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transversity PDF - universal parton density that quantifies the degree of transverse 
polarization of quarks within a transversely polarized nucleon 
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local matrix element - can be computed 
in lattice QCD as well as other approaches 
like Dyson-Schwinger equations and 
several other models

From Wang, et al. (2018)
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 Importance of the nucleon tensor charge:

• Like the scalar, vector, and axial charges, it is a fundamental charge of the 
nucleon (although scale dependent)

• Since helicity PDF ≠ transversity PDF in relativistic quantum mechanics, it 
can be considered a measure of relativistic effects in the nucleon 

• Key point of comparison between QCD phenomenology/experiment and 
lattice QCD as well as model calculations

• Needed in certain beyond the Standard Model studies (e.g., beta decay, EDM)

BSM coupling
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Lagrangian for neutron beta decay

proton EDM quark EDMs
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 Model calculations have provided valuable insight into the behavior of h1(x) we 
should expect from phenomenology 

From the “TMD Handbook” – Pasquini, et al. (2008) - LFCQM; Jakob, et al. (1997) - spectator; 
Avakian, et al. (2010) - bag model
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 Lattice QCD also has the ability now to compute h1(x)

Gao, et al. (2024)

Alexandrou, et al. (2019) Egerer, et al. (2021)
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Updated QCD Global Analysis of TSSAs 
for Single-Hadron Fragmentation
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Gamberg, Malda, Miller, DP, Prokudin, Sato, Phys. Rev. D 106, 034014 (2022)

User-friendly jupyter notebook to calculate functions and asymmetries: 
https://colab.research.google.com/github/pitonyak25/jam3d_dev_lib/blob/main/JAM3D_Library.ipynb 

LHAPDF tables available (thanks to C. Cocuzza):
https://github.com/pitonyak25/jam3d_dev_lib/tree/main/LHAPDF_tables
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Sudakov exponentials (gluon radiation)
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Cammarota, et al. (2020); Gamberg, et al. (2017, 2022))
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 Additional data/constraints included in the fit compared to 2020:

• Collins and Sivers effects (3D-binned) SIDIS data from HERMES (2020)
•               data (x and z projections only) from HERMES (2020)

• Lattice data on gT at the physical pion mass                                            
from ETMC (Alexandrou, et al. (2019))

• Imposing the Soffer bound on transversity:
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data 
resamplingn

theory      
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Theory: factorization; evolution

    +
Priors: parameterization of PDFs, FFs; 
starting parameter values (flat) and 

ranges; positivity bounds; lattice QCD; …

Bayesian Monte 
Carlo analysis
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Infer the observables, 
PDFs, FFs, 𝛅u,𝛅d, …

distribution 
of posteriors 
{p1, p2,…,pn}

Theory: factorization; evolution

    +
Priors: parameterization of PDFs, FFs; 
starting parameter values (flat) and 

ranges; positivity bounds; lattice QCD; …

posteriors p1

posteriors pn
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Bayesian Monte 
Carlo analysis

max P

max P

<latexit sha1_base64="QmXjL7OVVhXHTdBwFZJ4CcDMJrE="></latexit>

V [O] =
1

n

X

i

(O(pi) � E[O])2

<latexit sha1_base64="ZPBiOlq4kjn/ootqvW/IFuAiaNw="></latexit>

E[O] =
1

n

X

i

O(pi)



D. Pitonyak

14

<latexit sha1_base64="67gdcGnmfC69Y5Bn6RDr0+tD62U=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0VwlSa1tG6EohtXUsE+oIlhMpm0QycPZiZCCf0ON/6KGxeKuBM3/o2TtgttPTDM4Zx7ufceL2FUSNP81gorq2vrG8XN0tb2zu6evn/QEXHKMWnjmMW85yFBGI1IW1LJSC/hBIUeI11vdJX73QfCBY2jOzlOiBOiQUQDipFUkqtbthczX4xD9WU2HtL7auXGzWwewkQKYwIvYL3WqNTPaopZhlmduHrZNMwp4DKx5qQM5mi5+qftxzgNSSQxQ0L0LTORToa4pJiRSclOBUkQHqEB6SsaoZAIJ5ueNoEnSvFhEHP1Igmn6u+ODIUi315VhkgOxaKXi/95/VQG505GoySVJMKzQUHKoIxhnhP0KSdYsrEiCHOqdoV4iDjCUqVZUiFYiycvk07VsOpG7bZWbl7O4yiCI3AMToEFGqAJrkELtAEGj+AZvII37Ul70d61j1lpQZv3HII/0L5+ANa7niU=</latexit>

�2/Npts. = 647/634 = 1.02



D. Pitonyak

15

First direct 
information 
from 
experiment 
on  
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 TMD that only include e+e- and SIDIS Collins effect data (e.g., Kang, et al. (2016), 
D’Alesio, et al. (2020)) and dihadron analyses (e.g., Radici, Bacchetta (2018); Benel, Courtoy, 
Ferro-Hernandez (2019)), are generally below the lattice values for gT and 𝛅u 

 Note that one initially finds JAM3D-22 has more tension with lattice, but this does 
not imply phenomenology and lattice are incompatible – one can only fully answer 
this by including lattice data in the analysis (use it as a prior)

 Once gT is included (as a Bayesian prior), we find the non-perturbative 
functions can accommodate it and still describe the experimental data well



 We find good agreement with lattice calculations of h1(x)
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Gao, et al. (2024)
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QCD Global Analysis of TSSAs 
for Dihadron Fragmentation

D. PitonyakD. Pitonyak

DP, Cocuzza, Metz, Prokudin, Sato,  Phys. Rev. Lett. 132, 011902 (2024)

Cocuzza, Metz, DP, Prokudin, Sato, Seidl, Phys. Rev. Lett. 132, 091901 (2024)
a

Cocuzza, Metz, DP, Prokudin, Sato, Seidl, Phys. Rev. D 109, 034024 (2024)

User-friendly jupyter notebook to calculate transversity PDFs and DiFFs: 
https://colab.research.google.com/github/prokudin/JAMDiFF_library/blob/main/JAMDiFF_Library.ipynb

LHAPDF tables available for transversity PDFs:
https://github.com/prokudin/JAMDiFF_library/tree/main/lhapdf
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<latexit sha1_base64="q5BGIJCt2r0IHaPE0Qg1kJIk0Wg="></latexit>

Ph = P1 + P2 R = (P1 � P2)/2 z = z1 + z2 ⇣ = (z1 � z2)/z

<latexit sha1_base64="Gi/q510hfbM7NaP4Br9l4X5JOmM="></latexit>

P1 =

 
M2

1 + ~R 2
T

(1 + ⇣)P�
h

,
1 + ⇣

2
P�
h , ~RT

!
P2 =

 
M2

2 + ~R 2
T

(1� ⇣)P�
h

,
1� ⇣

2
P�
h ,�~RT

!

Bianconi, et al. (2000); Bacchetta, Radici (2003, 2004), … 

<latexit sha1_base64="esklVGeBHmwkWDAjgGqJAxUvm5A="></latexit>

~R 2
T =

1� ⇣2

4
M2

h � 1� ⇣

2
M2

1 � 1 + ⇣

2
M2

2
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(Collins, et al. (1994); Bianconi, et al. (2000); Bacchetta, Radici (2003, 2004); Courtoy, et al. (2012); 
Matevosyan, et al. (2018); Radici, et al. (2013, 2015, 2018); Benel, et al. (2020), …)

<latexit sha1_base64="imjrEpT/LMk7waLB0peNu5XB1aM=">AAACFXicbZDLSgMxFIYz9VbrrerSTbAILdYyU7wti25cVrAX6LRDJj3thGYuJBmhDH0JN76KGxeKuBXc+TamF0Fbfwh8+c85JOd3I86kMs0vI7W0vLK6ll7PbGxube9kd/fqMowFhRoNeSiaLpHAWQA1xRSHZiSA+C6Hhju4Htcb9yAkC4M7NYyg7ZN+wHqMEqUtJ1uEzjF0TrCtQpz3HAt7TrmQt10iEm+krz9ULtjFppPNmSVzIrwI1gxyaKaqk/20uyGNfQgU5UTKlmVGqp0QoRjlMMrYsYSI0AHpQ0tjQHyQ7WSy1QgfaaeLe6HQJ1B44v6eSIgv5dB3dadPlCfna2Pzv1orVr3LdsKCKFYQ0OlDvZhjHcE4ItxlAqjiQw2ECqb/iqlHBKFKB5nRIVjzKy9CvVyyzktnt6e5ytUsjjQ6QIcojyx0gSroBlVRDVH0gJ7QC3o1Ho1n4814n7amjNnMPvoj4+MbZOScgA==</latexit>

e+e� ! (h1h2)(h̄1h̄2)X
<latexit sha1_base64="D89k0WF1u3u6ygyYHLE5aA4p4/g=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0WpUEpSfC2LblxJBfuAJobJdNIOnWTCzEQpoX/gxl9x40IRt27d+TdO2yy09cDA4Zx7uXOOHzMqlWV9G7mFxaXllfxqYW19Y3PL3N5pSp4ITBqYMy7aPpKE0Yg0FFWMtGNBUOgz0vIHl2O/dU+EpDy6VcOYuCHqRTSgGCkteeahQxhzytd3ThIjIfgDdBSHU7HU9+y+Vz1yym3PLFoVawI4T+yMFEGGumd+OV2Ok5BECjMkZce2YuWmSCiKGRkVnESSGOEB6pGOphEKiXTTSZ4RPNBKFwZc6BcpOFF/b6QolHIY+noyRKovZ72x+J/XSVRw7qY0ihNFIjw9FCQM6sjjcmCXCoIVG2qCsKD6rxD3kUBY6QoLugR7NvI8aVYr9mnl5Oa4WLvI6siDPbAPSsAGZ6AGrkAdNAAGj+AZvII348l4Md6Nj+lozsh2dsEfGJ8/tRybLA==</latexit>

`N" ! ` (h1h2)X
<latexit sha1_base64="fAEmwYMoU3UWNNPMWin3jxD0aic=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahgpSk+FoW3bisYB/QxDCZTpqhk2SYmSgldOPGX3HjQhG3/oM7/8Zpm4W2Hhg4nHMvd87xOaNSWda3UVhYXFpeKa6W1tY3NrfM7Z2WTFKBSRMnLBEdH0nCaEyaiipGOlwQFPmMtP3B1dhv3xMhaRLfqiEnboT6MQ0oRkpLnrnP75yUIyGSB8ihoxJYCT079GpHznHHM8tW1ZoAzhM7J2WQo+GZX04vwWlEYoUZkrJrW1y5GRKKYkZGJSeVhCM8QH3S1TRGEZFuNkkxgoda6cEgEfrFCk7U3xsZiqQcRr6ejJAK5aw3Fv/zuqkKLtyMxjxVJMbTQ0HKoA47rgT2qCBYsaEmCAuq/wpxiATCShdX0iXYs5HnSatWtc+qpzcn5fplXkcR7IEDUAE2OAd1cA0aoAkweATP4BW8GU/Gi/FufExHC0a+swv+wPj8AWYAlzg=</latexit>

p"p ! (h1h2)X

Artru-Collins asymmetry

<latexit sha1_base64="/PfyhYjVuIc+QVxC8XDYP7Xliis="></latexit>

d�

dz dMh
=

4⇡Nc↵2
em

3Q2

X

q

e2q D
q
1(z,Mh)

Note: D1 can be constrained using data on 
dσ/dzdMh from BELLE (2017)

<latexit sha1_base64="RFbB7kP3wUHbWIPtM8BhUZ5/GXA="></latexit>
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q e
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q H

^,q
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<latexit sha1_base64="DpdcIuCFhCULAffTQYearRH7MTA="></latexit>
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<latexit sha1_base64="B8NsRiZZHetGhIFb0FMFiGPNHQ0="></latexit>
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<latexit sha1_base64="VlAz/Rj/+PVWwXUm0nmxc5C8Rcw=">AAACIHicbVDLSsNAFJ3UV62vqAsXboJFqCAlEV/Loi7cCBXsA9oQJpNJO3SSCTOTYg35Gd3qf7gTl/oZfoGTNgvbemGYwzn33jlz3IgSIU3zSyssLC4trxRXS2vrG5tb+vZOU7CYI9xAjDLedqHAlIS4IYmkuB1xDAOX4pY7uM701hBzQVj4IEcRtgPYC4lPEJSKcvS9rsuoJ0aBupIbx6o8Hd85/aPU0ctm1RyXMQ+sHJRBXnVH/+l6DMUBDiWiUIiOZUbSTiCXBFGclrqxwBFEA9jDHQVDGGBhJ+MPpMahYjzDZ1ydUBpj9u9EAgOReVSdAZR9Matl5H9aJ5b+pZ2QMIolDtHkIT+mhmRGlobhEY6RpCMFIOJEeTVQH3KIpMpsapM3JJHIXT9ObJdUSNZsJPOgeVK1zqtn96fl2lUeVxHsgwNQARa4ADVwC+qgARBIwQt4BW/as/aufWifk9aCls/sgqnSvn8BBASjxQ==</latexit>

D1(z,Mh)

<latexit sha1_base64="o5yZzhJMU5d+Jd1IfuhODl/Vy08="></latexit>

h1(x),H
^
1 (z,Mh), D1(z,Mh)

DiFFs and transversity PDFs 
extracted simultaneously

<latexit sha1_base64="aXQF/aF1Fgd/Hch3zZY2lY+opnI="></latexit>

H
^
1 (z,Mh), D1(z,Mh)
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<latexit sha1_base64="4mfRYuo7FLSNiOK/ZUApRn8Cg4c="></latexit>

D1(z,Mh),H
^
1 (z,Mh)

<latexit sha1_base64="MxxLdGWfItgCbIW/XrzIQDA9IN0="></latexit>

Du
1 = Dd

1 = Dū
1 = Dd̄

1 ,

Ds
1 = Ds̄

1, Dc
1 = Dc̄

1, Db
1 = Db̄

1

<latexit sha1_base64="egoeVkEJUHDlzXbt5DhxW79v44A="></latexit>

H
^,u
1 = �H

^,d
1 = �H

^,ū
1 = H

^,d̄
1 ,

H
^,s
1 = �H

^,s̄
1 = H

^,c
1 = �H

^,c̄
1 = 0

• Symmetry relations (Courtoy, et al. (2012))

also have
<latexit sha1_base64="jbwxcyf7IsRRNzBDzT4gP1O4eFc=">AAACD3icbVBJTgMxEPSELQxbgCOXERESp2gGsR0j4MAxSGSRkhD1OJ3ExPaMbA8oGuUPcISPcENceQL/4AE4ywESSrJVqupWd1cYc6aN7385mYXFpeWV7Kq7tr6xuZXb3qnoKFEUyzTikaqFoJEziWXDDMdarBBEyLEa9i9HfvUBlWaRvDWDGJsCupJ1GAVjpcpVK7jruq1c3i/4Y3jzJJiSPJmi1Mp9N9oRTQRKQzloXQ/82DRTUIZRjkO3kWiMgfahi3VLJQjUzXS87dA7sErb60TKPmm8sfq7IwWh9UCEtlKA6elZbyT+59UT0zlvpkzGiUFJJ4M6CfdM5I1O99pMITV8YAlQxeyuHu2BAmpsQG5D4iONhADZThsahvaLe6hsUhxkd3SVjSmYDWWeVI4KwWnh5OY4X7yYBpYle2SfHJKAnJEiuSYlUiaU3JMn8kJenWfnzXl3PialGWfas0v+wPn8ARWLnPw=</latexit>

Dg
1

<latexit sha1_base64="ylmGR8WhczM0lDNbDhFkaZCl6X0=">AAACGnicbZDLSgMxFIYz3q23qks3wSIoSJkRbysRdeFGULCt0JbhTHraBpPMkGSUOvRJdKkv4k7cuvE9fADT2oW2Hkj4+f9zyMkXJYIb6/uf3tj4xOTU9Mxsbm5+YXEpv7xSNnGqGZZYLGJ9E4FBwRWWLLcCbxKNICOBlej2tJdX7lAbHqtr20mwLqGleJMzsM4K80tnYbD5sH0RtrfoEfVzYb7gF/1+0VERDESBDOoyzH/VGjFLJSrLBBhTDfzE1jPQljOB3VwtNZgAu4UWVp1UINHUs/7iXbrhnAZtxtodZWnf/T2RgTSmIyPXKcG2zXDWM//LqqltHtYzrpLUomI/DzVTQW1MexRog2tkVnScAKa525WyNmhg1rHK1RTes1hKUI2sZqDrrqSN2kEToFq9XzlMwTCUUVHeKQb7xb2r3cLxyQDYDFkj62STBOSAHJNzcklKhJGUPJJn8uI9ea/em/f+0zrmDWZWyZ/yPr4BL/qfew==</latexit>

D1(z,Mh) > 0
<latexit sha1_base64="B9kfSh4MKX9FAgJSVLIuYiuH1+M="></latexit>

|H^
1 (z,Mh)| < D1(z,Mh)

• Positivity bounds (Bacchetta, Radici (2003))
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<latexit sha1_base64="4mfRYuo7FLSNiOK/ZUApRn8Cg4c="></latexit>

D1(z,Mh),H
^
1 (z,Mh)

• Because of the resonance structure of the e+e- cross section, we use a grid 
in Mh whose density depends on the flavor and DiFF and then at each grid 
point we have the functional form                         . The grid is then 
interpolated to give a general Mh dependence. E.g., for the up quark for D1, 

<latexit sha1_base64="P7DgQ8D7EXkVWMH6mydinfwF3tI=">AAACHHicbZDLSgMxFIYz3q23qks3wSLowjIj3paiG1eiYC/QqeVMetqGJpkhySh16KPoUl/EnbgVfA8fwPSy8HYg4ef/zyEnX5QIbqzvf3gTk1PTM7Nz87mFxaXllfzqWtnEqWZYYrGIdTUCg4IrLFluBVYTjSAjgZWoezbIK7eoDY/Vte0lWJfQVrzFGVhnNfKroeGSXtzfwHawe79zE+Ua+YJf9IdF/4pgLApkXJeN/GfYjFkqUVkmwJha4Ce2noG2nAns58LUYAKsC22sOalAoqlnw9X7dMs5TdqKtTvK0qH7fSIDaUxPRq5Tgu2Y39nA/C+rpbZ1XM+4SlKLio0eaqWC2pgOONAm18is6DkBTHO3K2Ud0MCso5ULFd6xWEpQzSw00HdX0kHtsAlQ7cGvHKbgN5S/orxXDA6LB1f7hZPTMbA5skE2yTYJyBE5IefkkpQII3fkgTyRZ+/Re/FevbdR64Q3nlknP8p7/wJHLKE3</latexit>

⇠ Nza(1� z)b

<latexit sha1_base64="mFIyUQgeXpRNA1gz7UNy8K/fZSo="></latexit>

Du
1 (z,M
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X
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Nu
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↵u
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u
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B[↵u
ij + 1,�u

ij + 1]

<latexit sha1_base64="pETmKwHIzblzDOx0mMxnZopF1tI="></latexit>

Mu
h = [2m⇡, 0.40, 0.50, 0.70, 0.75, 0.80, 0.90, 1.00, 1.20, 1.30, 1.40, 1.60, 1.80, 2.00] GeV

<latexit sha1_base64="15NRaEZiydyJTMRQ/72mxrk/tNk="></latexit>

! 204 parameters for D1 and 48 parameters for H^
1
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<latexit sha1_base64="4mfRYuo7FLSNiOK/ZUApRn8Cg4c="></latexit>

D1(z,Mh),H
^
1 (z,Mh)

• The Belle data is not sufficient to perform a flavor separation for D1, so we 
supplement with data from PYTHIA for σq/ σtot for q = s, c, b at 

<latexit sha1_base64="qdhV/SI05kKWkoRZ4hoAOd84hDo="></latexit>p
s = [10.58, 30.73, 50.88, 71.04, 91.19] GeV

→ constrain D1 for s, c, b as well as the gluon (through scaling violations) 

using different tunes to quantify systematic uncertainties

• Because of the resonance structure of the e+e- cross section, we use a grid 
in Mh whose density depends on the flavor and DiFF and then at each grid 
point we have the functional form                         . The grid is then 
interpolated to give a general Mh dependence. E.g., for the up quark for D1, 

<latexit sha1_base64="P7DgQ8D7EXkVWMH6mydinfwF3tI=">AAACHHicbZDLSgMxFIYz3q23qks3wSLowjIj3paiG1eiYC/QqeVMetqGJpkhySh16KPoUl/EnbgVfA8fwPSy8HYg4ef/zyEnX5QIbqzvf3gTk1PTM7Nz87mFxaXllfzqWtnEqWZYYrGIdTUCg4IrLFluBVYTjSAjgZWoezbIK7eoDY/Vte0lWJfQVrzFGVhnNfKroeGSXtzfwHawe79zE+Ua+YJf9IdF/4pgLApkXJeN/GfYjFkqUVkmwJha4Ce2noG2nAns58LUYAKsC22sOalAoqlnw9X7dMs5TdqKtTvK0qH7fSIDaUxPRq5Tgu2Y39nA/C+rpbZ1XM+4SlKLio0eaqWC2pgOONAm18is6DkBTHO3K2Ud0MCso5ULFd6xWEpQzSw00HdX0kHtsAlQ7cGvHKbgN5S/orxXDA6LB1f7hZPTMbA5skE2yTYJyBE5IefkkpQII3fkgTyRZ+/Re/FevbdR64Q3nlknP8p7/wJHLKE3</latexit>

⇠ Nza(1� z)b

<latexit sha1_base64="mFIyUQgeXpRNA1gz7UNy8K/fZSo="></latexit>

Du
1 (z,M

u,i
h ) =

X

j=1,2,3

Nu
ijz

↵u
ij (1� z)�

u
ij

B[↵u
ij + 1,�u
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<latexit sha1_base64="pETmKwHIzblzDOx0mMxnZopF1tI="></latexit>

Mu
h = [2m⇡, 0.40, 0.50, 0.70, 0.75, 0.80, 0.90, 1.00, 1.20, 1.30, 1.40, 1.60, 1.80, 2.00] GeV

<latexit sha1_base64="15NRaEZiydyJTMRQ/72mxrk/tNk="></latexit>

! 204 parameters for D1 and 48 parameters for H^
1
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and $𝑢 = −𝑑̅ (from large-Nc limit (Pobylitsa (2003))) and impose the Soffer 
bound

  

D. Pitonyak

23

<latexit sha1_base64="admxa1HzkuX55OGKqnq/vFEDmxU=">AAACHnicbVDLTsMwEHR4U14FjlwiKiS4VAnidURw4QgSLZWaqto429bCj8h2gCrqt8ARfoQb4gr/wQfgtD0AZSR7R7O78njilDNjg+DTm5qemZ2bX1gsLS2vrK6V1zfqRmWaYo0qrnQjBoOcSaxZZjk2Uo0gYo438e150b+5Q22Ykte2n2JLQFeyDqNgndQub0ax4onpC1fyXjvcfdgbtMuVoBoM4U+ScEwqZIzLdvkrShTNBEpLORjTDIPUtnLQllGOg1KUGUyB3kIXm45KEGha+dD8wN9xSuJ3lHZHWn+o/tzIQZjCn5sUYHvmb68Q/+s1M9s5aeVMpplFSUcPdTLuW+UXSfgJ00gt7zsCVDPn1ac90ECty6sUSbynSgiQSR4ZGLgr7aF2wXGQ3eJXLqbwbyiTpL5fDY+qh1cHldOzcWALZItsk10SkmNySi7IJakRSvrkkTyTF+/Je/XevPfR6JQ33tkkv+B9fAMKCqNY</latexit>

h1(x)

<latexit sha1_base64="kzeMDYIjgIwzdb3PxRYoEPu/Rx4="></latexit>

F (x) =
Nx↵(1� x)�(1 + �

p
x+ �x)

B[↵+ 1,� + 1] + �B[↵+ 3
2 ,� + 1] + �B[↵+ 2,� + 1]

<latexit sha1_base64="/PJykILmMj9Z3ZdZjgjc/yN1vf0="></latexit>

! 15 parameters for h1
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<latexit sha1_base64="admxa1HzkuX55OGKqnq/vFEDmxU=">AAACHnicbVDLTsMwEHR4U14FjlwiKiS4VAnidURw4QgSLZWaqto429bCj8h2gCrqt8ARfoQb4gr/wQfgtD0AZSR7R7O78njilDNjg+DTm5qemZ2bX1gsLS2vrK6V1zfqRmWaYo0qrnQjBoOcSaxZZjk2Uo0gYo438e150b+5Q22Ykte2n2JLQFeyDqNgndQub0ax4onpC1fyXjvcfdgbtMuVoBoM4U+ScEwqZIzLdvkrShTNBEpLORjTDIPUtnLQllGOg1KUGUyB3kIXm45KEGha+dD8wN9xSuJ3lHZHWn+o/tzIQZjCn5sUYHvmb68Q/+s1M9s5aeVMpplFSUcPdTLuW+UXSfgJ00gt7zsCVDPn1ac90ECty6sUSbynSgiQSR4ZGLgr7aF2wXGQ3eJXLqbwbyiTpL5fDY+qh1cHldOzcWALZItsk10SkmNySi7IJakRSvrkkTyTF+/Je/XevPfR6JQ33tkkv+B9fAMKCqNY</latexit>

h1(x)

<latexit sha1_base64="kzeMDYIjgIwzdb3PxRYoEPu/Rx4="></latexit>

F (x) =
Nx↵(1� x)�(1 + �

p
x+ �x)

B[↵+ 1,� + 1] + �B[↵+ 3
2 ,� + 1] + �B[↵+ 2,� + 1]

Use constraint from small-x 
asymptotics (Kovchegov, Sievert (2019))

<latexit sha1_base64="n7ZTS4Xe4WdUoKPhY4HR8UJdp2E="></latexit>

↵
x!0���! 1� 2

r
↵sNc

2⇡

50% uncertainty due to unaccounted for 
1/Nc and NLO corrections

<latexit sha1_base64="DCndCQtWukaoIkKm7PPirJJ1cqw=">AAACEnicbZC7SgNBFIZnvcZ4W7W0GQyCNmFXjEkjBG0sI5gLZEOYnZwkQ2YvzJwVw5JnsPFVbCwUsbWy822cXApNPDDw8f/nzJz5/VgKjY7zbS0tr6yurWc2sptb2zu79t5+TUeJ4lDlkYxUw2capAihigIlNGIFLPAl1P3B9div34PSIgrvcBhDK2C9UHQFZ2iktn3qITzg5J5UQWeUekzGfUYvqZN3iw714sCQUyqM2nbOwKToIrgzyJFZVdr2l9eJeBJAiFwyrZuuE2MrZQoFlzDKeomGmPEB60HTYMgC0K10ssqIHhulQ7uRMidEOlF/T6Qs0HoY+KYzYNjX895Y/M9rJtgttVIRxglCyKcPdRNJMaLjfGhHKOAohwYYV8LsSnmfKcbRpJg1IbjzX16E2lnevcgXbs9z5atZHBlySI7ICXFJkZTJDamQKuHkkTyTV/JmPVkv1rv1MW1dsmYzB+RPWZ8/dUycAw==</latexit>

↵ = 0.170± 0.085



 Parameterization of 

• We use the following functional form for the transversity PDFs uv , dv , 
and $𝑢 = −𝑑̅ (from large-Nc limit (Pobylitsa (2003))) and impose the Soffer 
bound                                          

  

 Perform the analysis with and without LQCD data as a Bayesian prior for 
the tensor charges 𝛅u,𝛅d from ETMC (Alexandrou, et al. (2019)) and PNDME 
(Gupta, et al. (2018)) (physical pion mass and 2+1+1 flavors)
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Note: JAM3D* is slightly modified from the published JAM3D-22 version: antiquarks are now included (with 
"𝑢 = −𝑑̅), 𝛅u,𝛅d from ETMC and PNDME are both included in the fit, and small-x constraint is imposed
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 JAMDiFF (no LQCD) agrees within errors with JAM3D* (no LQCD) and 
Radici, Bacchetta (2018) for the tensor charges

 Similar to the JAM3D analysis, JAMDiFF also finds compatibility with 
lattice once that data is included in the fit (as a Bayesian prior), and can still 
describe the experimental data well
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 Possible explanation for the shift (~3-4σ difference to a ~0.3-2σ difference) in the 
phenomenological values of the tensor charges once LQCD data is used as a prior: 
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• In the no LQCD fit, h1uv has a maximum and 
then begins to decrease around where the x 
coverage of the experimental data ends (x ≈ 0.3)

• Within our parameterization, the PDFs fall off 
smoothly and monotonically as x → 1, and this 
drives the behavior (and uncertainty) of h1

uv in 
the unmeasured (x > 0.3) region

• The fit with LQCD included has additional 
constraints at larger x due to the fact that one 
integrates from x ∈ [0, 1] to calculate the tensor 
charges. This causes h1uv to now peak at slightly 
higher x ≈ 0.35 in order to accommodate both 
LQCD and experimental data. 

• The Soffer bound forces the with LQCD h1
uv to 

then decrease shortly after x = 0.35 and the PDF 
again falls off smoothly and monotonically as 
x → 1 
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• In order to further test the compatibility between LQCD and experimental data, it is 
of vital importance to have more measurements at larger x (for SIDIS) and more 
forward rapidity (for pp)

 Possible explanation for the shift (~3-4σ difference to a ~0.3-2σ difference) in the 
phenomenological values of the tensor charges once LQCD data is used as a prior: 
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• The LQCD data and STAR √s=200 GeV data 
want a larger h1

uv at large x, while the COMPASS 
proton data and STAR √s = 500 GeV data prefer a 
smaller h1

uv. 
• In such a situation where there are competing 

preferences, and we compare analyses 
containing different subsets of the data, the 
choice of likelihood function and priors do not 
guarantee that the fits overlap within statistical 
uncertainties. 

 Possible explanation for the shift (~3-4σ difference to a ~0.3-2σ difference) in the 
phenomenological values of the tensor charges once LQCD data is used as a prior: 



Recent analyses by the JAM Collaboration show agreement between      
single-hadron and dihadron approaches for extracting transversity as well as 

compatibility with lattice QCD tensor charges, thus demonstrating the 
universal nature of all this available information
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 There are two main approaches in QCD phenomenology to extract the transversity 
PDFs in order to compute the tensor charges: one analyzing TMD/collinear twist-3 
single-hadron fragmentation observables, and the other utilizing collinear twist-2 
dihadron fragmentation measurements. 

 The tensor charges are fundamental properties of the nucleon that have 
connections to QCD phenomenology, lattice QCD and model calculations, and 
beyond the Standard Model studies (e.g., beta decay, EDM).

 Recent analyses by the JAM Collaboration (Gamberg, et al. (2022), Cocuzza, et al. 
(2024)) in both approaches show that lattice QCD tensor charge data currently can 
be accommodated within phenomenology, demonstrating the universal nature of 
all this available information.

 Experimental data at larger x is needed to further test the compatibility between 
QCD phenomenology and lattice QCD and mitigate systematic biases in that 
region.
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dihadron FFs
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= hN (N � 1)i

Expectation value for the total 
number of hadron pairs produced 

when the parton fragments

Note: Recent papers by Collins, Rogers (2024) and Rogers, 
Courtoy (2024) do not actually put into question our results 
regarding our DiFF definition being a number density.
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Note: Recent papers by Collins, Rogers (2024) and Rogers, 
Courtoy (2024) do not actually put into question our results 
regarding our DiFF definition being a number density.
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Note: Recent papers by Collins, Rogers (2024) and Rogers, 
Courtoy (2024) do not actually put into question our results 
regarding our DiFF definition being a number density.

This is exactly the structure dσ should have if D1 has a number 
density interpretation (alternative definitions would introduce 

additional factors that don’t give the expected parton model result)
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Note: Recent papers by Collins, Rogers (2024) and Rogers, 
Courtoy (2024) do not actually put into question our results 
regarding our DiFF definition being a number density.
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DiFFs extracted from experiment now have a clear physical meaning: 
they are densities in the momentum variables for the number of hadron pairs 

(h1 h2 ) fragmenting from the parton 

  



 Since D1(z,Mh) now has a number density interpretation, we can meaningfully 
calculate expectation values
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• At smaller z (where more 𝜋!𝜋"	pairs are produced), we expect on average they will have 
a smaller mass, in which case the mass of the quark flavor becomes less relevant (b quark 
is so heavy it separates out even at small z).  

• As less 𝜋!𝜋"	pairs are produced as one nears threshold (z →1), then the mass of the quark 
more directly correlates to the mass of the dihadron. 

• For a given Mh, 𝜋!𝜋"	pairs need to carry smaller z if they arise from the fragmentation of 
a heavier quark (clear hierarchy is displayed).  

• The uncertainty in the gluon DiFF is too large to make any definitive statements about the 
features of 𝜋!𝜋"	pairs produced from its fragmentation.
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 Response to comment by Rogers and Courtoy - arXiv:2404.02281
• The potential issue about the violation of the number sum rule equally applies to 

single-hadron FFs. Nevertheless, the universally accepted number density 
interpretation of D1(z) (Collins and Soper (1982)) is not called into question.
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• “Misinterpreting sum rules can have practical numerical consequences for 
phenomenological analyses” … The number sum rule for (single-hadron or 
dihadron) fragmentation functions (FFs) has never been used to constrain any 
phenomenological analyses, including those by JAM.
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 Response to comment by Rogers and Courtoy - arXiv:2404.02281
• The potential issue about the violation of the number sum rule equally applies to 

single-hadron FFs. Nevertheless, the universally accepted number density 
interpretation of D1(z) (Collins and Soper (1982)) is not called into question.

• “Misinterpreting sum rules can have practical numerical consequences for 
phenomenological analyses” … The number sum rule for (single-hadron or 
dihadron) fragmentation functions (FFs) has never been used to constrain any 
phenomenological analyses, including those by JAM.

• “Note that changes in variables here do not undermine the number density 
interpretation. If two different variable choices are related by a simple Jacobian J, 

 then                                         both have equally valid number density 
interpretations in terms of their respective phase spaces,                   ” 

  … We agree, as we already made this statement in our paper (see main talk 
 slides), but it is necessary to first show explicitly that one has defined a 

  function that is a number density (either for the variable set                 )
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 Response to comment by Rogers and Courtoy - arXiv:2404.02281 (continued)
• “At lowest order in perturbation theory, the Jacobian factor can simply be absorbed 

into the overall hard factor to maintain consistency with a factorization formula.”
 
 

 …
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