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1.1   Introduction: 1.1  Test of New Physics : Vus 

•  Extraction of the Cabibbo-Kobayashi-Maskawa matrix element Vus 

Ø  Fundamental parameter of the Standard Model 
 
Description of the weak interactions: 

Ø  Check unitarity of the first row of the CKM matrix:  
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matrix 

Cabibbo Universality: 

1.1   The Standard Model  

•  Theory that describes the strong and electroweak interactions 
!  Degrees of Freedom:  

" Quarks and Leptons  
" The gauge bosons:  

   W+/-, Z and A 

 
 
 

 
 
 
 

 

 

4 

Particle physics

Central question of QFT-based particle physics

L =?

i.e. which degrees of freedom, symmetries, scales ?

H Hi
gg

s

3 générations

SM best answer up to now, but
neutrino masses
dark matter
dark energy
baryon asymmetry of the
universe
hierarchy problem

S. Descotes-Genon (LPT) Heavy flavours 20/01/14 3

3 generations 
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?2 2 2 1ud us ubV V V+ + =

Negligible ~2x10-5  
     (B decays) 
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1.1  Test of  the Standard Model: Vus and CKM unitarity 

In the SM: W exchange           V – A structure only     

  Vud = cosθC   Vus = sinθCand 
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1.1   Introduction: 1.1  Test of New Physics : Vus 

Ø  BSM: sensitive to tree-level and loop effects of a large class of models 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 

         BSM effects :  
 

 

 
 
 

 

 

2 2 2 1ud us CKMubV V V + Δ+ + =★ Only V-A structure

★ Universality relations 

Lepton 
universality

Cabibbo 
universality 

★ Sensitivity to BSM scale: Λ~1-10 TeV

€ 

Δ ~
cn

g
2

MW

2

Λ
2

≤ 10
−2
−10

−3

Semi-leptonic decays 
• Mediated by W exchange in the SM
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1.2  Constraining New Physics 



1.3  Cabibbo angle anomaly 
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(0.22%)

K→ πlν (0.27%)
unitarity

 K→
 πlν

 / π
+→π

0 e+ν  

(0.38%)

0+ → 0+ (0.030%)
Neutron (0.050%)

τ decays 
(0.58%)

FIG. 1. Summary of constraints on Vud and Vus (assuming the Standard Model hypothesis) from

nuclear, nucleon, meson, and ⌧ lepton decays. For each constraint, the one-sigma uncertainty on

Vus or Vud is given in parenthesis (see text for details). The one-sigma ellipse from a global fit

(with �2/d.o.f. = 2.8), depicted in yellow, corresponds to Vud = 0.97357(27) and Vus = 0.22406(34),

implying �
CKM

= |Vud|2 + |Vus|2 � 1 = (�19.5± 5.3)⇥ 10�4.

where h = ⇡, K. An alternative method to test ⌧ � µ universality, similar to the µ� e case,

compares the electronic and muonic decay rates and can be expressed as

✓
A⌧

Aµ

◆

⌧

=

s

R⌧
⌧/µ

⌧µ
⌧⌧

m2

µ

m3

⌧

(1 + �W )(1 + ��) . (24)

In the above equations me,µ,⌧ are the masses of e, µ, and ⌧ , ⌧⌧,h are the lifetimes of the

particles ⌧ and h, and �h,W,� are the weak and electromagnetic radiative corrections (see

Ref. [94] and references therein for details). Experimentally, these tests have been carried

out at B-factories where, at the nominal center-of-mass energy of 10.58 GeV/c2, thanks to

a cross section of 0.919 nb, these machines are ”⌧ -Factories” de facto that produce large

numbers of ⌧ pairs.

Both the BaBar and the CLEO Collaborations performed the LFU tests according to

Eq. (22) [95] and Eq. (23) [96], while only CLEO performed the measurement according

Vus from kaon decays – M. Moulson, E. Passemar – CKM 2021 – University of Melbourne, 22-26 Nov 2021

Vus and CKM unitarity: All data

36

Fit results, no constraint

Vud = 0.97365(30)
Vus = 0.22414(37)
χ2/ndf = 6.6/1 (1.0%)
ΔCKM = −0.0018(6)

−2.7σ

|Vud| = 0.97373(31)
|Vus| = 0.2231(6)

|Vus|/|Vud| = 0.2311(5)

Nf = 2+1+1: Fit to results for |Vud|, |Vus|, |Vus|/|Vud|
f+(0) = 0.9698(17),  fK/fπ = 1.1967(18)
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Vus = 0.2241(10)

Vud

Vus

unitarity
fit

Vud
Vus from kaon decays – M. Moulson, E. Passemar – CKM 2021 – University of Melbourne, 22-26 Nov 2021

Vus and CKM unitarity: All data
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+ Vus
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+ Vub
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Negligible ~2x10-5 

     (B decays) 

Vus 

Bryman, Cirigliano,  
Crivellin, Inguglia’22 

Moulson & 
E.P.@CKM2021 



2.   Why the Cabbibo angle anomaly? 
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Flavianet Kaon WG: Antonelli et al’11   
 

2.1  Changes on Vus and Vud since 2011 
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Vus from kaon decays – M. Moulson, E. Passemar – CKM 2021 – University of Melbourne, 22-26 Nov 2021

Vus and CKM unitarity: All data

36

Fit results, no constraint
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f+(0) = 0.9698(17),  fK/fπ = 1.1967(18)

Vus/V
ud

Vus

fit with 
unitarity

68%CL ellipse
Without scaling S = 2.6

With scale factor S = 2.6
Vud = 0.9737(8)
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2.2  Paths to Vud and Vus  
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•  From kaon, pion, baryon and nuclear decays 
 

 

 
 Vud 

 0+     0+ 

π±      π0eνe 
n      peνe π     lνl   

Vus K      πlνl Λ      peνe  K       lνl   

Cabibbo universality tests

4

• Extract Vij from semileptonic processes (beta decays, …)

Channel-dependent 
effective CKM element

Hadronic matrix 
element Radiative corrections
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•  Almost no change on the experimental side since 2011 

 

 
 

 

 

Flavianet Kaon WG: Antonelli et al’11   
 

Cabibbo universality tests

4

• Extract Vij from semileptonic processes (beta decays, …)

Channel-dependent 
effective CKM element

Hadronic matrix 
element Radiative corrections

2.2  Changes on Vus and Vud since 2011 
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•  Almost no change on the experimental side since 2011 

•  Changes in theoretical inputs:  
–  Impressive progress on hadronic matrix element computations from lattice 

QCD for Vus and Vus/Vud extraction from Kaon decays 

 
 

 

 

Flavianet Kaon WG: Antonelli et al’11   
 

Cabibbo universality tests

4

• Extract Vij from semileptonic processes (beta decays, …)

Channel-dependent 
effective CKM element

Hadronic matrix 
element Radiative corrections

2.2  Changes on Vus and Vud since 2011 

FLAG’24 
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•  Almost no change on the experimental side since 2011 

•  Changes in theoretical inputs:  
–  Impressive progress on hadronic matrix element computations from lattice 

QCD for Vus and Vus/Vud extraction from Kaon decays 

–  Radiative corrections for Vud extraction from dispersive methods and EFTs 
but also for Vus extraction (+ lattice QCD) 

																																				 

 
 

 

 

Flavianet Kaon WG: Antonelli et al’11   
 

Cabibbo universality tests

4

• Extract Vij from semileptonic processes (beta decays, …)

Channel-dependent 
effective CKM element

Hadronic matrix 
element Radiative corrections

2.2  Changes on Vus and Vud since 2011 

Seng et al.’18’19, Gorshteyn’18, Cirigliano et al.’22,’24 
see talks this week	
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1.1   Introduction: 2.1  Vus from Kl3 decays 

•  Master formula for K → πlνl: K = {K+,K0}, l={e,µ} 
 
 
 
 
 

Hadronic matrix element:  
 

 
 

•  Phase space integrals:  
 
 
 
 

 
•  In Ke3 decays: only vector FF 

 

•  In K3 decays, also need the scalar FF:  

 
•  For Vus, need integral over phase space of squared matrix element: Parameterize form 

factors and fit distributions in t (or related variables)  
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Γ K →π lν γ⎡⎣ ⎤⎦( ) = Br(Kl 3 )

τ
= CK

2 GF
2 mK

5

192π 3 SEW
K Vus

2
f+

K 0π −

(0)
2

IKl 1 + δEM
Kl + δ SU(2)

Kπ( )2
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Experimental determination of Vus from kaon decays – M. Moulson (Frascati) – CKM 2014, Vienna, 8 September 2014"

K(P) π(p) 

ℓ"

ν 

Kℓ3 form factors"

17!

Ke3 decays: Only vector form factor:"

t = (P − p)2 

Hadronic matrix element:!

For Vus, need integral over phase space of squared matrix element:"
Parameterize form factors and fit distributions in t (or related variables)"

Kµ3 decays: Also need scalar form factor:!

  
π − ( p)  sγ µu K 0(P) = f+

K 0π −

(0) P + p( )µ f+
K 0π −

(t) + P − p( )µ f−
K 0π −

(t)⎡
⎣

⎤
⎦

  f+
K 0π −

(t)

13

this expression imply a large deviation from Dashen’s
limit, (�

K

0
K

+ + �
⇡

+
⇡

0)EM = �1.5�
⇡

+
⇡

0 , which im-
plies Q = 20.7 ± 1.2 (Kastner and Neufeld, 2008). Such
a small value of Q [compared to Q = 22.7± 0.8 given by
Leutwyler (1996)] was also supported by other studies
[Q = 22.0±0.6 in Bijnens and Prades (1997) and Q ' 20
in Amorós et al. (2001)]. It should be noted, however,
that the rather large value Q = 23.2 was obtained from
an analysis of ⌘ ! 3⇡ at two loops (Bijnens and Ghor-
bani, 2007a). On the other hand, the non-lattice deter-
minations of the second input parameter m

s

/bm ⇠ 24
have remained rather stable over the last years. Com-
bining Q = 20.7± 1.2 with m

s

/bm = 24.7± 1.1, Kastner
and Neufeld (2008) found R = 33.5 ± 4.3 and finally

�K
±
⇡

0

SU(2) = 0.058± 0.008.
It is worth stressing that the present precision of the

decay rates and of the radiative corrections permits also
an “experimental” determination of �K

±
⇡

0

SU(2) , which can be
used as a constraint on the quark mass ratio Q via the
formula (4.43). Combining recent K

`3 data (Antonelli
et al., 2010b) with the expression

�K
±
⇡

0

SU(2) =
2�

K

+
`3

�
K

0
`3

I
K

0
`

I
K

+
`

✓
M

K

0

M
K

+

◆5

� 1 �
⇣
�K

+
`

EM � �K
0
`

EM

⌘
,

(4.46)

one obtains �K
±
⇡

0

SU(2) exp = 0.054 ± 0.008, in perfect agree-
ment with the value obtained from quark mass ratios.

Alternatively, one may use the N
f

= 2 + 1 lattice av-
erage (Colangelo et al., 2011) m

s

/bm = 27.4 ± 0.4 being
considerably larger than the values obtained with non-
lattice methods. Combined with Q = 22.8 ± 1.2 from
the same data compilation, Eq. (4.43) yields �K

±
⇡

0

SU(2) =
0.048±0.006, still consistent with the experimentally de-
termined result.

3. Form factors and phase space integrals

Calculation of the phase space integrals I
K`

requires
knowing the momentum dependence of the form factors.
The vector form factor fK⇡

+ (t) defined in Eq. (4.38) re-
presents the p-wave projection of the crossed-channel ma-
trix element h0|s̄�µu|K⇡i whereas the s-wave projection
is described by the scalar form factor

f0(t) = f+(t) +
t

M2
K

�M2
⇡

f
�

(t). (4.47)

It is convenient to normalize all the form factors to
fK

0
⇡

�

+ (0) (denoted f+(0) in the following). In terms
of the normalized form factors f̄

i

(t) ⌘ f
i

(t)/f+(0), the
phase space integrals read

I
K`

=
2

3

Z
t0

m

2
`

dt

M8
K

�̄3/2

✓
1 +

m2
`

2t

◆ ✓
1� m2

`

2t

◆2

⇥
✓
f̄2
+(t) +

3m2
`

�2
K⇡

(2t+m2
`

)�̄
f̄2
0 (t)

◆
, (4.48)

with �̄ = (t� (M
K

+M
⇡

)2)(t� (M
K

�M
⇡

)2).
Traditionally, a polynomial parametrization has been

used for the form factors,

f̄+,0(t) = 1+ �0

+,0

t

M2
⇡

+

+
1

2
�00

+,0

✓
t

M2
⇡

+

◆2

+ . . . , (4.49)

where �0

+,0 and �00

+,0 are the slope and curvature, re-
spectively. Fits to the experimental distributions of K

`3

decays allow to extract the parameters �0

+, �
00

+, and �0

0.
The resulting uncertainty on the phase space integrals is
at the level of 0.12% for I

Ke

and 0.30% for I
Kµ

(Antonelli
et al., 2010b). This a↵ects the extraction of V

us

at the
level of 0.06% (K

e3) and 0.15% (K
µ3).

Other form factor parametrizations have been pro-
posed, in which, by using physical inputs, specific rela-
tions between the slope, the curvature and all the higher-
order terms of the Taylor expansion (4.49) are imposed.
This allows to reduce the correlations between the fit-
ted slope parameters: only one parameter is fitted for
each form factor. Explicit examples used to analyze data
include the pole parametrization, dispersive parametriza-
tions (Abouzaid et al., 2010; Bernard et al., 2006, 2009),
and the so-called z-parametrization (Hill, 2006).

4. The K`3 scalar form factor

SM predictions for the slope parameter �0

0 of the scalar
form factor of K

`3 decays were obtained by using di↵er-
ent approaches. In the isospin limit, the combination
of a two-loop result in chiral perturbation theory (Bij-
nens and Talavera, 2003) with an updated estimate of
the relevant p6 low-energy couplings based on Cirigliano
et al. (2005) and Cirigliano et al. (2003b) gave the result
�0

0 = (13.9+1.3
�0.4±0.4)⇥10�3 (Kastner and Neufeld, 2008).

Dispersive methods were employed by several authors.4

Typical numbers for the resulting scalar slope parameter
are: �0

0 = (14.7 ± 0.4) ⇥ 10�3, (Jamin et al., 2006), and
�0

0 = 13.71⇥ 10�3 (Bernard et al., 2011).
The low-energy theorem of Callan and Treiman

(Callan and Treiman, 1966; Dashen and Weinstein, 1969)
predicts the size of the scalar K

`3 form factor at the (un-
physical) momentum transfer t = �

K⇡

,

f0(�K⇡

) = F
K

/F
⇡

+�CT, (4.50)

with a correction term of O(m
u

,m
d

, e2). In the isospin
limit (m

u

= m
d

, e = 0), and at first non-leading order,
the tiny value �CT = �3.5 ⇥ 10�3 was computed by
Gasser and Leutwyler (1985b). A discussion of higher-
order e↵ects on this quantity can be found in Bijnens and

4 See for instance Jamin et al. (2002), Jamin et al. (2004), Jamin
et al. (2006), Bernard et al. (2006), Bernard and Passemar
(2008), Bernard et al. (2009), Bernard et al. (2011), Abbas et al.
(2010).

  
f0(t) = f+ (t) + t

mK
2 − mπ

2 f− (t)

2.3  Vus extraction from Kl3 decays 

  
Γ K →π lν γ⎡⎣ ⎤⎦( ) = Br(Kl 3 )*τ = CK

2 GF
2 mK

5

192π 3 SEW
K Vus

2
f+

K 0π −

(0)
2

IKl 1 + 2ΔEM
Kl + 2ΔSU(2)

Kπ( )

Kµ3 decays, also need the scalar FF      

  
Γ K →π lν γ⎡⎣ ⎤⎦( ) = Br(Kl 3 )

τ
= CK

2 GF
2 mK

5

192π 3 SEW
K Vus

2
f+

K 0π −

(0)
2

IKl 1 + 2ΔEM
Kl + 2ΔSU(2)

Kπ( )
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Kπ  form factor parametrizations 

•  Parametrizations based on Taylor expansion: 
 
 
 
 
Very simple parametrization but limited in energy range and not physically 
motivated: many parameters and strong correlations between them 
         unstable fits 

•  Physically motivated parametrizations: 
–  Pole parametrization 

 
 
 

–  Dispersive parametrization         

 
 
 
 

 
 
 
 
 

        
 
 
 
 

 
 

  
f + ,0 (t) = 1 + λ+ ,0

t
m

π ±
2

⎛

⎝
⎜

⎞

⎠
⎟ f + ,0 (t) = 1+ λ+ ,0

' t
m

π ±
2

⎛

⎝
⎜

⎞

⎠
⎟ + λ+ ,0

'' t
m

π ±
2

⎛

⎝
⎜

⎞

⎠
⎟

2

or 

f + ,0 (t) =
MV ,S

2

MV ,S
2 − t

⎛

⎝
⎜

⎞

⎠
⎟

Well motivated for the vector (K* resonance) 
But for the scalar MS? 

  
f + (t) = exp

t
mπ

2  Λ + − H(t)( )⎡

⎣
⎢

⎤

⎦
⎥ and 

  
f 0(t) = exp

t
mK

2 − mπ
2  lnC −G(t)( )⎡

⎣
⎢

⎤

⎦
⎥

Bernard, Oertel, E.P., Stern’06,’09 

Kπ scattering phase Emilie Passemar 14 



Dispersive parameters for Kℓ3 form factors 

15 

KTeV KLOE ISTRA+ NA48/2 2010 fit UpdateKℓ3 avgs from 
NA48 Ke3 data included in fits but not shown

Λ+ x 103
 = 25.55 ± 0.38

ln C = 0.1992(78)
ρ(Λ+, ln C) = −0.110

χ2/ndf = 7.5/7 (38%)

Λ+ x 103

ln
 C

 

Integrals
Mode Update 2010
K0
e3 0.15470(15) 0.15476(18)

K+e3 0.15915(15) 0.15922(18)
K0
µ3 0.10247(15) 0.10253(16)

K+
µ3 0.10553(16) 0.10559(17)

Only tiny changes in central values 

Preliminary
update

68% CL contours

2010 fit

Emilie Passemar 



Dispersive parameters for Kℓ3 form factors 
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KTeV KLOE ISTRA+ NA48/2 2010 fit UpdateKℓ3 avgs from 
NA48 Ke3 data included in fits but not shown

Λ+ x 103
 = 25.55 ± 0.38

ln C = 0.1992(78)
ρ(Λ+, ln C) = −0.110

χ2/ndf = 7.5/7 (38%)

Λ+ x 103

ln
 C

 Preliminary
update

68% CL contours

With parameterization 
uncertainty

Fit results include common 
uncertainty from H(t), G(t): 
σparam(Λ+) = 0.3 x 10−3

σparam(ln C) = 0.0040  
 

KTeV, Bernard et al.’09

Confidence ellipses shown without 
common uncertainty (except as 
indicated)

2010 fit

Emilie Passemar 



Experimental determination of Vus from kaon decays – M. Moulson (Frascati) – CKM 2014, Vienna, 8 September 2014"

K(P) π(p) 

ℓ"

ν 

Kℓ3 form factors"

17!

Ke3 decays: Only vector form factor:"

t = (P − p)2 

Hadronic matrix element:!

For Vus, need integral over phase space of squared matrix element:"
Parameterize form factors and fit distributions in t (or related variables)"

Kµ3 decays: Also need scalar form factor:!

2.3  Vus from Kl3 (K → πlνl) 

•  Master formula for K → πlνl: K = {K+,K0}, l={e,µ} 

 
Average and work by Flavianet Kaon WG  Antonelli et al’11  and then by  
M. Moulson, see e.g. Moulson&E.P.@CKM2021 
 
 

Theoretically 
•  Possible update on SEW?  Based on  
   

•  Update on long-distance EM corrections  
 

•  Improvement on Isospin breaking evaluation due to more precise dominant 
input: quark mass ratio from η → 3π + lattice QCD 

•  Progress from lattice QCD on the K → π FF 

 

 

 

Emilie Passemar 17 

  
Γ K →π lν γ⎡⎣ ⎤⎦( ) = Br(Kl 3 ) / τ = CK

2 GF
2 mK

5

192π 3 SEW
K Vus

2
f+

K 0π −

(0)
2

IKl 1 + 2ΔEM
Kl + 2ΔSU(2)

Kπ( )

Seng et al.’21 

Colangelo et al.’18, FLAG’21 

2.5  Kπ form factors 2.1  Vus from Kl3 decays 

•  Master formula for K → πlνl: K = {K+,K0}, l={e,µ} 

•  f+(0) : vector form factor at zero momentum transfer: 
 
Hadronic matrix element:  
 
 
 
 
f+(0) key hadronic quantity: In SU(3)V  limit (mu=md=ms), CVC         f+(0) = 1  
Need to compute corrections in second order in SU(3) breaking  

               see later 
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Γ K →π lν γ⎡⎣ ⎤⎦( ) = Br(Kl 3 )

τ
= CK

2 GF
2 mK

5

192π 3 SEW
K Vus

2
f+

K 0π −

(0)
2

IKl 1 + δEM
Kl + δ SU(2)

Kπ( )2
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Experimental determination of Vus from kaon decays – M. Moulson (Frascati) – CKM 2014, Vienna, 8 September 2014"

K(P) π(p) 

ℓ"

ν 

Kℓ3 form factors"

17!

Ke3 decays: Only vector form factor:"

t = (P − p)2 

Hadronic matrix element:!

For Vus, need integral over phase space of squared matrix element:"
Parameterize form factors and fit distributions in t (or related variables)"

Kµ3 decays: Also need scalar form factor:!

  
π − ( p)  sγ µu K 0(P) = f+

K 0π −

(0) P + p( )µ f+
K 0π −

(t) + P − p( )µ f−
K 0π −

(t)⎡
⎣

⎤
⎦

23 Emilie Passemar 

Cirigliano et al.’23, Gorbahn et al.’25 
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K 0π −

(0)
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IKl 1 + 2ΔEM
Kl + 2ΔSU(2)

Kπ( )

Electromagnetic and isospin breaking corrections 

•  Master formula for 
 
 
 
 
 

•  Short distance electroweak correction  
 
 
 
 
Resummation of large logarithms at NLL possible, see Cirigliano et al.’23, 
Gorbahn et al.’25 

  

 

 

 
 
 

 
 
 
 

 
 
 
 
 

        
 
 
 
 

 
 

Experimental determination of Vus from kaon decays – M. Moulson (Frascati) – CKM 2014, Vienna, 8 September 2014"
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Kℓ3 form factors"

17!

Ke3 decays: Only vector form factor:"

t = (P − p)2 

Hadronic matrix element:!

For Vus, need integral over phase space of squared matrix element:"
Parameterize form factors and fit distributions in t (or related variables)"

Kµ3 decays: Also need scalar form factor:!

2.4  Electroweak corrections 

•  Master formula for K → πlνl: K = {K+,K0}, l={e,µ} 
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Γ K →π lν γ⎡⎣ ⎤⎦( ) = Br(Kl 3 )

τ
= CK

2 GF
2 mK

5

192π 3 SEW
K Vus

2
f+

K 0π −

(0)
2

IKl 1 + δEM
Kl + δ SU(2)

Kπ( )2
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Sew = 1 + 2α

π
1 +

α S

4π
⎛
⎝⎜

⎞
⎠⎟

log
mZ

mρ

+O
αα S

π 2

⎛
⎝⎜

⎞
⎠⎟   Sew = 1.0232(3) Sirlin’82 

Vus from K→ πlν  decays 

Short distance 
electroweak correction:

Sirlin ‘82

+  + …   => 

  
Γ K →π lν γ⎡⎣ ⎤⎦( ) = Br(Kl 3 )

τ
= CK

2 GF
2 mK

5

192π 3 SEW
K Vus

2
f+

K 0π −

(0)
2

IKl 1 + 2ΔEM
Kl + 2ΔSU(2)

Kπ( )

Emilie Passemar 22 

Sirlin’82 

see talk by Vincenzo 
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K 0π −
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Electromagnetic and isospin breaking corrections 

•  Master formula for 
 
 
 
 
 

•  Long distance EM corrections:          Computed in ChPT at O(p2e2) 
  
 
New calculation by Seng et al.’21 using hybrid current algebra and ChPT with 
resummation of largest terms to all chiral orders:  
–  Reduced uncertainties at O(e2p4) 
–  Lattice evaluation of QCD contributions to γW box diagrams 

 
 

 

 

 
 
 

 
 
 
 

 
 
 
 
 

        
 
 
 
 

 
 

   ΔEM
Kℓ

Cirigliano, Giannotti, Neufeld’08 

Vus from Kℓ3 = K → πeν, πμν

13

|Vus |2 = 192π3

C2
KG2

Fm5
K

Γ(Kℓ3(γ))
IKℓ

1
SEW | fK0π−+ |2 (1 + 2ΔSU(2)

K +2ΔEM
Kℓ )

Inputs	from	experiment	

Many	decay	channels;	many	experiments	(cf.	 )	

:	Branching	Ra4os,	 	life4mes	

:	Integral	of	form	factor(s)	over	phase	space

Kμ2
Γ(Kℓ3(γ)) KS, KL, K±

IKℓ

Inputs	from		theory	

:	universal	SD	EW	correc4on	

:	hadronic	FF	at	unphysical	point	t=0	

:	Isospin-breaking	correc4on	to	FF	

:	Long-distance	EM	correc4on

SEW = 1.0232
fK0π−
+ (0)

ΔSU(2)
K

ΔEM
Kℓ

Kaon decays and the Cabibbo Angle Anomaly – M. Moulson – CKM 2023 – Santiago de Compostela, 20 September 2023

Dispersive parameters for Kℓ3 form factors

13

Λ+  103 = 25.55 ± 0.38
ln C = 0.1992(78)

ρ(Λ+, ln C) = −0.110
χ2/ndf = 7.5/7 (38%)

Λ+  103

ln
 C

KTeV KLOE ISTRA+ NA48/2

Integrals
Mode Update 2010
K0e3 0.15470(15) 0.15476(18)
K+e3 0.15915(15) 0.15922(18)
K0μ3 0.10247(15) 0.10253(16)
K+μ3 0.10553(16) 0.10559(17)

Only tiny changes in central values

2010 fitKℓ3 avgs from

68%CL contours

NA48 Ke3 data included in fits but not shown

Current

Dispersive	+	ChPT	parametriza4on	Bernard et al. ‘09

f̃+(t) = exp [ t
m2π

(Λ+ − H(t))] f̃0(t) = exp [ t
m2

K − m2π
(ln C − G(t))]

f+,0(t) = f+,0(0) × f̃+,0(t)Form	factors	split	as	

Kaon decays and the Cabibbo Angle Anomaly – M. Moulson – CKM 2023 – Santiago de Compostela, 20 September 2023

Long-distance EM corrections
Mode-dependent corrections ΔEMKℓ to phase-space integrals IKℓ from 
EM-induced Dalitz plot modifications
• Values depend on acceptance for events with additional real photon(s)
• All recent measurements assumed fully inclusive

FlaviaNet analysis and updates used Cirigliano et al. ’08 
• Comprehensive analysis at fixed order e2p2

15

Seng et al.
JHEP 07 (2022)

Calculation of complete EW RC using hybrid current algebra and 
ChPT with resummation of largest terms to all chiral orders
• Reduced uncertainties at O(e2p4)
• Lattice evaluation of QCD contributions to γW box diagrams
• Conventional value of SEW subtracted from results for use with 

standard formula for Vus

Cirigliano et al. ’08 Seng et al. ’21

ΔEM(K0e3) [%] 0.50 ± 0.11 0.580 ± 0.016
ΔEM(K+e3) [%] 0.05 ± 0.12 0.105 ± 0.023
ΔEM(K+μ3) [%] 0.70 ± 0.11 0.770 ± 0.019
ΔEM(K0μ3) [%] 0.01 ± 0.12 0.025 ± 0.027

f+(0) = fK0π−
+ (0)(1 + ΔSU(2)

K )
SU(2)	breaking	absorbed	in	 :f+(0)

FLAG	2024:
Nf = 2 + 1 + 1 : f+(0) = 0.9698(17)
Nf = 2 + 1 : f+(0) = 0.9677(27)

Long-range	EM	RC	 	

(hybrid	Sirlin-ChPT	approach	w.	LQCD	input)

ΔEM
Kℓ

Emilie Passemar 



1.1   Introduction: 

20 
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τ
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192π 3 SEW
K Vus

2
f+

K 0π −

(0)
2

IKl 1 + 2ΔEM
Kl + 2ΔSU(2)
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Electromagnetic and isospin breaking corrections 

•  Master formula for 
 
 
 
 
 

 
 
 

•  Isospin breaking : 
 
 
 
Computed in ChPT at O(p4):   
 
 
 
 
Inputs from lattice QCD and from η → 3π analysis for Q    

 

 

 
 
 

 
 
 
 

 
 
 
 
 

        
 
 
 
 

 
 

  
ΔSU(2)

Kπ =
f+

K +π 0

0( )
f+

K 0π −

0( )
−1

  
ΔSU(2)

Kπ = 3
4

1
Q2

M K
2

M π
2 +

χ
p4

2
1 +

ms

m̂
⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
= 2.61(17)%

Gasser & Leutwyler’85  

  
Q2 ≡

ms
2 − m̂2

md
2 − mu

2

   
m ≡

md + mu

2
⎡

⎣
⎢

⎤

⎦
⎥ and 

Colangelo et al.’18 + FLAG’21 

Emilie Passemar 
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Determination of  f+(0)   

    
     
 
 
 

 
 
 
 

 
 

•  SU(3) breaking in f+(0) 
–  CVC + Ademollo-Gatto theorem: 

 
 

•  fp4
:   

 

à One loop graph :  
 
à First order in mq, 2nd order in (ms – mu) 
 
à No local operators, UV finite, free of uncertainties 
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chiral expansion

Large and positive  chiral loop contributions
@  µ = M"  

LECs not fixed by chiral symmetry: 
rely on quark model, large-Nc estimates, LQCD

Bijnens Talavera 2003

SU(3) breaking in f+(0) 
• CVC + Ademollo-Gatto theorem:  

chiral expansion

Large and positive  chiral loop contributions
@  µ = M"  

LECs not fixed by chiral symmetry: 
rely on quark model, large-Nc estimates, LQCD

Bijnens Talavera 2003

SU(3) breaking in f+(0) 
• CVC + Ademollo-Gatto theorem:  

• One-loop graphs in EFT

• 1st order in mq, 2nd order in (ms-mu) 

• No local operators, UV finite, free of uncertainty

⇒

 Gasser-Leutwyler‘85

chiral expansion

Gasser & Leutwyler’85 
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chiral expansion 
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Determination of  f+(0)   
    
     
 
 
 

 
 
 
 

 
 
 

•  SU(3) breaking in f+(0) 
–  CVC + Ademollo-Gatto theorem: 

 
 
 

–  fp6
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Bijnens & Talavera’02  

LECs not fixed by chiral symmetry: 
quark model, large-Nc estimates, LQCD  

 Emilie Passemar 



 
f+(0) from lattice QCD 

•  Recent progress on Lattice QCD for determining f+(0) 
 
 

 

2011: Vus = 0.2254(5) exp(11)lat    à  Vus = 0. 2231(4)exp(4)lat    

  
f+(0)N f =2+1+1

FLAG 24 =0.9698(17)

0.18% uncertainty 

to be compared to  

  
f+ (0)N f =2+1+1

FLAG16 = 0.9704(32)

Uncertainty divided by ~2 w/ 
2016 and by 25 w/ 2011!  

  
f+ (0)N f =2+1

2010 = 0.959(50)

Lattice uncertainties  
at the same level as exp.  

-3.2σ	away	from	unitarity!	 
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Flavianet Kaon WG: Antonelli et al’11   
 

Changes on Vus and Vud since 2011 

0.224
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0.972 0.974 0.976
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V us
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0.226

0.228

0.972 0.974 0.976

Vud (0+ → 0+)

Vus/Vud (Kµ2)

Vus (Kl3)

fit with
unitarity

fit

unitarity
Vus from kaon decays – M. Moulson, E. Passemar – CKM 2021 – University of Melbourne, 22-26 Nov 2021

Vus and CKM unitarity: All data

36

Fit results, no constraint

Vud = 0.97365(30)
Vus = 0.22414(37)
χ2/ndf = 6.6/1 (1.0%)
ΔCKM = −0.0018(6)

−2.7σ

|Vud| = 0.97373(31)
|Vus| = 0.2231(6)

|Vus|/|Vud| = 0.2311(5)

Nf = 2+1+1: Fit to results for |Vud|, |Vus|, |Vus|/|Vud|
f+(0) = 0.9698(17),  fK/fπ = 1.1967(18)

Vus/V
ud

Vus

fit with 
unitarity

68%CL ellipse
Without scaling S = 2.6

With scale factor S = 2.6
Vud = 0.9737(8)
Vus = 0.2241(10)

Vud

Vus

unitarity

fit

Vud

Moulson & E.P.@CKM2021 



 
2.4  Vus/Vud from Kl2/πl2

 
 
 

 
 
•  Recent progress on radiative corrections computed on lattice:  

Giusti et al.’17, Di Carlo et al.’19, Boyle et al.’21  
   
 
•  Main hadronic input: fK/fπ

•  In 2011: Vus/Vud = 0.2312(4) exp(12)lat  

•  In 2021: Vus/Vud = 0. 2311(3)exp(4)lat the lattice error is reducing by a factor 
of 3 compared to 2011! It is now of the same order as the experimental 
uncertainty.  

 
 

 

-1.8σ	away	from	unitarity	 

25 Emilie Passemar 

see talk by Xin-Yu Tuo 
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First physical  &  leptonic decay calculationK π
IB corrections to weak decays

• First calculation at the physical point of IB 
corrections to  &  leptonic decay rate ratio 

 
 

 

• Largely based on the RM123S formalism 
 

• Still uncontrolled systematics 
FV effects, QED quenching, continuum limit

K π
P Boyle, AP, et al. JHEP 02 (2023)

δRKπ = − 0.0086(3)stat.(+11
−4 )fit(5)disc.(5)quench.(39)vol.

N Carrasco, et al. PRD 91(7) (2015)

13

Results for 

14

<latexit sha1_base64="FmiIIHEosINVYHrAIMoppNO/yv0="></latexit>

�RK⇡

<latexit sha1_base64="4XRsdwnon/hdSGXCzk8f679HHrs="></latexit>

�RK⇡ = �0.0126 (14)RM123S:
<latexit sha1_base64="o0CTwh+lBa+GjvLgrtvrj8Ntkg0="></latexit>

�RK⇡ = �0.0112 (21)PT:χ

MDC et al., PRD 100 (2019) 
V. Cirigliano et al., PLB 700 (2011)

(w/o FVE)

RBC-UKQCD (2023)

�PT (2011)

RM123S (2019)

�0.016 �0.012 �0.008 �0.004 0

�RK⇡

• Our recent result is compatible with previous 
lattice calculation (RM123S) and with PT 

• The error is dominated by a large systematic 
uncertainty related to finite-volume effects

χ

<latexit sha1_base64="H0g7uGmy57ucwroUfub5kqfP9q0="></latexit>

�RK⇡ = �0.0086 (3)
stat.(

+11

�4

)
fit

(5)
disc.(5)quench.(39)vol.

Solid evidence that          can be computed from first principles non-perturbatively on the lattice!

RBC-UKQCD:

P.Boyle, MDC et al., JHEP 02 (2023) 

<latexit sha1_base64="wFcpH+YB2zSmyhqz+7BZtasD2s8=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5CktbG7ohvBTRX7gCaEyWTaDp08mJkINfRL3LhQxK2f4s6/cfoQVPTAhcM593LvPUHKqJCm+aEVVlbX1jeKm6Wt7Z3dsr633xFJxjFp44QlvBcgQRiNSVtSyUgv5QRFASPdYHwx87t3hAuaxLdykhIvQsOYDihGUkm+XnZDwiSCN35+5aZ06usV0zDtWsOxoWnYdsNxThWp2XWzWoWWYc5RAUu0fP3dDROcRSSWmCEh+paZSi9HXFLMyLTkZoKkCI/RkPQVjVFEhJfPD5/CY6WEcJBwVbGEc/X7RI4iISZRoDojJEfitzcT//L6mRyceTmN00ySGC8WDTIGZQJnKcCQcoIlmyiCMKfqVohHiCMsVVYlFcLXp/B/0rENq25Ur2uV5vkyjiI4BEfgBFjAAU1wCVqgDTDIwAN4As/avfaovWivi9aCtpw5AD+gvX0C38STQg==</latexit>

�RK⇡Image credit: Matteo Di Carlo
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Non negligible finite  
volume effects (FVE) found 

see talk by Xin-Yu Tuo 
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•  Recent progress on radiative corrections computed on lattice: 

 
 
 

 

Vus from kaon decays – M. Moulson, E. Passemar – CKM 2021 – University of Melbourne, 22-26 Nov 2021

Vus/Vud and Kℓ2 decays

32

Giusti et al. 
PRL 120 (2018)

First lattice calculation of EM corrections to Pl2 decays
• Ensembles from ETM
• Nf = 2+1+1  Twisted-mass Wilson fermions

δSU(2) + δEM = −0.0122(16)
• Uncertainty from quenched QED included (0.0006)

Compare to ChPT result from Cirigliano, Neufeld ’11:
δSU(2) + δEM = −0.0112(21)

Di Carlo et al. 
PRD 100 (2019)

Update, extended description, and systematics of Giusti et al.
δSU(2) + δEM = −0.0126(14)

|Vus/Vud| × fK/fπ = 0.27679(28)BR(20)corr
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Di Carlo et al.’19  

Giusti et al.’18  
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Theory: PS meson decay constants + isospin breaking  
FLAG 2024, 2411.04268 

Giusti et al., 1711.06537 

Di Carlo et al.,1904.08731 

Boyle et al., 2211.12865 

Cirigilano, Neufeld, 1102.0563

fK±/fπ± = 1.1932(21)
δRKπ = − 0.0122(16)

δRKπ = − 0.0126(14)
δRKπ = − 0.0086(41)

δRKπ = − 0.0112(21)

LaAce	QCD	( =2+1+1)		
QCD	+	QED	on	the	laAce!	
Ensembles	from	ETM	
Twisted-mass	Wilson	fermions	
But:	finite	volume	effects		

Previously:	Chiral	perturba4on	theory

Nf

[KLOE,	CNTR]
Experiment  

 BR[K±
μ2(γ)] = 0.6358(11) τK± = 12.384(15)ns

BR[π±
μ2(γ)] = 0.9999 τπ± = 26.033(5) ns [PDG]
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to address this issues, including an analytic determination of the structure dependence at
1/L3, both in the continuum and at finite lattice spacing (where the interplay between
cut-off effects and finite volume effects is not trivial due to the non-locality of QEDL [60]).
As is discussed in ref. [14], this will require evaluating a branch-cut contribution (similar
to that appearing for the pseudoscalar mass in eq. (3.51)). In addition, when working
with physical pion masses at such level of precision, exponentially suppressed finite-volume
effects might become relevant and require a careful investigation.

We now turn to the determination of |Vus|/|Vud|. For this purpose, symmetrizing the
fit systematic in eq. (6.3) and summing in quadrature all the errors but the “vol.” one, we
get δRKπ = −0.0086 (13)(39)vol.. Combining this result with the value of the iso-QCD ratio
fK/fπ we can predict |Vus|/|Vud| at leading order in IB corrections as

|Vus|
|Vud|

=
[Γ(K+ → µ+νµ[γ])

Γ(π+ → µ+νµ[γ])
mK

mπ

(m2
π − m2

µ)
(m2

K − m2
µ)

]1/2 fπ
fK

(
1 − 1

2 δRKπ

)
. (6.10)

Averaging9 the Nf = 2 + 1 lattice results reviewed in FLAG [2, 39, 61–67], and using the
PDG average for the ratio of experimental decay widths [1], we obtain

|Vus|/|Vud| = 0.23154 (28)exp. (15)δRP (45)δRP ,vol. (65)fP , (6.11)

where the first error comes from the experimental measurements, the second is our uncer-
tainty on δRKπ excluding the finite-volume systematics quoted separately, and the last
error comes from the average of lattice determinations for fK/fπ. Interestingly, we find
that the error from fK/fπ dominates the uncertainty on |Vus|/|Vud|. The same conclusion
is obtained using the RM123S result. In fact, taking δRRM123S

Kπ = −0.0126 (14) and the
Nf = 2 + 1 + 1 average fK/fπ = 1.1966 (18) from ref. [8], one obtains (|Vus|/|Vud|)RM123S =
0.23131 (28)exp (17)δRP (35)fP . This is a clear motivation for future new computations of
fK/fπ on the lattice, with the aim of reducing the uncertainty by a factor 2 to 3 to bring
it below the current experimental uncertainties on the decay width ratio. Finally, the
second-largest uncertainty in eq. (6.11) comes from the challenges with finite-volume QED
as discussed above. It is foreseeable that this conservative uncertainty will be drastically
reduced in the near future, which can be done through the addition of multiple volumes
to compute the 1/L3 coefficient or the usage of a different QED formulation with smaller
volume corrections. In conclusion, there are identified ways forward to reduce in the short-
term future the two main systematic errors on |Vus|/|Vud|, and beyond those the precision
reached on δRKπ is sufficient and below the experimental input uncertainties.

7 Conclusions

The study of light-meson leptonic decays is of great relevance for the extraction of the
CKM matrix elements |Vus| and |Vud|, especially in light of current outstanding 3σ tensions

9FLAG does not quote an average for fK/fπ, but for the isospin-corrected ratio fK+/fπ+ . We produced
the value fK/fπ = 1.1930 (33) following exactly the averaging procedure described in the review. Although
iso-QCD has been tuned in slightly different ways in the calculations entering this average, from the
corresponding values of mπ and mK we expect scheme ambiguities to be below the quoted uncertainty (see
discussion in sections 2.4 and 5.2).
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Progress since 2018:             new results from ETM’21 and CalLat’20 

 

 

 
 

 
 

 

 

 

 

 
 
 

     
 
 

     
 

 
 

 

2.2  fK/fπ from lattice QCD 

Now Lattice collaborations  
include SU(2) IB corr.  
For Nf=2+1+1, FLAG2024 
 
 
 
 
Results have been stable  
over the years 
 
For average substract IB corr. 

  fK+ f + =1.1932(21)

0.18% uncertainty 

  fK fπ = 1.1967(18)

Vus/Vud = 0. 23108(29)exp(42)lat  

In 2011:   fK fπ = 1.193(6)

Emilie Passemar 
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Fit results, no constraint

Vud = 0.97365(30)
Vus = 0.22414(37)
χ2/ndf = 6.6/1 (1.0%)
ΔCKM = −0.0018(6)

−2.7σ

|Vud| = 0.97373(31)
|Vus| = 0.2231(6)

|Vus|/|Vud| = 0.2311(5)

Nf = 2+1+1: Fit to results for |Vud|, |Vus|, |Vus|/|Vud|
f+(0) = 0.9698(17),  fK/fπ = 1.1967(18)

Vus/V
ud

Vus

fit with 
unitarity

68%CL ellipse
Without scaling S = 2.6

With scale factor S = 2.6
Vud = 0.9737(8)
Vus = 0.2241(10)

Vud

Vus

unitarity

fit

Vud

Moulson & E.P.@CKM2021 



3.   Prospects 



3.1  Experimental Prospects for Vus 

On Kaon side 
•  NA62 could measure several BRs: Kµ3/Kµ2, K → 3π, Kµ2/K → ππ 

•  Note that the high precision measurement of BR(Kµ2) (0.3%) comes only 
from a single experiment: KLOE. It would be good to have another 
measurement at the same level of accuracy 
 

In progress !           See talk by Victor Shang 
 
 

•  LHCb : could measure BR(KS → πµν) at the < 1% level?   
KS → πµν measured by KLOE-II but not competitive 
τS known to 0.04% (vs 0.41% for τL, 0.12% for τ±) 

 

 
 

 

Cirigliano et al’22 
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3.2  Vus from Hyperon decays 

Vus can be measured from Hyperon decays: 
•  Λ      peνe Possible measurement at BESIII, Super τ-Charm factory? 

•  Possibilities at LHCb? 

 
 
 

 
 
•  To be able to extract Vus one needs to compute form factors precisely  
               Lattice effort from RBC/UKQCD 

 
 

 

Università
di CagliariA glimpse into LHCb possibilities

• Dedicated paper with some of us + theorists to explore future possibilities

• Approximate simulations (validated on published ones) to get sensitivities

• Countless channels to be probed

Channel R ✏
L

✏
D

�
L

(MeV/c2) �
D

(MeV/c2)
K0

S ! µ+µ� 1 1.0 (1.0) 1.8 (1.8) ⇠ 3.0 ⇠ 8.0
K0

S ! ⇡+⇡� 1 1.1 (0.30) 1.9 (0.91) ⇠ 2.5 ⇠ 7.0
K0

S ! ⇡0µ+µ� 1 0.93 (0.93) 1.5 (1.5) ⇠ 35 ⇠ 45
K0

S ! �µ+µ� 1 0.85 (0.85) 1.4 (1.4) ⇠ 60 ⇠ 60
K0

S ! µ+µ�µ+µ� 1 0.37 (0.37) 1.1 (1.1) ⇠ 1.0 ⇠ 6.0
K0

L ! µ+µ� ⇠ 1 2.7 (2.7) ⇥10�3 0.014 (0.014) ⇠ 3.0 ⇠ 7.0
K+ ! ⇡+⇡+⇡� ⇠ 2 9.0 (0.75) ⇥10�3 41 (8.6) ⇥10�3 ⇠ 1.0 ⇠ 4.0
K+ ! ⇡+µ+µ� ⇠ 2 6.3 (2.3) ⇥10�3 0.030 (0.014) ⇠ 1.5 ⇠ 4.5
⌃+ ! pµ+µ� ⇠ 0.13 0.28 (0.28) 0.64 (0.64) ⇠ 1.0 ⇠ 3.0
⇤ ! p⇡� ⇠ 0.45 0.41 (0.075) 1.3 (0.39) ⇠ 1.5 ⇠ 5.0
⇤ ! pµ�⌫̄

µ

⇠ 0.45 0.32 (0.31) 0.88 (0.86) � �
⌅� ! ⇤µ�⌫̄

µ

⇠ 0.04 39 (5.7) ⇥10�3 0.27 (0.09) � �
⌅� ! ⌃0µ�⌫̄

µ

⇠ 0.03 24 (4.9) ⇥10�3 0.21 (0.068) � �
⌅� ! p⇡�⇡� ⇠ 0.03 0.41(0.05) 0.94 (0.20) ⇠ 3.0 ⇠ 9.0
⌅0 ! p⇡� ⇠ 0.03 1.0 (0.48) 2.0 (1.3) ⇠ 5.0 ⇠ 10
⌦� ! ⇤⇡� ⇠ 0.001 95 (6.7) ⇥10�3 0.32 (0.10) ⇠ 7.0 ⇠ 20

Channel R ✏
L

✏
D

�
L

(MeV/c2) �
D

(MeV/c2)
K0

S ! ⇡+⇡�e+e� 1 1.0 (0.18) 2.83 (1.1) ⇠ 2.0 ⇠ 10
K0

S ! µ+µ�e+e� 1 1.18 (0.48) 2.93 (1.4) ⇠ 2.0 ⇠ 11
K+ ! ⇡+e�e+ ⇠ 2 0.04 (0.01) 0.17 (0.06) ⇠ 3.0 ⇠ 13
⌃+ ! pe+e� ⇠ 0.13 1.76 (0.56) 3.2 (1.3) ⇠ 3.5 ⇠ 11
⇤ ! p⇡�e+e� ⇠ 0.45 < 2.2⇥ 10�4 ⇠ 17 (< 2.2) ⇥10�4 � �
Channel R ✏

L

✏
D

�
L

(MeV/c2) �
D

(MeV/c2)
K0

S

! µ+e� 1 1.0 (0.84) 1.5 (1.3) ⇠ 3.0 ⇠ 8.0
K0

L

! µ+e� 1 3.1 (2.6) ⇥10�3 13 (11) ⇥10�3 ⇠ 3.0 ⇠ 7.0
K+ ! ⇡+µ+e� ⇠ 2 3.1 (1.1) ⇥10�3 16 (8.5)⇥10�3 ⇠ 2.0 ⇠ 8.0

R = ratio of
production
✏ = ratio of
e�ciencies

F. Dettori Strange-hadrons results from LHCb FPCP2020 20/23

A
lves

et
al.

JH
E
P
05(2019)048

31 Emilie Passemar 



3.3  Theoretical Prospects for Vus from Kaon and Baryon 
decays 

•  Lattice Progress on hadronic matrix elements: decay constants, 
FFs: Only 1 result at per mile accuracy for f+(0) from lattice QCD 

 
 
•  Full QCD+QED decay rate on the lattice,for  Leptonic decays of 

kaons and pions          Inclusion of EM and IB corrections : 
•  Perturbative treatment of QED on lattice established    
•  Formalism for Kl2 worked out but non negligible finite volume effects 

found                  
 

•  Application of the method for semileptonic Kaon (Kl3) and Baryon 
decays

•  Theoretical analytical program for Radiative corrections using lattice 
inputs 
 
 

 
 
 
 

 

 
 

 

Aim: Per mille level within 10 years
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It would be great to have other determinations  



4.   Can Tau physics help?  



Path to Vud and Vus 
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ud usd V d V sθ = +

•  From kaon, pion, baryon and nuclear decays 

 
 
 
 
 
 
 
 
 
 

•  From τ decays (crossed channel) 
 

 
 
 
 

  
 
 

 

 

5.1  Introduction: Paths to Vud and Vus  

Vud  τ          ππντ τ               πντ τ             hNSντ 

Vus τ           Kπντ τ               �ντ 
τ              hSντ 
(inclusive) 

Vud 

 0+     0+ 

π±      π0eνe 
n      peνe π     lνl   

Vus K      π�νl Λ      peνe  K       lνl   
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4.1  Vus from τ      K ντ / τ     π ντ decays 

 

 

 
 

 

–   
 

 
 
 
 
 

•   
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Vud  τ          ππντ τ               πντ τ             hNSντ 

Vus τ           Kπντ τ               Kντ 
τ              hSντ 
(inclusive) 

•  From τ decays (crossed channel) 

[ ]( )
[ ]( )

( )
( ) ( )

22 2 2

LD222 2

1
1

1
K usK

ud

m mK Vf
fm m V

τ

πτπ

τ ν γ
δ

τ πν γ
±

±

−Γ →
= +

Γ → −

Main input hadronic input: fK/fπ as for Kaon physics 

From Tau physics: Vus/Vud = 0. 2289(18)exp(4)lat  
 
to be compared to Vus/Vud = 0. 2311(3)exp(4)lat                Need important exp. improvement ! 

-2.1σ	away	from	unitarity	 HFLAV’23 



Inclusive determination of  Vus 

 

 

 
 

 

–   
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Vud  τ          ππντ τ               πντ τ             hNSντ 

Vus τ           Kπντ τ               Kντ 
τ              hSντ 
(inclusive) 

•  From τ decays (crossed channel) 



 
 
 
 
 
 
•  Quantity of interest : 

 
 
 
 
 
 
 
 
 
 

 

 
 
 
 
 
	
	
	

	
  

 
 
 
 
 

 
 

 
 
      

 
 

Inclusive τ-decays  
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Braaten,	Narison,	Pich’92	

  
Rτ ≡

Γ τ − →ντ + hadrons( )
Γ τ − →ντe

−ν e( )



•  Calculation of Rτ: 
 
 
 
 
 
 
 
 
 
 
 

 

 
 
 
 
 
	
	
	

	

  
 
 
 
 
 

 
 

 
 
      

 
 

3.2  Calculation of the QCD corrections 
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Braaten,	Narison,	Pich’92	

( ) ( ) ( ) ( )
2 2

1 02
2 2 2

0

( ) 12 1 1 2 Im Im
m

EW
ds s sR m S s i s i
m m m

τ

τ τ
τ τ τ

π ε ε
⎡ ⎤⎛ ⎞ ⎛ ⎞

= − + Π + + Π +⎢ ⎥⎜ ⎟ ⎜ ⎟
⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

∫

[7]

[8]

[6]

+
V V A A

J



•  Calculation of Rτ: 

 
 
 
 
 

•   Spectral functions:  

  

 
•  ALEPH and OPAL at LEP measured  

with precision not only the total BRs  
but also the energy distribution of the  
hadronic system  

 mix of non-perturbative and  
 perturbative effects 

 
 
 
 
 
 
 
 
 
 
 

 

 
 
 
 
 
	
	
	

	
  

 
 
 
 
 

 
 

 
 
      

 
 

3.2  Calculation of the QCD corrections 
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Braaten,	Narison,	Pich’92	

(0 1)
1 ,v ( ) 2 Im ( )ud Vs sS � 3

(0 1)
1 ,a ( ) 2 Im ( )ud As sS � 3

Davier et al, 1312.1501 

SPECTRAL  FUNCTIONS 

BF  data 
needed 

A. Pich                                                                                      Leptons & QCD                                                                                            5 

Zhiqing Zhang (zhang@lal.in2p3.fr, LAL, Orsay) /13 3 Tau 2014, Aachen, Sept. 15-19, 2014 

Theoretically, Rτ can be expressed in terms of vacuum polarization functions as 

R⌧,V +A = 12⇡SEW

Z m2
⌧

0

ds

m2
⌧

✓
1� s

m2
⌧

◆2 ✓
1 + 2

s

m2
⌧

◆
Im⇧(1)(s + i") + Im⇧(0)(s + i")

�

with ⇧(J) = |Vud|2
⇣
⇧(J)

ūd,V + ⇧(J)
ūd,A

⌘

Im⇧(1)
ūd,V/A(s) =

1
2⇡

v1/a1(s), Im⇧(0)
ūd,A =

1
2⇡

a0(s)

Therefore, Rτ is a weighted integral of spectral functions 
 Basis for comparing measurements with theoretical predictions 

similar in e+e- 
annihilation 
into hadrons: 

 Im[                    ]  ∝  |                     hadrons |2 

BNP, NPB373 (1992) 581 

( ) ( ) ( ) ( )
2 2

1 02
2 2 2

0

( ) 12 1 1 2 Im Im
m

EW
ds s sR m S s i s i
m m m

τ

τ τ
τ τ τ

π ε ε
⎡ ⎤⎛ ⎞ ⎛ ⎞

= − + Π + + Π +⎢ ⎥⎜ ⎟ ⎜ ⎟
⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

∫



Measurements 
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Rτ ≡

Γ τ − →ντ + hadrons( )
Γ τ − →ντe

−ν e( ) = ?•    

 
 
 

•   Decomposition as a function of observed and separated final states:  
  
 
 
 
 
 
 
 

 

 
 
 
 
 
	
	
	

	

  
 
 
 
 
 

 
 

 
 
      

 
 

,, ,V A SR R RRt tt t= + +

,VRt , 0v shtt n-
=® +

,ARt , 0A shtt n-
=® +

,SRt , 1V A shtt n-
+ =® +

(even number of pions)

(odd number of pions)



Measurements 
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Rτ ≡

Γ τ − →ντ + hadrons( )
Γ τ − →ντe

−ν e( ) = ?•    

 
 
 

•   Decomposition as a function of observed and separated final states:  
  
 
 
 
 
 
 
 

 

 
 
 
 
 
	
	
	

	

  
 
 
 
 
 

 
 

 
 
      

 
 

, , ,V SARR R Rtt t t= + +

,VRt , 0v shtt n-
=® +

,ARt , 0A shtt n-
=® +

,SRt , 1V A shtt n-
+ =® +

(even number of pions)

(odd number of pions)



Measurements 
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Rτ ≡

Γ τ − →ντ + hadrons( )
Γ τ − →ντe

−ν e( ) = ?•    

 
 
 

•   Decomposition as a function of observed and separated final states:  
  
 
 
 
 
 
 
 

 

 
 
 
 
 
	
	
	

	

  
 
 
 
 
 

 
 

 
 
      

 
 

, , ,V SAR R R Rt tt t= + +

,VRt , 0v shtt n-
=® +

,ARt , 0A shtt n-
=® +

,SRt , 1V A shtt n-
+ =® +

(even number of pions)

(odd number of pions)



•  Calculation of Rτ: 

	
	
	
	

•  Analyticity: Π is analytic in the entire complex plane except for s real positive 
 

                     Cauchy Theorem 

	
	
	

•  We are now at sufficient energy to use OPE: 
 
 
 
 
 
 
 
 
 
 
 

 

 
 
 
 
 
	
	
	

	

  
 
 
 
 
 

 
 

 
 
      

 
 

3.2  Calculation of the QCD corrections 
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Braaten,	Narison,	Pich’92	( ) ( ) ( ) ( )
2 2

1 02
2 2 2

0

( ) 12 1 1 2 Im Im
m

EW
ds s sR m S s i s i
m m m

τ

τ τ
τ τ τ

π ε ε
⎡ ⎤⎛ ⎞ ⎛ ⎞

= − + Π + + Π +⎢ ⎥⎜ ⎟ ⎜ ⎟
⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

∫

   
Rτ (mτ

2 ) = 6iπ SEW
ds
mτ

2 1 − s
mτ

2

⎛

⎝⎜
⎞

⎠⎟

2

1 + 2 s
mτ

2

⎛

⎝⎜
⎞

⎠⎟
Π 1( ) s( ) + Π 0( ) s( )⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥s =mτ

2!∫

( ) ( )
2

0,2,4... dim

1( ) ( , ) ( )
( )

JJ
DD

D O D
s s O

s
µ µ

= =
Π =

−∑ ∑ C

Wilson	coefficients	 Operators	
μ:	separation scale between               
 short and long distances 



 
 

	 

	

 
 
 
 
 
 
 
 
 
 
 

 

 
 
 
 
 
	
	
	

	
  

 
 
 
 
 

 
 

 
 
      

 
 

3.3  Operator Product Expansion 
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( ) ( )
2

0,2,4... dim

1( ) ( , ) ( )
( )

JJ
DD

D O D
s s O

s
µ µ

= =

P =
-å å C

separation scale
between short and 
long distances

µ

Wilson coefficients Operators

• D=0: Perturbative contributions

• D=2: Quark mass corrections

• D=4: Non perturbative physics operators,

• D=6: 4 quarks operators,  

• D³8: Neglected terms, supposed to be small…

similar for              and 

,s GGa
p j iim q q

1 2i j j iq q q qG G

2 (0) ( )
, 0 ,

2,4..

3( ) 1
2

ud D
V EW ud V

D
R s V St d d

=

æ ö
= + +ç ÷

è ø
å , 0( )AR st , 0( )SR st



•  Calculation of	Rτ: 

 
 
•  Electroweak corrections: 

•   Perturbative part (D=0):		
	

 
 
 
 
 
 
 
 
 
 
 

 

 
 
 
 
 
	
	
	

	

  
 
 
 
 
 

 
 

 
 
      

 
 

Perturbative Part 
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Braaten,	Narison,	Pich’92	

( ) ( )2  1C EW P NPR m N Sτ τ δ δ= + +

1.0201(3)EWS = Marciano &Sirlin’88, Braaten & Li’90, Erler’04 

2 3 45.20 26 127 ... 20%P a a a aτ τ τ τδ = + + + + ≈ Baikov, Chetyrkin, Kühn’08 

( )s ma τ
τ

α
π

=



•  Calculation of	Rτ: 

 
 
•  Electroweak corrections: 

•   Perturbative part (D=0): 

•  D=2: quark mass corrections, neglected for                       but not for 

•  D ≥ 4: Non perturbative part, not known, fitted from the data 
             Use of weighted distributions 
 
Ex: In the non-strange sector: 

   
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 
 
 
 
 
	
	
	

	

  
 
 
 
 
 

 
 

 
 
      

 
 

Non-perturbative part 
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Braaten, Narison, Pich’92 

( ) ( )2  1C EW P NPR m N Sτ τ δ δ= + +

1.0201(3)EWS = Marciano &Sirlin’88, Braaten & Li’90, Erler’04 

2 3 45.20 26 127 ... 20%P a a a aτ τ τ τδ = + + + + ≈ Baikov, Chetyrkin, Kühn’08 

( )s ma τ
τ

α
π

=

( ) ,NS
u dR m mτ ∝ ( ) s

SR mτ ∝

  δ NP
NS = −0.0064(13) Davier et al.’14 



Inclusive determination of  Vus 

 
•  With	QCD	on:		

 
 
 
 
 
 

•  Use OPE: 

 
 
 
 
 
 

•  	
												computed	using	OPE	

 

 
 
 

 
 

  

Vus

2

Vud

2 =
Rτ

S

Rτ
NS +O α S( )

M. González-Alonso /23 

  Extraction$of$αS$and$Vus.$The$idea$is$simple:$

(Inclusive) Hadronic tau decays 

Tau physics 

In
te

ns
it

y 
F

ro
nt

ie
r 

20
13

 

€ 

Rτ = Rτ
S=0 + Rτ

S≠0 ≈ NC Vud
2

+ NC Vus
2
≈ 2.85 + 0.15

€ 

Vus
2

Vud
2 ≈

Rτ
S≠0

Rτ
S=0

€ 

Vus
2

The complication is here! 

QCD switch 

(αS≠0) 

[exp: ~3.628(9)] 

€ 

Rτ ≡
Γ τ →ντ + hadrons( )
Γ τ →ντ  e

−  ν e( )
≈ NC

[exp: ~3.467(8) + 0.161(3)] 

+ corr. 

€ 

Rτ
S=0 ≈ NC Vud

2
+O(α s)

€ 

α s

11 

  
δ Rτ ≡

Rτ ,NS

Vud

2 −
Rτ ,S

Vus

2

  Rτ
NS mτ

2( ) = NC  SEW Vud

2
1 + δ P + δ NP

ud( )

  Rτ
S mτ

2( ) = NC  SEW Vus

2
1 + δ P + δ NP

us( )

Vus
2
=

Rτ ,S

Rτ ,NS

Vud
2 − δRτ ,th

SU(3)	breaking	quanAty,	strong	
dependence	in	ms		computed	from	
OPE	(L+T)	+	phenomenology	
	
   
δ Rτ ,th = 0.0238(33) Gamiz	et	al’07,	Maltman’11		

  Rτ ,S = 0.1615(28)

  Rτ ,NS = 3.4650(84)

HFLAV’23		
	

  Vud = 0.97373(32)

  Vus = 0.2184 ± 0.0018exp ± 0.0010th

-3.7σ	away	from	unitarity!	 
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Rτ ≡

Γ τ − →ντ + hadrons( )
Γ τ − →ντe

−ν e( )



Inclusive determination of  Vus 

•  See recent lattice work by ETMC’24													 

 
 
 
 
 

 
 
 
 
 
 

	
 

 
 
 

 
 
 
 
 
 

•  Aim: Reach per mile level precision on Rus/Vus 
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From unitarity

|V
us

|

⌧ ! X

us

⌫

⌧

[This work]
⌧ � OPE � 1, Refs. [6-7]
⌧ � OPE � 2, Refs. [8-9]
⌧�latt-disp, Ref. [10]
⌧ ! K ⌫

⌧

, Ref. [5]
Hyperons, Ref. [4]
K

`3, Ref. [3]
K/⇡

`2, Ref. [3]
0+ ! 0+ �-decays, Ref. [14]
n ! p e ⌫, Ref. [4]
⌧ ! X

ud

⌫

⌧

, Ref. [2]
⇡

`3, Ref. [4]

FIG. 3. Comparison between our determination of |V
us

| (red
data-point) and existing estimates based on ⌧ -decay analy-
ses, or from other decay channels. The lower part of the fig-
ure shows the predictions for |V

us

| obtained assuming CKM-
unitarity.

In FIG. 3 we compare our determination of |Vus| with
the other existing direct determinations as well as with
various determinations obtained by assuming the unitar-
ity of the CKM matrix, i.e. |Vus| =

p
1� |Vud|2. As the

figure shows, our determination of |Vus| from inclusive ⌧
decay is in good agreement with both |Vus|⌧�OPE�1 and
|Vus|⌧�OPE�2, while it is smaller (of about 2 SD) than
the determination of Ref. [10] which, however, mostly re-
lies on the experimental value of the exclusive ⌧ ! K⌫`
decay.

Our current estimate of |Vus| has been obtained by
neglecting long distance isospin breaking corrections.
These, instead, have been taken into account in the de-
terminations |Vus|K/⇡

`2

and |Vus|K
`3

from leptonic and
semileptonic decays [20–29]. The current di↵erence be-
tween our result in Eq. (17) and the determinations of
|Vus| from leptonic and semileptonic decays is at the level
of 3.3 and 2.2 SD, respectively. We note that in order to
fully reconcile the 3.3 SD di↵erence w.r.t. |Vus|K/⇡

`2

one
needs an isospin breaking correction

�R(⌧)
us = 2

⇢ |Vus|⌧�latt�incl

|Vus|K/⇡
`2

� 1

�
= �0.058(18) (18)

on R
(⌧)
us . At the current level of the theoretical preci-

sion a first principles calculation of �R(⌧)
us on the lattice

is needed. Once this calculation will be performed, ex-
perimental uncertainties will wholly govern the determi-
nation of |Vus| from inclusive ⌧ decays.

CONCLUSIONS

In this work we have extracted for the first time
|Vus| from inclusive hadronic ⌧ decays with full non-
perturbative accuracy and with a 0.9% relative error
that, currently, is dominated by the experimental un-
certainty.

Our iso-symmetric QCD result has been obtained with-
out any perturbative approximation but is in fairly good
agreement with previous estimates obtained by using
OPE techniques. Therefore, our result confirms the
previously observed tension of about 3 SD between ⌧ -
inclusive and purely hadronic determinations of |Vus|
which can no longer be attributed to the OPE approxi-
mation.
The origin of this tension can possibly be ascribed to

the long distance isospin breaking corrections, that have
been taken into account in the determinations of |Vus|
coming from kaons and pions leptonic decays but that,
as in all previous determinations coming from inclusive
hadronic ⌧ decays, we have presently neglected. In fact,
having obtained a fully non-perturbative result with sub-
percent accuracy in iso-summetric QCD, further progress
on the study of inclusive hadronic ⌧ decays can only be
done by computing these corrections from first principles.
We have already started a series of projects dedicated to
this challenging task.
On the other hand, we also noticed that in order to

fully reabsorb the observed tension a rather large (of the
order of 5%) isospin breaking correction would be needed.
In the light of this observation we think that it is im-
portant to investigate the possibility that experimental
uncertainties on the ⌧ inclusive hadronic decay rate have
been underestimated and, at the same time, to speculate
about possible new physics scenarios that could explain
this puzzle.
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FIG. 1. Illustrative example of the continuum extrapolation
of R(⌧)

us

(�) for � = 0.02. The data points in light-blue and
orange correspond to the raw data obtained on the ensem-
bles listed in TABLE I respectively for the “OS” and “tm”
regularizations. The data points in dark-red and dark-blue
are instead inclusive of the systematic error due to finite-
size e↵ects. The di↵erent red (for ‘tm”) and blue (for ‘OS”)
lines show some of the fits obtained using a constant or lin-
ear Ansatz in a2. The histogram shown in the left part of
the figure corresponds to the distribution of the continuum
extrapolated results obtained after applying the BAIC. All
data correspond to the kernel reconstructions obtained with
the choice ↵ = r

max

= 4 of the HLT algorithmic parameters
(see Appendix).

histogram shown in FIG. 1 corresponds to the p.d.f.
of the continuum extrapolated results. For all � we
checked that at least one of the fits performed has a
�2/dof close to unit. To provide a quantitative measure
of the quality of our continuum-limit extrapolations, we
considered the spread

�a(�) =

���R(⌧)
us (�)�R

(⌧)
us (�, amin)

���

�R
(⌧)
us (�)

(14)

between the continuum extrapolated value of R(⌧)
us (�) and

the corresponding value at the finest simulated lattice
spacing (ensemble E112), in units of the uncertainty of

the continuum extrapolation �R
(⌧)
us (�). The lattice spac-

ing dependence is essentially absent within uncertainties
for � < 0.1, where we have �a(�) < 0.1, while it becomes
increasingly pronounced by increasing �.

To obtain our final determination of R(⌧)
us /|Vus|2, we

need to perform the extrapolation to vanishing �. Ac-
cording to the theoretical analysis presented in ap-
pendix B of Ref. [2], the corrections to the � = 0 limit
are of the form

R(⌧)
us (�) = R(⌧)

us +R4 �
4 +O(�6) . (15)

To carry out the extrapolation and to properly estimate
the associated systematic error, we perform a first fit to
our data including only �4 corrections and considering
all values of �  0.12, and a second, additional, �4 +
�6 fit over the full range of � explored. The results of
these extrapolations are shown in FIG. 2. The O(�6)
corrections become numerically subleading for �  0.12,
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FIG. 2. Extrapolation to vanishing �. The gray and pink
bands correspond to the �4 and �4 + �6 fits to the data ob-
tained by using ↵ = r

max

= 4 for the HLT algorithmic param-
eters (see Appendix). In the case of the �4 fit the data points
at � > 0.12 have been excluded. The results corresponding
to di↵erent choices of the HLT algorithmic parameters are in
remarkable good agreement.

while the �4 corrections are subleading for �  0.04,
where the quality of our continuum extrapolations are
remarkably good and the dependence upon � is basically
absent. Such behaviour allows us to take the � 7! 0 limit
with full confidence.
FIG. 2 also shows that the results corresponding to

di↵erent choices of the HLT algorithmic parameters (see
Appendix) are in perfect agreement, thus confirming the
reliability of our estimates of the systematic errors as-
sociated with the HLT reconstruction of the smearing
kernels.
Taking into account all sources of uncertainties, our

final determination of R(⌧)
us /|Vus|2 is

R(⌧)
us /|Vus|2 = 3.407 (19)stat+HLT+FSE(10)a(4)�

= 3.407 (22) . (16)

The first source of uncertainty is due to statistical errors,
FSEs and also includes the systematic uncertainties asso-
ciated with the HLT spectral resonstructions2. The sec-
ond source of uncertainty is due to the continuum-limit
extrapolation and has been estimated by taking into ac-
count the spread between the results obtained in the dif-
ferent fits using the BAIC (see Eqs. (46)-(47) of Ref. [2]
for details). The third source of uncertainty is due to
the � 7! 0 extrapolation and it is given by the di↵erence
between the results obtained in the �4 and �4 + �6 fits
shown in FIG. 2. By combining our theoretical result

with the experimental result R
(⌧)
us = 0.1632(27) quoted

in Ref. [5] we obtain

|Vus|⌧�latt�incl = 0.2189(7)th(18)exp . (17)

2 The HLT and FSE systematic errors have been estimated with a
data-driven approach (see Eq. (25)) and therefore are entangled
with the statistical error. Approximately, the HLT systematic
error is negligible with respect to the stat and FSE contributions
which are instead of similar size.

Gagliardi@Tau25 
 

The Cabibbo angle from inclusive · -decays

Our final determination is R·

us/|Vus|2 = 3.407 (22) [0.6% uncertainty]
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[ Ref. [10] = P.Boyle et al., PRL 121 (2018) ]

• Using the exp. value Rexp
us = 0.1632(27), we get |Vus| = 0.2189(7)th(18)exp

• Our result has < 1% uncertainty, and agrees with OPE results.

• Our results is 3.2‡ (2.2‡) smaller than determination from leptonic
(semileptonic) decays.

• At present accuracy level, VQED+strong isospin-breaking corrections needed. 10
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•  With B-factories new measurements : 

 

3.4   Prospects : τ strange Spectral functions 

•  Experimental measurements of the strange spectral functions not very precise 
 
 
 
 
 

 
 
 
 
 
 
 

 
•  Before B-factories 

 

Smaller τ        K branching ratios          smaller                  smaller  
 

 
 

,SRτ usV

old
0.1686(47)SRτ =

  Vus new
= 0.2176 ± 0.0019exp ± 0.0010thexp thold

0.2214 0.0031 0.0010usV = ± ±

  
Rτ

S

new
= 0.1615(28)

New measurements are needed ! 



3.4   Prospects : τ strange BRs 
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•  Very interesting quantity to extract Vus: QCD part completely independent  
from form factors or decay constants         Use OPE 

 
•  Experimentally very challending since all Brs need to be measured  

 

Status and plans of tau fits for HFLAV/PDG

|Vus | from fi ! Xs⌫fi uncertainties budget

ı�K̄02ı0⌫fi (ex. K0) 0.3933
K�2ı0⌫fi (ex. K0) 0.3789
K�3ı0⌫fi (ex. K0; ”) 0.3715
K̄0h�h�h+⌫fi 0.3452
K�ı0⌫fi 0.2561
K�ı�ı+ı0⌫fi (ex. K0; !; ”) 0.2438
ı�K̄0⌫fi 0.2373
ı�K̄0ı0⌫fi 0.2201
K�⌫fi 0.1646
K�!⌫fi 0.1573
K�⌫fi 0.1453
K�ı�ı+⌫fi (ex. K0; !) 0.1148
ı�K̄0”⌫fi 0.0254
K�ı0”⌫fi 0.0198
K�”⌫fi 0.0137
K��⌫fi (� ! K+K�) 0.0136
K��⌫fi (� ! K0

SK
0
L) 0.0094

K�2ı�2ı+⌫fi (ex. K0) 0.0021
K�2ı�2ı+ı0⌫fi (ex. K0) 0.0010
fi ! non-strange 0.0855
Buniv
e 0.0044

theory 0.4863

I to be updated, but negligible changes in HFLAB 2023

Alberto Lusiani (orcid.org/0000-0002-6876-3288) – TAU2023, 4-8 December 2023, Louisville, USA 14 / 16

A.	Lusiani@Tau’25	
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Conclusion and Outlook 
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•  Recent precision determinations of Vus and Vud enable unprecedented tests 
of the SM and constraints on possible NP models  

•  Tensions in unitarity of 1st row of CKM matrix have reappeared! 
 

•  We need to work hard to understand where they come from: 
–  On experimental side:  

For Vus, new measurements in kaons (NA62: Kµ3/Kµ2, LHCb?)  
and in tau decays from Belle II  
Vus from hyperon decays?            BESSIII, LHCb? 

  

–  On theory side:  
Calculate very precisely radiative corrections, isospin breaking effects 
and matrix elements 
Be sure that the uncertainties are under control 

–  If  these tensions are confirmed          what do they tell us?  
 

•  Interesting time ahead of us! 

 

 

 
 

 



6.   Back-up 
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Γ K →π lν γ⎡⎣ ⎤⎦( ) = Br(Kl 3 )

τ
CK

2 GF
2 mK

5

192π 3 SEW
K Vus

2
f+

K 0π −

(0)
2

IKl 1 + 2ΔEM
Kl + 2ΔSU(2)

Kπ( )

Electromagnetic and isospin breaking corrections 

•  Master formula for 
 
 
 
 
 

•  Short distance electroweak correction  

•  Long distance EM corrections:          Computed in ChPT at O(p2e2) 
 
 
 
 

•  Isospin breaking : 
 
 
Computed in ChPT at O(p4):   
 
Inputs from lattice QCD and from η → 3π analysis for Q    

 

 

 
 
 

 
 
 
 

 
 
 
 
 

        
 
 
 
 

 
 

Experimental determination of Vus from kaon decays – M. Moulson (Frascati) – CKM 2014, Vienna, 8 September 2014"

K(P) π(p) 

ℓ"

ν 

Kℓ3 form factors"

17!

Ke3 decays: Only vector form factor:"

t = (P − p)2 

Hadronic matrix element:!

For Vus, need integral over phase space of squared matrix element:"
Parameterize form factors and fit distributions in t (or related variables)"

Kµ3 decays: Also need scalar form factor:!

2.4  Electroweak corrections 

•  Master formula for K → πlνl: K = {K+,K0}, l={e,µ} 

 
 
 
 

 
 
 
 
 

        
 
 
 
 

 
 

2.1  Vus from Kl3 decays 

•  Master formula for K → πlνl: K = {K+,K0}, l={e,µ} 

•  Sew : Short distance electroweak correction 
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Γ K →π lν γ⎡⎣ ⎤⎦( ) = Br(Kl 3 )

τ
= CK

2 GF
2 mK

5

192π 3 SEW
K Vus

2
f+

K 0π −

(0)
2

IKl 1 + δEM
Kl + δ SU(2)

Kπ( )2

Emilie Passemar 

  
Sew = 1 + 2α

π
1 +

α S

4π
⎛
⎝⎜

⎞
⎠⎟

log
mZ

mρ

+O
αα S

π 2

⎛
⎝⎜

⎞
⎠⎟   Sew = 1.0232(3) Sirlin’82 

Vus from K→ πlν  decays 

Short distance 
electroweak correction:

Sirlin ‘82

+  + …   => 

  
Γ K →π lν γ⎡⎣ ⎤⎦( ) = Br(Kl 3 )

τ
= CK

2 GF
2 mK

5

192π 3 SEW
K Vus

2
f+

K 0π −

(0)
2

IKl 1 + 2ΔEM
Kl + 2ΔSU(2)

Kπ( )

Emilie Passemar 22 

Sirlin’82 

Cirigliano, Giannotti, Neufeld’08 

  
ΔSU(2)

Kπ =
f+

K +π 0

0( )
f+

K 0π −

0( )
−1

  
ΔSU(2)

Kπ = 3
4

1
Q2

M K
2

M π
2 +

χ
p4

2
1 +

ms

m̂
⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
= 2.61(17)%

Gasser & Leutwyler’85  

  
Q2 ≡

ms
2 − m̂2

md
2 − mu

2

   
m ≡

md + mu

2
⎡

⎣
⎢

⎤

⎦
⎥

   ΔEM
Kℓ
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1.1   Introduction: 1.1  Test of New Physics : Vus 

•  Extraction of the Cabibbo-Kobayashi-Maskawa matrix element Vus 

Ø  Fundamental parameter of the Standard Model 
 
Description of the weak interactions: 

Ø  Universality: Is GF from µ decay equals to GF from π, K, nuclear β decay? 

 

 

 
 
 
 
 

 
 
 

 

 

   
LEW = g

2
Wα

+ DLVCKMγ
αU L + eLγ

αν eL
+ µLγ

αν µL
+ τ Lγ

αντ L
( ) + h.c.

Gauge 
coupling 

Experimental determination of Vus from kaon decays – M. Moulson (Frascati) – CKM 2014, Vienna, 8 September 2014"

Vus, CKM unitarity, gauge universality "

2!

Standard-model coupling of quarks and leptons to W:!

Single gauge 
coupling!

Unitary 
matrix!

+" ⋅⋅⋅!

s,d ν 

ℓ u 

W+ 

s,d ν 

ℓ u 

H+ 

s,d ν 

ℓ u 

W+ 

Z′ 

Physics beyond the Standard Model can break gauge universality:!

Universality: Is GF from µ decay equal to GF from π, K, nuclear β decay?!

Most precise test of CKM unitarity"
≈ 2×10−5"

?"="

6 Emilie Passemar 

1.1  Test of  the Standard Model: Vus and CKM unitarity 
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1.1   Introduction: 1.1  Test of New Physics : Vus 

•  Extraction of the Cabibbo-Kobayashi-Maskawa matrix element Vus 

Ø  Fundamental parameter of the Standard Model 
 
Description of the weak interactions : 

 

 
 
 
 
 
 

•  Look for new physics 
Ø  In the Standard Model : W exchange          only V-A structure  

 
 
 

 

 

   
LEW = g

2
Wα

+ DLVCKMγ
αU L + eLγ

αν eL + µLγ
αν µL + τ Lγ

αντ L( ) + h.c.

7 Emilie Passemar 

1.2  Constraining New Physics 



 
2.3   Vus/Vud from Kl2/πl2

 
 
 

 
•  Recent progress on radiative corrections computed on lattice: 

 
 
 

 

Vus from kaon decays – M. Moulson, E. Passemar – CKM 2021 – University of Melbourne, 22-26 Nov 2021

Vus/Vud and Kℓ2 decays

32

Giusti et al. 
PRL 120 (2018)

First lattice calculation of EM corrections to Pl2 decays
• Ensembles from ETM
• Nf = 2+1+1  Twisted-mass Wilson fermions

δSU(2) + δEM = −0.0122(16)
• Uncertainty from quenched QED included (0.0006)

Compare to ChPT result from Cirigliano, Neufeld ’11:
δSU(2) + δEM = −0.0112(21)

Di Carlo et al. 
PRD 100 (2019)

Update, extended description, and systematics of Giusti et al.
δSU(2) + δEM = −0.0126(14)

|Vus/Vud| × fK/fπ = 0.27679(28)BR(20)corr

Vus from kaon decays – M. Moulson, E. Passemar – CKM 2021 – University of Melbourne, 22-26 Nov 2021

Vus/Vud and Kℓ2 decays

32

Giusti et al. 
PRL 120 (2018)

First lattice calculation of EM corrections to Pl2 decays
• Ensembles from ETM
• Nf = 2+1+1  Twisted-mass Wilson fermions

δSU(2) + δEM = −0.0122(16)
• Uncertainty from quenched QED included (0.0006)

Compare to ChPT result from Cirigliano, Neufeld ’11:
δSU(2) + δEM = −0.0112(21)

Di Carlo et al. 
PRD 100 (2019)

Update, extended description, and systematics of Giusti et al.
δSU(2) + δEM = −0.0126(14)

|Vus/Vud| × fK/fπ = 0.27679(28)BR(20)corr

Di Carlo et al.’19  

Giusti et al.’18  
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2.1  Vus from Kl3  

Progress since 2018: 
•  First experimental measurement of BR of KS → πµν 
      BR(KS → πµν) = (4.56 ± 0.20) ×10−4 
 

•  Theoretically update on long-distance EM corrections: 

Up to now computation at fixed order e2p2 + model estimate for the LECs 
 
 
New calculation of complete EW RC using hybrid current algebra and ChPT 
(Sirlin’s representation) with resummation of largest terms to all chiral orders 
–  Reduced uncertainties at O(e2p4) 
–  Lattice evaluation of QCD contributions to γW box diagrams 
 

 

 
 

 

 

 

 
 
 

     
 
 

     
 

 
 

 

KLOE-2
PLB 804 (2020)

Matthew Moulson,  
Chien Yeah Seng 

34

Master formula:

Long-distance electromagnetic RC

Cirigliano et al., 2008 JHEP

Sirlin’s representation + ChPT + lattice QCD:
~10-4 error CYS, Galviz, Gorchtein and Meißner, 2021 PLB 

CYS, Galviz, Gorchtein and Meißner, 2103.04843 

ChPT calculations at O(e2p2) + model estimation
of the LECs: ~10-3 error 

Kaon semileptonic decays (K
l3
)

K

p

l+

n

V
us

Cirigliano et al. ’08  

Seng et al.’21 
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2.1  Vus from Kl3  

Progress since 2018: 
•  First experimental measurement of BR of KS → πµν 
      BR(KS → πµν) = (4.56 ± 0.20) ×10−4 
 
 
 

•  Theoretically update on long-distance EM corrections: 

 

 

 
 

 

 

 

 
 
 

     
 
 

     
 

 
 

 

KLOE-2
PLB 804 (2020)

Matthew Moulson,  
Chien Yeah Seng 

34

Master formula:

Long-distance electromagnetic RC

Cirigliano et al., 2008 JHEP

Sirlin’s representation + ChPT + lattice QCD:
~10-4 error CYS, Galviz, Gorchtein and Meißner, 2021 PLB 

CYS, Galviz, Gorchtein and Meißner, 2103.04843 

ChPT calculations at O(e2p2) + model estimation
of the LECs: ~10-3 error 

Kaon semileptonic decays (K
l3
)

K

p

l+

n

V
us

Only Ke3 at present 
For Kµ3 modes 
continue to use 
Cirigliano et al. ’08

Cirigliano et al. ’08 Seng et al. ’21

ΔEM(K0e3) [%] 0.50 ± 0.11 0.580 ± 0.016
ΔEM(K+e3) [%] 0.05 ± 0.13 0.105 ± 0.024
ρ +0.081 −0.039
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2.1  Vus from Kl3  

Progress since 2018: 
•  Theoretical progress on isospin breaking correction  

 

 

 
 

 

 

 

 
 
 

     
 
 

     
 

 
 

 

Matthew Moulson 

Strong isospin breaking
Quark mass differences, η-π0 mixing in K+π0 channel

Test by evaluating Vus from K± and K0 data with no corrections:
Equality of Vus values would require ΔSU(2) = 2.86(34)%   

= +2.61(17)% Calculated using:

χp4 = 0.252
NLO in strong interaction
O(e2p2) term εEM

(4) ~ 10−6

Q = 22.1(7) Colangelo et al. ’18, avg. from η→ 3π

ms/m = 27.23(10) FLAG ’20, Nf = 2+1+1 avg.
MK = 494.2(3)
Mπ = 134.8(3)

^

Isospin-limit meson masses from FLAG ’17

Cirigliano et al., ’02; Gasser & Leutwyler, ’85
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1.1   Introduction: 2.1  Vus from Kl3  

 

 

 

 
 
 

     
 
 

     
 

 
 

 

Lattice results for Q somewhat 
higher than analytical results
But, lattice results have finite 
correction to LO expectation:

Low-energy theorem: Q has no 
correction at NLO

Reference value of Q from 
dispersion relation analyses of 
η→ 3π Dalitz plots

Colangelo et al., ’18
Q = 22.1 � 0.7

Previous to recent results for Q, uncertainty on ΔSU(2) was leading contributor 
to uncertainty on Vus from K± decays

E. Passemar, CD 2021

Matthew Moulson 



Vus from Tau decays 

 
 
 
 
 
 
 
 
 
 
 
 
 

•  Belle II with 50 ab-1 and ~4.6 x 1010 τ pairs will improve Vus extraction 
•  Inclusive measurement is an opportunity to have a complete independent 

measurement of Vus            not easy as you have to measure many 
channels 

 

 
 

 

Tau physics Swagato Banerjee

Summary of |Vus| results

24

• |Vus| from kaon and tau falls short of CKM unitarity value by ~3σ 
• |Vus| from inclusive tau decays independent of Lattice errors used for kaons 
• New physics affecting 3rd generation only affects |Vus| from taus 
• Tau decays at Belle II offers unique and complementary insight

-3.7σ

-2.1σ

-2.6σ

-2.5σ

-3.5σ

-3.2σ

-2.7σ

 [Preliminary]

M. Moulson, E. Passemar
CKM2021

Cabibbo-angle anomaly



Vus from Tau decays 

 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 
 

 

Tau physics Swagato Banerjee

|Vus| from inclusive strange decays

22

fractions similarly to the kaon case, using the same lattice QCD estimates, in order to check the overall experimental
consistency.

In the following Sections 5.1 and 5.2 we update the CKM coefficient |V
us

| determinations that were shown in the
previous report using the 2015 determination of |V

ud

| [73] and the updated averages from HFAG 2016 and PDG
2015 for the other quantities.

5.1 |V
us

| from B(⌧ ! X
s

⌫)

The ⌧ hadronic partial width is the sum of the ⌧ partial widths to strange and to non-strange hadronic final states,
�

had

= �
s

+ �
VA

. The suffix “VA” traditionally denotes the sum of the ⌧ partial widths to non-strange final states,
which proceed through either vector or axial-vector currents.

Dividing any partial width �
x

by the electronic partial width, �
e

, we obtain partial width ratios R

x

(which are equal
to the respective branching fraction ratios B

x

/B
e

) for which R

had

= R

s

+ R

VA

. In terms of such ratios, |V
us

| is
measured as [72]

|V
us

|⌧s

=

s

R

s

/


R

VA

|V
ud

|2 � �R
theory

�
,

where �R
theory

can be determined in the context of low energy QCD theory, partly relying on experimental low energy
scattering data. The literature reports several calculations [72, 74, 75]. In this report we use Ref. [72], whose
estimated uncertainty size is in between the two other ones. We use the information in that paper and the PDG 2015
value for the s-quark mass m

s

= 95.00 ± 5.00 MeV [8] to calculate �R
theory

= 0.242 ± 0.032.

We proceed following the same procedure of the 2012 HFAG report [2], using the universality improved B

uni

e

=
(17.815 ± 0.023)% (see Section 4) to compute the R

x

ratios, and using the sum of the ⌧ branching fractions to
strange and non-strange hadronic final states to compute R

s

and R

VA

, respectively.

Using the ⌧ branching fraction fit results with their uncertainties and correlations (Section 2), we compute B

s

=
(2.909±0.048)% (see also Table 13) and B

VA

= B

hadrons

�B

s

= (61.85±0.10)%, where B

hadrons

is equal to �
hadrons

defined in section 4. PDG 2015 averages are used for non-⌧ quantities, including |V
ud

| = 0.97417 ± 0.00021, which
comes from Ref. [76] like for the previous HFAG report.

We obtain |V
us

|⌧s

= 0.2186 ± 0.0021, which is 3.1� lower than the unitarity CKM prediction |V
us

|
uni

= 0.22582 ±
0.00091, from (|V

us

|
uni

)2 = 1 � |V
ud

|2. The |V
us

|⌧s

uncertainty includes a systematic error contribution of 0.47%
from the theory uncertainty on �R

theory

. There is no significant change with respect to the previous HFAG report.

5.2 |V
us

| from B(⌧ ! K⌫)/B(⌧ ! ⇡⌫) and from B(⌧ ! K⌫)

We follow the same procedure of the HFAG 2012 report to compute |V
us

| from the ratio of branching fractions
B(⌧ ! K

�⌫⌧ )/B(⌧ ! ⇡�⌫⌧ ) = (6.438 ± 0.094) · 10�2 from the equation

B(⌧ ! K

�⌫⌧ )
B(⌧ ! ⇡�⌫⌧ )

=
f

2

K

|V
us

|2

f

2

⇡ |Vud

|2

�
1 � m

2

K

/m2

⌧

�
2

(1 � m

2

⇡/m
2

⌧ )
2

R⌧K/⌧⇡

We use f

K

/f⇡ = 1.1930 ± 0.0030 from the FLAG 2016 Lattice averages with N

f

= 2 + 1 + 1 [77].

The ratio of radiative corrections R⌧K/⌧⇡ is estimated as R⌧K/⌧⇡ = R(⌧�!K

�⌫/K�!µ�⌫) /R(⌧�!⇡�⌫/⇡�!µ�⌫)·
R(K�!µ�⌫ /⇡�!µ�⌫), where R(⌧�!K

�⌫/K�!µ�⌫) /R(⌧�!⇡�⌫/⇡�!µ�⌫) = [1 + (0.90 ± 0.22)%] / [1 +
(0.16 ± 0.12)%] [78] and R(K�!µ�⌫ /⇡�!µ�⌫) = 0.9930 ± 0.0035 [79, 80].

We compute |V
us

|⌧K/⇡ = 0.2231 ± 0.0018, 1.3� below the CKM unitarity prediction.

We determine |V
us

| from the branching fraction B(⌧� ! K

�⌫⌧ ) using

B(⌧� ! K

�⌫⌧ ) =
G

2

F

f

2

K

|V
us

|2m3

⌧ ⌧⌧
16⇡ �

h

✓
1 � m

2

K

m

2

⌧

◆
2

S

EW

.

We use f

K

= 155.6 ± 0.4 MeV from FLAG 2016 with N

f

= 2 + 1 + 1 [77] and the radiative correction S

EW

=
1.02010 ± 0.00030 [81]. We obtain |V

us

|⌧K

= 0.2223 ± 0.0016, which is 1.9� below the CKM unitarity prediction.
The physical constants have been taken from PDG 2015 (which uses CODATA 2014 [82]).
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Bs = (2.908 ± 0.048)%

To get R, we normalize by
(Be)univ = (17.812 ± 0.022)%

The error on Be is improved using lepton 
universality & improved measurements 

of mass (mτ) and lifetime (ττ).

BVA =  Bhadrons - Bs = (61.83 ± 0.10)%

 [Preliminary]

⇒ |Vus| = (0.2184 ± 0.0021)

Dominant contribution to error on |Vus| 
comes from error on the measured Bs. 

δRtheory contributes to Δ|Vus| = 0.0011.

  
Rτ ≡

Γ τ − →ντ + hadrons( )
Γ τ − →ντe

−ν e( ) ≈ NC

parton	model	predicAon		

  
δ Rτ ≡

Rτ ,NS

Vud

2 −
Rτ ,S

Vus

2

SU(3) breaking quantity, strong 
dependence in ms computed from 
OPE (L+T) + phenomenology 
	
   δ Rτ ,th = 0.0242(32)

Gamiz	et	al’07,	
	Maltman’11		

Vus
2
=

Rτ ,S

Rτ ,NS

Vud
2 − δRτ ,th

  Vus = 0.2184 ± 0.0018exp ± 0.0011th

2.9σ	away	from	unitarity!	 

HFLAV’21		
	


