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Scales for heavy quarkonium production at high pT

q Well-separated momentum scales – effective theory:

Perturbative

Non-Perturbative

mQ

mQv

PT

mQv2

Non-Perturbative Soft — Relative Momentum

Ultrasoft — Binding Energy

Hard — Production of QQ [pQCD]

[NRQCD]

[pNRQCD]
QCDL

Known quarks

To make this part as reliable as we can!

q Basic production mechanism:

1
2 Q
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D £
Coherent soft interaction 

Quarkonium

Perturbative Non-perturbative

A

B

§ QCD Factorization is “expected” to work 
for the production of heavy quark pair

§ Difficulty:  how the heavy quark pair 
becomes a quarkonium? 

§ But, most sensitive to medium effect

Medium effect to learn the emergence of quarkonium from a heavy quark pair
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NRQCD factorization and the “lack” of universality of LDMEs

q NRQCD factorization:
Bodwin, Braaten, Lepage, PRD, 1995

§ 4 leading channels in v:
3S[1]

1 , 1S[8]
0 , 3S[8]

1 , 3P [8]
J

q Phenomenology – full NLO in αs:

LDMEs should be universal, however: 
• Numbers are not the same.
• Not even the sign. 

More work is needed! 

Expansion in powers of both αs and v !

Hadronization
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Heavy quarkonium production at high pT

q O(as) expansion vs. 1/pT expansion:

PT Power!

LO in αs: 

CS channel as a case study

�̂LO / ↵3
s(pT )

p8T

P/2

P/2

NNLO in αs: �̂NNLP ! ↵2
s(pT )

p4T
⌦ ↵3

s(µ) log
m(µ2/µ2

0)

§ Leading order in αs-expansion =\= leading power in 1/pT-expansion!

§ When pT >> mQ, the expansion in powers of αs is not reliable! 

µ0 & 2mQ

NLO in αs: �̂NLO ! ↵3
s(pT )

p6T
⌦ ↵s(µ) log(µ

2/µ2

0
)

�+, �+�5

q PQCD factorization:

§ 1/pT expansion first: leading power (LP) & next-to-leading power (NLP) are factorizable! 
§ O(as)-expansion: leading order (LO) & next-to-leading order (NLO) are calculated

Kang, Qiu and Sterman, 2011
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QCD factorization + NRQCD factorization

q Color singlet as an example:

LO QCD hard

HQ pair FFs 
LO NRQCD

Kang, Qiu and Sterman, 2011

Reproduce NLO CSM for pT > 10 GeV!
Cross section + polarization

Different kinematics, different approximation, 
Dominance of different production channels!

�(NLO)

NRQCD
/

<latexit sha1_base64="/mVlxtOJnXNQpS9SFzUwvNILsqk=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEEoSSlaDdCwY3LCvYBaVom00k7dGYSZiaFEOqvuHGhiFs/xJ1/47TNQlsPXDiccy/33hPEjCrtON/WxubW9s5uYa+4f3B4dGyfnLZVlEhMWjhikewGSBFGBWlpqhnpxpIgHjDSCSZ3c78zJVLRSDzqNCY+RyNBQ4qRNtLALk3rt15vhDhH/Su/n3l1fzawy07FWQCuEzcnZZCjObC/esMIJ5wIjRlSynOdWPsZkppiRmbFXqJIjPAEjYhnqECcKD9bHD+DF0YZwjCSpoSGC/X3RIa4UikPTCdHeqxWvbn4n+clOqz7GRVxoonAy0VhwqCO4DwJOKSSYM1SQxCW1NwK8RhJhLXJq2hCcFdfXiftasW9rtQeauVGNY+jAM7AObgELrgBDXAPmqAFMEjBM3gFb9aT9WK9Wx/L1g0rnymBP7A+fwDRppQz</latexit>

v8 = [�+][8]
<latexit sha1_base64="oTtfvikoXRc/0KulR1HzoF+syMs=">AAACBHicbVDLSsNAFJ3UV62vqMtugkUQhJKUqt0IBTcuK9gHpGm4mU7boTNJmJkIJXThxl9x40IRt36EO//GaZuFth643MM59zJzTxAzKpVtfxu5tfWNza38dmFnd2//wDw8askoEZg0ccQi0QlAEkZD0lRUMdKJBQEeMNIOxjczv/1AhKRReK8mMfE4DEM6oBiUlnyzCLVrtzsEzqF3vuj+hddL3Zo39c2SXbbnsFaJk5ESytDwza9uP8IJJ6HCDKR0HTtWXgpCUczItNBNJIkBj2FIXE1D4ER66fyIqXWqlb41iISuUFlz9fdGClzKCQ/0JAc1ksveTPzPcxM1qHkpDeNEkRAvHhokzFKRNUvE6lNBsGITTQALqv9q4REIwErnVtAhOMsnr5JWpexclqt31VK9ksWRR0V0gs6Qg65QHd2iBmoijB7RM3pFb8aT8WK8Gx+L0ZyR7RyjPzA+fwCSypdh</latexit>

a8 = [�+�5]
[8]



5

Heavy quarkonium production at high pT
Lee, Qiu, Sterman, Watanabe, 2022

Kang, Ma, Qiu, Sterman, 2014

<latexit sha1_base64="u8HSlyeOFfph67G5EE1ofBYsV9s="></latexit>

+
X
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Z
dz

z2
D[cc̄()]!cc̄[n](z, µ
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f )Ec

d�̂ab![cc̄()](pc)X

d3pc
(z, pc = P/z, µ2

f )

<latexit sha1_base64="Gy+WbWZubPnZmSl7LdW09Bq+zLU=">AAACAXicbVDJSgNBEO2JW4zbqBfBS2MQIoQwE4LmIgS8eIxgFpiMoabTkzTpWejuCYQhXvwVLx4U8epfePNv7CwHTXxQ8Hiviqp6XsyZVJb1bWTW1jc2t7LbuZ3dvf0D8/CoKaNEENogEY9E2wNJOQtpQzHFaTsWFAKP05Y3vJn6rREVkkXhvRrH1A2gHzKfEVBa6ponnSHEMeBrXBgVoaguHlLHLlbdSdfMWyVrBrxK7AXJowXqXfOr04tIEtBQEQ5SOrYVKzcFoRjhdJLrJJLGQIbQp46mIQRUuunsgwk+10oP+5HQFSo8U39PpBBIOQ483RmAGshlbyr+5zmJ8qtuysI4UTQk80V+wrGK8DQO3GOCEsXHmgARTN+KyQAEEKVDy+kQ7OWXV0mzXLIvS5W7Sr5WXsSRRafoDBWQja5QDd2iOmoggh7RM3pFb8aT8WK8Gx/z1oyxmDlGf2B8/gCr+JUR</latexit>

 = (v, a, t)[1,8]
<latexit sha1_base64="LSZ8+0jy7kkJOLakAROmgPF4wXk="></latexit>

E
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d3P
⇡

X

f

Z
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§ PQCD factorization + FFs:

<latexit sha1_base64="7d3dxGWBnGwQEU9MfLEA+U0/SPU="></latexit>

E
d�̃NRQCD

ab!cc̄[n](P )X

d3P

<latexit sha1_base64="9ez17pJyOzx8fz1wdODgkYw6cRo="></latexit>

E
d�̃Asym

ab!cc̄[n](P )X

d3P

<latexit sha1_base64="ntwruH4avERqcNI1KKoPVhB/clE="></latexit>

= E
d�̃Resum

ab!cc̄[n](P )X

d3P

����
fixed order

§ PQCD fixed-order:

§ PQCD Asymptotic contribution:
When                   ,                                    cancels   

<latexit sha1_base64="H+cX3F/+7EJn9VXsNnz/83G3cqQ=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r9ENsQ9hsN+nS3U3Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJTyeZIrRLEp6ohxBrypmkXcMMpw+poliEnPbDye3c7z9RpVkiO2aaUl/gWLKIEWys9NgOOsM4RiIgQbXm1t0F0DrxClKDAu2g+jUcJSQTVBrCsdYDz02Nn2NlGOF0VhlmmqaYTHBMB5ZKLKj288XFM3RhlRGKEmVLGrRQf0/kWGg9FaHtFNiM9ao3F//zBpmJbvycyTQzVJLloijjyCRo/j4aMUWJ4VNLMFHM3orIGCtMjA2pYkPwVl9eJ71G3buqN++btVajiKMMZ3AOl+DBNbTgDtrQBQISnuEV3hztvDjvzseyteQUM6fwB87nD9KBkFM=</latexit>

PT � mc

<latexit sha1_base64="9ez17pJyOzx8fz1wdODgkYw6cRo="></latexit>

E
d�̃Asym

ab!cc̄[n](P )X

d3P

<latexit sha1_base64="7d3dxGWBnGwQEU9MfLEA+U0/SPU="></latexit>

E
d�̃NRQCD

ab!cc̄[n](P )X

d3P

When                   ,                                    cancels   
<latexit sha1_base64="bNtC41b8JO/C/OgxrhxfQmvwMsM=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvHis0C9o1yWbZtvQJLskWaUs/R9ePCji1f/izX9j2u5BWx8MPN6bYWZemHCmjet+O4WNza3tneJuaW//4PCofHzS0XGqCG2TmMeqF2JNOZO0bZjhtJcoikXIaTec3M797iNVmsWyZaYJ9QUeSRYxgo2VHppBazAy1hZIBCQoV9yquwBaJ15OKpCjGZS/BsOYpIJKQzjWuu+5ifEzrAwjnM5Kg1TTBJMJHtG+pRILqv1scfUMXVhliKJY2ZIGLdTfExkWWk9FaDsFNmO96s3F/7x+aqIbP2MySQ2VZLkoSjkyMZpHgIZMUWL41BJMFLO3IjLGChNjgyrZELzVl9dJp1b1rqr1+3qlUcvjKMIZnMMleHANDbiDJrSBgIJneIU358l5cd6dj2VrwclnTuEPnM8fLG6SQw==</latexit>

PT & mc

<latexit sha1_base64="9ez17pJyOzx8fz1wdODgkYw6cRo="></latexit>

E
d�̃Asym

ab!cc̄[n](P )X

d3P

<latexit sha1_base64="qUDYQz10Vcr3pn32ql5rYDuMvgY="></latexit>

E
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ab!cc̄[n](P )X

d3P

q PQCD factorization:

<latexit sha1_base64="nCXS6/fvl2IkNPIBjRbjzgjr3yg="></latexit>

⇥
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d�̃Resum

ab!cc̄[n](P )X

d3P
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d�̃NRQCD
ab!cc̄[n](P )X

d3P
� E
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#
<latexit sha1_base64="8vVem3TH0D/2wMiW+ueRfeYFbXE=">AAACEXicbZDLSsNAFIYn9VbrLerSTbAIBaUkpWg3QsGNiIuK9gJpGibTSTt0MgkzE6GEvIIbX8WNC0XcunPn2zhtg2jrDwMf/zmHM+f3IkqENM0vLbe0vLK6ll8vbGxube/ou3stEcYc4SYKacg7HhSYEoabkkiKOxHHMPAobnuji0m9fY+5ICG7k+MIOwEcMOITBKWyXL2Euh7kCUpt5pz/cC+p3B5b6bV71Uts66TmpI6rF82yOZWxCFYGRZCp4eqf3X6I4gAziSgUwrbMSDoJ5JIgitNCNxY4gmgEB9hWyGCAhZNML0qNI+X0DT/k6jFpTN3fEwkMhBgHnuoMoByK+drE/K9mx9KvOQlhUSwxQ7NFfkwNGRqTeIw+4RhJOlYAESfqrwYaQg6RVCEWVAjW/MmL0KqUrdNy9aZarFeyOPLgAByCErDAGaiDS9AATYDAA3gCL+BVe9SetTftfdaa07KZffBH2sc3fmmcvA==</latexit>

cc̄[n] = cc̄[2S+1L[1,8]
J ]

NRQCD:
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Renormalization group improvement 

q Renormalization group:
<latexit sha1_base64="XA+WECRsmasY7/oZxSegwrmgaFg="></latexit>

d

d lnµ2
f

"
E
d�̃Resum

ab!cc̄[n](P )X

d3P

#
= 0 To be accurate up to the 1st power correction

<latexit sha1_base64="/dKtILcB7p4sxdGTJUr0pgMnKoQ="></latexit>

@D[f ]!H

@ lnµ2
f

= �[f ]![f 0] ⌦D[f 0]!H
Heavy quark pair produced at the input scale

<latexit sha1_base64="ohBwjLTI4yM8E/P6tDenKg0jnBw="></latexit>

+
1

µ2
f

�[f ]![QQ̄()] ⌦D[QQ̄()]!H

Heavy quark pair produced between the hard scale and the input scale
Modified DGLAP – inhomogeneous evolution 

<latexit sha1_base64="n8NSHgPpsdpN/gZgoZPvTPed0ME=">AAACG3icbVDLSitBFOzxdTW+oi7dNAbBVZgJoncpuHFpwKiQGcKZTs/Y2I+h+4wShvkPN/dX7saFIq4EF/6NnZiFr4KGoqpOd59KCykchuFbMDM7N7/wZ3Gpsbyyurbe3Ng8d6a0jPeYkcZepuC4FJr3UKDkl4XloFLJL9Lr47F/ccOtE0af4ajgiYJci0wwQC8Nmp1YGp1LniFYa25jGhsfH99WxTkoBfWgymM0/W6cgq26dVIPmq2wHU5Af5JoSlpkitNB8yUeGlYqrpFJcK4fhQUmFVgUTPK6EZeOF8CuIed9TzUo7pJqsltNd70ypJmx/mikE/XzRAXKuZFKfVIBXrnv3lj8zeuXmP1NKqGLErlmHw9lpaRo6LgoOhSWM5QjT4BZ4f9K2RVYYOjrbPgSou8r/yTnnXZ00N7v7reOOtM6Fsk22SF7JCKH5IickFPSI4zckf/kgTwG/4L74Cl4/ojOBNOZLfIFwes7h8Oi7Q==</latexit> � �g![QQ̄]

Kang, Ma, Qiu, Sterman, PRD 90, 034006 (2014)

q Modified evolution equations:
<latexit sha1_base64="YKP02oZZL7el1c8MhsH5gSPQzqM=">AAACB3icbVDLSsNAFJ3UV62vqEtBBosgKCUpRbsRCm6KuKhoH5CmYTKdtEMnD2YmQgnZufFX3LhQxK2/4M6/cdpmoa0HLhzOuZd773EjRoU0jG8tt7S8srqWXy9sbG5t7+i7ey0RxhyTJg5ZyDsuEoTRgDQllYx0Ik6Q7zLSdkdXE7/9QLigYXAvxxGxfTQIqEcxkkpy9MP6Je66iCc4tXpJ+e7UTG+c615imWdVO7UdvWiUjCngIjEzUgQZGo7+1e2HOPZJIDFDQlimEUk7QVxSzEha6MaCRAiP0IBYigbIJ8JOpn+k8FgpfeiFXFUg4VT9PZEgX4ix76pOH8mhmPcm4n+eFUuvaic0iGJJAjxb5MUMyhBOQoF9ygmWbKwIwpyqWyEeIo6wVNEVVAjm/MuLpFUumeelym2lWCtnceTBATgCJ8AEF6AG6qABmgCDR/AMXsGb9qS9aO/ax6w1p2Uz++APtM8fJd2YKw==</latexit>

H = cc̄[2S+1
L
[1,8]
J ]

<latexit sha1_base64="Wc4DGKqlziMNAym78xIDk9ijtds="></latexit>

@D[QQ̄(n)]!H

@ lnµ2
f

= �[QQ̄(n)]![QQ̄()] ⌦D[QQ̄()]!H

Heavy quark pair produced at the hard scaleDGLAP-type:

<latexit sha1_base64="oLgAEjynLRAZj2GrD2c3g7UGzPk=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGoF6EgAc9RjAPSJbQO5lNhszsrjOzQgj5CS8eFPHq73jzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVFHWoLGIVTtAzQSPWMNwI1g7UQxlIFgrGN3M/NYTU5rH0YMZJ8yXOIh4yCkaK7W7tyglkuteseSW3TnIKvEyUoIM9V7xq9uPaSpZZKhArTuemxh/gspwKti00E01S5COcMA6lkYomfYn83un5MwqfRLGylZkyFz9PTFBqfVYBrZTohnqZW8m/ud1UhNe+RMeJalhEV0sClNBTExmz5M+V4waMbYEqeL2VkKHqJAaG1HBhuAtv7xKmpWyd1Gu3ldLtUoWRx5O4BTOwYNLqMEd1KEBFAQ8wyu8OY/Oi/PufCxac042cwx/4Hz+AC+Ij18=</latexit>

� =

NRQCD:
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Evolution of cc-fragmentation function in µ, n space 
Lee, Qiu, Sterman, Watanabe, in preparation

q To justify an approximation at                      :<latexit sha1_base64="essz+K+vwwTL3lqztk/nk72VDio=">AAAB8nicbVDJSgNBEO2JW4xb1KOXxiB4ijMhqJdAwIvHCGaBmSH0dDpJk16GXoQw5DO8eFDEq1/jzb+xk8xBEx8UPN6roqpekjKqje9/e4WNza3tneJuaW//4PCofHzS0dIqTNpYMql6CdKEUUHahhpGeqkiiCeMdJPJ3dzvPhGlqRSPZpqSmKORoEOKkXFSGHHbiIRtBFe1frniV/0F4DoJclIBOVr98lc0kNhyIgxmSOsw8FMTZ0gZihmZlSKrSYrwBI1I6KhAnOg4W5w8gxdOGcChVK6EgQv190SGuNZTnrhOjsxYr3pz8T8vtGZ4G2dUpNYQgZeLhpZBI+H8fzigimDDpo4grKi7FeIxUggbl1LJhRCsvrxOOrVqcF2tP9QrzVoeRxGcgXNwCQJwA5rgHrRAG2AgwTN4BW+e8V68d+9j2Vrw8plT8Afe5w8P8JBq</latexit>

µ = ⌫ = 1/2

Diagonal singlet
channel: S-to-S

Diagonal octet
channel: O-to-O

<latexit sha1_base64="NlskpSkJ4BYMgo5GLnhafkYCwWI=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hqaOut4MVjRfsBbSib7aZdutmE3Y1QQn+CFw+KePUXefPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNple5372nUrFY3OlZQv0IjwULGcHaSLeDKB2WK4592ahVvRpybMepu1U3J9W6d+Eh1yg5KrBCa1h+H4xikkZUaMKxUn3XSbSfYakZ4XReGqSKJphM8Zj2DRU4osrPFqfO0ZlRRiiMpSmh0UL9PpHhSKlZFJjOCOuJ+u3l4l9eP9Vhw8+YSFJNBVkuClOOdIzyv9GISUo0nxmCiWTmVkQmWGKiTTolE8LXp+h/0qnabs32brxK01vFUYQTOIVzcKEOTbiGFrSBwBge4AmeLW49Wi/W67K1YK1mjuEHrLdPvCWOEw==</latexit>µ <latexit sha1_base64="Tqckt/l+YLb+d0pRqxGhJ+lhsDY=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hqaOut4MVjRfsBbSib7aZdutmE3Y1QQn+CFw+KePUXefPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNple5372nUrFY3OlZQv0IjwULGcHaSLcDkQ7LFce+bNSqXg05tuPU3aqbk2rdu/CQa5QcFVihNSy/D0YxSSMqNOFYqb7rJNrPsNSMcDovDVJFE0ymeEz7hgocUeVni1Pn6MwoIxTG0pTQaKF+n8hwpNQsCkxnhPVE/fZy8S+vn+qw4WdMJKmmgiwXhSlHOkb532jEJCWazwzBRDJzKyITLDHRJp2SCeHrU/Q/6VRtt2Z7N16l6a3iKMIJnMI5uFCHJlxDC9pAYAwP8ATPFrcerRfrddlasFYzx/AD1tsnvaqOFA==</latexit>⌫

§ S-to-S DP FFs get broader in -space after evolution.
§ O-to-O DP FFs become narrower with a large peak around .
§ Off-diagonal channels: similar to O-to-O.
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Input fragmentation functions at µ0 ~ # mc
Ma, Qiu, Zhang, PRD89 (2014) 094029; ibid. 94030
Lee, Qiu, Sterman, Watanabe, SciPost Phys. Proc. 8, 143 (2022)q Input FFs from NRQCD:

<latexit sha1_base64="Vnvh7TYsk7J6z2rA6mEs/L9lt+0=">AAAB7XicbVDLSgMxFL3xWeur6tJNsAiuykwp6rLgxmUF+4B2KJk008ZmkiHJCHXoP7hxoYhb/8edf2PazkJbDwQO59xL7jlhIrixnveN1tY3Nre2CzvF3b39g8PS0XHLqFRT1qRKKN0JiWGCS9a03ArWSTQjcShYOxzfzPz2I9OGK3lvJwkLYjKUPOKUWCe1nnpWYb9fKnsVbw68SvyclCFHo1/66g0UTWMmLRXEmK7vJTbIiLacCjYt9lLDEkLHZMi6jkoSMxNk82un+NwpAxwp7Z60eK7+3shIbMwkDt1kTOzILHsz8T+vm9roOsi4TFLLJF18FKUCu4iz6HjANaNWTBwhVHN3K6Yjogm1rqCiK8FfjrxKWtWKf1mp3dXK9WpeRwFO4QwuwIcrqMMtNKAJFB7gGV7hDSn0gt7Rx2J0DeU7J/AH6PMHBI+OuQ==</latexit>

z ! 1

Perturbative SDCs               of input FFs in as and n expansion in the NRQCD are reliable only when SDCs << O(1). 
SDCs                calculated in NRQCD factorization is not reliable as              for the following terms:

<latexit sha1_base64="Vnvh7TYsk7J6z2rA6mEs/L9lt+0=">AAAB7XicbVDLSgMxFL3xWeur6tJNsAiuykwp6rLgxmUF+4B2KJk008ZmkiHJCHXoP7hxoYhb/8edf2PazkJbDwQO59xL7jlhIrixnveN1tY3Nre2CzvF3b39g8PS0XHLqFRT1qRKKN0JiWGCS9a03ArWSTQjcShYOxzfzPz2I9OGK3lvJwkLYjKUPOKUWCe1nnpWYb9fKnsVbw68SvyclCFHo1/66g0UTWMmLRXEmK7vJTbIiLacCjYt9lLDEkLHZMi6jkoSMxNk82un+NwpAxwp7Z60eK7+3shIbMwkDt1kTOzILHsz8T+vm9roOsi4TFLLJF18FKUCu4iz6HjANaNWTBwhVHN3K6Yjogm1rqCiK8FfjrxKWtWKf1mp3dXK9WpeRwFO4QwuwIcrqMMtNKAJFB7gGV7hDSn0gt7Rx2J0DeU7J/AH6PMHBI+OuQ==</latexit>

z ! 1

<latexit sha1_base64="eXATNqHiAaTOZm1RMhvTg2ByynI=">AAAB+XicbVBNT8JAEN3iF+JX1aOXjcQELqQlRD2SePGIiYAJVLLdbmHDdtvsTkmw4Z948aAxXv0n3vw3LtCDgi+Z5OW9mczM8xPBNTjOt1XY2Nza3inulvb2Dw6P7OOTjo5TRVmbxiJWDz7RTHDJ2sBBsIdEMRL5gnX98c3c706Y0jyW9zBNmBeRoeQhpwSMNLDt/ohAFswes4qszipP1YFddmrOAniduDkpoxytgf3VD2KaRkwCFUTrnusk4GVEAaeCzUr9VLOE0DEZsp6hkkRMe9ni8hm+MEqAw1iZkoAX6u+JjERaTyPfdEYERnrVm4v/eb0Uwmsv4zJJgUm6XBSmAkOM5zHggCtGQUwNIVRxcyumI6IIBRNWyYTgrr68Tjr1mntZa9w1ys16HkcRnaFzVEEuukJNdItaqI0omqBn9IrerMx6sd6tj2VrwcpnTtEfWJ8/10GTGQ==</latexit>

d̂(n)(z)
<latexit sha1_base64="eXATNqHiAaTOZm1RMhvTg2ByynI=">AAAB+XicbVBNT8JAEN3iF+JX1aOXjcQELqQlRD2SePGIiYAJVLLdbmHDdtvsTkmw4Z948aAxXv0n3vw3LtCDgi+Z5OW9mczM8xPBNTjOt1XY2Nza3inulvb2Dw6P7OOTjo5TRVmbxiJWDz7RTHDJ2sBBsIdEMRL5gnX98c3c706Y0jyW9zBNmBeRoeQhpwSMNLDt/ohAFswes4qszipP1YFddmrOAniduDkpoxytgf3VD2KaRkwCFUTrnusk4GVEAaeCzUr9VLOE0DEZsp6hkkRMe9ni8hm+MEqAw1iZkoAX6u+JjERaTyPfdEYERnrVm4v/eb0Uwmsv4zJJgUm6XBSmAkOM5zHggCtGQUwNIVRxcyumI6IIBRNWyYTgrr68Tjr1mntZa9w1ys16HkcRnaFzVEEuukJNdItaqI0omqBn9IrerMx6sd6tj2VrwcpnTtEfWJ8/10GTGQ==</latexit>

d̂(n)(z)

In our current analysis, we use analytic results if those vanish as              ; and for singular or negative input FFs, 
we model them with proper normalization:

: abs. value of the first moment
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NLP contribution to single parton fragmentation functions
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The inhomogeneous quark pair corrections remain significant even at high Q2 ~µ2~ pT2

The power corrections effect at low µ2 does not go away fast: analogous to 
nonlinear gluon recombination effects to gluon PDF at small-x and large µ2.

q Impact of inhomogeneous term:

Mueller and Qiu, NPB268, 427 (1986)
Qiu, NPB291, 746 (1987)
Eskola, Honkanen,  Kolhinen, Qiu and 
Salgado, NPB660, 211 (2003)

Lee, Qiu, Sterman, Watanabe, 2022



10

J/y-production in hadronic collisions
q Separate LDMEs from pQCD effects: Lee, Qiu, Sterman, Watanabe, 2022
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J/y-production in hadronic collisions

q Leading power contribution:

The “power corrections” do not vanish even at the highest pT, giving 10-30% corrections.
At pT = 30 GeV and below, the NLP corrections become significant.

PT Shape!

Lee, Qiu, Sterman, Watanabe, 2022
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J/y-production in hadronic collisions
q LP + NLP contributions:

Choose two numbers with a smaller set of data

Lee, Qiu, Sterman, Watanabe, 2022
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J/y-production in hadronic collisions
q Test the consistency:

Compare with both the LHC and Tevatron data
without changing parameters!

Lee, Qiu, Sterman, Watanabe, 2022
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Matching to fixed-order PQCD calculation
Lee, Qiu, Sterman, Watanabe, 2022

Or use the medium as a filter or detector?
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Emergence of a heavy quarkonium from a heavy quark pair

q Basic production mechanism:

1
2 Q

r
m

D £
Coherent soft interaction 

Quarkonium

Perturbative Non-perturbative

A

B

§ QCD Factorization is “expected” to work 
for the production of heavy quark pair

§ Difficulty:  how the heavy quark pair 
becomes a quarkonium? 

§ But, most sensitive to medium effect

Qiu, Watanabe, 2022

Transition Distribution

q Approximation:
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Emergence of a heavy quarkonium from a heavy quark pair

q From pp to pA collision:

1
2 Q

r
m

D £

Quarkonium

Perturbative Non-perturbative

A

B

§ QCD Factorization is “expected” to work 
for the production of heavy quark pair

Qiu, Watanabe, 2022

Nuclear PDFs Almost Not affected

Same wave function

Multiple scattering

A

B

q Multiple scattering of heavy quarks can change:

§ Distribution of total momentum of the pair 
– Cronin effect

§ Invariant mass of the pair (broadening) 
– Suppression of quarkonium
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Production model = approximation to the transition distribution

q Color evaporation model (and the improved one):
F
CC→J/ψ

q2( )

q2

4m2
D � 4m2

c0

§ Vanishes above the open charm threshold 
§ Independent of pairʼs mass and color, and
§ Is a constant

Transition distribution:

Fritsch (1977), Halzen (1977), …

�AB!J/ (PJ/ ) ⇡
X

n

Z
dq2

⇥
�AB![QQ̄](n)(q

2)
⇤
F[QQ̄(n)]!J/ (PJ/ , q

2)

�CEM
AB!J/ (PJ/ ) ⇡ Fcc̄!J/ 

Z 4m2
D�4m2

c

0
dq2

⇥
�AB!cc̄(q

2)
⇤

One parameter per quarkonium state
Einhorn, Ellis (1975), 
Chang (1980),
Berger and Jone (1981), …q Color singlet model:

q2

F
CC→J/ψ

q2( )§ Narrowly peaked at q2=0
§ Only color singlet pair with “right” quantum #
§ Moment = square of wave function at origin

Transition distribution:

Effectively No free parameter!
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Production model = approximation to the transition distribution

q Non-Relativistic QCD (NRQCD) model:

q2

F
CC→J/ψ

q2( )

Caswell, Lapage (1986)
Bodwin, Braaten, Lepage (1995)
QWG review:  2004, 2010

§ Narrowly peaked distribution at 

§ Velocity expansion is a good approximation

§ Perturbatively defined color singlet and octet states 

Transition distribution:

q2 ⌧ m2
c

v ⇠ |q|/mc

mc � ⇤QCD

�AB![QQ̄](n)(q
2) ⇡

X

m

⇥
q2
⇤m

m!


d

dq2

�m
�AB![QQ̄](n)(q

2 = 0)

�AB!J/ (PJ/ ) ⇡
X

n,m


d

dq2

�m
�AB![QQ̄](n)(q

2 = 0)

⇥

Z
dq2

⇥
q2
⇤m

m!
F[QQ̄(n)]!J/ (q

2)

⇡

X

O

�AB!O(q
2 = 0)hOJ/ 

i
Infinite parameters 

– organized in powers of  v  and αs

§ Both NRQCD and CEM (or ICEM) can describe the production data reasonably well 
§ Inclusive production rate is not very sensitive to the details of hadronization

Need another observed “scale”!   Polarization, medium effect,…
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q Transition distribution:

Production model = approximation to the transition distribution

§ Large phase space available for gluon radiation:

Q2 − 4MC
2 ⇒ 4MD

2 − 4MC
2 ≈ 6 GeV2

§ Larger heavy quark velocity in production than decay:

vprod ⇠ |qc|
mc

⇠

s
4m2

D � 4m2
c

4m2
c

⇠ 0.88 > vdecay

Q2 Q2

§ Over 6 GeV2 phase space for gluon radiation
§ Pair with large q2 has a vanishing chance to 

become J/y in NRQCD Model

§ Radiation pays a penalty in coupling, 
But, gains a lot on wave function

Q2 – 4Mc2

Q2 – 4Mc2

F(Q2) as(Q2) ln(Q2/4Mc
2) F(4Mc

2)
Threshold behavior for the 
transition distribution!

Qiu, Vary, Zhang, PRL 2002
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Heavy quarkonium production in pA collision

q Nucleus as a “detector”:

P A
§ Necessary calibration for AA collisions

§ Hard probe (mQ >> 1/fm)              

quark-gluon structure of nucleus!

q If J/ψ were produced at the collision point:

§ Glauber model:

LAB

σAB

§ Expect a straight line on a semi-log plot

§ Nuclear effect in PDFs

§ Medium dependence from J/ψ-nucleon absorption

J/
0 abs ABL

AB NNAB e
yr ss s -»

σabsWith a J/y absorption cross section
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Heavy quarkonium production in pA collision
q Anomalous suppression:
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Heavy quarkonium production in pA collision – impact of threshold effect

q Multiple scattering in A:
§ Modify momentum distribution of the pair – Cronin effect

§ Each scattering is too soft to calculate perturbatively
• Resummation of multiple scattering (small-x limit)
• Moment of PT-distribution – calculable 

o based on observed particles only
o less sensitive to hadronization

q Ratio of pT-distribution – Cronin type:

Guo, Qiu, Zhang, PRL, PRD 2002
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Heavy quarkonium production in pA collision – impact of threshold effect

• Threshold effect leads to different effective σabs - Curved line for 

q Multiple scattering in A:

" ⇠ q̂ ⇠ h�q2T i

§ Enhance the invariant mass of the pair – "Suppression” of quarkonium

§ Multiple scattering of the pair broads the relative 
momentum of the pair
• Increases the relative momentum of the pair:   Q2 > Q2

q2 ⇒ q2 +εLAB

Qiu, Vary, Zhang, PRL 2002

Single parameter: " / q̂
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Heavy quarkonium production in pA collision – impact of threshold effect

§ Different suppression for different quarkonium states:  

J/ψ, ψ’, … Y(1s), Y2s), Y(3s), …

q Multiple scattering in A:

§ "Suppression” of quarkonium = less production, not produced and absorbed by the medium 

Qiu, Watanabe, 2022

§ Also modify momentum distribution of the pair – Cronin effect

q Consequence:

§ The difference is a consequence of the difference 
in the transition distribution

Open flavor threshold
Mass threshold
Of excited state

Amount of broadening

q Predictions for ratio of pT-distributions:

§ More profound in low pT than high pT
§ Difference goes away at very high pT

Similar conclusion for charm system, but, less profound, …

Similarly for 
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Breaking of factorization in hadronic collisions 

q Spectator interaction – always there:
Interfere with the formation 

of the quarkonium

Process dependence
pT ~ mQv2, mQv

Process dependence – Break of factorization – No predictive power 

q The Challenge:

q The need:

Controllable calculation of medium effect, extract medium properties, …

q The Opportunities:

Medium as a “detector” or “filter” to probe “color neutralization”, …

1
2 Q

r
m

D £

Quarkonium

Perturbative Non-perturbative

A

B

PDF
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Breaking of factorization in hadronic collisions 

q A-enhanced power corrections, A1/3/Q2, may be factorizable: 

≈ ● ● ●

≈ + +

+

● ● ● +

§ Total x-section: Factorization argument similar to DIS
§ Collinear power expansion – single scale

§ PT spectrum:   Factorization argument similar to SIDIS
§ TMD or collinear – low PT to high PT

No A1/3-enhancement
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Breaking of factorization in hadronic collisions 

q Backward production in p(d)+A collisions:

J/Ψ could be formed 
Inside nucleus

Multiple scattering interfere 
with the non-perturbative
hadronization
– no factorization!!

q Production at low PT (è0) in p(d)+A collisions:

Co-mover interaction

to interfere with 
quarkonium formation
- Break of factorization!!

Brodsky and Mueller, PLB 1988
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Breaking of factorization in hadronic collisions 

q Forward production in p(d)+A collisions:

² Time dilation

Non-perturbative
formation of J/Ψ
is far outside of nucleus

§ Multiple scattering with incoming parton & heavy quarks, not J/Ψ
• Induced gluon radiation – energy loss – suppression at large y

• Modified PT spectrum – transverse momentum broadening

• De-coherence of the pair – different QQ state to hadronize – lower rate  

Q

Q

Soft multiple scattering – “random walk”

Momentum imbalance – larger invariant mass

Match to the tail of wave function - ``suppression”

Brodsky and Mueller, PLB 1988
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Forward quarkonium production in p(d)+A
q Calculation of multiple scattering:

Coherent multiple scattering                  suppression at large y 

Kang, Ma, Venugopalan, JHEP (2014)
Qiu, Sun, Xiao, Yuan PRD89 (2014)

Ma, Venugopalan, Zhang, PRD92, 071901 (2015)
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Summary and Outlook

Thanks!

q It has been almost 50 years since the discovery of J/Ψ, but, we are still not completely sure 
about its production mechanism

q We have studied the QCD factorization for hadronic quarkonium production at high pT

q We demonstrated that the LP contributions are significant for hadronic quarkonium 
production at high pT while the NLP contributions are sizable at lower pT but different in 
shape, and both are needed, leading to a smooth matching to fixed-order calculations

q Inclusive heavy quarkonium production is not very sensitive to the details of formation of 
a quarkonium from a pair of heavy quarks

q The initial success of QCD factorization formalism should encourage a global data analysis. 
There is sufficient room to improve the input FFs 

q Controllable medium dependence should provide a better probe for how a heavy 
quarkonium could be emerged from a pair of heavy quarks 
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Evolution equations in a simplified situation 

≈

u′ ū′

u′ ū′

u ū

u ū

u′ ū′

1
2

1
2

u ū

1
2

1
2

H

=⇒

µ2 ∼ m2 % Λ2
QCD

µ2 ∼ p2T % m2

v′v̄′

vv̄

vv̄

v̄′ v′
1
2

1
2

1
2

1
2

v′v̄′

vv̄

D(u′, v′, z′) D(u′, v′, z′) D(z′)

P (z/z′)P (u, v, z/z′)P (u, v, u′, v′, z/z′)

C(u, v, z) C(z) C(z)

∫
dudv

∫
du′dv′

§ The produced heavy quark pair is dominated by its 
on-shell state at high .

§ We may expand the SDCs and evolution kernels on 
lower virtuality sides at each evolution step around .

§ This can be a reasonable approximation suggested 
by the evolution of DP FFs in µ,n-space. S-to-S 
channels are not dominant at high .

q Simplified evolution equations:
Lee, Qiu, Sterman, Watanabe, in preparation


