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• Build quantitative connection between 
QCD & nuclear physics                                          

• requires interplay between LQCD 
& many-body approaches

• NN scattering should be a 
benchmark

• Phase shifts required for infinite 
volume matching of NN MEs

EFT estimates: 
E. Epelbaum, 

Ulf-G. Meißner, 
W. Glöckle (2002)
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• Build quantitative connection between 
QCD & nuclear physics                                          

• requires interplay between LQCD 
& many-body approaches

• NN scattering should be a 
benchmark

• Phase shifts required for infinite 
volume matching of NN MEs

• Must have full control over 2-body 
systems

• How do we project onto 
desired states?

• How do we disentangle signals 
from closely spaced energy 
levels?

NN scattering from LQCD
EFT estimates: 
E. Epelbaum, 

Ulf-G. Meißner, 
W. Glöckle (2002)
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computing phase shifts

𝜋𝜋-scattering

D. J. Wilson, R. A. Briceno, J. J. Dudek, R. G. Edwards 
and C. E. Thomas, Phys. Rev. D 92, 094502 (2015)
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Two methods for 
computing phase shifts

𝜋𝜋-scattering

D. J. Wilson, R. A. Briceno, J. J. Dudek, R. G. Edwards 
and C. E. Thomas, Phys. Rev. D 92, 094502 (2015)

• Partial waves mix in cubic volume

• Must truncate partial wave expansion

Spectroscopy + 
Lüscher Method

det [F(E, P, L)−1 + 𝒦(E)] = 0

Calculate 
from lattice 

(input)

Output

δl(p)

Quantization condition:
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Schrödinger Eq. to 
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Potential Method

Two methods for 
computing phase shifts

Schrodinger Eq:

R(r, t) =
CNN(r, t)

(CN(r, t))2

U(r, r0) = VC(r)�(r� r0) +O(⇥2
r/�

2)

Uncontrolled approximation

(same type of input as Luscher)

In practice:

Nearly continuous phase shifts, 
only need to eliminate inelastic 

excited states

Time-dependent 
version of S.Eq. doesn’t 

require single state 
saturation
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Lüscher Method Potential Method

History: are there bound 
states at  m𝜋 ~ 800 MeV?

Uncontrolled systematics

Relatively few 
assumptions….but input 
energies must be correct!



Lüscher Method Potential Method

History: are there bound 
states at  m𝜋 ~ 800 MeV?

Figure from: Wilson, et al, Phys. 
Rev. D 92, 094502 (2015)
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Effective mass plot:
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How do we choose/

engineer good operators?
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Excited state 
contamination

n p n2=1
n p n2=2

n p n2=0
E

Elastic scattering 
(2-body)

ΔE ~ 50 MeV

Inelastic single bodyn p
ΔE ~ m𝜋

Ops: different 
smearings (or linear 

combos thereof)

Ops: different spatial 
locations (or relative 

momenta)

np pn

 Fig: Luu & Savage (2011)
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Wall vs Smeared (inelastic contributions)

Yamazaki et al (2017)

Correlated difference

PACS:

NN system
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Off-diagonal vs GEVP;  
Position space vs Momentum space  

(elastic contributions)

• Correlator matrix for a set of operators, : {𝒪i} Cij(t) = ⟨𝒪i(t)𝒪†
j (0)⟩

• Computationally simplest: off-diagonal “point-to-all” (hexaquark to momentum) 

• Matrix Prony (NPLQCD 2009) allows for multiple operators (generally ~2-3) 
to form linear combinations with better projections onto ground state 

• non-monotonic time dependence

• GEVP: 

• use full correlator matrix and find eigenvectors of 
, then rotate correlator matrix using eigenvectors 

• excited state contamination on th eigenvalue  

• large operator basis possible 

• energies approached from above with time 

• highly successful for meson systems

C(td)vn(td, t0) = λnC(t0)vn(td, t0)
n ∼ e−(EN+1−En)t
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Expectations from EFT (in a box)
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• Two point-like nucleons interact via contact 
interactions

• Valid for energies <~ m𝜋 (same 

requirements as Luscher)

• Calculate two-particle transfer matrix, 𝒯=eH, 

with periodic spatial BCs; diagonalize to extract 
the exact spectrum

• Vary the interaction between the 
nucleons to investigate systems with and 
without a bound state

• Form correlation functions via C(t) = (eH)t 

• Investigate correlation functions for 
various different (elastic) ops for different 
physical scenarios

Endres, Kaplan, Lee, 
Nicholson (2011)

p2
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physical deeply bound state 
the hexaquark correlator 
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More recent Baryon-
baryon calculations: 

GEVP
NPLQCD


hexaquark

Mainz

(GEVP)

HALQCD

H-dibaryon

Francis, Green, Junnarkar, 
Miao, Rae, Wittig (2018)

NPLQCD GEVP (2022)

sLapHnn (2021)

NPLQCD hexaquark

sLapHnn 
(variational)

NN: Deuteron
No Bound States in NN system 

from GEVP!



Do we need the hexaquark 
operator in our GEVP basis?

Ground state does not 
change when 

hexaquark is removed, 
or more/less 

momentum states used

NPLQCD GEVP: arXiv:2108.10835

Preliminary Blue: w/hexaquark
Green: without



On the CLS C103 ensemble, 
we see no difference in g.s. 
energy using off-diagonal 

hexaquark correlator; 
previously some of us did find 

deep bound state using 
hexaquark ops on same 

configs as NPLQCD - is the 
deep bound state an artifact 
of particular quark smearings 

or discretizations?

Off-diagonal hexaquark correlators



CLS ensemble: mπ ~ 714 MeV, a ≈ 0.086 fm, L = 48 
Wall quark sources

Preliminary
HALQCD Potential Method



Preliminary
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To Bind or not to Bind: A tale of which method is right, and which is wrong

<latexit sha1_base64="o+RJmjZ2LeJ3jvC81GcUZRdhbiA="></latexit>

bound state : lim
q!0

q cot � < 0
<latexit sha1_base64="E5iddROSp19CpgFy9ITsj/PW7kc="></latexit>

no bound state : lim
q!0

q cot � > 0

The spectrum does not depend upon the creation/annihilation operators 
at least one method must be wrong!

<latexit sha1_base64="W6+rv56qXICWpM8I8uJUpDxbgzA=">AAACGnicbZC7TsMwFIadcg+3AiOLRQVigCpBCBgRLIwg0YvURJXjOMXCiV37BKmK+gY8Ak/BChMbYmVh4F1wLwO0/JKlT+c/R8fnj5TgBjzvyynNzM7NLywuucsrq2vr5Y3NupG5pqxGpZC6GRHDBM9YDTgI1lSakTQSrBHdXw78xgPThsvsFnqKhSnpZDzhlIAttct7tzhQWiqQbpBoQgu/X3RxQCXgIGYCCD7kuNtvlyte1RsKT4M/hgoa67pd/g5iSfOUZUAFMablewrCgmjgVLC+G+SGKULvSYe1LGYkZeYgfuDKDDEshqf18a41Y5xIbV8GeFj9PVyQ1JheGtnOlMCdmfQGxf+8Vg7JWVjwTOXAMjpalOQCg8SDnHDMNaMgehYI1dx+G9M7YhMCm6Zr8/Anr5+G+lHVP6ke3xxXzi/GySyibbSD9pGPTtE5ukLXqIYoekTP6AW9Ok/Om/PufIxaS854Zgv9kfP5AwM+oG8=</latexit>
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<latexit sha1_base64="bRm7V2ScXoyXZJYsY9Z2rQkiI2c=">AAACCXicbZDLSsNAFIYn9VbrLSqu3AwWwYXURIq6LLpxWcFeoAlhMpm0QycXZ04KJfQJfAq3unInbn0KF76L07QLrf4w8HH+czhzfj8VXIFlfRqlpeWV1bXyemVjc2t7x9zda6skk5S1aCIS2fWJYoLHrAUcBOumkpHIF6zjD2+mfmfEpOJJfA/jlLkR6cc85JSALnnmwQN2aALYCZgAgs9w5Dkp98yqVbMK4b9gz6GK5mp65pcTJDSLWAxUEKV6tpWCmxMJnAo2qTiZYimhQ9JnPY0xiZg6DUY8VQW6eXHJBB9rM8BhIvWLARfVn8M5iZQaR77ujAgM1KI3Lf7n9TIIr9ycx2kGLKazRWEmMCR4GgsOuGQUxFgDoZLrb2M6IJJQ0OFVdB724vV/oX1esy9q9bt6tXE9T6aMDtEROkE2ukQNdIuaqIUoytETekYvxqPxarwZ77PWkjGf2Ue/ZHx8A8vxmVc=</latexit> q
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m⇡ ⇡ 715� 800 MeV
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To Bind or not to Bind: A tale of which method is right, and which is wrong

<latexit sha1_base64="o+RJmjZ2LeJ3jvC81GcUZRdhbiA="></latexit>

bound state : lim
q!0

q cot � < 0
<latexit sha1_base64="E5iddROSp19CpgFy9ITsj/PW7kc="></latexit>

no bound state : lim
q!0

q cot � > 0

The spectrum does not depend upon the creation/annihilation operators 
at least one method must be wrong!
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m⇡ ⇡ 715� 800 MeV

Discrepancy at higher q2: 
excited states? gradient cutoff?



More progress



H dibaryon: a ! 0 universality (PRELIMINARY)

BaSc: Baryon Sca�ering collaboration — combined e�ort of “Mainz” and sLapHnn
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ensembles with L ⇡ 3 fm.

Second action at SU(3) point: exponentiated clover (OpenLat).
Smaller la�ice artifacts than standard clover (CLS).
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• Controversy between methods: working to 
benchmark at m𝜋 ~ 800 MeV

• Preponderance of evidence now shows that there 
is no bound state at heavy pion mass

• Hexaquark and off-diagonal correlators are not 
necessary, and can be misleading

• Preliminary results show that the HALQCD 
potential method agrees well with Lüscher at low 
momenta

• Possible systematics at higher q2

• Discretization effects appear to be non-negligible

NN scattering from LQCD
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