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Initial hard partons> Parton-plasma interaction >
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Energy deposition JEarly dynamics —

Hydrodynamics

= Energy-momentum tensor of plasma: T* = eutu? — (P(¢e) + I (g"V—utu’) + n#v
» Conservation of energy and momentum: d,,T*V =0
" Transient relativistic viscous hydrodynamics

T,TA%fT“B + " =2n(T)(0"u” + ) + (2" order); Il + 1 = —(7) 9, u* + (2" order);



Initial hard partons> Time 1=0.8 fm

Pb-Pb /s = 2.76 TeV
n: 137171, 2010-11-09 00:12:13

Energy deposition

= Energy-momentum tensor of plasma: T* = eutu? — (P(¢e) + I (g"V—utu’) + n#v
= Conservation of energy and momentum: d,,T*¥ =0

" Transient relativistic viscous hydrodynamics

T,TA%ﬁaﬁ +THV =2 o*u? +---) + (2 order); Tl +11 = — 9, ut + (2" order);
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" Functional description of the physics of heavy-ion collisions using:
lattice QCD, relativistic hydrodynamics&transport, perturbative QCD, ...

" Model parameters: unknown or uncertain quantities
" Shear&bulk viscosity of the plasma

" Perhaps equation of state

= Many parameters in the "initial stage” and in transition between stages
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Model-data comparison
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= Data available for handful of nuclei and /s
Number of (e.g. Au-Au,/syy =0.2 TeV, Pb-Pb \/syy = 2.76 TeV)
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s = Large number of measured observables
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= Many energy/momentum bins

" Many centrality bins

momentum

¥ gt of hadrons

" Percent-level precision is common
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Model-data comparison = Challenge:
many parameters
= Constraints from Bayesian inference: (~10-20)
_ 1 (model(param) — data)?

posterior(param) < exp| — = (uncertainty)?

1 observables Y
Constraints on
parameters Model prediction for given set of model parameters

JETSCAPE Collaboration, (2021) PRC, PRL
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dNew/dn , dN/dy, dE7/dn (Gev)

(p1) (GeV)

Model-data comparison

s \ <= Collisions of lead nuclei at
JETSCAPE Vs = 2.76 TeV

103 nucleon ' .

; = For one choice of model parameters:
ECre ot g NUmberof = Simulate 103-10* collisions (expt: 10°)

—— K hadrons [model is stochastic]
10  =—aNy/dy d d

| =—dN,/dy proauce : : - tei

| —dNcp/dnx2.0 /P = Simulation: a few core-minute/collision
10 —dEr/dnT(S.O |

0 25 50 " =~100-1000 core-hours per param
1.5

p/p

N \\' « Average

-+ +K* momentum = 1k param samples = ~ 10°-10° core-hour
O 5 e Y Y Y - +

m* of hadrons = 10k param samples = ~ 10°-107 core-hour
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Model-data comparison

A 20-dimensional model parameter

" For one choice of model parameters:
space with 1,000 training points

= Simulate 103-10* collisions (expt: 10°)
Hydro events Avg. hadronic . .
per design events per hydro [model IS StOChaStIC]

Au+Au

= Simulation: a few core-minute/collision

" =~100-1000 core-hours per param

~ 5_ 6 -
~ Open Science Grid delivered 5 million = 1k param samples —» ~ 10”-10" core-hour

CPU hours for the data generation = 10k param samples - ~ 10°-107 core-hour

Chun Shen (Wayne State) Inverse Problems and Uncertaint

Chun’s talk this morning
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Emulation

1, T B _
posterior(param) « prior(param)xexp | — E(M odel(param) — D) Covar~1(Model(param) — D)

m Posterior is high-dimensional: expensive to sample

= Solution (that we use): replace model by emulators (Gaussian processes)

20

= Emulator covariance kernel: - Ao = zan@

—— Prediction
mmm 95% confidence interval

15 H # & Observations ”Design pointS”
(model calculations)

k(xp, Xq) — kexp(xpa Xq) + knoise(xpa Xq)

=

(0]

Emulator

. )
”Interpolation component”: = 35
1< |2y — x4 >
_ 2 pi T g, =
kexp(Xp, X4) = C” exp ) E 7 Q
: o]
i=1 ! @)

o Stat i St i Ca | CO m p O n e nt” : Fig. ref.: https://scikit-learn.org/0.17/auto_examples/gaussian_process/plot_gp_regression.html

2 195 2 l : 8 10

) _ 4 6
Knoise (Xp» Xg) = OpoiseOp.q Model parameter



Fig. ref.: https://scikit-

Emulation with stochastic simulations e s s

Smaller stat. uncertainty Larger stat. uncertainty
20 : 20 :
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Trade-off in emulation

" Given computational budget:
" M,,ent = collisions per parameter sample

® Nparam sampies= NUmMber of parameter samples

= Budget=M eventXNparam samples

Observable
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Trade-off in emulation

" Given computational budget:

" M,,ent = collisions per parameter sample

1450

® Nparam samples= Number of parameter samples

= Budget=M eventXNparam samples

Observable

= For given budget, what is the optimal M, and 1300 |

N param Samples?

" Optimal = minimizes uncertainty on parameters

= “Rule of thumb”?:

Nyaram samples ~ 10X (number of model parameters)
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Trade-off in emulation

1500
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1400

Observable
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Data w/ uncertainty
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02 04 06 08 10 12 14

Model parameter

J-F PAQUET (VANDERBILT UNIVERSITY)
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Trade-off in emulation

MeventXNparam samples (budget) fixed

1500
Data w/ uncertainty = 2.0
P
1450 )
@ S
& 1400 g
GEJ |, & Q
_ Emulator 2
3 1350 \ % 1.0 -
O “Design points” §
13007 (model calculations)
1250 - Meyent > Nparam samples Meypent < Nparam samples

02 04 06 08 10 12 14
Model parameter

stat. uncert

interpolation uncert

J-F PAQUET (VANDERBILT UNIVERSITY)
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Trade-off in emulation with closure tests

M eventXNparam samples (budget) fixed

15001 Model calculation

with “truth” E 2.0

1450 o True value of
2 E parameter
& 1400 g \
2 w\ Q
Q E | —
o \ s 1.0 -
O “Design points” §

13007 (model calculations)

1250 - Meyent > Nparam samples Meypent < Nparam samples

02 04 06 08 10 12 14

Model parameter

stat. uncert

interpolation uncert

J-F PAQUET (VANDERBILT UNIVERSITY)
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Observable: transverse anisotropy

Based on figures by Derek Teaney, CMS Coll., MADAI, H. Elfner and J. Bernhard

Transverse initial energy density: Transverse momentum distribution of hadrons:
00 27 .
drr |7 do re(r, ¢)el"? dN N
e, el — fo _ fo 2:5 (r, ) i = 1+ szn Cos(n(qb — CDn))
fo drr fo do re(r, ¢) n
1 Mev




Observable: transverse anisotropy

reduced thickness p
‘ INITIAL ENERGY DEPOSITION (TRENTO) S
energy N
normalization
Parameterization for energy deposition at 7 = 0 multiplicity o
fluctuation
min. distance btw. dmin

p

nucleons

10 fm

0}, controls
‘contrast’

AR

Pb-Pb @ 2.76 TeV w = 0.4fm
arXiv:1904.08290v1

Slide by Derek Everett (Ph.D. Ohio State)




Results with two observables and two parameters

0.4
38 {4t }
5SS :
DU 0.2
xS
0.0
< 0.8
o
s
S
% 06* + + + & ¢+ » + + }
>3 00 2T .
= . : . drr [ do re(r, ¢p)ein?
1072 10° 107 £, et — fo fo : ¢ (r, 9)
o0 s
Nparam samples fo drr J;) dp ree(r, ¢)
Mevent 1 Yy
(€,) = > eq{event j}

ev j=1
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Results with two observables and two parameters

0.4 ' = Quantifying closure:
oY
("] + .
§:c: 0.2 + + + . \ + " Value of posterior at true value of parameters
© 4
i e
0.0 0.20-
£ 0.8
©
E 0.15
S | .
§ 0.6-+ + —r———i} + \ .g
E £0.10
1072 10° 102 3
Nparam samples 0.05
Mevent

5 10 15 20
parameter
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Results with two observables and two parameters

o } " Quantifying closure:
o @V, + 4
w .
S ¢ " * . 4 1 * = Value of posterior at true value of parameters
o) L
gz
0.0
5 0.8 20.10
° g
s 0.05 y
..8 0.6‘ + * * parameter
-}
z Y T Y
1072 10° 102 . : o
N M = Akaike information criterion
param samples / event = —2 In Likelihood,,,4, + 2 (number of model parameters)

" Used for model comparison
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Results with two observables and two parameters

04 * " Quantifying closure:
© & g + +
Q .
%6 . * + = \ + = V\alue of posterior at true value of parameters
o) 2
0.0
= 0.8
° g
; 0.05 1 ; \\
g 0.00{_-===*"" ' -
% 0.6 1 + + + e + + } s pla?ameter = .
2 _ = Akaike information criterion
S - - ' = = —21InL,,4 + 2 (number of model parameters)
*&;_e' 10001 —— Posterior — AIC | -5 g
c & 5 = Used for model comparison
- -10 <«
25 500 =
Ly -15 2 .
¥ : : | 3 Best use of budget (best constraints) when
"‘ 102 10° 102 <

N M Nparam samples/Mevent ~01-1
param Samples/ event
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2 observables, 2 parameters (changing params)
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Posterior at

2 observables, 2 params (changing uncert. of “data”)

v 0.4 ] .
§§ I ]l + T k+ 1500 {1 Model calculation
o= °
BE 0.21 T with “truth”
=5 1450
0.0
0.8 2

& 0

5 G 1400

s | | 5 =

R *7 *gd e — —

= v . e O «“ . . ”
r S Design points

: | — Posteri — AIC|| - 1300 1 .
210 osterior o - (model calculations)
= =10
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b - -15 02 04 06 08 10 12 14
f; 0 T T ..Q

1072 10° 102 <

Model parameter

N param samples/ Meyent
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2 observables, 2 params (changing uncert. of “data”)

”Data uncertainty” 2X smaller

”Data uncertainty” 2X larger
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2/3/4 observables, 2 params (changing # of observables)
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2/3/4 observables, 2 params (changing # of observables)

4 observables

3 observables

2 observables
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2/3/4 observables, 3 params (changing # of observables)

3 observables 4 observables

2 observables
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Posterior at
the truth [arb.u.]

Ana |ySiS = Best use of budget (best constraints) when
Nparam Samples/Mevent ~01-1
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Ana |ySIS = Best use of budget (best constraints) when
Nparam Samples/Mevent ~01-1
-8 a 0'4‘ + + + 4 Or
Q
5E + + optimal?
EE 0.2 + Nparam samples ~ 0.25-1 JMeventXNparam samples
0.0 h " g
£ 08 Budget
E O 0
a = What had been used by contemporary publications?
§0.6-+++”’++) i 103
§ param samples
' 1 v e
- k) 3 5 6
ﬁ_g 10001 —— Posterior — AIC | -5 ‘é - Mevent ~ 10°-10 (Some 10 )
8. £
E,;g 500 - -10¢ = 50 Nparam samples/Mevent ~ 0.01 — 1
g5 -15 ¢
© . ——_ . . .
£§ 0= 100 02 = (overprioritizing statistical uncertainty over

. , N
Npam,m SampleS/Mevent interpolation uncertainty?)
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Model responses of an observable with respect
to a given parameter

Analysis
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Toward a deeper understanding of
2016

how experiments constrain the
underlying physics of heavy-ion

collisions
Evan Sangaline and Scott Pratt



Summary

® Stochastic simulations have additional trade-offs when optimizing analyses
= Depends on constraints provided by data on different parameters given model

" We used a simple model to study trade-offs

_— < 0.8
Nzggﬁél%aslc.lmples/ Meyent ~ 0.1 -1 g
e
N;ﬁfﬁl’,’;‘fj;mples ~ 0.25-1 /budget % 0.6 - + 4 —t—r—v—rij * )
2 . T ,
1072 10° 102
N param samples

M event
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QUESTIONS?
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Prior: example for the shear viscosity n/s(T)

Positive definite; continuous function of temperature T (at zero chemical potential)

Large values may be excluded by model self-consistency, causality, ...

Theoretical constraints? Self-consistency across model stages?

Guidance from other substances (minimum near crossover)

0.20

0.15

= 0.10

1/ $)xink
0.05 -

0.00

0.4

0.8 -

0.0 A

100% C.I. (Prior)
e 90% C.I. (Prior)
B 60% C.1. (Prior)

0.1 0.2 0.3 0.4
T (GeV)
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Uncertainty optimization Weiss et al (2023)

[arXiv:2301.08385]
Model is stochastic (need to average over large number of collisions)

)
g ¢
SEJ V
5 O
© =
Q c
c ©
° 3 True value of
€ > ¢ ¢ & <
© o 7 parameter
2 E

O
S =

| | |
Small stat uncertainty Stat uncertainty Large stat uncertainty

Large interpolation uncertainty N Interpolation uncertainty Small interpolation uncertainty
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Emulation

1, T B _
posterior(param) « prior(param)xexp | — E(M odel(param) — D) Covar~1(Model(param) — D)
= Posterior is high-dimensional, and we cannot sample it easily for all values of the parameters

= Option A: compute the posterior at a sample of model parameters and interpolate

= Option B: compute the model’s prediction at a sample of model parameters and interpolate

20

T
- Ax) = xzsin(x)
—— Prediction
mmm 95% confidence interval

5H# & Observations ”DeSign pOintS”

[

i Emulator (model calculations) !

. Observable

Fig. ref.: https://scikit-learn.org/0.17/auto_examples/gaussian_process/plot_gp_regression.html

o 2

Model paramseter
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From impact geometry to momentum anisotropy

“Elliptic flow”

CMS Event display of % in calorimeter

01 ALICE Coll.
PRL 2011
N\
i
N
(:0_05 =
<1 Pb-Pb \/Syy = 2.76 TeV
\—/
~= 3
Spatial anisotropy Momentum anisotropy SL -
N |
Based on figures by Derek Teaney, CMS Coll., MADAI, H. Elfner and J. Bernhard ; Q 0 ﬁ
0-IIII|lll|IIIIIIllII|IIII|IIIIIIIIIIIIIII

centrality percentile

Spatial anisotropy from partial overlap of nuclei & fluctuation
Interactions transfer spatial anisotropy into momentum one

Rapid development of momentum anisotropies consistent with strongly-coupled system

J-F PAQUET (VANDERBILT UNIVERSITY)
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Model-data comparison

= Experimental uncertainties lead to uncertainties on the model parameters

" Constraints from Bayesian inference: Mean value

/ of data \ )

1 —_— — —_— —
posterior(param) < exp <— > (Model(param) — D) Covariance‘l(Model(param) — D)

1 T

Probabilistic Prediction of model for Covariance matrix |f observables are uncorrelated:
constraints on given set of model (includes gi2 0 0
parameters parameters experimental  Covariance™ = l 0 o 0]
uncertainties and 0 0

their correlations)



Bayes’ theorem

= Experimental uncertainties lead to uncertainties on the model parameters

= Constraints from Bayesian inference:
T

1 —_— — > —
posterior(param) « prior(param)xexp (— 5 (Model(param) — D) Covar~!(Model(param) — D)

Bayes theorem:
prob(d) x prob(p|ld) = prob(p,d) = prob(p) X prob(d|p)

Evidence X Posterior = Joint = Prior X Likelihood
[how likely are [how likely are data
parameters given data] given parameters]

Note: Bayes’ theorem says nothing about choice of likelihood function

|

42
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Bayes’ theorem, prior and iterative constraints

= Constraints from Bayesian inference:

1, T B -
posterior(param) « prior(param)xexp (— 5 (Model(param) — D) Covar~!(Model(param) — D))

" In theory: posterior from one Bayesian inference (with data set #1) becomes prior for
the next (with data set #2)

= |n practice:
" Models are being improved

= Re-use of previous posteriors has been rare

= Note: prior should be independent of set of data currently being compared to
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Model-data comparison

= Experimental uncertainties lead to uncertainties on the model parameters

= Constraints from Bayesian inference:
T

Covar~!(Model(param) — ﬁ))

= Posterior has the dimension of the /\

number of parameters

1, —
posterior(param) « prior(param)Xxexp (— 5 (Model(param) — D)

o
—
o
|
|

Bernhard,
Moreland,
Bass (2019)
Nature Phys.

= Marginalized posterior: integrating 0.08

posterior over all parameters except “n” 0.06

0.04

0.02 —

0 | T | | 1~
0 0.02 0.04 0.06 0.08 0.10

Maximum of bulk viscosity peak

Width of bulk viscosity peak
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Model-data comparison

= Constraints from Bayesian inference:

posterior(param) < prior(param)Xxexp (

1, . Ty P e
—5 (Model(param) — D) Covar~!(Model(param) — D))

" Marginalized posterior: integrating posterior over all parameters except 1 or 2 or ...

Marg.posterior (Q) = [ d(initial cond. parameters)d(bulk viscosity param)d(...) posterior(param)

T
0.04

T
0.14

n/s

0.23

_

If roughly
independent
of
temperature

ﬁ

Bernhard, Moreland, Bass (2019) Nat.Phys.

If temperature 3

dependent S

v )
~= /

t =

0.0

0.15 Temperature [GeV] ().3



Different analyses = different constraints

" Treatment of correlations in experimental uncertainties
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Experimental uncertainties and covariance matrix

1, T B _
posterior(param) « prior(param)Xxexp (— 5 (Model(param) — D) Covar~1(Model(param) — D))

\—'—I

expt
(@) =y (2 (B) — 35 PY)](Covariance matrix)~? 01 - )]

I ) (2 (p) —

expt

0 expt) ]

= Fully-correlated uncertainties:  Cov = (g*Pt)? [
(normalization uncert.?)

expt

= Uncorrelated uncertainties: Cov = [
(stat. uncert.?)

Observable (%)
o o0~
N & OO 0O O

" Partly-correlated uncertainties: Cov =

(0752 Cov(l, 2)]
(systematic uncert.?)

Cov(2,1) (057P%)?

20 30 40 50
Centrality (%)



Uncertainties and covariance matrix

posterior(param) « prior(param)Xexp (

(11 @) = 97P°) (2B -

T

(Covariance matrix)™! (1(P) -

I ) (2 (p) —

expt
expt
)] expt)]

. . - 2
Covariance matrix = gexpt'unc‘m”) 0 211 1
1 expt,fully corr
+ (o T
0 exptuncorr 1
expt,corry?
04 P ) cov(l 2) ]
t,
cov(2,1) g, " COTT)

(emulator covariance)+(model statistical uncertainty)

1 . L
—5 (Model(param) — D) Covar~1(Model(param) — D)

\—'—I

|



Hydrodynamic-based simulations of heavy ion collisions

® Successful in describing broad sets of measurements

Nijs, van der Schee, Girsoy, Snellings (2021) PRC, PRL

[ .
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Interaction and expansion

Based on figures by Derek Teaney, CMS Coll., MADAI, H. Elfner and J. Bernhard

Spatial anisotropy 0.0 .’ e, Momentum anisotropy
Ref: Review of Particle Physics

6=0,u" (1/fm) <

5 General decrease in expansion rate R~/ (i)
Transverse > 0.7¢ X

\Bxpansion Increase in local equilibration time 32 NLO QhCD Kinetic

h l (relaxation time) 0.4! e, s, s (o
05 0.3!
Longitudinal = 02} AdS/CFT ~,
4 0.1} W
05 1 5 \\\i'or(fm) "0 05 TEe
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Parametrization of the viscosities _

0.100 - J/h
JEVSCRAPE )
0.075 - el
(q/S)max- i
2 0.050 - e 10
/s (n/S)kink
1 —
0.025 - 7%0 0.05 -
0.000 : : , 0.00 — ,
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