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Gauge theories

® General theory of relativity

® Standard model of particle physics

Event Horizon
Telescope Team

CMS, LHC



Emergent gauge theories

fractional L. Clark " Wikipedia
quantum Hall quantum spin superconductors
fluids liquids
® Anyons

® Ground state degeneracy

® | ong-range entanglement
Wen
Kitaev



Z>=Ising gauge theory
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Duality in Generalized Ising Models and Phase Transitions without Local Order Parameters*
Franz J.Wegner{

Depaiimen! 0! Flivstes, Bromwn Unerevsilv, Provideace, Riiode tsiond 02212
(Received 29 March 1371)

It iz shown that any Ising model with positive coupling constants is related to another Ising model by a
duality transformation. We define a class of Ising models M, on a=dimensional lattices characterized
by a mumber # = 1,2, ...,d(n = 1 corresponds to the Ising model with two-3spin interaction). These
modele are related by two dualily transformations, The models with 1 < x < d exhibit a phase transi-
tion without local order parameter. A nonanalyticity in the specific heat and a different qualitative
behavior of certain spin correlaticn functions in the low and the high temperature phases indicate the
existence of a phase transiticn. The Hamiltonian of the simple cubic dual medel contains produets of
four Ising spin opérators. Applying a star square transformaticon,one odtains an Ising moedel with com-
peting interactions exhibiting a singularity in the specific heat bul 1o long-range urder of the spins in
the low temperature phase,

Simplest gauge theory we can define
on a lattice



Quantum Ising model

Spin |/2 operators acting on sites
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Landau paradigm



Z, gauge theory

. . . Wegner 1971
Discrete cousin of electrodynamics Kogut 1979
Correspondence
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Z, gauge transformations

11T e-ne

O—O—(I)—Q bE+,
O ......... o ......... 7 — O Gauss’ law: G, =1

no static charges



Z, gauge theory

. . . Wegner 1971
Discrete cousin of electrodynamics Kogut 1979
Correspondence
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Lattice gauge theories

Confinement of quarks*

Kenneth G. Wilson
Laboratory of Nuclear Studivs, Cornell University, Tthava, New York 14850
(Received 12 June 1974)

A mechanism for total confinement of guarks, similar to that of Schwinger, 1s defined which requires
the existence of Abelian or non-Abclian gauge ficlds. It is shown how to quantize a gauge field theory
on a discrete lartice in Euclidean space-time, preserving exact gauge invariance and treating the gauge
fields as angular variables (which makes 2 gauge-fixing term unnecessary). The lattice gauge theory has
a computable strong-coupling limit; in this limit the binding mechanism applies and there are no free
guarks. There is unfortunately ne Lorentz (or Euclidean) invariance in the strong-coupling limit. The
strong-coupling expansion involves sums over all quark paths and sums over all surfaces (on the latice)
joining quark paths. This structure is reminiscent of relativistic string models of hadrons.



Lattice gauge theories

* Systematic strong-coupling expansion
* Numerical simulations of gauge theories

* Confinement: Wegner-Wilson loop

deconfined confined

(W) = exp(—#P) (W) = exp(—#5)



Higgs=SPT
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Higgs phase

electroweak interactions superconductors

massive W and Z bosons massive photon



2d gauged Ising model .

Adding dynamical Ising matter Fradkin&Shenker 1979

Hy=-J Z(v,v’) Z’UO-?ZJ:,U’Z’U/ - qu Xo

g%
Gauss law ocrx o =1

O.ZB



Z, gauge theory

Toric code in external magnetic field

Vidal et al 2009
Tupitsyn et al 2010
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Global symmetries

Two relevant global symmetries:

® /; symmetry carried by matter charges

® /> magnetic |-form symmetry



Matter symmetry

g%

Gauss law ot x ot =1
g7

On a closed surface: P=]],X,=1

Ising symmetry
fully trivialized
after gauging



Matter symmetry

. - S X
In presence of a boundary: P =[] _\ Xy, =[],co4 0

P symmetry

t'Hooft
electric loop

Z, matter symmetry: no charged matter
transported through boundary

After gauging, global symmetry survives,
but acts only on boundary links




Matter symmetry

Alternatively, introduce insulating defect in the bulk:
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Gentle gauging

Emergent gauge theory Gy = Xoplliet, 07

\
ZX —JZB 203 ZUJU,U,Z/—KZG ——Zal

(v,v")

Ordinary Ising matter symmetry P = ][ X,

K — o0 gauged Ising model

K —0 ordinary Ising model



Magnetic symmetry

If no tension in electric strings, drop —h Z o]

l
no vison creation or hopping
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W symmetry

| -form magnetic symmetry

generated by: Wy =1lie, o7

Gaiotto et al 2014



Deconfined phase

Z, topological order= SSB of magnetic |-form symmetry

GSs are eigenstates of closed contractible loops,
but not of non-contractible loops



Deconfined phase

Topological order= SSB of magnetic |-form symmetry

\/ ~ e~ lz=ul/€
ol JY A

defects do not condense

robust under explicit breaking of magnetic symmetry!

review: McGreevy 2022



Higgs phase

In contrast to deconfined phase: charges condense

magnetic symmetry is not spontaneously broken



Higgs phase

€ 1.0- Higgs
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String order parameter detects SPT order

Higgs=SPT



Symmetry-protected
topological order

Distinct short-range entangled states are separated by a phase
transition provided symmetries are respected

Examples:

Integer spin
antiferromagnets

Kitaev chain

topological insulators




SPT: |d example

|d chain of vertices and links: H = Hyertices @ Hiink
H = AHqyster + Heriv A
Heuster = — 2, 02—1/2Xn(7£+1/2 —Dn Z”Ufrzz+1/22n+1

Htriv — Zn (Xn -+ Ofb—l—l/Q)

Symmetry: Lio X Lo

AN

P=1[, Xx W=1l,0011/2



SPT: |d example

|d chain of vertices and links: H = Hyertices @ Hiink

H = )\Hcluster =+ Htriv

_ X xr 4

Hyiy = — Zn (Xn T 0-24—1/2)

ground state respects the symmetry

trivial SPT
‘ >

<H7L<n<j o7 /2> A=1 <Z€Ei<n<j OZ+?ZJ'> A

odd under P




SPT: |d example

|d chain of vertices and links: H = Hyertices @ Hiink

S X xr <
Heuster = — 2, 0n-1/2X’n0n+1/2 — D Zn0n+1/22’n+1

Edge modes:

4 0% - o* - o0*d
o 9o o o o o o o oo # 0 (long-range order)
11 3 1
2 2 N+ 3
i AN 0L 4
0-.4; O”; O-»;; 0-& 0—» 0.,:, .
= oo o 9o o o o6 0o 0o (W =]]o” is a symmetry)
a” o> Z /o~ . 2
= +—e o o 0+ o o @ o (since (0*)” = 1)

Z 0% #0 (due to clustering)

= o—0—0—0—0—0—0—0—0—0—0

anticommutes with P =[], X,, — GS edge degeneracy




SPT: |d example

|d chain of vertices and links: H = Hyertices @ Hiink

H = )\Hcluster =+ Htriv

Cluster-trivial interface:

anticommutes with P — GS edge degeneracy

Edge modes are robust manifestations of SPT



|d gauged Ising

p— —jz ZnO-’I’L—|—1/2 n_|_1 Z X
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Higgs phase J > 1 is SPT phase "0 crosn e

while the phase with 7 <1  breaks spontaneously W

Finite electric string tension —— no SPT order
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2d gauged Ising | |~
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Local order parameter develops long-range order!

Matter symmetry P = ][ _\ X
spontaneously in the Higgs phase

? How robust is it?

is broken



No magnetic symmetry
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Go deep into the Higgs phase

J (charge ﬂuct )

bulk boundary Ising model

Bulk is fully frozen, but at boundary we have Ising model

SSB of P-symmetry P-symmetric GS
B >
Higgs confined

<=



Robustness of edge modes

SSB of P-symmetry is robust under W-breaking terms

DMRG on infinite strip L=3
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Higgs and confined phases separated by the
Ising boundary phase transition




charge fluct.)
o
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It matters which
symmetry is broken 7

(m gnetlc ﬂuct.)

Start with exact magnetic and matter symmetries:

exact boundary degeneracy: |... T .., . LWL L)

- magnetic symmetry breaking: local vison pair creation

exp small energy splitting
parametrically suppressed by vison gap

- matter symmetry breaking: push charge through boundary

energy splitting is
linear in the perturbation strength



Anomaly

Bulk SPT —— boundary anomaly

as a result: no symmetric, short-range entangled
state on the boundary

SSB  or gapless or topological order

In the Higgs phase: Zio X Zio|ld — 1] anomaly

due to anticommutation of the two
symmetries on the boundary



Conclusions

Discrete gauge theories can provide
valuable insights

Higgs=SPT in Ising gauge theory

Generalizes to other gauge theories:
U(Il), non-abelian, ...

New insights into superconductors, quark-
hadron continuity?



