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A galaxy has an extended density profile 
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Navarro-Frenk-White (NFW) profile

Virial radius, halo mass, & concentration  
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(rs, ⇢s) � (M, c = R/rs)
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Phase-space distribution of tracers

Tracers are in dynamical equilibrium with the host halo
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Internal dynamics is similar for all halos

) f̃(~r/rs,~v/vs) is universal
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Jeans theorem

f(~r,~v) = f(E,L)
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Ẽ = E/v2s , L̃ = L/(rsvs)
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Bayesian statistics

p(M, c|{~wi}) / p(M)p(c|M)
NtrY

i=1

p(~wi|M, c)
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Dwarf satellite galaxies as tracers



Cosmological simulation: Millennium II

940 Milky Way-like halos

p(lg c|M) = N (0.94� 0.077 lg(M/1012M�), 0.11)
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11.5  lgM/M�  12.5
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Galaxy catalog from semi-analytical model for galaxy formation

104,315 satellites with r  25rs
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Construction of phase-space distribution function (DF)

f(~r,~v) = f(r, vr, vt)8⇡
2r2vtdrdvrdvt

= p(r|E,L)p(E,L)drdEdL
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p(r|E,L)dr =
dr

vr(r, E, L)Tr(E,L)
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) f(r, vr, vt) = f(E,L) =
p(E,L)

8⇡2LTr(E,L)
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Constructed DF

(zero potential at halo center)



p(r, E, L)dr =
dr

vr(r, E, L)Tr(E,L)
= p(✓|E,L)d✓ =

d✓

2⇡
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Check on steady state



Check on similarity of internal dynamics



Results from mock tests



The general validation of the above assumptions is presented
in Li et al. (2019). Nevertheless, individual halos are still
expected to exhibit certain deviations from these assumptions
due to diversities in their formation histories and environments.
As shown in Li et al. (2019) and Section 4.1, the consequent
systematic uncertainty can be quantified by tests with realistic
mock samples.

We construct the universal dimensionless DF r vf ,˜ (˜ ˜) by
stacking template halos in a cosmological simulation (see Li et al.
2019 for details). Under our assumptions, =r vf f E L, ,˜ (˜ ˜) ˜ ( ˜ ˜),
which means that f̃ depends on r̃ and ṽ only through the form of
the dimensionless energy =E E vs

2˜ and the dimensionless
angular momentum =L L r vs s˜ ( ). Compared to the convention-
ally adopted analytical DFs, our simulation-based DF is more
realistic and automatically treats unbound orbits. Thus, we do not
have to assume whether any satellite, e.g., Leo I, is bound to the
MW or not.

We expect that our DF has some dependence on the
simulation used. In this work, we use template halo samples
from two distinct simulations. For both samples, halos have the
same mass range of  M M10 1011.5 12.5

 , and their
luminous satellites within r25 s are selected to construct the
DF. One sample, the same as used in Li et al. (2019), is from
the galaxy catalog generated by a semi-analytical model (SAM;
Guo et al. 2011) based on the dark-matter-only simulation
Millennium II (MII; Boylan-Kolchin et al. 2009). This sample
contains ~104 isolated halos with a total of ~105 satellites,
each having a stellar mass of  m M100 . The other sample
is selected from the hydrodynamics-based EAGLE Simulation
(Crain et al. 2015; Schaye et al. 2015; McAlpine et al. 2016)
with the same criteria as in Callingham et al. (2019) except for
the halo mass range. This sample contains ∼1700 relaxed halos
with a total of ~ ´2.5 104 satellites, each having at least one
star particle. The concentration for the NFW profile of each
halo is taken from Wang et al. (2017) for the MII simulation
and Schaller et al. (2015) for the EAGLE simulation. For
EAGLE halos, the concentration is fitted for the profile
over =r 0.05( – R1) .

The DFs f E L,˜ ( ˜ ˜) constructed from the SAM-MII and
EAGLE simulations are shown in Figure 2. It can be seen that
they are quite similar, but the EAGLE DF has fewer tightly
bound (small Ẽ) satellites. Using the same tests as for the

SAM-MII DF in Li et al. (2019), we have checked that the
EAGLE DF provides unbiased estimates of the mass and
concentration for the underlying halo sample. In particular, as
discussed in Appendix C, these estimates are insensitive to the
presence of a massive neighbor or satellite like M31 or the
Large Magellanic Cloud (LMC), respectively, for the MW.
Comparing the results from the SAM-MII and EAGLE DFs
allows us to assess the systematic uncertainties due to the
simulation used. We will also show by the goodness-of-fit in
Section 4.3 that the EAGLE simulation matches the observa-
tions better.

3.2. Estimating Halo Properties

Within the Bayesian statistical framework, we can use our
DF to infer the halo mass M and concentration c efficiently and
without bias. In addition, we can treat various observational
effects, including the selection function (incompleteness) and
measurement errors, in a rigorous and straightforward manner.
As discussed in Section 2, we consider only those MW

satellites with < <r40 280 kpc and use an approximate
selection function based on a luminosity-dependent complete-
ness radius Robs,max for each satellite. Consequently, the PDF
including the selection function is
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where =r 40 kpcmin and =r 280 kpcmax .11 Note that under our
assumption of spherical symmetry, an angular selection
function adds the same constant factor to both the numerator
and the denominator, thus, having no effect on the above DF.
We further take observational errors into account through the

hierarchical Bayesian technique, by integrating over all
possible w corresponding to the observed wî for a satellite, to
obtain

ò=w w w w wp M c p p M c d, , , 5i iob err s
6( ˆ ∣ ) ( ˆ ∣ ) ( ∣ ) ( )

Figure 2. Dimensionless DFs f E L,˜ ( ˜ ˜ ) constructed from the SAM-MII (left panel) and EAGLE (right panel) simulations. The two DFs are quite similar, but the
EAGLE DF has fewer tightly bound (small Ẽ) satellites due to enhanced satellite disruption. The energy Ẽ is always positive because the halo center is adopted as the
zero-point of the potential. Note that satellites with >E 1˜ (to the right of the dotted line) are not bound. Note also that f E L,( ) is the DF in the 6D phase space of r
and v.

11 Strictly speaking, Robs,max is a Heliocentric distance. However, because all
of the satellites in our sample are sufficiently far away from the GC, Robs,max
can be taken as a Galactocentric distance to good approximation.
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From a jackknife (leave-one-out) test on our sample of
satellites, we find that the scatter in the inferred MW halo mass
M is comparable to the estimated statistical uncertainty in Table 1.
In addition, the effect on the inferred M is negligible compared to
the statistical uncertainty when we exclude from our sample all
of the possible LMC satellites: the Small Magellanic Cloud,
Fornax, Carina I, and Horologium I (Kallivayalil et al. 2018;

Pardy et al. 2020). Finally, as shown in Figure 4, we get
remarkably consistent results on M when varying the sample
selection criteria based on the distance interval (r r,min max),
brightness (mV ,max), or luminosity (MV ,max) of the satellites. Note
that varying MV ,max only changes the satellite sample, but the
analysis remains the same as for the fiducial case. For the other
tests, the rmin, rmax, and Robs,max used in Equation (4) are changed
accordingly. In particular, Robs,max depends on mV ,max.
The robustness of our results demonstrated by the above tests

can be attributed to two factors. First, the constraining power
mainly comes from the bright satellites with precise measure-
ments. Therefore, so long as a sample includes a sufficient number
of such satellites, the inferred M and its uncertainty should not
change very much as the sample varies. More importantly, the
robustness of our results also reflects the validity of our method,
especially in treating the selection function and observational
errors. Ignoring observational uncertainties overestimates the halo
mass ( ´M M1.8 1012 ) and gives an absurdly large
concentration (c;40), while ignoring the selection function
severely overestimates the concentration (c;17).
We emphasize that a rigorous and straightforward treatment

of the selection function and observational errors is an
important feature of the DF method. In contrast, it is rather
difficult to treat observational errors in methods based on the
Jeans equation. In some previous studies using such methods,
because observational errors were not treated properly,
including Leo I or not can change the estimated MW halo
mass by ∼30% (e.g., Watkins et al. 2010).
Another possible concern is the flattened satellite distribution

of the MW, though its cosmological significance is still under
debate (e.g., Pawlowski & Kroupa 2013; Cautun et al. 2015;
Shao et al. 2019). However, the anisotropic distribution of
satellites is unlikely able to bias our result significantly for two
reasons. First, the mass estimate relies on the distance and
velocity rather than the orbital orientation of a satellite. Second,
as shown by the extensive tests in Li et al. (2019) and

Figure 3. The MW halo mass and concentration inferred from the SAM-MII (left panel) and EAGLE (right panel) DFs. A flat prior on Mlg is always used. Results are
presented for both a flat prior on clg (orange color) and the alternative prior (black color) based on the M–c relation shown by the gray 1σ and 2σ contours. The other
contours show the 1σ and 2σ confidence regions for the inferred Mlg and clg . The corresponding marginalized distributions are shown in the upper and right
subpanels.

Table 1
Inferred MW Halo Mass and Concentration

Satellites Satellites + Halo Stars

Flat Prior M–c Relat. Flat Prior M–c Relat.

SAM-MII

M a
-
+1.55 0.29

0.35
-
+1.55 0.27

0.33
-
+1.48 0.22

0.26
-
+1.51 0.22

0.26

c -
+10.1 5.4

11.6
-
+8.1 2.1

2.8
-
+10.2 3.3

4.8
-
+8.7 1.9

2.4

Mlg a 0.19±0.09 0.19±0.08 0.17±0.07 0.18±0.07
clg 1.01±0.33 0.91±0.13 1.01±0.17 0.94±0.10

rcorr 0.24 0.10 −0.42 −0.26

EAGLE

M a
-
+1.29 0.20

0.24
-
+1 23. 0.18

0.21
-
+1.27 0.15

0.17
-
+1.26 0.15

0.17

c -
+11.0 3.3

4.8
-
+9 4. 2.1

2.8
-
+11.7 2.5

3.2
-
+10.4 1.9

2.3

Mlg a 0.11±0.07 0.09±0.07 0.10±0.06 0.10±0.06
clg 1.04±0.16 0.97±0.11 1.07±0.10 1.02±0.09

rcorr 0.48 0.34 0.06 0.05

Notes. Results are presented for the SAM-MII and EAGLE DFs for a flat prior
on clg and the alternative prior based on the M–c relation, as well as for
combined tracer populations. Each set of results comprises the best-fit values of
M and c with 1σ uncertainties and the parameters for the 2D Gaussian fit to the
joint probability distribution of Mlg and clg , including the mean and standard
deviation of each variable and the correlation coefficient rcorr. The results from
the EAGLE DF (in bold) are recommended.
a In units of M1012

 and including the baryonic contribution.
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28 satellite galaxies
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M = 1.23+0.21
�0.18 ⇥ 1012 M�, c = 9.4+2.8

�2.1

~5% scatter in M across hydro simulations

where D = -v v v r M c,i i icir, cir ( ∣ ). The above likelihood can be
used independently or multiplied by the likelihood in
Equation (6) for joint analysis.

Figure 9 shows the MW halo parameters inferred using (1) the
RC from halo stars, (2) the EAGLE DF for satellite kinematics
with a flat prior on clg , and (3) a combination of (1) and the
EAGLE DF with the prior based on the M–c relation. It can be
seen that while the constraints on Mlg and clg from (1) are rather
loose, they are approximately orthogonal to those from (2). In
addition, the overlap of these two sets of constraints is in
remarkable agreement with the M–c relation (here taken from the
EAGLE simulation but similar to those from other simulations),
which nicely illustrates how the best constraints are obtained
using (3). For numerical results, by combining the RC from
halo stars with satellite kinematics, we obtain = ´-

+M 1.27 0.15
0.17

M1012
 and = -

+c 11.7 2.5
3.2 ( = ´-

+M M1.26 100.15
0.17 12

 and =c

-
+10.4 1.9

2.3) for a flat prior on clg (the prior based on the M–c
relation), to be compared with = ´-

+M M1.29 100.20
0.24 12

 and
= -

+c 11.0 3.3
4.8 ( = ´-

+M M1.23 100.18
0.21 12

 and = -
+c 9.4 2.1

2.8) from
satellite kinematics alone (see Table 1). The joint constraints only
slightly improve the precision of M because satellites are the best
tracers of halo mass. On the other hand, when a flat prior on clg
is used, the joint constraints significantly improve the precision of
c due to additional constraints from halo stars on the inner profile.
Effectively, the joint constraints remove the need for the prior
based on the M–c relation.

Clearly, the gain from adding a tracer population increases
with the precision of the relevant data and the understanding of
the potential systematics. The use of halo stars as tracers will
certainly benefit from Gaia and its future data release, as well as
other ongoing spectroscopic surveys. These programs can
reach further into the outer halo, and more importantly, they
can get rid of the mass-anisotropy degeneracy and reduce
substructure contamination (e.g., Bird et al. 2019) by directly
measuring 3D velocities of halo stars.

6. Summary and Conclusions

We have estimated the mass and concentration of the MW
halo using the kinematic data on its satellite galaxies, including
the latest measurements from Gaia DR2. Using realistic 6D
phase-space DFs of satellite kinematics constructed from
cosmological simulations, we can infer the halo properties
efficiently and without bias, and we can handle the selection
function and measurement errors rigorously in the Bayesian

Figure 8. Comparison of the inferred mass profile (left panel) and rotation curve (right panel) for the MW outer halo with previous measurements (symbols with error
bars). The black curves show the best-fit results from the EAGLE DF with the prior based on the M–c relation, and the associated shaded bands are the 1σ and 2σ
confidence regions. While our method focuses on the outer halo with >r 40 kpc, our results should still be reliable inside but not too far from r=40 kpc.

Figure 9. Similar to the right panel of Figure 3 but showing additional results
obtained using the RC from halo stars. The blue (orange) contours show the 1σ
and 2σ confidence regions inferred using only the RC from halo stars (satellite
kinematics with a flat prior on clg ). The black contours show the results
obtained by combining the RC from halo stars and satellite kinematics with the
prior based on the M–c relation (shown as the gray contours). See the text for
details.
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Test of dependence on various factors
(20 tracers with flat prior on c)



Comparison with other methods
(80 tracers with flat prior on c)


