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e Efimov effect & discrete scale invariance

1. Non-relativistic charged particles

 Efimovian states in hydrogen molecular ion
Y. Nishida, Phys. Rev. A 105, L010802 (2022)

2. Relativistic charged particles
 Atomic collapse resonances

& vacuum polarization in graphene
Y. Nishida, Phys. Rev. B 90, 165414 (2014); 94, 085430 (2016)

3. Coulomb + short-range potentials

e Universality & generalized Bethe-Peierls
S. Mochizuki & Y. Nishida, arXiv:2408.06011



Efimov effect &
discrete scale inv.



Efimov effect

v 3 bosons Infinite bound states
v 3 dimensions - with universal scaling
v’ s-wave resonance E, ~ (22.7) *"E,

V. Efimov, PLB (1970)

22.7 xR

(22.7)2x R
Discrete scale invariance



Efimov effect
3-body Schrodinger equation

T, + 15 + T35 + Vi + Vaog + V| O (71,72, T3)

= E\P(Flv 7?27 773)

Zero-range and infinite scattering length

Hyperradial motion

2

1 (82 18) S2 _¢(R)—
2m \OR2 ROR) " 2mR2, =
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Scale invariant potential with s2=-1.013<0

induced by hyperangular motion

Its solution ¥ (R) ox K; 5 (xR)



Efimov effect
Its solution ¥(R) x K5 (kR) — sin[|s|In (krg) + J]

Y’ /Y| r=r, has to be fixed by short-range B.C.

If K = k. is asolutionfor kKrg <K 1,
k = (e™/1*Y~"k, are also solutions

1 0? 10 | 2N e
2m <8R2 | R8R> | 2mR2_¢( =

e Scale invariance is broken by short-range B.C.
down to discrete scale invariance

 Long-range Coulomb potential is usually obstacle

Discrete scale invariance in charged particles



Non-relativistic
charged particles

L. D. Landau & E. M. Lifshitz, “Quantum Mechanics”



Hydrogen molecular ion

=3
+ +) V(R)~R' = R2

1 ; 2

Born-Oppenheimer approximation (M>>m)

 Schrodinger equation for a light particle
N kq? kq?

2m |R1 — T3] \ﬁz —773|_

o(73) = €5 5, P(T3)

 Schrodinger equation for two heavy particles

N kq? o
e e N SR B
YRR T e N

= E®(R;, R>)




Hydrogen molecular ion

' ® 3
+ + V(R) ~R1 = R-2
aB<kR
1 2
1
Hydrogen-like atom €&, = o (i =12 .3,
2mazn

under electric field produced by far separated charge

kq>  kq? kq? .
Vin=> = g
B - B

1st-order perturbation AE,, = (V(7)), =0 (n=1)

AL — Vi - "m?;zZ’ 0(x2) (n=2)

Scale invariant attraction for n=2,3, ...



Hydrogen molecular ion el

7 -

a«R e

Infinite bound states obeying discrete scale invariance
E toward thresholds of (H)n=23....

contihuum ¢ Efimovian states are resonances
embedded into continuum of (H)n=1

n=3  Relevant to H>* ions or trions
(nuclear systems?)

n=2  Generalization to 2D, 1D

. & logarithmic Coulomb potential

Y. Nishida, Phys. Rev. A 105, L010802 (2022)



Experimental observation

11/28

Doubly excited resonances via photo detachment

H +vy

E

contihuum
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P. G. Harris et al.
PRL 65, 309 (1990)
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Relativistic
charged particles



Atomic collapse 13/28

Hydrogen-like atom from Dirac equation

PG et . Coulomb potential
&P+ pBm (F) = Ep(F) s
: 7o IS scale invariant

™m

n Jj 1 I (Za)2
[n/++4/(G+3)2—(Za)2]?
1

_|_ o
becomes complex for Z > S T3 iny
(87

“Atomic collapse” Y.B.zeldovich & V. S. Popov (1971)

w(,,:*) 2 e::’i,\/(Za)2_(j_|_%)2 In r (’T‘ < a'B)

signhals discrete scale invariance



Atomic collapse 14/28

Hydrogen-like atom from Dirac equation

PG et . Coulomb potential
&- P+ pm (7)) = By(7) ot
T IS scale invariant

e 2>137 is not yet achieved with a single nucleus

but may be realized by colliding two heavy nuclei
W. Greiner, B. Muller & J. Rafelski, “Quantum Electrodynamics of Strong Fields”

e2
h((vFﬂ
“superheavy nucleus” can be realized
by a charged impurity with Z~0O(1) on graphene

V. M. Pereira, J. Nilsson & A. H. Castro Neto, PRL (2007)
A. V. Shytov, M. |. Katsnelson & L. S. Levitov, PRL (2007)

~ O(1)

e Because ve/c~0(0.01), aeg =



Graphene

2D massless Dirac equation with a charged impurity

Z(Xeff_

G- $(7) = By ()

r

Scale invariance is broken by short-range B.C.
down to discrete scale invariance for Zaes> 1

E Infinite bound-states resonances
“Atomic collapse resonances”
= DoS peaks probed by STM

continuum



Graphene ot

Scale invariance is broken by short-range B.C.
down to discrete scale invariance for Zaes>1

Infinite bound-states resonances

e . “Atomic collapse resonances”
. F. Crommie et al.
Science 340, 734 (2013) = DoS peaks probed by STM
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Cond-mat realization of “superheavy nucleus”



Power law + log-periodic oscillation

: : : | (j—ig+iv) T (14+2iY)T(1—ig—iv) [ r 207
/oodz T(1 —ig+iy)T(1 —ig —iv) | 1 T G=ig=imTa—2i)T=igFiv) (zr;)
0

(1 4 2y)I(1 — 23 _ (J—igHim)P(A42i9)T(1—ig—iy) ¢ r \2Y
( 7) ( ’Y) _1 (j—ig—ivy)I'(1—2iv)['(1—ig+ivy) (zr;‘) |

x e “U(—ig +iv,1 4+ 2iy,2)U(1 —1g —1y,1 — 247, 2)

% Y
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Y. Nishida, Phys. Rev. B 90, 165414 (2014); Phys. Rev. B 94, 085430 (2016)



Vacuum polarization 18/28

Comparison to lattice data for Zaer=4/3
(exact diagonalization on honeycomb lattice with 124x124 sites)
V. M. Pereira, J. Nilsson & A. H. Castro Neto, PRL (2007)

rzn(r)
0 Shape & period
0.4 :.5;;33';;‘:;.7..:,.5;:_ are predictions
\ ‘l T “T.‘L..'f, '!‘ Y b
) ‘ ‘ byl i Amplitude & phase
0.2 \ \\k »1 j are fit parameters
0.1
2 s T 0 20

* Envelop fits well our prediction
but fast oscillation exists with its origin unknown



Coulomb + short-range
potentials



Short-range universality 20/28

Short-range universality arises when R << a, k-*

B <% . Ak .

 Universal physics is described
by zero-range interaction with R~0 under fixed a

 Bethe-Peierls B.C. is its direct implementation

1 1 H B :
: | . Bethe and R. Peierls
7!5% (1) o 7 o O(r) Proc. R. Soc. Lond. A (1935)

 Bethe-Peierls B.C. + Born-Oppenheimer approx.
provides intuitive understanding of Efimov effect

= Generalization to charged particles



Generalized Bethe-Peierls B.C.

: : : A 1 d? 1
S-wave radial Hamiltonian H = S
2m dr?  magr

has to be not only hermitian but also self-adjoint
[ are )y Bxry= [ drie() x()
0 0
7!1_1}1% x(1r) = 7!1_1% ¢(r) = 0 is usually imposed, but
li_r:% Wix(r), f(r)cosd — g(r)sind] = 0 is possible

Generalized Bethe-Peierls boundary condition

T 27 27
lim x(r) x 1 — —+ —In (627_1—> + O(r*Inr)
r—0 a ago ago

ao
2a

(Coulomb modified) scattering length coto =



Generalized Bethe-Peierls B.C.

2 2
lim x(r) x 1 — ; () ¢ (62'7_1—r> O(r*1nr)
r—0 a ao
* Information of short-range potential enters
only through (Coulomb modified) scattering length

e (Coulomb modified) effective ranges are all zero

= Suitable to directly describe universal physics

2-body bound-state solution for R << a, ao, k!

1= d= 127 K2

om dr? magr x(r) = sz(T)

_:> X (1) = H,,_?I_(Z.K'/I“)

1 2 1
BC. > kK=—=x2—|¥ (1 e i ) + In (K,ao)
Kdg

a aopg |



Generalized Bethe-Peierls B.C. 29/22

Repulsive Coulomb Attractive Coulomb
Im(k ao)
1.0
O.SEO.1
— ‘0‘5‘_0‘1 To——15 20 Relkao
—0.5? ' o - 3
—1.0;0 1
* Infinite resonances e Infinite bound states
e One of them turns into e No resonances

a bound state for a>0
See also, C. H. Schmickler, H.-W. Hammer & A. G. Volosniev, PLB (2019)



Born-Oppenheimer approx.

3 equally charged heavy-heavy-light particles at a=oo

% N 1
Hiight = =i Z

2 mag|r — R;]

+ I

+ +

R1 R R2

Trial wave function for a light particle

HT(ik|lr — R;
s e a)

—1:2 |r i R’l,l

CnH,,‘7|' (tkR)
R

2k 1 :
=  g= \Il(ll )—I—ln(ﬁ:ao) |

B.C. St e




Born-Oppenheimer approx. 25128

Energy expectation value of a light particle

E(R) = (¢|Hiignt|9¥)

0.567)7 €/

> ( ) (R — 0) |
2mR? 2r

1 ﬁ

> (R— o0) °
mao R ’

2
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2m R? maoR

S/
~/

Heavy-heavy Schrodinger equation
1 d? 1/4 4+ s* 2K K2
M dR MR Mag R,

X (R)

S

scale invariant attraction Coulomb repulsion



Born-Oppenheimer approx.

Heavy-heavy Schrodinger equation
1 d= 1/4 4+ s? 2

MdR?2\. MR? /' Mad,R,

2

)x(R) = — = x(R)

scale invariant attraction Coulomb repulsion

( 1S | K',:-L,

[(z —is)T(z +is+
 Three-body parameter . fixes the phase at R~0
—nﬂ'/sK/* ;

 This equation is invariant under <. — e

so that one solution generates infinite solutions

= Consequence of discrete scale invariance



Born-Oppenheimer approx.

3-body bound states & resonances
1

27128

S. Mochizuki & Y. Nishida

arXiv:2408.06011
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* Bound state turns resonance by Coulomb repulsion

» Infinite solutions are obtained by x, — e ""/%k,



Summary and future work ik

0. Introduction
e Efimov effect & discrete scale invariance

1. Non-relativistic charged particles
 Efimovian states in hydrogen molecular ion

2. Relativistic charged particles
e Atomic collapse resonances
& vacuum polarization in graphene

3. Coulomb + short-range potentials
e Universality & generalized Bethe-Peierls

= Applications to nuclear systems ?



