh70KCeiQQpSkGzxNdkqTs=">AAACNXicbVDLSsNAFJ3UV42vVpeCBIvgQkpSirosunHZgn1AG8pkctMMnTyYmQgh9Avc6rf4LS7ciVt/wUmbhX0cGOZwzr1w7nFiRoU0zU+ttLW9s7tX3tcPDo+OTyrV056IEk6gSyIW8YGDBTAaQldSyWAQc8CBw6DvTB9zv/8CXNAofJZpDHaAJyH1KMFSSZ3GuFIz6+YcxjqxClJDBdrjqnYxciOSBBBKwrAQQ8uMpZ1hLilhMNNHiYAYkymewFDREAcg7GyedGZcKcU1vIirF0pjrv7fyHAgRBo4ajLA0herXi5u9ISK4oOrvNhPBSViOYf07u2MhnEiISSLGF7CDBkZeSmGSzkQyVJFMOFUXWIQH3NMpKpuU76bIkv+55eInEg/mOm6atRa7W+d9Bp167be7DRrrYei2zI6R5foGlnoDrXQE2qjLiII0Ct6Q+/ah/alfWs/i9GSVuycoSVov3+N2KsS</latexit>

2
<latexit sha1_base64="SllppN2d51qb2SC3azkfBRGYSEE=">AAACNXicbVDLSsNAFJ3UV42vVpeCBIvgQkqiRV0W3bhswT6gDWUyuWmGTh7MTIQQ+gVu9Vv8FhfuxK2/4KTNwj4ODHM451449zgxo0Ka5qdW2tjc2t4p7+p7+weHR5XqcVdECSfQIRGLeN/BAhgNoSOpZNCPOeDAYdBzJo+533sBLmgUPss0BjvA45B6lGCppPbNqFIz6+YMxiqxClJDBVqjqnY2dCOSBBBKwrAQA8uMpZ1hLilhMNWHiYAYkwkew0DREAcg7GyWdGpcKMU1vIirF0pjpv7fyHAgRBo4ajLA0hfLXi6u9YSK4oOrvNhPBSViMYf07u2MhnEiISTzGF7CDBkZeSmGSzkQyVJFMOFUXWIQH3NMpKpuXb6rIkv+55eInEg/mOq6atRa7m+VdK/r1m290W7Umg9Ft2V0is7RJbLQHWqiJ9RCHUQQoFf0ht61D+1L+9Z+5qMlrdg5QQvQfv8Aj6mrEw==</latexit>

3

<latexit sha1_base64="078bRq8t04T9clvb5+j52adDWPo=">AAACMXicbVDLSsNAFJ3UV42v1q0gwSK4kJJIUZdFNy4r2Ae0oUwmN83QmSTMTIQQ+gVu9Vv8Fhfu3PoPTtos7OPAMIdz7oVzj5cwKpVtfxmVre2d3b3qvnlweHR8UjPrPRmngkCXxCwWAw9LYDSCrqKKwSARgLnHoO9NHwu//wpC0jh6UVkCLseTiAaUYKWl59a41rCb9hzWOnFK0kAlOuO6cT7yY5JyiBRhWMqhYyfKzbFQlDCYmaNUQoLJFE9gqGmEOUg3nyedWZda8a0gFvpFypqr/zdyzKXMuKcnOVahXPUKcaMndZQQfO0lYSYpkcs5VHDv5jRKUgURWcQIUmap2CpKsXwqgCiWaYKJoPoSi4RYYKJ0dZvyXZdZir+4RBZEhXxmmrpRZ7W/ddK7aTq3zVaj/VA2W0Vn6AJdIQfdoTZ6Qh3URQQBekPv6MP4NL6Nn8VgxSg3TtESjN8/pYapnQ==</latexit>

4

<latexit sha1_base64="RudxC98HCBrtFqAbJqQyyGIVOqE="></latexit>

( 1, 
†
1)

<latexit sha1_base64="D1J52tp/gW8YJmLlYu3S9K/C5h0="></latexit>

( 2, 
†
2)

<latexit sha1_base64="XMwRaULMqJWfXqXFf8r7Q8bHTi8="></latexit>

( 3, 
†
3)

<latexit sha1_base64="d4503mhRMDq4UEHWgg0e/Nsab4A="></latexit>

( 4, 
†
4)

<latexit sha1_base64="bgYPNL9bAOAPo2Mr2Jp25kvX4P4=">AAACRXicbVDLSsNAFJ34rPXRVpeCBItQoZSkFnVZFMFlBdMW2hAmk0kzdPJgZiKUkC9xq9/iN/gR7sStTtIs7OPC5R7OuRfOPXZECRea9qlsbG5t7+yW9sr7B4dHlWrtuM/DmCFsoJCGbGhDjikJsCGIoHgYMQx9m+KBPb3P9MELZpyEwbOYRdj04SQgLkFQSMqqVhoPVtK+SptGPi6tal1raXmpq0AvQB0U1bNqytnYCVHs40AgCjkf6VokzAQyQRDFaXkccxxBNIUTPJIwgD7mZpI7T9ULyTiqGzLZgVBz9v9FAn3OZ74tN30oPL6sZeRajUsrHnakFnkzThBf9CHcWzMhQRQLHKC5DTemqgjVLCTVIQwjQWcSQMSI/ERFHmQQCRnlOn/Nwks2s094BoTnp+WyTFRfzm8V9Nst/brVeerUu3dFtiVwCs5BA+jgBnTBI+gBAyAQg1fwBt6VD+VL+VZ+5qsbSnFzAhZK+f0DJV2wLA==</latexit>

(E23, U23)

<latexit sha1_base64="1K2JoD0rLWp4L4GuNdigjpy3/xo=">AAACNXicbVDLSsNAFJ34rPHV6lKQwSK4kJJIUZdFNy5bsA9oQ5lMbpuhkwczEyGEfoFb/Ra/xYU7cesvOGmzsI8DwxzOuRfOPW7MmVSW9WlsbG5t7+yW9sz9g8Oj43LlpCOjRFBo04hHoucSCZyF0FZMcejFAkjgcui6k8fc776AkCwKn1UagxOQcchGjBKlpZY9LFetmjUDXiV2QaqoQHNYMc4HXkSTAEJFOZGyb1uxcjIiFKMcpuYgkRATOiFj6GsakgCkk82STvGlVjw8ioR+ocIz9f9GRgIp08DVkwFRvlz2cnGtJ3UUHzztxX4qGZWLOdTo3slYGCcKQjqPMUo4VhHOS8EeE0AVTzUhVDB9CaY+EYQqXd26fNdFlvzPL5E5UX4wNU3dqL3c3yrp3NTs21q9Va82HopuS+gMXaArZKM71EBPqInaiCJAr+gNvRsfxpfxbfzMRzeMYucULcD4/QOMB6sR</latexit>

1

<latexit sha1_base64="oUR13Sh70KCeiQQpSkGzxNdkqTs=">AAACNXicbVDLSsNAFJ3UV42vVpeCBIvgQkpSirosunHZgn1AG8pkctMMnTyYmQgh9Avc6rf4LS7ciVt/wUmbhX0cGOZwzr1w7nFiRoU0zU+ttLW9s7tX3tcPDo+OTyrV056IEk6gSyIW8YGDBTAaQldSyWAQc8CBw6DvTB9zv/8CXNAofJZpDHaAJyH1KMFSSZ3GuFIz6+YcxjqxClJDBdrjqnYxciOSBBBKwrAQQ8uMpZ1hLilhMNNHiYAYkymewFDREAcg7GyedGZcKcU1vIirF0pjrv7fyHAgRBo4ajLA0herXi5u9ISK4oOrvNhPBSViOYf07u2MhnEiISSLGF7CDBkZeSmGSzkQyVJFMOFUXWIQH3NMpKpuU76bIkv+55eInEg/mOm6atRa7W+d9Bp167be7DRrrYei2zI6R5foGlnoDrXQE2qjLiII0Ct6Q+/ah/alfWs/i9GSVuycoSVov3+N2KsS</latexit>

2
<latexit sha1_base64="SllppN2d51qb2SC3azkfBRGYSEE=">AAACNXicbVDLSsNAFJ3UV42vVpeCBIvgQkqiRV0W3bhswT6gDWUyuWmGTh7MTIQQ+gVu9Vv8FhfuxK2/4KTNwj4ODHM451449zgxo0Ka5qdW2tjc2t4p7+p7+weHR5XqcVdECSfQIRGLeN/BAhgNoSOpZNCPOeDAYdBzJo+533sBLmgUPss0BjvA45B6lGCppPbNqFIz6+YMxiqxClJDBVqjqnY2dCOSBBBKwrAQA8uMpZ1hLilhMNWHiYAYkwkew0DREAcg7GyWdGpcKMU1vIirF0pjpv7fyHAgRBo4ajLA0hfLXi6u9YSK4oOrvNhPBSViMYf07u2MhnEiISTzGF7CDBkZeSmGSzkQyVJFMOFUXWIQH3NMpKpuXb6rIkv+55eInEg/mOq6atRa7m+VdK/r1m290W7Umg9Ft2V0is7RJbLQHWqiJ9RCHUQQoFf0ht61D+1L+9Z+5qMlrdg5QQvQfv8Aj6mrEw==</latexit>

3

<latexit sha1_base64="078bRq8t04T9clvb5+j52adDWPo=">AAACMXicbVDLSsNAFJ3UV42v1q0gwSK4kJJIUZdFNy4r2Ae0oUwmN83QmSTMTIQQ+gVu9Vv8Fhfu3PoPTtos7OPAMIdz7oVzj5cwKpVtfxmVre2d3b3qvnlweHR8UjPrPRmngkCXxCwWAw9LYDSCrqKKwSARgLnHoO9NHwu//wpC0jh6UVkCLseTiAaUYKWl59a41rCb9hzWOnFK0kAlOuO6cT7yY5JyiBRhWMqhYyfKzbFQlDCYmaNUQoLJFE9gqGmEOUg3nyedWZda8a0gFvpFypqr/zdyzKXMuKcnOVahXPUKcaMndZQQfO0lYSYpkcs5VHDv5jRKUgURWcQIUmap2CpKsXwqgCiWaYKJoPoSi4RYYKJ0dZvyXZdZir+4RBZEhXxmmrpRZ7W/ddK7aTq3zVaj/VA2W0Vn6AJdIQfdoTZ6Qh3URQQBekPv6MP4NL6Nn8VgxSg3TtESjN8/pYapnQ==</latexit>

4

<latexit sha1_base64="RudxC98HCBrtFqAbJqQyyGIVOqE="></latexit>

( 1, 
†
1)

<latexit sha1_base64="D1J52tp/gW8YJmLlYu3S9K/C5h0="></latexit>

( 2, 
†
2)

<latexit sha1_base64="XMwRaULMqJWfXqXFf8r7Q8bHTi8="></latexit>

( 3, 
†
3)

<latexit sha1_base64="d4503mhRMDq4UEHWgg0e/Nsab4A="></latexit>

( 4, 
†
4)

• Only dynamical dofs survive
• Resource reduction

Only one dynamical gauge link per plaquette 

Hamiltonian is block diagonal in total 
charge sectors

<latexit sha1_base64="esLh9itYSd4Aqb0oiwzMVPt/L8c="></latexit>

H
(fermions)
physical = H

(fermions)

����
QTot=0

24



Zero-charge fermion states

Only 6 out of 
24 = 16

25



One-plaquette Hamiltonian after Gauss Law

26

<latexit sha1_base64="1K2JoD0rLWp4L4GuNdigjpy3/xo=">AAACNXicbVDLSsNAFJ34rPHV6lKQwSK4kJJIUZdFNy5bsA9oQ5lMbpuhkwczEyGEfoFb/Ra/xYU7cesvOGmzsI8DwxzOuRfOPW7MmVSW9WlsbG5t7+yW9sz9g8Oj43LlpCOjRFBo04hHoucSCZyF0FZMcejFAkjgcui6k8fc776AkCwKn1UagxOQcchGjBKlpZY9LFetmjUDXiV2QaqoQHNYMc4HXkSTAEJFOZGyb1uxcjIiFKMcpuYgkRATOiFj6GsakgCkk82STvGlVjw8ioR+ocIz9f9GRgIp08DVkwFRvlz2cnGtJ3UUHzztxX4qGZWLOdTo3slYGCcKQjqPMUo4VhHOS8EeE0AVTzUhVDB9CaY+EYQqXd26fNdFlvzPL5E5UX4wNU3dqL3c3yrp3NTs21q9Va82HopuS+gMXaArZKM71EBPqInaiCJAr+gNvRsfxpfxbfzMRzeMYucULcD4/QOMB6sR</latexit>

1

<latexit sha1_base64="oUR13Sh70KCeiQQpSkGzxNdkqTs=">AAACNXicbVDLSsNAFJ3UV42vVpeCBIvgQkpSirosunHZgn1AG8pkctMMnTyYmQgh9Avc6rf4LS7ciVt/wUmbhX0cGOZwzr1w7nFiRoU0zU+ttLW9s7tX3tcPDo+OTyrV056IEk6gSyIW8YGDBTAaQldSyWAQc8CBw6DvTB9zv/8CXNAofJZpDHaAJyH1KMFSSZ3GuFIz6+YcxjqxClJDBdrjqnYxciOSBBBKwrAQQ8uMpZ1hLilhMNNHiYAYkymewFDREAcg7GyedGZcKcU1vIirF0pjrv7fyHAgRBo4ajLA0herXi5u9ISK4oOrvNhPBSViOYf07u2MhnEiISSLGF7CDBkZeSmGSzkQyVJFMOFUXWIQH3NMpKpuU76bIkv+55eInEg/mOm6atRa7W+d9Bp167be7DRrrYei2zI6R5foGlnoDrXQE2qjLiII0Ct6Q+/ah/alfWs/i9GSVuycoSVov3+N2KsS</latexit>

2
<latexit sha1_base64="SllppN2d51qb2SC3azkfBRGYSEE=">AAACNXicbVDLSsNAFJ3UV42vVpeCBIvgQkqiRV0W3bhswT6gDWUyuWmGTh7MTIQQ+gVu9Vv8FhfuxK2/4KTNwj4ODHM451449zgxo0Ka5qdW2tjc2t4p7+p7+weHR5XqcVdECSfQIRGLeN/BAhgNoSOpZNCPOeDAYdBzJo+533sBLmgUPss0BjvA45B6lGCppPbNqFIz6+YMxiqxClJDBVqjqnY2dCOSBBBKwrAQA8uMpZ1hLilhMNWHiYAYkwkew0DREAcg7GyWdGpcKMU1vIirF0pjpv7fyHAgRBo4ajLA0hfLXi6u9YSK4oOrvNhPBSViMYf07u2MhnEiISTzGF7CDBkZeSmGSzkQyVJFMOFUXWIQH3NMpKpuXb6rIkv+55eInEg/mOq6atRa7m+VdK/r1m290W7Umg9Ft2V0is7RJbLQHWqiJ9RCHUQQoFf0ht61D+1L+9Z+5qMlrdg5QQvQfv8Aj6mrEw==</latexit>

3

<latexit sha1_base64="078bRq8t04T9clvb5+j52adDWPo=">AAACMXicbVDLSsNAFJ3UV42v1q0gwSK4kJJIUZdFNy4r2Ae0oUwmN83QmSTMTIQQ+gVu9Vv8Fhfu3PoPTtos7OPAMIdz7oVzj5cwKpVtfxmVre2d3b3qvnlweHR8UjPrPRmngkCXxCwWAw9LYDSCrqKKwSARgLnHoO9NHwu//wpC0jh6UVkCLseTiAaUYKWl59a41rCb9hzWOnFK0kAlOuO6cT7yY5JyiBRhWMqhYyfKzbFQlDCYmaNUQoLJFE9gqGmEOUg3nyedWZda8a0gFvpFypqr/zdyzKXMuKcnOVahXPUKcaMndZQQfO0lYSYpkcs5VHDv5jRKUgURWcQIUmap2CpKsXwqgCiWaYKJoPoSi4RYYKJ0dZvyXZdZir+4RBZEhXxmmrpRZ7W/ddK7aTq3zVaj/VA2W0Vn6AJdIQfdoTZ6Qh3URQQBekPv6MP4NL6Nn8VgxSg3TtESjN8/pYapnQ==</latexit>

4

<latexit sha1_base64="RudxC98HCBrtFqAbJqQyyGIVOqE="></latexit>

( 1, 
†
1)

<latexit sha1_base64="D1J52tp/gW8YJmLlYu3S9K/C5h0="></latexit>

( 2, 
†
2)

<latexit sha1_base64="XMwRaULMqJWfXqXFf8r7Q8bHTi8="></latexit>

( 3, 
†
3)

<latexit sha1_base64="d4503mhRMDq4UEHWgg0e/Nsab4A="></latexit>

( 4, 
†
4)

(E,U)



Note:

27

<latexit sha1_base64="sD6DFIVToS9JcU3oFh38pQgBvhk="></latexit>

[Ej , Uk] = Uk�jk

<latexit sha1_base64="5Tivoj/4m2qHJ/sPSCjM1c0Az1A="></latexit>

[Ej ,�k] = �i�jk <latexit sha1_base64="JgQtUvuTb1dI32zgtsAQ6TVlx6A="></latexit>

{ j , 
†
k} = �jk

Bosonic CCR Fermionic CAR

There is no finite 
dimensional faithful 
representation of the 

Weyl/CCR algebra

There exists finite 
dimensional faithful 
representations of 

the CAR algebra



Mapping fermions to qubits

28

Task: Find a representation 
of the fermionic CAR in 
terms of Pauli matrices

<latexit sha1_base64="JgQtUvuTb1dI32zgtsAQ6TVlx6A="></latexit>

{ j , 
†
k} = �jk

Jordan-Wigner transformation (not unique)

<latexit sha1_base64="9E73oCOuoT5LShrtZC00GlkddLw="></latexit>

 †
j 7!

0

@
Y

k<j

+iZk

1

A�+
j

<latexit sha1_base64="l033l6XjEw9JUfvusZApYLIMocw="></latexit>

 j 7!

0

@
Y

k<j

�iZk

1

A��
j

<latexit sha1_base64="WkAWdMw9HAc2KqpJ4cFZ3rW/yYc="></latexit>

 10 7!
 
Y

k<10

�iZk

!
�+
10



Mapping bosons to qumodes

Qumodes are inherently non-compact but U(1) is a compact group !!

29

Task: Find a representation 
of the bosonic CCR in terms 
of qumodes

<latexit sha1_base64="sD6DFIVToS9JcU3oFh38pQgBvhk="></latexit>

[Ej , Uk] = Uk�jk
<latexit sha1_base64="5Tivoj/4m2qHJ/sPSCjM1c0Az1A="></latexit>

[Ej ,�k] = �i�jk or

One possible solution: 
Use two qumodes per link variable and then constrain them to the unit circle

and

<latexit sha1_base64="+CSPIEKmWvQShO6NHBzcMwmetXE="></latexit>

Uj 7! q̂0j + iq̂1j
<latexit sha1_base64="aEkAk9nuQi2WxdN4NHmiiUE34JQ="></latexit>

(q̂0j )
2 + (q̂1j )

2 = I
<latexit sha1_base64="qP8ME65ZX+pd3XPy8xxJoqqX3n4=">AAACeXicbZBdS8MwFIaz+j2/pl4KEh2CiI5Wh3opiiBeKTgV3CxpdmajSdslp8Io+0H+Gm/db/HGdOvF/DgQ8uQ9J/CeN0ikMOi6g5IzMTk1PTM7V55fWFxarqys3pk41RwaPJaxfgiYASkiaKBACQ+JBqYCCffB63nev38DbUQc3WIvgZZiz5HoCM7QSn7l/MJ/aSqWGIzplUXopuKtGTLMuv0n1woFev4L3adjr7EZv1J1a+ 6w6F/wCqiSoq79ldJGsx3zVEGEXDJjHj03wVbGNAouoV9upgYSxl/ZMzxajJgC08qG2/bptlXatBNreyKkQ3X8R8aUMT0V2EnFMDS/e7n4b89YKyG0bS8Je0Zw89MHdk5amYiSFCHiIxudVFIbXB4sbQsNHGXPAuNa2E0oD5lmHG38//nbK7zkd76JyQFD1S+XbaLe7/z+wt1BzTuq1W/q1dOzIttZsk62yA7xyDE5JZfkmjQIJ+/kg3ySQenL2XR2nN3RqFMq/qyRH+UcfgOteMMz</latexit>

Ej 7! Jj ⌘ q̂0j q̂
1
j � q̂1j q̂

0
j



The final Hamiltonian to simulate

30

Qubits and qumodes



Hybrid Hamiltonian for a general lattice

31

Qubit and qumodesQubits

Qumodes



Enforcing the constraint

32

<latexit sha1_base64="aEkAk9nuQi2WxdN4NHmiiUE34JQ="></latexit>

(q̂0j )
2 + (q̂1j )

2 = I

Hamiltonian penalty termInner product modification

<latexit sha1_base64="fpvPyFncLBd6SlLI1EA3kV8uGfY="></latexit>

[(q̂0n)
2 + (q̂1n)

2
, H] = 0, 8nIMPORTANTLY

<latexit sha1_base64="Y/7WlcT2hnI/bPoA3mk65fAnjQY="></latexit>

H
(Q) 7! H

(Q) +H
(Q)
µ

Disfavors unphysical configurations



Time evolution

33

Trotter-Suzuki formula

Chain of gates (unitaries) for small time steps



Time evolution

34

<latexit sha1_base64="iGu72Dh21lb1DRpU4eJgBeVsQz8="></latexit>

|V i ⌘ |vvvvi ⌦ e
�⇤2

g2
(q̂2�1)2 |0i0|0i1

<latexit sha1_base64="9D6uE4VsEr8LKpsV3ITUN7+vStk="></latexit>

|hV |e�itH
(Q)

|V i|2

Vacuum of the free theory (not ground state)

Survival probability



Time evolution

35

<latexit sha1_base64="iGu72Dh21lb1DRpU4eJgBeVsQz8="></latexit>

|V i ⌘ |vvvvi ⌦ e
�⇤2

g2
(q̂2�1)2 |0i0|0i1

<latexit sha1_base64="9D6uE4VsEr8LKpsV3ITUN7+vStk="></latexit>

|hV |e�itH
(Q)

|V i|2

Vacuum of the free theory (not ground state)

Survival probability



Ground state preparation (Method 1)

Quantum Imaginary Time Evolution (QITE) algorithm

36

We show the necessary 
gates and measurements to 

go to imaginary time

2 METHODS*



Ground state preparation (Method 1)

37



Ground state preparation (Method 2)

Non-unitary ansatz (showing for pure U(1) gauge theory)

38
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Summary

vHybrid qubit/qumode map for gauge theories with fermions

vGauge invariance is preserved

vFeasibility with different hybrid platforms

vDetermination of Time evolution and QITE algorithms

vTest some ground state preparation algorithms
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Future: combination of

40

SU(2) ± fermions

SU(3) ± fermions

Compact

Non-compact

Open systemClosed system

1+1
2+1

3+1

U(1) ± fermions

May be more 
natural for 
qumodes



Non-equilibrium dynamics and thermalization
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Thank you
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Extra
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QITE Method A
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Need one ancilla (extra) qubit + postselection (measurement)

Zero qubit state



QITE Method B
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Need one ancilla (extra) qumode + postselection (measurement)
Only useful for operators such that 

Target operator
Zero Fock 

state



Penalty term estimate
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Logical qubits with GKP states (qumodes)
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