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Phase transitions in QCD

• Various singularities in EoS as the temperature, magnetic field, chemical potentials are varied


• Much of which is a speculation due to sign problem (except a few regimes : finite isospin, zero baryon 
Cps ,non-zero B etc..)


• Discovering the multi-dimensional phase diagram of QCD : One of the visions of the multi-messenger era

Fujimoto, Fukushima, Hotokezaka, and 
Kyutoku, 23 Elia, Maio,Sanfillipo,Stanzione, 

22
B. B. Brandt, G. Endrődi, and S. 
Schmalzbauer,18



First-order phase transitions in QCD

• This talk : Universal features associated with first-order phase transition


• Applicable to any FO phase transition that may be relevant 


• How critical point studies related to Beam-Energy Scan program can 
inform the dynamics of the neutron star mergers?



Specific entropy is non-monotonic along at least one of the branches on the first-order line

Wikipedia
Third law of 

thermodynamics

Maxima

Critical 
Double

Sogabe, MP, Stephanov, Yee, 24
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�ŝ ⌘ s/n = 0 at T = 0 and T = Tc
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Implications for hydrodynamic trajectories 
To zeroth order, hydrodynamic trajectories are isentropes Sogabe, MP, Stephanov, Yee, 24

• Cross-over side : Critical lensing or focussing towards CP 

• Two different evolution scenarios on the first order side-60 -40 -20 0 20 40 60
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• Which phase does critical double lie in?


• Can we estimate 
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Overview of the talk

• s/n has a maxima on the first-order curve along one of the branches


• Inferences from universality near CP 


• Consequences for hydrodynamic evolution during a neutron star merger


• Towards more realistic investigations

I’ll use the example of  “QGP-HRG” phase transition and the associated CP to demonstrate the points as this 
is relevant for neutron star mergers and heavy-ion collisions



Parotto et al, 18, Kahangirwe et al., 24
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PQCD(µ, T ) = PBG(µ, T ) + AG(r(µ, T ), h(µ, T ))

Mapping parameters which depend on the 
microscopics of QCD which are not known 

Universal EoS near the HRG-QGP Critical Point

3D Ising Universality Class

One of the theoretical goals of the 
critical point search programs (BES) is 
to estimate these parameters by data-

model comparisons by Bayesian 
techniques

Ising Gibbs free energy in r and h variables of Ising model
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When critical double falls within the “critical 
region”

• “Critical region” - Critical contribution dominates over regular part

<latexit sha1_base64="tJE+suOQfpMgHyIM6BXCfzp2FBs="></latexit>

�ŝ ⌘ ŝ� ŝc = ŝmGh + ŝ✏Gr + regular/sub-leading terms

Odd - opposite sign for both branches Even - same functional form for both branches

• Leading odd contribution causes the discontinuity between both the branches 

• Sub-leading even contribution causes the entropy per baryon to decrease (typically) along both the branches

Location of critical double can be estimated from universality if the mapping to the universal EoS is known 

We’ll first assume that the critical double lies within the critical region and make some estimates



Some educated estimates of mapping parameters
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• Reasonable estimates of                                     available from 

lattice QCD extrapolations  at                    
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Tc ⇡ 90MeV , ↵1 ⇡ 16.6�
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Lattice studies at imaginary chemical potential, improved Pade 
approximants, FRG, Holographic EoS matched to lattice QCD 

and data-driven-analysis suggest a CP between 400 to 700 MeV

Lysenko, Gorenstein, 
Poberezhniuk, and 
Vovchenko, 24

Kahangirwe et al, 24



The branch where the critical double lies 

CD on HRG side
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µc = 600MeV , ⇢ = 1 , w = 1
CD on QGP side
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Side determined by sign of 
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Critical Point



• Proportional to
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↵2 = �30� , ŝc = 19.3<latexit sha1_base64="Yx9abo3OdozBVGlrc/fmYSVBZ+k=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBA8rHE3itGDEPTiMYKJQiYuvZOJGTL7YGZWCEs+w4u/4sWDIl5z82+cbPbgq6ChqOqmu8uPBVfacT6tmdm5+YXFwlJxeWV1bb20sdlSUSIpa9JIRPLWB8UED1lTcy3YbSwZBL5gN/7gYuLfPDCpeBRe62HMOgHch7zHKWgjeaUDAiLug1cl9hmx92t3KaFc0hGxbWJj0gedqpFHM9c9rRx6pbJTcTLgv8TNSRnlaHilMelGNAlYqKkApdquE+tOClJzKtioSBLFYqADuGdtQ0MImOqk2WMjvGuULu5F0lSocaZ+n0ghUGoY+KYzAN1Xv72J+J/XTnTvpJPyME40C+l0US8RWEd4khLucsmoFkNDgEpubsW0DxKoNlkWTQju75f/kla14h5XnKujcv08j6OAttEO2kMuqqE6ukQN1EQUPaJn9IrerCfrxXq3PqatM1Y+s4V+wBp/Acnlnbc=</latexit>

↵2 = �7� , ŝc = 19.3
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↵2 = �30�, ŝc = 10.3

<latexit sha1_base64="+X7DFw+/tuAoi+CqYxOYq9iSH4A=">AAACDnicbVDJSgNBEO2JW4xb1KOXxhDwIGFGRT0G9eBFiJANMiH0dCpJk56F7hpJGPIFXvwVLx4U8erZm39jZzlo4oOCx3tVVNXzIik02va3lVpaXlldS69nNja3tneyu3tVHcaKQ4WHMlR1j2mQIoAKCpRQjxQw35NQ8/rXY7/2AEqLMCjjMIKmz7qB6AjO0EitbN69AYmMllsJb4+oy6JIhQN6arvH1EUYYHIH1VErm7ML9gR0kTgzkiMzlFrZL7cd8tiHALlkWjccO8JmwhQKLmGUcWMNEeN91oWGoQHzQTeTyTsjmjdKm3ZCZSpAOlF/TyTM13roe6bTZ9jT895Y/M9rxNi5bCYiiGKEgE8XdWJJMaTjbGhbKOAoh4YwroS5lfIeU4yjSTBjQnDmX14k1ZOCc16w789yxatZHGlyQA7JEXHIBSmSW1IiFcLJI3kmr+TNerJerHfrY9qasmYz++QPrM8f2qibXA==</latexit>

�Tcd ⇡ 30MeV
<latexit sha1_base64="xrf68TzPm3NcioEVL75Y9n4lF0U=">AAACDnicbVDJSgNBEO1xjXGLevTSGAIeJMyoGI9BPXgRImSDTAg9nUrSpGehu0YShnyBF3/FiwdFvHr25t/YWQ6a+KDg8V4VVfW8SAqNtv1tLS2vrK6tpzbSm1vbO7uZvf2qDmPFocJDGaq6xzRIEUAFBUqoRwqY70moef3rsV97AKVFGJRxGEHTZ91AdARnaKRWJufegERGy62Et0fUZVGkwgEtnLkn1EUYYHIH1VErk7Xz9gR0kTgzkiUzlFqZL7cd8tiHALlkWjccO8JmwhQKLmGUdmMNEeN91oWGoQHzQTeTyTsjmjNKm3ZCZSpAOlF/TyTM13roe6bTZ9jT895Y/M9rxNi5bCYiiGKEgE8XdWJJMaTjbGhbKOAoh4YwroS5lfIeU4yjSTBtQnDmX14k1dO8c5G378+zxatZHClySI7IMXFIgRTJLSmRCuHkkTyTV/JmPVkv1rv1MW1dsmYzB+QPrM8f5aObYw==</latexit>

�Tcd ⇡ 73MeV
<latexit sha1_base64="qN77LHzZCN3kMFNn5KDingcMA3o=">AAACDXicbVDJSgNBEO2JW4xb1KOXxih4kDAj4nIL6sGLECEbZELo6VSSJj0L3TWSMOQHvPgrXjwo4tW7N//GznLQxAcFj/eqqKrnRVJotO1vK7WwuLS8kl7NrK1vbG5lt3cqOowVhzIPZahqHtMgRQBlFCihFilgvieh6vWuR371AZQWYVDCQQQNn3UC0RacoZGa2QP3BiQyWmomvDWkLosiFfbppXtMXYQ+JndQGTazOTtvj0HniTMlOTJFsZn9clshj30IkEumdd2xI2wkTKHgEoYZN9YQMd5jHagbGjAfdCMZfzOkh0Zp0XaoTAVIx+rviYT5Wg98z3T6DLt61huJ/3n1GNsXjUQEUYwQ8MmidiwphnQUDW0JBRzlwBDGlTC3Ut5linE0AWZMCM7sy/OkcpJ3zvL2/WmucDWNI032yD45Ig45JwVyS4qkTDh5JM/klbxZT9aL9W59TFpT1nRml/yB9fkDa1SbKA==</latexit>

�Tcd ⇡ 9MeV

<latexit sha1_base64="O8NQC7u2EKe2HVjE5UDtjzyo6Cg="></latexit>✓
ŝc sin↵1 � cos↵1

ŝc sin↵2 � cos↵2

◆ 1
���1

<latexit sha1_base64="z9Is1xP4nUHnOem8so+ZOL4zlCo=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgoZRERD1J0YvHCvYDmlA2m0m7dPPB7qRQQv+JFw+KePWfePPfuG1z0NYHA4/3ZpiZ56eCK7Ttb6O0tr6xuVXeruzs7u0fmIdHbZVkkkGLJSKRXZ8qEDyGFnIU0E0l0MgX0PFH9zO/MwapeBI/4SQFL6KDmIecUdRS3zRrbs31AakbgEB66/TNql2357BWiVOQKinQ7JtfbpCwLIIYmaBK9Rw7RS+nEjkTMK24mYKUshEdQE/TmEagvHx++dQ600pghYnUFaM1V39P5DRSahL5ujOiOFTL3kz8z+tlGN54OY/TDCFmi0VhJixMrFkMVsAlMBQTTSiTXN9qsSGVlKEOq6JDcJZfXiXti7pzVbcfL6uNuyKOMjkhp+ScOOSaNMgDaZIWYWRMnskreTNy48V4Nz4WrSWjmDkmf2B8/gBUd5LR</latexit>

, �� > 1

<latexit sha1_base64="Xqo9U+avx4vknqP0ND5L+s24Llg=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmKqMuiG91VsA9oQphMp+3QySTM3IglFNz4K25cKOLWn3Dn3zhts9DWAwOHc+7hzj1hIrgGx/m2CkvLK6trxfXSxubW9o69u9fUcaooa9BYxKodEs0El6wBHARrJ4qRKBSsFQ6vJn7rninNY3kHo4T5EelL3uOUgJEC+8AD9gDZjaQmpbns47FHRDIgQTWwy07FmQIvEjcnZZSjHthfXjemacQkUEG07rhOAn5GFHAq2LjkpZolhA5Jn3UMlSRi2s+mN4zxsVG6uBcr8yTgqfo7kZFI61EUmsmIwEDPexPxP6+TQu/Cz7hMUmCSzhb1UoEhxpNCcJcrRkGMDCFUcfNXTAdEEQqmtpIpwZ0/eZE0qxX3rOLcnpZrl3kdRXSIjtAJctE5qqFrVEcNRNEjekav6M16sl6sd+tjNlqw8sw++gPr8wc8CZfj</latexit>

Increasing ↵2
<latexit sha1_base64="8BcAAzOqp0C90j877vq26CyCIRQ=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclUREXRbd6K6CfUAbwmQ6aYdOJmHmRiwhCzf+ihsXirj1I9z5N07bLLT1wMDhnHu4c0+QCK7Bcb6tpeWV1bX10kZ5c2t7Z9fe22/pOFWUNWksYtUJiGaCS9YEDoJ1EsVIFAjWDkZXE799z5TmsbyDccK8iAwkDzklYCTfrvSAPUB2I6lJaS4HOO8NCWQ696lvV52aMwVeJG5BqqhAw7e/ev2YphGTQAXRuus6CXgZUcCpYHm5l2qWEDoiA9Y1VJKIaS+bHpHjI6P0cRgr8yTgqfo7kZFI63EUmMmIwFDPexPxP6+bQnjhZVwmKTBJZ4vCVGCI8aQR3OeKURBjQwhV3PwV0yFRhILprWxKcOdPXiStk5p7VnNuT6v1y6KOEqqgQ3SMXHSO6ugaNVATUfSIntErerOerBfr3fqYjS5ZReYA/YH1+QOsNpjA</latexit>

Increasing ŝc

Separation between critical double and critical point

In the chiral limit, 
<latexit sha1_base64="Ea9749baV3Rb1PgbAi7F+zDAh64=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiuLEkRdRl0Y3LCvYCTQgn00kzdHJhZqKU0J0bX8WNC0Xc+grufBunbRba+sPAx3/O4cz5/ZQzqSzr2ygtLa+srpXXKxubW9s75u5eWyaZILRFEp6Irg+SchbTlmKK024qKEQ+px1/eD2pd+6pkCyJ79QopW4Eg5gFjIDSlmceOsDTEDz7tIC6I9ggVCBE8oAtz6xaNWsqvAh2AVVUqOmZX04/IVlEY0U4SNmzrVS5OQjFCKfjipNJmgIZwoD2NMYQUenm0zvG+Fg7fRwkQr9Y4an7eyKHSMpR5OvOCFQo52sT879aL1PBpZuzOM0UjclsUZBxrBI8CQX3maBE8ZEGIILpv2ISggCidHQVHYI9f/IitOs1+7xm3Z5VG1dFHGV0gI7QCbLRBWqgG9RELUTQI3pGr+jNeDJejHfjY9ZaMoqZffRHxucPNTuY4w==</latexit>

↵1 � ↵2 ! 0 MP, Stephanov, 19



How would regular/sub-leading parts of EoS 
affect          

• Regular parts of EoS contribute equally to both branches


• The leading regular correction can be qualitatively and somewhat 
quantitatively mimicked by varying 


• In general, the regular part of the EoS can increase or decrease  
<latexit sha1_base64="pYetUbF1EQ2DpzLlaSBl70XMMeU=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegHjxGyAuSJczO9iZDZh/OzAbCku/w4kERr36MN//GSbIHTSxoKKq66e7yEsGVtu1vq7C2vrG5Vdwu7ezu7R+UD49aKk4lwyaLRSw7HlUoeIRNzbXATiKRhp7Atje6m/ntMUrF46ihJwm6IR1EPOCMaiO5vXsUmpJGP2P+tF+u2FV7DrJKnJxUIEe9X/7q+TFLQ4w0E1SprmMn2s2o1JwJnJZ6qcKEshEdYNfQiIao3Gx+9JScGcUnQSxNRZrM1d8TGQ2VmoSe6QypHqplbyb+53VTHdy4GY+SVGPEFouCVBAdk1kCxOcSmRYTQyiT3NxK2JBKyrTJqWRCcJZfXiWti6pzVbUfLyu12zyOIpzAKZyDA9dQgweoQxMYPMEzvMKbNbZerHfrY9FasPKZY/gD6/MHYNaR2Q==</latexit>

�Tcd

<latexit sha1_base64="unT0ksC7XeI65C1wWBZ6gTAovkk=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqDeDevAYIS9I1jA7O5sMmX0w06uEJf/hxYMiXv0Xb/6Nk2QPGi1oKKq66e7yEik02vaXVVhaXlldK66XNja3tnfKu3stHaeK8SaLZaw6HtVciog3UaDknURxGnqSt73R9dRvP3ClRRw1cJxwN6SDSASCUTTSfe+GS6Sk0c+YP7nslyt21Z6B/CVOTiqQo94vf/b8mKUhj5BJqnXXsRN0M6pQMMknpV6qeULZiA5419CIhly72ezqCTkyik+CWJmKkMzUnxMZDbUeh57pDCkO9aI3Ff/zuikGF24moiRFHrH5oiCVBGMyjYD4QnGGcmwIZUqYWwkbUkUZmqBKJgRn8eW/pHVSdc6q9t1ppXaVx1GEAziEY3DgHGpwC3VoAgMFT/ACr9aj9Wy9We/z1oKVz+zDL1gf3+omkiI=</latexit>

�Tcd?
<latexit sha1_base64="zEVWfjh7+dn6sRXcsHR6AmGNbJI="></latexit>

�ŝ = ˆ̃sm

✓
µ2 � µ2

c

T 2
c

◆�

+ ˆ̃s✏

✓
µ2 � µ2

c

T 2
c

◆�+���1

+ ŝreg,1

✓
µ2 � µ2

c

T 2
c

◆
+ ŝ5

✓
µ2 � µ2

c

T 2
c

◆�+�5

+ ŝreg,2

✓
µ2 � µ2

c

T 2
c

◆2

+ . . .

<latexit sha1_base64="mKE+u9OeSTkXdweVnxWM84pV0nk="></latexit>

+ . . . , � ⇡ 1/3 , � + �� � 1 ⇡ 0.9 , �5 ⇡ 1.443

<latexit sha1_base64="4GX7Q2CFElPIkAQliRIJHjA45iw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIT9Wr9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+75ScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMnueDLhi1IiJJUgVt7cSOkKF1NiISjYEb/nlVdKqVb3Lqnt/Uanf5HEU4QRO4Rw8uII63EEDmkBBwDO8wpvz6Lw4787HorXg5DPH8AfO5w+3+4/C</latexit>↵2 MP, Stephanov, 19 Sogabe, MP, Stephanov, Yee, 24

Depends on 
<latexit sha1_base64="4GX7Q2CFElPIkAQliRIJHjA45iw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIT9Wr9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+75ScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMnueDLhi1IiJJUgVt7cSOkKF1NiISjYEb/nlVdKqVb3Lqnt/Uanf5HEU4QRO4Rw8uII63EEDmkBBwDO8wpvz6Lw4787HorXg5DPH8AfO5w+3+4/C</latexit>↵2



What significance could this result have for 
neutron star mergers?

Most et al,  PRL 122 (2019) 6, 061101

“We also show that the phase transition leads to a very hot and dense quark core that, when it 
collapses to a black hole, produces a ringdown signal different from the hadronic one.”

The system can end up not having a dense quark despite entering a first-order phase transition regime.

?



• Universal features of isentropes near CP have been found to be stable 
against viscous corrections on the cross-over side

• Could the dynamics in the co-existence region 
modify these predictions?

?

Dore et al, PRD 106 (2022) 9, 094024

Realistic hydrodynamic trajectories



Conclusion & Looking forward
• Non-monotonicity of the specific entropy along one of the branches of the 

FO curve leads to interesting dynamical consequences.


• Based on the specifics of the critical point of interest, dynamically different 
scenarios can be realized


• Bounds/estimates on the QCD EoS near CP can give guidance in the 
nature of dynamics in neutron-star mergers


• We expect that BES data-model comparisons can help us to determine 
the EoS parameters close to CP.


