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Fig. 5. Mass !uctuations and collapse thresholds in cold dark matter models. The horizontal dotted lines show the
value of the extrapolated collapse overdensity !crit(z) at the indicated redshifts. Also shown is the value of "(M)
for the cosmological parameters given in the text (solid curve), as well as "(M) for a power spectrum with a cuto"
below a mass M = 1:7× 108M! (short-dashed curve), or M = 1:7× 1011M! (long-dashed curve). The intersection
of the horizontal lines with the other curves indicate, at each redshift z, the mass scale (for each model) at which
a 1− " !uctuation is just collapsing at z (see the discussion in the text).

model all the dark matter is tied up in halos at all redshifts, if su#ciently low-mass halos are
considered.
Also shown in Fig. 5 is the e"ect of cutting o" the power spectrum on small scales. The

short-dashed curve corresponds to the case where the power spectrum is set to zero above a
comoving wavenumber k = 10Mpc−1, which corresponds to a mass M = 1:7 × 108M". The
long-dashed curve corresponds to a more radical cuto" above k=1Mpc−1, or below M =1:7×
1011M". A cuto" severely reduces the abundance of low-mass halos, and the $nite value of
"(M =0) implies that at all redshifts some fraction of the dark matter does not fall into halos.
At high redshifts where !crit(z)!"(M = 0), all halos are rare and only a small fraction of the
dark matter lies in halos. In particular, this can a"ect the abundance of halos at the time of
reionization, and thus the observed limits on reionization constrain scenarios which include a
small-scale cuto" in the power spectrum (Barkana et al., 2000).
In Figs. 6–9 we show explicitly the properties of collapsing halos which represent 1 − ",

2− ", and 3− " !uctuations (corresponding in all cases to the curves in order from bottom to
top), as a function of redshift. No cuto" is applied to the power spectrum. Fig. 6 shows the
halo mass, Fig. 7 the virial radius, Fig. 8 the virial temperature (with # in Eq. (26) set equal
to 0:6, although low temperature halos contain neutral gas) as well as circular velocity, and
Fig. 9 shows the total binding energy of these halos. In Figs. 6 and 8, the dashed curves indicate
the minimum virial temperature required for e#cient cooling (see Section 3.3) with primordial
atomic species only (upper curve) or with the addition of molecular hydrogen (lower curve).
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Fig. 6. Characteristic properties of collapsing halos: Halo mass. The solid curves show the mass of collapsing halos
which correspond to 1 − !, 2 − !, and 3 − ! !uctuations (in order from bottom to top). The dashed curves show
the mass corresponding to the minimum temperature required for e"cient cooling with primordial atomic species
only (upper curve) or with the addition of molecular hydrogen (lower curve).

Fig. 7. Characteristic properties of collapsing halos: Halo virial radius. The curves show the virial radius of collapsing
halos which correspond to 1− !, 2− !, and 3− ! !uctuations (in order from bottom to top).

Fig. 9 shows the binding energy of dark matter halos. The binding energy of the baryons is a
factor ∼"b="m ∼ 15% smaller, if they follow the dark matter. Except for this constant factor,
the #gure shows the minimum amount of energy that needs to be deposited into the gas in
order to unbind it from the potential well of the dark matter. For example, the hydrodynamic
energy released by a single supernovae, ∼1051 erg, is su"cient to unbind the gas in all 1 − !
halos at z¿5 and in all 2− ! halos at z¿12.
At z=5, the halo masses which correspond to 1−!, 2−!, and 3−! !uctuations are 1:8×107,

3:0× 1010, and 7:0× 1011M!, respectively. The corresponding virial temperatures are 2:0× 103,
2:8 × 105, and 2:3 × 106 K. The equivalent circular velocities are 7.5, 88, and 250 km s−1. At
z=10, the 1−!, 2−!, and 3−! !uctuations correspond to halo masses of 1:3×103, 5:7×107,
and 4:8 × 109M!, respectively. The corresponding virial temperatures are 6.2, 7:9 × 103, and
1:5 × 105 K. The equivalent circular velocities are 0.41, 15, and 65 km s−1. Atomic cooling is
e"cient at Tvir¿104 K, or a circular velocity Vc¿17 km s−1. This corresponds to a 1:2 − !
!uctuation and a halo mass of 2:1× 108M! at z=5, and a 2:1− ! !uctuation and a halo mass
of 8:3× 107M! at z=10. Molecular hydrogen provides e"cient cooling down to Tvir ∼ 300K,
or a circular velocity Vc ∼ 2:0 km s−1. This corresponds to a 0:76 − ! !uctuation and a halo
mass of 3:5 × 105M! at z = 5, and a 1:3 − ! !uctuation and a halo mass of 1:4 × 105M! at
z = 10.
In Fig. 10 we show the halo mass function dn=d ln(M) at several di$erent redshifts: z = 0

(solid curve), z=5 (dotted curve), z=10 (short-dashed curve), z=20 (long-dashed curve), and

<latexit sha1_base64="PBJAtAIE2kEHpG1JDAak9QoGbhw="></latexit>

�crit(z) =
1.686

D(z)
, D(z = 0) = 1

hierarchical evolution of DM halos

Barkana & Loeb 2001
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Figure 5
The thick black line shows the global dark matter mass function. The dotted line is shifted to the left by the cosmic baryon fraction for
each halo, M vir → fb M vir. This is compared with the observed stellar mass function of galaxies from Bernardi et al. (2013, magenta
stars) and Wright et al. (2017). The shaded bands demonstrate a range of faint-end slopes αg = −1.62 to −1.32. This range of power
laws produces dramatic differences at the scales of the classical Milky Way satellites (M " # 105–7 M$). Pushing large sky surveys down
below 106 M$ in stellar mass, where the differences between the power law range shown would exceed a factor of ten, would provide a
powerful constraint on our understanding of the low-mass behavior. Until then, this mass regime can only be explored with large
completeness corrections in the vicinity of the Milky Way.

DM paradigm (White & Rees 1978) and is generally recognized as one of the primary constraints
on feedback-regulated galaxy formation (White & Frenk 1991, Benson et al. 2003, Somerville &
Davé 2015).

At the small masses that most concern this review, DM halo counts follow dn/dM ∝ M α

with a steep slope αdm # −1.9 compared with the observed stellar function slope of αg = −1.47
[Baldry et al. 2012, which is consistent with the updated GAMA (Galaxy and Mass Assembly)
results shown in Figure 5]. Current surveys that cover enough sky to provide a global field stellar
mass function reach a completeness limit of M " ≈ 107.5 M$. At this mass, galaxy counts are more
than two orders of magnitude below the naı̈ve baryonic mass function fb M vir. The shaded band
illustrates how the stellar mass function would extrapolate to the faint regime spanning a range of
faint-end slopes α that are marginally consistent with observations at the completeness limit.

One clear implication of this comparison is that galaxy formation efficiency (ε") must vary in a
nonlinear way as a function of M vir (at least if $CDM is the correct underlying model). Perhaps the
cleanest way to illustrate this is to adopt the simple assumption of abundance matching (AM): that
galaxies and DM halos are related in a one-to-one way, with the most massive galaxies inhabiting
the most massive DM halos (Frenk et al. 1988, Kravtsov et al. 2004, Conroy et al. 2006, Moster
et al. 2010, Behroozi et al. 2013). The results of such an exercise are presented in Figure 6. The
figure shows the median M "–M vir relation with an assumed 0.2 dex of scatter in M " at fixed M vir.
This relation is truncated near the completeness limit in Baldry et al. (2012). Figure 6 shows the
median relation that comes from extrapolating the Baldry et al. (2012) mass function with their
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inefficient star formation

Bullock & Boylan-Kolchin 2017
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Figure 6
Abundance matching relation provided by P. Behroozi. Gray (magenta) shows a scatter of 0.2 (0.5) dex about
the median relation. The dashed line is power-law extrapolation below the regime where large sky surveys
are currently complete. The cyan band shows how the extrapolation would change as the faint-end slope of
the galaxy stellar mass function (α) is varied over the same range illustrated by the shaded gray band in
Figure 5. Note that the enumeration of M " = 105 M! galaxies could provide a strong discriminator on
faint-end slope, as the ±0.15 range in α shown here maps to an order of magnitude difference in the halo
mass associated with this galaxy stellar mass and a corresponding factor of ∼10 shift in the galaxy/halo counts
shown in Figure 3.

Bright dwarfs:
M " ≈ 108 M!,
M vir ≈ 1011 M!,
M "/M vir ≈ 10−3

Classical dwarfs:
M " ≈ 106 M!,
M vir ≈ 1010 M!,
M "/M vir ≈ 10−4

Ultra-faint dwarfs:
M " ≈ 104 M!,
M vir ≈ 109 M!,
M "/M vir ≈ 10−5

best-fit αg = −1.47 down to the stellar mass regime of Local Group dwarfs. Also shown is the
range for the two other faint-end slopes shown in Figure 5: αg = −1.62 and −1.32.

Figure 6 allows us to read off the virial mass expectations for galaxies of various sizes. We
see that bright dwarfs at the limit of detection in large sky surveys (M " ≈ 108 M!) are naı̈vely
associated with M vir ≈ 1011 M! halos. Galaxies with stellar masses similar to that of the classical
dwarfs at M " ≈ 106 M! are associated with M vir ≈ 1010 M! halos. As we discuss in Section 3,
galaxies with M "/M vir ≈ 10−4 are at the critical scale where feedback from star formation may
not be energetic enough to alter halo density profiles significantly. Finally, ultra-faint dwarfs with
M " ≈ 104 M!, M vir ≈ 109 M!, and M "/M vir ≈ 10−5 sit at the low-mass extreme of galaxy
formation.

1.5.2. Kinematic measures. An alternative way to connect to the DM halo hosting a galaxy
is to determine the galaxy’s DM mass kinematically. This, of course, can only be done within a
central radius probed by the baryons. For the small galaxies of concern for this review, extended
mass measurements via weak lensing or hot gas emission are infeasible. Instead, masses (or mass
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abundance matching by Behroozi (Bullock & Boylan-Kolchin 2017)
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Figure 8
Solving the missing satellites problem with AM. The cumulative count of dwarf galaxies around the MW
(magenta) plotted down to completeness limits. The gray shaded region shows the predicted stellar mass
function from the dark matter–only ELVIS simulations (Garrison-Kimmel et al. 2014) combined with the
fiducial AM relation shown in Figure 6, assuming zero scatter. If the faint-end slope of the stellar mass
function is shallower (dashed ) or steeper (dotted ), the predicted abundance of satellites with M ! > 104 M!
throughout the MW’s virial volume differs by a factor of ten. Local Group counts can therefore serve as
strong constraints on galaxy formation models. Adapted from Garrison-Kimmel et al. (2017a).
Abbreviations: AM, abundance matching; MW, Milky Way.

an issue of normalization and exists independent of the precise slope of the central density profile
(Alam et al. 2002, Oman et al. 2015). Although these problems are in principle distinct issues, as
the second refers to a tension in total cumulative mass and the first is an issue with the derivative,
it is likely that they point to a common tension. DM-only "CDM halos are too dense and too
cuspy in their centers compared with many observed galaxies.

Figure 9 summarizes the basic problem. Shown is the typical circular velocity curve predicted
for an NFW "CDM DM halo with V max ≈ 40 km s−1 compared with the observed rotation
curves for two galaxies having the same asymptotic velocity from Oh et al. (2015). The observed
rotation curves rise much more slowly than the "CDM expectation, reflecting central densities
that are lower and more core-like than the fiducial prediction.

2.3. Too-Big-to-Fail
As discussed above, a straightforward and natural solution to the missing satellites problem within
"CDM is to assign the known MW satellites to the largest DM subhalos (where largest is in
terms of either present-day mass or peak mass) and attribute the lack of observed galaxies in the

362 Bullock · Boylan-Kolchin
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missing satellites? (Bullock & Boylan-Kolchin 2017)



warm DM suppress structure formation on small scales
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Figure 2
The !CDM dimensionless power spectrum (solid lines; Equation 1) plotted as a function of linear wave
number k (bottom axis) and corresponding linear mass M l (top axis). Panel b spans all physical scales relevant
for standard CDM models, from the particle horizon to the free-streaming scale, for dark matter composed
of standard 100 GeV WIMPs on the far right. Panel a is a zoom of the scales of interest for this review,
marked with a rectangle in panel b. Known dwarf galaxies are consistent with occupying a relatively narrow
two-decade range of this parameter space (109–1011 M!) even though dwarf galaxies span approximately
seven decades in stellar mass. The effect of WDM models on the power spectrum is illustrated by the
dashed, dotted, and dash-dotted lines, which map to the (thermal) WDM particle masses listed. See Section
3.2.1 for a discussion of power suppression in WDM. Abbreviations: CDM, cold dark matter; WDM, warm
dark matter; WIMP, weakly interacting massive particle.
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to account for observed number of satellites:
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FIG. 1. This illustrates the parameter space for Shi-Fuller reso-

nant production sterile neutrino models in the region of interest for

producing the unidentified 3.57 keV X-ray line. The filled colored

contours are the 1, 2 and 3� regions satisfying the best-determined

unidentified line flux in the 6 Ms XMM-Newton 73 stacked-cluster

sample of Bulbul et al. [12]. Systematic uncertainties on the flux

and mixing angle are of order the 2� uncertainties. The blue, ap-

proximately horizontal contours are labeled by the lepton number

L4, in units of 10
�4

, needed to produce ⌦DMh2
= 0.119. The con-

straint from X-ray observations of M31 from Horiuchi et al. [7] are

in dashed (green), with a notable upturn at the signal region. The

five stars produce the phase space distributions shown in Fig. 2,

and the three solid stars produce the linear WDM power spectrum

transfer functions in Fig. 3. The contours change their orientation

because the primary temperature of resonant production of the

sterile neutrinos changes from prior to the quark-hadron transition

to after it with increasing lepton numbers, for the case of the stan-

dard cross-over quark-hadron transition at TQCD = 170 MeV [14].

and specified for properties of the quark-hadron transi-
tion in Ref. [14].

The resonance in the production of the sterile neutrinos
has the momentum position of

✏res ⇡
�m

2

�
8
p
2⇣(3)/⇡2

�
GFT

4L
(1)

⇡ 3.65

✓
�m

2

(7 keV)2

◆✓
10�3

L

◆✓
170MeV

T

◆4

,

where ✏res ⌘ p/T |res is the position of the resonance,
�m

2 ⌘ m
2
2 � m

2
1, where m2 is more identified with the

sterile neutrino. Here, L ⌘ (n⌫↵ � n⌫̄↵) /n� is the lepton
number of the Universe prior to resonant production, rel-
ative to the photon number n� . Since the lepton num-
bers of interest are of order 10�4, we define L4 ⌘ 104L.
Here, the calculation is done for the flavor ↵ = µ, but
the general features of the calculation are independent of
flavor. There are subtleties with the e↵ects of quantum-
Zeno-e↵ect damping in the full quantum kinetic equa-
tions (QKEs) in the case of resonance [19], but tests
with the full QKEs in the resonance find quasi-classical
quantum-Zeno treatment of production as adopted here
is appropriate [20]. Further tests of the production in
these models with the full QKEs is warranted, but be-
yond the scope of this brief Letter.

FIG. 2. Shown here are the distribution functions of the 7.14

keV models shown as stars in Fig. 1. The models with L4 =

4.2, 4.6, 7, 8, and 10 have, respectively, increasing average hp/T i,
and therefore larger-scale cuto↵s in the linear matter power spec-

trum for the fixed particle mass. The 4.2 and 4.4 models have

resonant production almost entirely prior to the quark-hadron

transition, and therefore significantly “colder” properties than the

remaining models, whose step-function-like features are due the

quasi-isotemperature evolution of the position of the resonance

during the quark-hadron transition. All distributions are ther-

mally cooler than the corresponding Dodelson-Widrow case, where

hp/T i ⇡ 3.15.

As discussed in Ref. [5], as the Universe expands and
cools with time, for a given �m

2, the resonance will sweep
through the ⌫↵ energy distribution function from low to
high neutrino spectral parameter ✏. Before peak pro-

duction, the sweep rate is d✏/dt ⇡ 4✏H
⇣
1� L̇/4HL

⌘
,

where L̇ is the time rate of change of the lepton number
resulting from neutrino flavor conversion, and H is the
expansion of the Universe.
The dominant e↵ect on production is the value of the

lepton number, which in turn sets the required sin2 2✓
to get the cosmologically observed ⌦DMh

2. Because of
this dependence, and since the production is largely in-
dependent of the sterile neutrino particle mass, we fix
ms = 7.14 keV, and explore how production changes
with di↵erent values of L4 = 4.2, 4.6, 7, 8, and 10, shown
as stars in Fig. 1.

As discussed in Ref. [5], since the expansion rate scales
as H ⇠ T

2, the prospects for adiabaticity (e�ciency)
of the resonance are better at lower temperatures and
later epochs in the early Universe, all other parameters
being the same, up until the lepton number is depleted,
and conversion ceases. This produces the increasing peak
in the distribution function for L4 = 4.2 and 4.6 models.
For larger lepton numbers, the resonance through the mo-
mentum distributions is at lower temperatures, partially
before and partially after the quark-hadron transition,
which is readily seen in the scaling of Eq. (1). The quasi-
isotemperature evolution of the Universe during and after
the quark hadron transition due to the heating of plasma
with quark, massive hadron and pion disappearance at

resonant production of non-thermal sterile neutrinos

Shi & Fuller 1999; Abazajian 2014
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mass distribution: core vs. cusp
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Figure 9
The cusp-core problem. The dashed line shows the naı̈ve !CDM expectation (NFW, from dark matter–
only simulations) for a typical rotation curve of a V max ≈ 40 km s−1 galaxy. This rotation curve rises quickly,
reflecting a density profile with a central ρ ∝ 1/r cusp. The data points show the rotation curves of two
example galaxies of this size from the LITTLE THINGS survey (Oh et al. 2015), which rise more slowly
and are better fit by a density profile with a constant density core (Burkert 1995, cyan line). Abbreviations:
CDM, cold dark matter; NFW, Navarro–Frenk–White.

remaining smaller subhalos to galaxy formation physics. As pointed out by Boylan-Kolchin et al.
(2011), this solution makes a testable prediction: The inferred central masses of MW satellites
should be consistent with the central masses of the most massive subhalos in !CDM simulations
of MW-mass halos. Their comparison of observed central masses to !CDM predictions from
the Aquarius (Springel et al. 2008) and Via Lactea II (Diemand et al. 2008) simulations revealed
that the most massive !CDM subhalos were systematically too centrally dense to host the bright
MW satellites (Boylan-Kolchin et al. 2011, 2012). Although there are subhalos with central masses
comparable with the MW satellites, these subhalos were never among the∼10 most massive ones
(Figure 10). Why would galaxies fail to form in the most massive subhalos, yet form in DM
satellites of lower mass? The most massive satellites should be “too big to fail” at forming galaxies
if the lower-mass satellites are capable of doing so (thus the origin of the name of this problem).
In short, though the number of massive subhalos in DM-only simulations matches the number
of classical dwarfs observed (see Figure 10), the central densities of these simulated dwarfs are
higher than the central densities observed in the real galaxies (see Figure 8).

Although too-big-to-fail was originally identified for satellites of the MW, it was subsequently
found to exist in Andromeda (Tollerud et al. 2014) and field galaxies in the Local Group (those
outside the virial radius of the MW and M31; Kirby et al. 2014). Similar discrepancies were also
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picture involving major mergers at I > 1). About half of the group
UDGs were field UDGs before accretion, while half were normal
field dwarfs that turned into UDGs by tidal interactions after being
accreted onto the group. Even in groups, a cored DM profile pu�ed
up by stellar feedback might be a necessary condition for boosting the
tidal evolution, especially in the formation of highly DM-deficient
galaxies (Ogiya 2018; Carleton et al. 2019; Ogiya et al. 2022).

Very surprisingly, a similar DM mass deficit problem has recently
been reported for high-I massive galaxies. Kinematic observations
of massive star-forming disc galaxies at I ⇠ 2, with stellar mass
⇠ 1011

"� and halo virial mass ⇠ 1012.5
"� , find a low central

DM fraction ( 5dm,'e < 0.3) with DM cores extending to ⇠ 10kpc
(⇠ 0.07'vir) in about a third of the sample (Genzel et al. 2020; Price
et al. 2021; see also Bouché et al. 2022; Sharma et al. 2022 for samples
with lower mass at I ⇠ 1 for comparison). Such low central DM
fractions and extended cores in massive haloes are not reproduced in
current cosmological simulations (e.g., Lazar et al. 2020; Übler et al.
2021, FIRE-2 and TNG50 respectively). The supernova feedback
is not energetic enough to expel the central gas and alter the DM
density of massive haloes (e.g., Dekel & Silk 1986; Di Cintio et al.
2014). Dekel et al. (2021) proposed a hybrid scenario where compact
satellites1 preheat the DM cusps by dynamical friction, making it
easier for strong outflows driven by Active Galactic Nuclei (AGN)
to generate cores. Host haloes above a mass threshold of ⇠ 1012

"�
are expected to host both compact satellites and strong AGN (Dekel
et al. 2019). Each of the two processes seems unable to form extended
cores without the other operating in tandem. Dekel et al. (2021)
argue that improvements in numerical resolution and subgrid recipes
of feedback models are required for simulations to reproduce the
observed massive DM cores through the proposed hybrid scenario.

Hydrodynamic simulations with feedback are powerful tools for
studying galaxy formation. However, besides su�ering from resolu-
tion limitations and uncertainties in subgrid recipes of feedback (see
Somerville & Davé 2015 for a review), simulations do not specify
nor isolate the physical mechanisms through which baryons a�ect
the distribution of DM and stars, making it di�cult to generalize
results. Our goal here is to propose a simple analytic model that
approximates the response of a non-dissipative spherical system to a
rapid mass change within it, allowing a parametric study of the e�ect
in di�erent circumstances.

The basic idea of pu�ng up the DM halo2 through baryonic
feedback is illustrated in Fig. 1. The gas loss due to feedback-
driven outflows is usually considered as a sudden (i.e., impulsive)
event. The resultant sudden change of potential �* (A) will instanta-
neously move particles into more extended orbits with higher energy
⇢
0 = ⇢ + �* (A) in the new potential [Binney & Tremaine 2008

(BT08), eq. 4.283], leading to halo expansion. It presents a di�u-
sion process, because particles originally on the same orbit experi-
ence di�erent energy gains depending on their orbital phase. As first
demonstrated by Pontzen & Governato (2012), the DM expansion
is irreversible even if the system recycles the ejected mass, because
the particles are redistributed to larger radii on average and thus less
a�ected by �* (A) than the initial state. A flat DM core may form by
either a single strong ejection or repeated outflow/inflow episodes. A

1 The compactness of satellites is important because only the compact satel-
lites are capable of penetrating deep into the hosts and heating the central
cusps e�ectively before the satellite mass is entirely stripped.
2 We will only refer to DM hereafter as a shorthand for general collisionless
particles including stars.

Figure 1. A schematic description of the response of particle orbits to the
potential change due to gas ejection. The motion of a particle with energy
⇢ and angular momentum ! is restricted to a radial interval where ⇢ �
*e� (A ) =* (A ) +!2/2A2 (horizontal black line). When the potential changes
from the black curve to the gray curve with �* (A ) due to a sudden removal
of a central mass (vertical grey arrows), particles will move to more extended
orbits with higher energy ⇢ + �* (A ) (horizontal dashed lines). The energy
gain (vertical colored arrows) of a particle depends on the orbital phase,
leading to a di�usion of energy. The orbital expansion is irreversible even
if * (A ) returns to the initial state (Pontzen & Governato 2012). A rigorous
analysis of the halo expansion should take into consideration the self-gravity
of DM using the methods proposed in this paper.

self-consistent model for the DM response with self-gravity included
is yet to be performed.

Freundlich et al. (2020a, hereafter F20a)3 presented a simple ap-
proximate analytic model, “CuspCore”, for the relaxation of a DM
halo after an instantaneous mass change. The CuspCore model gen-
eralizes an earlier simplified analysis of an isolated shell (Dutton
et al. 2016b) into a continuous series of shells that encompass a fixed
DM mass. The model assumes energy conservation for individual
shells during the relaxation. This crude assumption was not formally
justified. In fact, as will be shown in Section 3, the energies of par-
ticles will continue to evolve because of the redistribution of DM.
This flaw of CuspCore can be partly remedied by introducing an
alternative “energy” definition which is better (but not rigorously)
conserved for shells (see Section 4.4). We find below that this remedy
works well for moderate gas change but fails to reproduce the DM
density for strong gas ejection (Section 5).

Here we propose a new version of CuspCore (entitled “CuspCore
II”) that treats the relaxation process self-consistently. It traces the
di�usion of orbital energy and updates the phase-space distribution
function iteratively (Section 4.1). The current model is physically
justified and it accurately reproduces the DM response in ideal-
ized N-body simulations. Moreover, it will allow us to model multi-
component systems, thus enabling the study of the di�erential re-
sponse of stars and DM to outflows in the formation of DM-deficient
galaxies.

3
https://github.com/Jonathanfreundlich/CuspCore

MNRAS 000, 1–20 (2022)
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Figure 7. Flowchart of CuspCore II, which solves the final DM density profile by iteratively tracing the energy di�usion ⇢
0 = ⇢ + �* (A ) .

and A1). Interestingly, in contrast to the large variation of ��A for
individual particles, the ensemble ?(�A ) varies much less, except for
the tail being broadened greatly. This is because the increases and
decreases of �A for individual particles largely balance each other,
making the mean ��A small (Fig. A1). The median value of �A has
increased by 4% due to the initial gas removal, and by another 6%
during the subsequent relaxation, thus by 10% in total. Note that this
simulation (A1 with [ = �1) represents the case with the strongest gas
ejection in our sample. It suggests that the adiabatic approximation
might be valid to a certain extent at least for cases with weaker gas
ejection, which motivates the possible usage of the adiabatic methods
presented in Sections 4.2 and 4.3.

4 MODELING THE DM RESPONSE

In this section, we present four di�erent methods for modeling the
relaxation process of DM after a sudden gas mass change. We first
describe our new model based on energy di�usion (Section 4.1), then
we present two adiabatic methods (Section 4.2 and 4.3) and finally
the earlier version of CuspCore (Section 4.4) for comparison.

4.1 Method I: Energy di�usion assuming �⇢ = �* (A)

We propose a new method (adopted as "CuspCore II") modeling the
DM relaxation based on iteratively tracing the energy di�usion. We
describe the iterative procedure in the following (see Fig. 7). The
validity of the underlying assumptions will be discussed in Section
6.3.1, and a note on the numerical implementation is provided in
Appendix D.

For a spherical and isotropic system in equilibrium, the phase-
space distribution function, 5 (r, v) ⌘ d6

"/d3rd3v can be expressed
as a function of energy, 5 (⇢ [r, v]). Given a DM density profile,
ddm,i (A), subject to its self-gravity and an external gas potential,
*0 (A) = *dm,i (A)+*g,i (A), the distribution function of DM particles
can be obtained though the Eddington (1916; also BT08, eq. 4.46)
inversion,

50 (⇢) =
1p
8c2

π 0

⇢

d2
ddm,i

d*2
0

d*0p
*0 � ⇢

. (2)

Then this equilibrium state is broken by an instantaneous potential
change due to gas removal/addition, �* (A). The energy of a particle
in a varying potential is changing with time as d⇢ = m

mC
* (A (C), C)dC

or equivalently �⇢ = �* (A) for a short time interval (BT08, eq.
4.283). It describes an energy di�usion process, where the particles
with the same initial energy but located at di�erent radii now have
di�erent energies (see Section 3.3). By tracing this di�usion, we can
derive the consequent DM distribution function and density profile.
Because the DM contribution to the potential is varying itself during
the relaxation, we have to resort to an iterative procedure.

For each iteration step, we consider a very short time interval �C,
in which the potential changes from *

:�1 to *
:
= *

:�1 + �*. In
our problem, �* is initially computed from the instantaneous gas
mass change, �* = *1 � *0 = *g,f � *g,i, and then updated by
the di�erence between adjacent steps during the subsequent DM
relaxation. Following �⇢ = �* (A), the energy distribution of DM
particles, # (⇢) ⌘ d"/d⇢ , becomes

#
:
(⇢) = 16

p
2c2

π
A⇢

0
5
:�1 (⇢ � �* (A))

p
⇢ �*

:
(A)A2dA, (3)

where A⇢ is the radius satisfying *
:
(A⇢ ) = ⇢ (see Appendix C for

derivation).

MNRAS 000, 1–20 (2022)
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Figure 14
Dark matter density profiles from full hydrodynamic FIRE-2 simulations. Shown are three different galaxy halos, each at mass
M vir ≈ 1010 M". Solid lines show the hydrodynamic runs, whereas dashed lines show the same halos run with DMO. The hatched band
at the left of each panel marks the region where numerical relaxation may artificially modify density profiles, and the vertical dotted line
shows the half-light radius of the galaxy formed. The stellar mass of the galaxy formed increases from left to right: M ! ≈ 5× 105,
4× 106, and 107 M", respectively. As M ! increases, so does the effect of feedback. Feedback has no effect on the density structure of
the smallest galaxy’s host dark matter halo. Adapted from Fitts et al. (2016) with permission. Abbreviation: DMO, dark matter only.

THE SCALE WHERE FEEDBACK BECOMES INEFFECTIVE AT PRODUCING CORES

M !/M vir ≈ 10−4 ↔ M ! ≈ 106 M" ↔ M vir ≈ 1010 M".

The effect of feedback on density profile shapes as a function of stellar mass is further illustrated
in Figure 14. Here, we show simulation results from Fitts et al. (2016) for three galaxies (from
a cosmological sample of 14 galaxies), all formed in halos with M vir(z = 0) ≈ 1010 M" using the
FIRE-2 galaxy formation prescriptions (Hopkins et al. 2014, 2017). The DM density profiles of the
resultant hydrodynamic runs are shown in each panel, with stellar mass labeled, increasing from
left to right. The panels also show DM-only versions of the same halos. We see that only in the
run that forms the most stars (M ! ≈ 107 M", M !/M vir ≈ 10−3) does the feedback produce a large
core. Being conservative, for systems with M !/M vir ! 10−4, feedback is likely to be ineffective in
altering DM profiles significantly as compared with DM-only simulations. See the sidebar titled
The Scale Where Feedback Becomes Ineffective at Producing Cores.

It is important to note that while many independent groups are now obtaining similar results
in cosmological simulations of dwarf galaxies (Governato et al. 2012, Munshi et al. 2013, Madau
et al. 2014, Chan et al. 2015, Oñorbe et al. 2015, Tollet et al. 2016, Fitts et al. 2016)—indicating a
threshold mass of M ! ∼ 106 M" or M vir ∼ 1010 M"—this is not an ab initio "CDM prediction,
and it depends on various adopted parameters in galaxy formation modeling. For example, Sawala
et al. (2016) do not obtain cores in their simulations of dwarf galaxies, yet they still produce
systems that match many observations well owing to a combination of feedback effects that lower
central densities of satellites (thereby avoiding the too-big-to-fail problem). However, the very
high-resolution, noncosmological simulations presented in Read et al. (2016) produce cores in
galaxies of all stellar masses. We note that Read et al.’s galaxies have somewhat higher M ! at a
given M vir than the cosmological runs described above; this leads to additional feedback energy
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Figure 10
The too-big-to-fail problem. (a) Data points show the circular velocities of classical MW satellite galaxies with M ! ! 105−7 M#
measured at their half-light radii r1/2. The magenta lines show the circular velocity curves of subhalos from one of the (dark
matter–only) Aquarius simulations. These are specifically the subhalos of a Milky Way–sized host that have peak maximum circular
velocities V max > 30 km s−1 at some point in their histories. Halos that are this massive are likely resistant to strong star-formation
suppression by reionization and thus naı̈vely too big to have failed to form stars. The existence of a large population of such satellites
with greater central masses than any of the MW’s dwarf spheroidals is the original too-big-to-fail problem. Modified from Boylan-
Kolchin et al. (2012) with permission. (b) The same problem—a mismatch between central masses of simulated dark matter systems and
observed galaxies—persists for field dwarfs (magenta points), indicating it is not a satellite-specific process. The field galaxies shown all
have stellar masses in the range of 5.75 ≤ log10(M !/M#) ≤ 7.5. The gray curves are predictions for "CDM halos from the fully
self-consistent hydrodynamic simulations of Fitts et al. (2016) that span the same stellar mass range in the simulations as the observed
galaxies. Modified from Papastergis & Ponomareva (2017) with permission. Abbreviation: MW, Milky Way.

pointed out for more isolated low-mass galaxies, first based on HI rotation curve data (Ferrero et al.
2012) and subsequently using velocity width measurements (Papastergis et al. 2015, Papastergis &
Shankar 2016). This version of too-big-to-fail in the field is also manifested in the velocity function
of field galaxies [Zavala et al. (2009), Klypin et al. (2015), Schneider et al. (2016), Trujillo-Gomez
et al. (2016); though see Macciò et al. (2016) and Brooks et al. (2017) for arguments that no
discrepancy exists]. We note that the mismatch between the observed and predicted velocity
functions can also be interpreted as a missing dwarfs problem if one considers the discrepancy as
one in numbers at fixed V halo. We believe, however, that the more plausible interpretation is a
discrepancy in V halo at fixed number density. The generic observation in the low-redshift Universe,
then, is that the inferred central masses of galaxies with 105 ! M !/M# ! 108 are ∼50% smaller
than expected from dissipationless "CDM simulations.

The too-big-to-fail and cusp-core problems would be naturally connected if low-mass galaxies
generically have DM cores, as this would reduce their central densities relative to CDM expecta-
tions. (For a sense of the problem, the amount of mass that would need to be removed to alleviate
the issue on classical dwarf scales is ∼107 M# within ∼300 pc.) However, the problems are, in
principle, separate: One could imagine galaxies that have large constant-density cores yet still
with too much central mass relative to CDM predictions (solving the cusp-core problem but not
too-big-to-fail) or having cuspy profiles with overall lower density amplitudes than CDM (solving
too-big-to-fail but not cusp-core).
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Dwarf Galaxies in CDM, WDM, and SIDM 7

Figure 5. Radial density profiles for the 4 dwarfs in the suite simulated in all five di↵erent types of DM (following the color convention of Fig. 1) with stellar
mass increasing from left to right. The dashed lines represent the DMO version of each simulation while the solid lines represent the hydrodynamical versions.
The grey shaded region shows where numerical relaxation may a↵ect the CDM density profiles according to the Power et al. (2003) criterion. Stellar half-mass
radii for each DM version are shown as vertical dotted lines. Any variation between the density profiles, whether from baryonic feedback or self-interactions,
is bound within r1/2. In Halo m10d we see a clear distinction in the central region between those versions that do and don’t have self-interactions. As we move
to the right, this distinction becomes increasingly muddied as baryonic feedback has a larger impact on the runs without self-interactions.

Figure 6. Rotation curves for the same 4 dwarfs present in Fig. 5. DMO simulations are represented as dashed lines and plotted in the top row while
hydrodynamic simulations are represented as solid lines and plotted in the bottom row. The curve for the CDM DMO run is also included in the bottom row
for reference. The circular velocity at r1/2, V1/2 ⌘ Vcirc(r1/2), for each curve is marked by a point with matching color. In every halo we see that including
self-interactions provide an e↵ective way to lower V1/2; some halos even accomplish this with little change to r1/2.

between those versions that do and don’t have self-interactions. As
we move to the right, however, this distinction becomes increas-
ingly muddied as baryonic feedback has a larger impact on the runs
without self-interactions.

The e↵ects of galaxy formation do not lead to an equal re-
duction in the inner dark matter density for all of the dark matter
variants considered here. In Fitts et al. (2017), all CDM dwarfs with
M? > 2 ⇥ 106 M� saw significant reduction of the central density
(see their Fig. 7) compared to their DMO counterparts. Bozek et al.
(2018) found that while the WDM simulations with the inclusion

of hydrodynamics generally resulted in additional reduction of the
inner dark matter density, feedback-related density reduction was
no more e↵ective (and often less e↵ective) in WDM than in CDM.
This is in contrast to Robles et al. (2017), who found that SIDM
dwarfs were mostly una↵ected by the addition of hydrodynamics.
We find a similar result to Robles et al.: 6 out of the 8 SIDM dwarfs
do not have further central (inner 500 pc) density depletion with the
addition of hydrodynamics. Two halos however, m10e and m10k,
do have ⇠ 25% lower densities than their DMO counterparts. While
one might be quick to attribute this to increased stellar formation

MNRAS 000, 1–13 (2018)

distinguishing CDM, WDM, & SIDM based on FIRE simulations

Fitts et al. 2019
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Figure 4. The di↵erent mass assembly histories in the hydrodynamical runs for the sub-sample of eight dwarfs simulated in various DM theories. The top
row presents the virial mass of each dwarf. The middle row shows the total gas mass within the virial radius for all of the dwarfs. The bottom row displays
the assembly histories of stellar mass within the inner galaxy (< 0.1 ⇥ Rvir) for all of the dwarfs. The original hydrodynamical simulations run in CDM are
shown in the left column as black solid lines. To ease in the comparison of other DM versions of each dwarf, the range of these histories in the middle and
right columns are marked by the dashed black lines. In the middle column we add the SIDM versions of each dwarf as blue solid lines. The rightmost column
includes the WDM versions of dwarfs; the WDM2 is plotted as red, SIWDM2 as magenta and SIWDM3 as yellow.

dynamical mass being the sum of baryonic and dark matter mass)
as a function of the stellar half-mass radius, r1/2. The simulations
are represented as squares, colored according to dark matter vari-
ant. For comparison, we show data for low-mass dwarfs in the Lo-
cal Field (defined here as within 1 Mpc of the MW or M31, but
more than 300 kpc from both), compiled in Garrison-Kimmel et al.
(2018), as cyan circles. These dwarfs span 105 � 108 M� in stel-
lar mass and hence serve as a reasonable comparison to the sim-
ulations. Overall, the simulations produce a fairly tight grouping
across all DM theories and are generally consistent with the popu-
lation of dwarfs in the Local Field. All three relations are resilient
to changing both the free-streaming length of the DM particle as
well as including the possibility of DM self-interactions.

The top two panels viewed together are particularly interest-
ing, as the mapping between the observable (�?) and the “the-
ory” quantity (Vmax) is generally unknown. For a equilibrium
dispersion-supported system, we expect that Vmax �

p
3�? or

�?  0.577 Vmax (e.g., Wolf et al. 2010), with the maximal value
attained if the galaxy size is identical to the radius where the peak
circular velocity is attained (rmax). Indeed, if we plot the ratio of

�?/Vmax in Fig. 2 (with colors identical to Fig. 1 coloring scheme)
as a function of r1/2 we see that for large r1/2, there is an upper limit
to �?/Vmax of ⇠ 0.4, and this upper limit is well below the the-
oretical maximum of ⇠ 0.58. Even more interesting is that when
looking at smaller systems, this ratio gets smaller; this implies that
galaxies with small �? and small r1/2 could live in relatively more
massive halos than might be naively inferred from their kinematics,
which has implications for the MSP and the TBTF problem. These
results appear to hold across all DM theories tested here. If this re-
lationship holds over a wider range of halo masses, it would prove
very useful in matching observed galaxies to simulated halos.

Despite the previous relations holding across multiple theo-
ries of dark matter, we find systematic e↵ects in halo and galaxy
properties when transitioning from one DM theory to another. For
instance, increasingly warm theories of DM result in galaxies that
are systemically smaller in size than their CDM counterparts, with
an accompanying reduction in stellar mass. Moving from CDM to
WDM2 shrinks r1/2 in all 8 dwarfs by 40% on average, with corre-
spondingly smaller stellar masses, keeping the galaxies on the same
r1/2�M? relation. Meanwhile, including self-interactions into CDM
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Figure 10. V1/2 � r1/2 relation for the suite of halos in various DM theories. M1/2 for each halo is calculated using Eq. 1 over 1000 random line-of-sight
projections. Error bars on the CDM points indicate the 16th and 84th percentiles in the distributions. Cyan points denote observed V1/2 values of Local Field
galaxies. Black squares are data from the FIRE-2 simulations of isolated dwarfs with 1010 < M1/2 < 1011 M� from Graus et al. (in prep.). We also include
lines corresponding to the V1/2 � r1/2 relation for a coreNFW profile (Read et al. 2016a), with the the shaded region indicating the scatter in the c � M1/2
relation (plotted only over M1/2 values that are consistent with our M? � r1/2 and M? � Mhalo relations). All of the DM models simulated here follow the
same median relation, to first order. While the CDM simulations do not produce any matches for the low r1/2 and low V1/2 galaxies (Leo T, And XVI and And
XXVIII), the properties of these galaxies are in line with expectations for Mvir ⇠ 109.5 M� halos in CDM (according to the analytic coreNFW fits in green).
Even accounting for di↵ering halo masses, concentrations, the e↵ect of mock observations, and di↵erent underlying DM models, the simulated suite of dwarfs
still has mild di�culty matching the low V1/2 Local Field dwarfs with r1/2 >500 pc (Cetus and IC 1613) and greater di�culty matching the Local Field dwarfs
with high V1/2 values and r1/2 < 600 pc (NGC 6822 and Tucana).

The left-most panels correspond to the smallest size bin (0 <
r1/2 < 500 pc) and contain 3 simulated CDM dwarfs and 8 ob-
served dwarfs. Despite this, the 3 CDM halos’ Vcirc curves fall
within the 1� (1.5�) error of 5 (7) of 8 halos. The 4 WDM dwarfs
do an equally good job at matching the observed points. While the
2 SIDM/SIWDM2 dwarfs each provide a better fit the lower Vcirc

points, this comes at the cost of the small r1/2, high Vcirc points that
both are too dense to be described by the SIDM/SIWDM simu-
lations. The only major outlier is Tucana, which none of the DM
models fit; the agreement is even worse in all of the WDM and/or
SIDM models. While CDM is actually the best-fit model here from
a �2 perspective, the di↵erences between CDM and the other mod-
els are not very significant if one does not consider Tucana. In the
500 < r1/2 < 750 pc bin, the only observed point is NGC 6822,
which – similar to Tucana in the previous panels – is a > 2� out-
lier for all the DM models considered. At 750 < r1/2 < 1000, there
are 2 observed points. Pegasus agrees well with the CDM rotation

curves while Cetus, the lower point, is a > 2� outlier for CDM
+WDM. While SIDM/SIWDM2/SIWDM3 do appear to provide a
better fit for both points in this bin, even the lowest curves only fall
within ⇠1.5� of the lower point, Cetus. The rightmost panel, cov-
ering 1000 < r1/2 < 2100 pc, shows a very similar result: the CDM
version of the simulated dwarf agrees within <10% with one of
the observed points (WLM) while the SIDM/SIWDM2 curves only
provide marginally better matches for the lower point, IC 1613. It
is worth noting that there are two observed dwarfs in this bin, but
only one simulated dwarf.

To further examine this comparison and provide a more quan-
titative comparison, Fig. 10 compares observations and simulations
in the V1/2 � r1/2 plane. Instead of measuring V1/2 = Vcirc(r1/2) di-
rectly from the mass profile in the simulations, we compute V1/2 in
a similar fashion to how it is calculated for observed dwarf galaxies
in order to make as fair a comparison as possible: for each dwarf,
we compute the dynamical mass within r1/2 from the stellar-mass-
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summary

baryonic feedback for M* > 106 Msun important, especially for CDM 

galaxies form stars with varying efficiency, perhaps stochastically 
at & below dwarf mass scales

signature for WDM: UFDs with young stars only
problem for WDM: UFDs with old stars (formed at z > 7) only

elemental abundances are important observables

signature for SIDM: cored UFDs with M* << 106 Msun

other effects: gravothermal core collapse?


