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Aims of this presentation

• Engage with RHIC physicists

• Inform what calculations we can 
perform

• See where this could lead us

Fig.: Bertsch, Dean, Nazarewicz (2007)

En
er

gy
 o

r R
es

ol
ut

io
n

RHIC

Low-energy nuclear theory

Com
m

on interests: Sim
plicity 

em
erging from

 com
plex system

s? 



Progress in computing nuclei from EFT Hamiltonians

2021 Tremendous progress
• Ideas from EFT and RG
• Methods that scale polynomially

with mass number
• Ever-increasing computing powers

1. Ab initio methods not limited to 
light nuclei

2. Computing nuclei only exponentially 
hard if one chooses so 



Nucleons move in an axially 
symmetric mean field and 
the whole nucleus rotates

A. Bohr (1950s)

1975 Nobel Prize in Physics: 
Aage Bohr, Ben Mottelson, 
Leo Rainwater

Bohr and Mottelson’s model 
unified the spherical shell model 
and the liquid drop model



70 years later: High-resolution picture of Bohr and 
Mottelson’s unified model
1. Take Hamiltonians from chiral effective field theory: 𝐻 = 𝑇 + 𝑉"" + 𝑉"""
2. Perform Hartree-Fock or Hartree-Fock-Bogoliubov computation

a. Yields non-trivial vacuum state |Φ⟩
b. Informs us about nuclear deformation and superfluidity
c. Introduces Fermi momentum 𝑘# ≈ 1.35 fm-1 as the dividing scale between IR and 

UV physics
d. Allows us to normal-order 𝐻 w.r.t. |Φ⟩

3. Include correlations / entanglement via your favorite method of choice (Coupled-
cluster theory, Green’s function method, IMSRG, …)
a. 2-particle–2-hole (2p-2h) excitations and 3p-3h excitations (UV physics) dominate 

size-extensive contributions to the binding energy
b. Symmetry restoration and collective (IR physics) yield smaller contributions that are 

not size extensive



Hartree-Fock computation
• Yields non-trivial vacuum (reference) state Φ = Π$%&' 0𝑎$( 0
• Reference state not unique: Can perform unitary transformations in hole space (and 

in particle space) without changing the physics 𝑐̂)( = Σ)%&' 𝑈$) 0𝑎)(

• HF orbitals are delocalized (think harmonic-oscillator wave functions)
• For input to RHIC hydrodynamics possibly want localized wave functions?

• Allows us to normal-order Hamiltonian with respect to |Φ⟩

Hole space: Localized 
occupied HF basis 
functions (red points) 
inside nucleus (blue); 
distance of points ∼ 𝑘!"#.

Particle space: Localized 
unoccupied HF basis 
functions (black points); 
distance of points ∼ Λ"#.

Hagen, TP et al 2007
Roth et al 2012



Coupled-cluster computations

Correlation energy in HF basis 𝐸*+,, =
&
-
∑$)./ 𝑡$)./𝐻./

$)

• Scaling: 𝐸*+,, ∼ 𝐴 though 1 ≤ 𝑖, 𝑗 ≤ 𝐴
• Thus: ∑$)./ → ∑⟨$,)⟩./ ∼ 𝐴
• Only short-range correlations yield size-extensive 

contributions to the energy
Z.H. Sun, C. Bell, G. Hagen, TP (2022)



Neutron-rich nuclei beyond 𝑁 ≥ 20 are deformed

𝑅!/# ≡ 𝐸!!/𝐸#!

𝑅!/# = 10/3 for a rigid rotor

What is the structure of Ne, 
Mg nuclei for 𝑁 ≥ 20?
What are the spins in odd 
isotopes?
Where is the drip line?

“Island of inversion:” Warburton, Becker, and Brown (1990); …; Tsunoda et al 2020; …
Deformed nuclei from ab initio: Bally, Duguet, Draayer, Dytrych, Erban, Frosoni, Hergert, Launey, Ripoche, Roth, Tichai, …



Projection onto good angular momentum
Projected energies

Approach 1: Coupled cluster kernels Approach 2: Hermitian kernels

Disentangled formalism

We follow: 
• Qiu, Henderson, Scuseria, …
• Tsuchimochi & Ten’no
• Duguet, …



Benchmark computation (NNLOopt) for 8Be and 20Ne
Benchmarks from Symmetry-Adapted NCSM 

[Dytrych, Launey et al. (2020)]

CCD spectra a bit too compressed, but we are getting there … 
Hagen, Novario, Sun, TP, Jansen, Lietz, Duguet, Tichai, Phys Rev C 105, 064311 (2022)

Benchmarks from NCSM
[Caprio, Maris, Vary & Smith (2015)]



34Mg computed with NN interaction NNLOopt

Hagen, Novario, Sun, TP, Jansen, Lietz, Duguet, Tichai, Phys Rev C 105, 064311 (2022)



34Mg computed with NN interaction NNLOopt

Uncertainty estimates from EFT for deformed nuclei
Input: 𝛿𝐸 from projection, ⟨𝐽$⟩ of symmetry-broken 
state, and breakdown scale

EFTs for deformed nuclei [TP, Weidenmüller, Coello
Pérez; Almamlah, Phillips; Chen, Kaiser, Meißner, 
Meng; …]

Hagen, Novario, Sun, TP, Jansen, Lietz, Duguet, Tichai, Phys Rev C 105, 064311 (2022)



Energy gain from projection decreases with increasing 
mass number 

A rotation of the nucleus contains also 
Ap-Ah excitations.
The energy gain is not extensive (i.e. not 
proportional to mass number A)

The angular momentum expectation 
value decreases from Hartree-Fock (ref) 
to coupled cluster singles & doubles (SD) 
to triples (SDT-1) 



Intermission

• Projection of deformed coupled-cluster states onto good angular 
momentum works
• Good understanding of IR and UV physics involved

• Needs / wants: 
• higher precision / more controlled approximations
• include three-nucleon forces
• Odd nuclei



Symmetry restoration revisited

Projection after 
variation (PAV):

<latexit sha1_base64="jP2H7r2Y2XJshEETpeYeTRe0GGo=">AAACFnicbZDLSsNAFIYn9VbrrerSzWAR3FgSKepGKLpxWaE3aGKYTE/aoZNJmJkIJfQp3Pgqblwo4lbc+TZOL4K2Hhj4+b9zOHP+IOFMadv+snJLyyura/n1wsbm1vZOcXevqeJUUmjQmMeyHRAFnAloaKY5tBMJJAo4tILB9Zi37kEqFou6HibgRaQnWMgo0cbyiyeuoRq7NcWwK4noccCXGO7q+Af0mW//IL9Yssv2pPCicGaihGZV84ufbjemaQRCU06U6jh2or2MSM0oh1HBTRUkhA5IDzpGChKB8rLJWSN8ZJwuDmNpntB44v6eyEik1DAKTGdEdF/Ns7H5H+ukOrzwMiaSVIOg00VhyrGO8Tgj3GUSqOZDIwiVzPwV0z6RhGqTZMGE4MyfvCiap2XnrFy5rZSqV7M48ugAHaJj5KBzVEU3qIYaiKIH9IRe0Kv1aD1bb9b7tDVnzWb20Z+yPr4BKXieIg==</latexit>

| i = eT |�0i

<latexit sha1_base64="DzvU1cYJHjaNtpGMtn0toqe6Q4M="></latexit>

he | = h�0|(1 + ⇤)e�T
<latexit sha1_base64="c/Ezdw2csGGXDvfTgqaXcIeX8Lw=">AAACHnicbVDLSgMxFM34rPVVdekmWARXZUZ8bYSiG5cV7AM6pWQyt20wkxmSO0oZ+iVu/BU3LhQRXOnfmD4QbT0QOJxzDzf3BIkUBl33y5mbX1hcWs6t5FfX1jc2C1vbNROnmkOVxzLWjYAZkEJBFQVKaCQaWBRIqAe3l0O/fgfaiFjdYD+BVsS6SnQEZ2ilduHYl0x1JVD/XoSAQoaQ+RUjBr5NIT2nP36lJ9ouHcvtQtEtuSPQWeJNSJFMUGkXPvww5mkECrlkxjQ9N8FWxjQKLmGQ91MDCeO3rAtNSxWLwLSy0XkDum+VkHZibZ9COlJ/JzIWGdOPAjsZMeyZaW8o/uc1U+yctTKhkhRB8fGiTiopxnTYFQ2FBo6ybwnjWti/Ut5jmnG0jeZtCd70ybOkdljyTkpH10fF8sWkjhzZJXvkgHjklJTJFamQKuHkgTyRF/LqPDrPzpvzPh6dcyaZHfIHzuc3ySWiPg==</latexit>

he | = h�0|

Right state is parametrized: 

Left state is parametrized differently: 

Bi-variational Naïve

or

<latexit sha1_base64="1pkm+e1108xzFSabLRT/cPskoCg="></latexit>

E
(J) =

he |PJH| i
he |PJ | i

or

<latexit sha1_base64="V1u9N9yjkpTNw/lsmdKJAv9nra4=">AAACHHicbVDLSgMxFM34rPVVdekmWARXZUZF3QiiG5cV7AM6pWQyt21oJjMkd5Qy9EPc+CtuXCjixoXg35g+EG09EDiccw839wSJFAZd98uZm19YXFrOreRX19Y3Ngtb21UTp5pDhccy1vWAGZBCQQUFSqgnGlgUSKgFvauhX7sDbUSsbrGfQDNiHSXagjO0Uqtw5EumOhKofy9CQCFDyPyyEQPfppCe0x/finQstgpFt+SOQGeJNyFFMkG5Vfjww5inESjkkhnT8NwEmxnTKLiEQd5PDSSM91gHGpYqFoFpZqPjBnTfKiFtx9o+hXSk/k5kLDKmHwV2MmLYNdPeUPzPa6TYPmtmQiUpguLjRe1UUozpsCkaCg0cZd8SxrWwf6W8yzTjaPvM2xK86ZNnSfWw5J2Ujm+OixeXkzpyZJfskQPikVNyQa5JmVQIJw/kibyQV+fReXbenPfx6JwzyeyQP3A+vwGRLqGm</latexit>

he | = h |
Hermitian

For axial symmetry around the z-
axis the rotation operator is: 

R(�) ⌘ ei�Jy

<latexit sha1_base64="2iP+tEU7TwlUOraO7er4uDj7mPc=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0GITdiVgNoFbcQqinlANi6zk7vJkNmHM7OBsKS18VdsLBSx9Q/s/BsnmxSaeODC4Zx7ufceL+ZMKsv6NnJLyyura/n1wsbm1vaOubvXkFEiKNRpxCPR8ogEzkKoK6Y4tGIBJPA4NL3B5cRvDkFIFoV3ahRDJyC9kPmMEqUl18S3JccDRY6xAw8JG2K4TxnOJHztjsbYNYtW2cqAF4k9I0U0Q801v5xuRJMAQkU5kbJtW7HqpEQoRjmMC04iISZ0QHrQ1jQkAchOmn0yxkda6WI/ErpChTP190RKAilHgac7A6L6ct6biP957UT5Z52UhXGiIKTTRX7CsYrwJBbcZQKo4iNNCBVM34ppnwhClQ6voEOw519eJI2Tsl0pn99UitWLWRx5dIAOUQnZ6BRV0RWqoTqi6BE9o1f0ZjwZL8a78TFtzRmzmX30B8bnD33hmPY=</latexit>

PJ =
1

2

Z ⇡

0
d� sin(�)dJ00(�)R(�)

<latexit sha1_base64="JTPv92P5gSzziVpO6WPV50cq0UA="></latexit>



20Ne revisited with more accurate left state

Hagen, TP et al, in preparation



Odd-mass isotopes: 
Bands computed by different filling of the odd neutron
(NNLOopt, SLD approximation) 

Zhonghao Sun, Hagen, TP, forthcoming

See also [Caprio, Maris, Vary & Smith (2015)]



Odd-mass isotopes 
Bands computed by different filling of the odd neutron
(NNLOopt, Hartree-Fock approximation) 

Zhonghao Sun, Hagen, TP, forthcoming



Neutron-rich neon isotopes 
Inclusion of three-body forces and more accurate bra state 

Perform spherical Hartree-Fock with partial filling to normal-order three-nucleon force
[à Ripoche, Tichai, Duguet (2020)]

Interaction 1.8/2.0(EM) from Hebeler et al (2012);  over-emphasis of 𝑁 = 20 shell closure
32,34Ne are as rotational as 34Mg [Forssén, Hagen, TP et al forthcoming] 



Neon isotopes with an ensemble of chiral interactions at NNLO

§ Posterior predictive 
distributions for the 2+

and 4+ states in neon 
§ Spectra a bit too 

compressed
§ Rotational structure of 

32Ne in good agreement 
with data

§ We predict that 34Ne is as 
rotational as 32Ne and 
34Mg

PRELIMINARY

[Forssén, Hagen, TP, et al forthcoming] 



What causes deformation in chiral EFT? 

Baranger & Kumar (1960s): Hartree-Fock computations in 1-2 shells using a pairing + 
quadrupole Hamiltonian

Federmann & Pittel (1979): “Deformation sets in when the T = 0 neutron-proton 
interaction dominates over the sphericity-favoring pairing interaction between T = 1 
pairs of nucleons.”

Zuker (1997): “Multipole proposes and monopole disposes.”



What drives deformation in chiral EFT?
Results from coupled-cluster computations with angular momentum projection; based on ensemble of 
non-implausible Hamiltonians that predict structure of 28O.

[Forssén, Hagen, TP, et al forthcoming] 

32Ne

32Ne



What drives deformation in chiral EFT?

𝑅!/# ≡ 𝐸!!/𝐸#!

32Ne

32Ne

Results from coupled-cluster computations with angular momentum projection; based on ensemble of 
non-implausible Hamiltonians that predict structure of 28O.

[Forssén, Hagen, TP, et al forthcoming] 



Generalization of the eigenvector continuation method 
[Frame et al., (2018); Ekström & Hagen (2019); König et 
al (2020)]
Write the Hamiltonian in a linearized form

Select “training points” where we compute symmetry-
breaking Hartree-Fock state
Project a target Hamiltonian onto sub-space of HF 
training vectors and diagonalize the generalized 
eigenvalue problem 

Emulation is the sincerest form of flattery…

<latexit sha1_base64="2Os1qChEz60Eo1LeUfvowSUTom0="></latexit>

E
(J) =

h�(↵})|PJH|�(↵})i
h�(↵})|PJ |�(↵})i

<latexit sha1_base64="e0KAYqOjpf3TvEQwGxYR6ZpDzLU="></latexit>

H(~↵) = h0 +
NLECs=17X

i=1

↵ihi



Linking deformation to microscopic nuclear forces using emulators

R 4
2

§ Constructed accurate and efficient emulator of projected HF using 68 training vectors 
§ Training points obtained by using Latin Hypercube sampling within 30% of original low-energy constants 

This may allow us to link deformation in atomic nuclei to underlying nuclear forces

PRELIMINARY

[Ekström, Hagen, TP, et al forthcoming] 



What drives deformation in chiral EFT?

32Ne

Global sensitivity analysis (variation of constants by ±5%)

[Ekström, Hagen, TP, et al forthcoming] 



What drives deformation in chiral EFT?

20Ne

Global sensitivity analysis (variation of constants by ±5%)

[Ekström, Hagen, TP, et al forthcoming] 



Q: What drives deformation in chiral EFT?
A: In chiral EFT with Δ isobars

• 𝑅-/; increases with increasing repulsion of the NLO 1S0 contact

• 𝑅-/; increases with increasing strength of the pion-nucleon coupling 𝑐<
• 𝑐< acts repulsive in NN and NNN sector

• 𝐸 2( sensitive to three-body contact in 32Ne

Federmann & Pittel (1979): “Deformation sets in when the T = 0 neutron-proton interaction dominates 
over the sphericity-favoring pairing interaction between T = 1 pairs of nucleons.”

Zuker (1997): “Multipole proposes and monopole disposes.”

Chiral EFT, preliminary findings: the size of the repulsive forces in the pairing channel is key



Summary

30

• High-resolution picture of the Bohr-Mottelson unified model

• Symmetry breaking mean-field state

• Angular momentum projection for axially-symmetric nuclei

• Neon isotopes: 32,34Ne are as rotational as neutron-rich magnesium nuclei

• Rotational bands in odd-mass nuclei  

• First steps towards identifying what drives deformation in chiral EFT

Take home message: 
1. Open-shell nuclei based on interactions from chiral EFT 

2. Can provide nucleon positions, densities, …  Thank you!



Renormalizing CCSD computations
Proposal: Apply Lepage’s insights to many-body computations
• CCSD lacks triples (3p-3h excitations)
• Hypothesis: Energy gain from triples are dominated by short-range correlations; 

renormalize via three-body contact, following Lepage (1997)

Zhonghao Sun, Charles Bell, G. Hagen, TP, Phys. Rev. 106, L061302 (2022)



Renormalizing CCSD computations

Zhonghao Sun, Charles Bell, G. Hagen, TP, arXiv:2205.12990

Δ𝐸 = differences to full triples
Systematic improvement from renormalization

Energy from renormalization essentially goes to HF



Renormalizing CCSD computations

Zhonghao Sun, Charles Bell, G. Hagen, TP, arXiv:2205.12990

Nuclear matter only accurate around saturation as 
Δ𝐸 ∝ 𝑐% 𝜌&in HF

Renormalization less accurate as the dripline is 
approached: dilute neutron densities



Tower of EFTs

Fig.: Bertsch, Dean, Nazarewicz (2007)
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EFTs can be used for uncertainty estimates on ab initio computations 
without symmetry restauration

Energy gain from projection of angular momentum [Peierls & Yoccoz
1957; Novario et al 2022]

Energy gain from projection of particle number [Papenbrock 2022]

with pairing rotational constant from energies of nuclei with ±1 pairs 

Note: Energy gained from projections vanish for 𝐴 → ∞.


