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®  Polarized semi-inclusive deep-inelastic scattering at NNLO in QCD
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Semi-inclusive deep-inelastic scattering

SIDIS
production of identified hadrons in DIS
multiple hadron species: 7, K, D, p, n, A, ..

probe of hadron structure
in broad kinematic range

QCD factorization at scale °
OnvH—H' = Z fz'/H(,LL2> Q O~ij (as(,LLQ),QQ,MQ) ) DH’/j(:LL2>
ij

parton distribution function (PDF) f;,x (x, u*)
parton-to-hadron fragmentation function (FF) Dy /;(z, u*)

Perturbative QCD
hard scattering cross section 6+i—; (, z, as (1), @%, u*) computed
to NNLO
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Once upon a time . ..

® HERA: deep structure of proton at highest Q* and smallest «

B

Sven-Olaf Moch Semi-Inclusive Deep-Inelastic Scatteringat NNLO in QCD —p.5



Bright tuture for precision hadron physics

Electron-lon Collider
A machine that will unlock the secrets of the strongest force in Nature

Storage Ring Electrons gee——"_ug b .

lon Collider Ring
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l(k;))+ H(P) — l(k{) + H’(PH) + X

SIDIS process

space-like momentum transfer
q=k — k‘z with Q2 — _q2 electron

, : Q2
Bjorken variable z = 55—

hadron(Pg)

inelasticity y = %

fragmenting hadron hadron(P)

variable » = £5°1
-q

Cross sections parametrized through structure functions

Sven-Olaf Moch

unpolarized SIDIS o = 3 >°. & ./ s 0.l
Hiad il A/ ’

d>o Aro? 2 (1—-1y) 2
— € |yF F:
dxdydz Q2 [y 1(CU,Z,Q ) + Y 2(55727 )]
. 1 3,7SH S/’SH
polarized SIDIS Ao = 3 ng,SH (US;:%’S:% - Usf:%,s=—§)
d> Ao Ao’ 2
drdydz Q2 (2-y)g(z,2Q7)
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Structure functions in perturbative QCD

QCD factorization for structure function F» (up to order C’)(l/QQ))
F2 (z, 2 Q

2

Z/ L /_fz/Hx M)Czij(%aj as(u?), QQ)DH'/J(Z )

coefficient functions Cy ;; = af ( 223 + asc ézﬁr@ Cé 23 + - )

Analogous for gi (z, z, Q°) with polarized PDFs Af;, 5 («', u*) and
coefficient functions AC" ;;

Parton evolution

dlriﬂ oy i7) - = Z [Py (i) ® f3/0 (1] ()

Splitting functions P;; = asP(O) +a2P M +alPP1alP 4.
space-like splitting functions for PDFs f;,z (x, p*)

time-like splitting functions for FFs Dy ,;(z, u*)
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Coefficient functions (1)

Leading order
Born process ¢(q) +v* — q(q)

cl (2',2)=6(1—2') §(1—2)

2,qq

Next-to-leading order

Real and virtual processes
q(q)+~" — q(q)+ one loop
9@+~ — q@+yg

g+ — a+4q R
i &

(1) (.1 : :
C,.i; (2, 2") known since long time

Altarelli, Ellis, Martinelli, Pi ‘79; de Florian, Stratmann, Vogelsang ‘97
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Coefficient functions (2)

v

C(2)

a,ij

I DHY x 2 1 Pi Py
(', 2") ~ Pt /dPSXﬂZ]Mw\WcS(z pi.q)

Squared (projected) matrix elements Z
Feynman diagram with Qgraf Nogueira ‘91

symbolic manipulation with Form
Vermaseren ‘00; Kuipers, Ueda, Vermaseren, Vollinga ‘12

UV and IR regularizazion in D = 4 — 2¢ dimensions
phase space integrals with kinematical constraint

Reverse Unitarity method (Cutkosky rule)
phase-space integrals mapped to loop integrals

: 1
(2mi)d(p°) = e + cc.

Standard reduction with integration-by-parts to master integrals
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Coefficient functions (3)

Next-to-next-to-leading order
Double-real, real-virtual and virtual processes
9(@) +7" — q(@) +two loops W

¢(9) +v° — q(q) + g+ one loop
g+~" — q-+qg+oneloop
@)+ — q@+g+tyg
g+v" — g+q+q
o@D+ — d@+d+7
@)+ — q@+q+q

B

VV contributions: massless two-loop form factor

Hamberg, van Neerven, Matsuura ‘88
RV contributions with box integrals ~ 2F) (—¢, —¢,1 — ¢, f(2', 2"))
care needed for analyticity in the physical domain of 2/, 2’
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Coefficient functions (4)

Double-real emissions
RR requires SEEEEE
three body phase space integrals

RR

RR master integrals, functions of z’, 2’

A A

Method 1 /fé - f

Differential equations in z’, 2’
20 Mls from integration-by-parts relations

boundary conditions by integration over z’ from inclusive RR integrals
(DIS coefficient functions)

Additional relations between MIs observed from analytic solutions
g7 = jie and jo = f(J1, j2, Js, Js)
not obvious from integration-by-parts relations
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Coefficient functions (5)

jl = RR1(07 0, 0) .j2 = RR1(0707 1) j3 = RR1(17 1, 1) J4 RRQ 1 1, 1 .j5 = RR3(O>O> 1)
Je :RRS(lalvl) j7:RR4(17171) Js :RR5(07071) Jo :RRS(OaOaQ) Jio :RR5(07171)

|

: ~

jll - RR’5(1~ 17 1) j12 - RR6(07 17 1) .715 RR@ 1 1 1 j14 - RR7(07171) j15 = RR7(17 17 1)
.716 RRg 1 1 1 _]17 RRlO 1 1 1 jlg —R.R.u 1 1 1 ]13 RR12 1 1 1 _]20 RRL; 1 1 1

A e P e P

Mls of families RRy, ..., RRi3
cut lines denote cut massless propagators,
circle marks propagator of identified parton
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Coefficient functions (6)

Method 2

Radial-angular decomposition
angular integration with Mellin-Barnes method Somogyi‘11
collinear singularities arise from angular integration
one-fold radial integrals [ dzf(z) over classical polylogarithms
soft divergences originate from integration over z

Soft and collinear singularities
RR phase-space integrals in D = 4 — 2¢
(1 o CU/)—l—a,z-:<1 o Z/)—l—bsf(x/’ Z/, 8)

regular functions f(z', 2, ) in threshold limits " — 1 and/or 2’ — 1

IR divergences can be isolated (w = z’, 2’) with ‘plus’-distributions

(1 —w) 1 = ié(l _w)+ Z (ne) llog (1— w)}
n

ne —~ k! (1 —w)
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Coefficient functions (7)

Threshold resummation

Coefficient functions C\") (+, ') ~ o [b%’;(—;)w)}
’ w _|_

threshold logarithms inw = 2’, 2" and £ < 2n — 1

Prediction of threshold enhanced logarithms from resummation for SIDIS
in Mellin variables (" —)N and (2" —)M
bears much resemblance with Drell-Yan rapidity distribution
z=0Q?%/5— N and /zexp(+y) - M

Useful approach to derive approximations at higher orders
Abele, de Florian, Vogelsang 21; 22

approximate NNLO and N°LO QCD corrections
threshold resummation at N°LL accuracy

Check

Full agreement of exact computation with NNLO SV terms
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Splitting functions at large x

The large x-limit: x — 1

¢ Structure of diagonal splitting functions P; (fori = q, g) at large x
_ Al :
P () = —" 4+ Bis1—2z)+ ...
@) = g5 (1- )
® Cusp anomalous dimension A},
® known from 1/e*-poles of QCD form factor

® Four loop results in QCD

Large-n. (Henn, Lee, Smirnov, Smirnov, Steinhauser ‘16; S. M., Ruijl, Ueda, Vermaseren, Vogt ‘17);
n¢ (Grozin ‘18; Henn, Peraro, Stahlhofen, Wasser ‘19); n? (Davies, Ruijl, Ueda, Vermaseren, Vogt ‘16;

Lee, Smirnov, Smirnov, Steinhauser ‘17); erJ‘? (Gracey ‘94; Beneke, Braun, ‘95);
guartic colour (Lee, Smirnov, Smirnov, Steinhauser ‘19; Henn, Korchemsky, Mistlberger 19)

® Virtual anomalous dimension Bl
® parts related to 1/e-poles of QCD form factor
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Quark virtual anomalous dimension

® Four loop result (up to one unknown b ., ) Kniehl, S.M., Velizhanin, Vogt ‘25
BE =
4 (4873 684 , 16888 128
Cp (z —450¢ — —— () — — ¢5 4 2004¢3 — 120¢3¢o + ?§3c2 — 1152¢3 — 2520¢5 — 384¢5C¢o + 5880@‘7)
oo ( 871201 1 4582 . 22388 , 48368 4 153670 472 1 C (2 4 5osc2
A 648 24 4 1A 5 7 135 2 315 2 81 0 252 252 3
11372 5 o (29639 46771 24340 , 21988 5 = 129662 2096
+ C5+504C5C2—2870C7)+0FCA( - G2 — ¢ — ——¢ + ¢3 + ——C3¢C2
36 27 35 9
64 5 7102 , 5354 3 2085 4334 , 317188 4
—— ¢3¢y — —¢3 + —— (5 — 2104¢5¢2 + 8610C7) +CpChp (— +1167¢o + —— (3 + ———— ¢
5 3 9 4 5 315
1988 256 agbedqgbed
—3260¢3 — ¢3Co + ?gg,gg +3220¢3 — 9765 + 2064C5Co — 1092047) b% )
nF
408 o 51472 4 256
5 7751 3892 55708 o 2808 g 15400 2672 1232 , 7432
+npCAC 4 (— — ¢o + 5+ ——¢5 — ¢3+—c3c2——c3——c5)
54 27 135 35 27 9 3 9
5 (20027 41092 2468 o 4472 5 9554 580 416 5 1130
—|—nfCFCA( — o+ —¢5 — o+ —¢3— —¢3¢2+ —¢3 + <5)
108 81 45 135 27 3 3
d gbed g gbed 1888 704 5 2048 5 992
+ng (—192 - Co — — (3 + ——¢5 — ¢34+ 64¢3Cy + 256¢35 — 112045)
n g 45 3
2o ( 188 1244 4208 5 56 160 368C )+ 20 o ( 193 8170 32 o
n - — — - — — n - - —
PR o7 o7 27 135 (2T 5p 3T g 0392 > FEETALNL 54 s1 ° 9 2
320 80 8 131 32 64 304
—c3+c3c2—c5)+nf Cp (—+¢2—c2 Cg)
9 81 81 135 81
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Quark form factor in QCD

o o ol ]

QCD corrections to vertex v ¢, i.e. T'y = ieq (@, u) FQ7, as)
gauge invariant quantity
infrared divergent (dimesional regularization D = 4 — 2¢)

Form factor 7{Q?, ;) exponentiates Collins ‘80; Sen ‘81; Korchemsky ‘88; Magnea,
Sterman ‘90; Contopanagos, Laenen, Sterman ‘97; Magnea ‘00 (long history)

o O
0Q)?

Renormalization group equations for functions G and K

2
lnf(QQ,as,E) — 1K(ozs,e)—l—%G(%,(}zs,e) :

“ 2

all Q*-scale dependence in G (finite in €)

pure counter term function K (contains poles in 1)

€
Cusp anomalous dimension A governs evolution for G and K
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Result

Result up to four Ioops in terms of expansion coefficients of A and G

.Fl —

11

Az
2¢27! 2€G1
11 , 11 11 ., 11
8€4A ‘|‘§—3A1(2G1—50) g—Q(Gl—AQ—QﬁoGl)—ZEGQ

11 5 11 5 11 , ;
“mao T 13 ANGL = o) = 17 7 AL(9GT =942 = 2THoGh + 860)

1 1
— mg(BG? — 9A2G1 - 18A1G2 + 451141 — 1850(;% + 1650142 + 2453(;1)

1 1 11
+ 56—2(9G1G2 —4A3 — 681G1 — 24B0G2) — ggGB

Expansion in terms of bare coupling a2 = a2 /(4r)

—le

F(@ )_1+Z( )(Q—2> Fi
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Result
¢ Result up to four loops in terms of expansion coefficients of A and GG

11 11
= A -
71 92"t 2€G1
11 5, 11 11, 11
Fro = g+ g 54261 = Fo) + o 5 (Gl — A2 = 260G1) —  —G2
11 5 11 ., 11 > 2
J3 = _Ee_GAl - 1_66_5A1(G1 — Bo) — m6—4A1(9G1 — 942 = 2760G1 + 85)
- EZE%BG? — 945Gy — 1841G2 + 481 A1 — 18B0G? + 1680 Az + 2482G1)
+ 11 961Gy — 445 — 68:Gy — 2480Gn) — 2~ 1
w5 2 1Go 3 1G1 0G2 6 ¢ 3

J2: Hamberg, van Neerven, Matsuura ‘88; Harlander ‘00; Gehrmann, Huber, Maitre *05; S.M.
Vermaseren, Vogt '05

JF3: S.M. Vermaseren, Vogt '05; Baikov, Chetyrkin, Smirnov, Smirnov, Steinhauser ‘09;
Gehrmann, Glover, Huber, Ikizlerli, Studerus ‘10

JF4: Henn, Smirnov, Smirnov, Steinhauser, Lee ‘16; Lee, Smirnov, Smirnov, Steinhauser ‘17 &
19; von Manteuffel, Schabinger ‘19
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Universality of subleading infrared poles
Universal subleading infrared poles in function GG Dixon, Magnea, Sterman ‘08

Coefficients (G,, at n-loops are composed of:
twice the §(1 — x) part B9 in parton splitting function
single-logarithmic anomalous dimension of eikonal form factor
terms associated with QCD beta function

Gi = 2By + fi' +efors

G2 = 2By + (f3 + Bofor) +foq

Gs = 2B3+ (f3 +Bifor + Bofor) +€foz

Ga = 2B+ ([i+ Baofor + Bifoz + Bofos) + €fou

f-function shares maximal non-Abelian property and (generalized)
Casimir scaling with cusp anomalous dimensions

i = 0,

fa = CF{CA (% — —C2 — 28C3> + ny (—% + %@) },
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Eikonal anomalous dimension

® Four loop result (same unknown b; ., as in Bj)
Kniehl, S.M., Velizhanin, Vogt 25

f = opes (9311591 N 1 o 1164703 ot 231518 2 173888 @ 829204 ot 12568 Cocs
6561 12 4 729 135 315 243 9
4228  , 4378 5 106934 1376 11071 dgbedqqbed o
S G G5 - ¢ — 7) — (192 — 20§ ;.
2176 224 , 27808 5 7808 736 5 3344 , 1840
3 C2 + ECQ + — Co — 5 ¢3 — 1792¢3(¢2 — ?C:%.Cg -3 3 — 5 Cs
3 /21037 148 5, 320 5 4424 5 1600
+1024¢5¢2 + 3484C7) + ny O ( Tos 2¢2 + ?Cg — TCQ ¢3 — 80¢3 — 5)
5 813475 2819 1976 o, 128 5 68882 5 1448
+n,CpCy (‘ 973 + 5 C2 — TR + 5 ©2 + 1 ¢3 — 160¢3¢2 — 312¢3 + 5)
5 / 394109 294539 4420 , 27032 5 31340 104 4420
Ty CrCa <_ Toad | wae 2T T 2T gy 27 oy T TgGeeet ¥
692 dgbedgabed 64 5, 1280 5 640 320 , 1600
_?C5>+nf np (256C2—_C2_ o1 CQ"’TC?)_?C?, - 9 5)
#n 207 (16733 172 ot gc% B 4568C 8(3(2 N £<5> FnPCpC, (27875 15481 ‘
486 9 45 81 17496 729
776 5, 32152 224 3 16160 16 256 , 400
—I——Cg—l— 243 Cs—TCsC2—112C5>+nf Cr (— 561 _8_1C2+EC _EC?’)
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Results (1)

Unpolarized
non-singlet

coefficient function C

(2)

2,qq

K-factor

0.5

0.12

0.1

0.08

0.06

G | ~0.04

2 1C0.02
R s

-0.02

-0.04

-0.06

-0.08

=

--- NLOg,
— NLO

Lo b bovn b v P b Lo g
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
z
O JNLO
- EINNLO
;lIIII|IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIlII
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

z

K -factor as function of z for EIC with /s = 140 GeV
SV terms at NLO (blue dashed) and NNLO (red dashed)
full NLO (blue solid) and (non-singlet, leading color) NNLO (red solid)

Uncertainty from renormalization scale variation p% € [Q?/2,2Q7]

Sven-Olaf Moch
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Polarized SIDIS

Polarized coefficient functions
appearance of ~5 in vertex and spin projections

use Larin scheme ~sv,, = ewpgfy P~ Larin ‘93

Structure function in Larin scheme

ZAf% ) Qo AC1ij ( F) @2 Dj (M%)

Scheme transformatlon (finite) from Larin to MS scheme

PDFs
Afe(pd) = Zii (1) @ Af" (%)

coefficient functions
ACy i (nF) = (271 (1r))ik © ACL ks~ (1)

Z; known to NNLO Matiounine, Smith, van Neerven ‘98
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Results (2)

0.8 EIC — 10 0.30 EIC — Lo
Vs =140 GeV — No Vs =140 GeV — NLO
_ 02 <2<0.85 I 0.25 02 <2<0.85 o
0. 6 ‘ --------- u-uNNLO | N u-u NNLO
e 0.20{_
uw 0.4 Gy 0.15{
0.10
0.2
0.05
] — — 0.0003 S —
o T ST —— . u-gNLO u-g NNLO —0.0003 L ppmmmmEEEE oo R om0
——0.003} ,/:::’/ --— g-uNLO —-== g-uNNLO c'; —0.0009 = _'ﬂ;’:::f::':::::’ —— - u->gNLO —-= U->qNNLO ——— g-uNNLO
—0.006 i -= u-0GNNLO g-g NNLO : | -2 -—— g-uNLO u-g NNLO g-g NNLO
—0.009 - /:/ - -~ u-qNNLO —0.0015¢" = U>{NNLO
0.1 0.15 0.2 0.25 0.3 04 05 0.6 0.70.8 0.1 0.15 0.2 0.25 0.3 04 05 0.6 0.70.8
X X

Structure functions F; (left) and g; (right) as function of x
EIC at /s = 140 GeV
PDF sets NNPDF31 (F7) and BDSSV24(N)NLO (g1)
FF set NNFF10PIp
all partonic channels (non-singlet channel dominates)
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Results (3)

2.01 EIC — Lo EIC — 10
N VS = 140 GeV — N Vs = 140 GeV — NLo
0.1<x<0.8 — NNLO 0.8+, 1<x<0. — NNLO
0.5<y<0.9 === u=uNLO R <x<09 e
15 e U= U NNLO = u=u NNLO
0.6
— —
w10 o))
0.4
0.5 0.2
0.004 fimmmmmmmmoie e N — ] 0.001 Fermm .
— —-0.014 —————;;;;;;;::::E:::::: ---- = —— . u-gNLO u-g NNLO —0.0006 B e T o ——. u-gNLO u-g NNLO
F-—T= ——— g-uNLO ——— g-uNNLO iy PR ——— g-uNLO ——— g-uNNLO
K- —0.032-  samno gag NNLO ©-0.0137 T uaanno g-»g NNLO
—0.050 -== u-qNNLO -0.020{ e u-qNNLO
0.1 0.15 0.2 0.25 0.3 04 05 0.6 0.70.8 0.1 0.15 0.2 0.25 0.3 04 05 0.6 0.70.8
Z Z

Structure functions F; (left) and g; (right) as function of z
EIC at /s = 140 GeV
PDF sets NNPDF31 (F7) and BDSSV24(N)NLO (g1)
FF set NNFF10PIp
all partonic channels (non-singlet channel dominates)
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Results (4)

1.00 Te 1.1 EIC :
g?z - 142 c(s)eg/5 o VS =140 GeV /,/
0.95 9-2< ; <98 // \'\. 10 8:% < ; < (())..35 //.,.
0.90 § \ P 4
| /.// ,‘: 0.9 ////// -
LLHO85 _____________________ oo y \\ csHa ///////
v == S~ - \ N
0.80 ‘\_\"' 08 =7
0.75| ﬁ o=
I NLO I NLO
0.70 EEE NNLO 0.6 B NNLO
0. 02 03 04 05 06 0.7 0.8 ‘0.1 0.2 03 04 05 06 07 0.8
X X

NLO and NNLO K-factors for structure functions F; (left) and g; (right) as

function of =

EIC at /s = 140 GeV
PDF sets NNPDF31 (F7) and BDSSV24(N)NLO (g1)

FF set NNFF10PIp

Bands from variation ur € [Q7.,/2,2Q%.,]; fixed ur = Qavg = TYavgs
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Ke,

Results (5)

EIC
1.1 93 =ie%y
0.5<y<0.9
1.0
k
\
0.9\
\
0.8 mm NLO 0.7 mEm NLO
N EEE NNLO N e EEE NNLO
0. 02 03 04 05 06 0.7 0.8 0. 02 03 04 05 06 0.7 0.8
Z Z

NLO and NNLO K-factors for structure functions F; (left) and g; (right) as
function of z

EIC at /s = 140 GeV
PDF sets NNPDF31 (F7) and BDSSV24(N)NLO (g1)
FF set NNFF10PIp

Bands from variation ur € [Q7.,/2,2Q%.,]; fixed ur = Qavg = TYavgs
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Results (6)

7-scale variation Ha-scale variation uz-scale variation
30GeV 30GeV 30GeV
300 EIC — Lo 300 EIC — 10 3001 EIC — Lo
VS =140 GeV - NLO VS =140 GeV - NLO VS = 140 GeV ---- NLO
0.2 <z<0.85 —— NNLO 0.2 <z<0.85 —— NNLO 0.2 <z<0.85 —— NNLO
2004 2001 2001
A
— “ —
L '\,“\ L
A\ 60GeV
\’\\\
1001 100 100
\ \
N\ @
NN
N\
§‘\~.§_\ 200GeV
=== 400GeV gpoGeV]
0 - 0 0
10
X
7-scale variation Ha-scale variation u2-scale variation
2.0 {30Gev EIC 2.0 {30Gev EIC 2.0 {30Gev EIC
Vs =140 GeV Vs =140 GeV Vs =140 GeV
§0GeV 0.2 <z<0.85 60GeV 0.2 <z<0.85 60GeV 0.2 <z<0.85
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Results (7)

EIC
Vs =140 GeV

0.004 <x<0.01
0.1<y<0.2

EIC
Vs =140 GeV

0.004<x<0.01
0.3<y<05

EIC
Vs =140 GeV

0.004 <x<0.01
0.5<y<0.9

0.6 Q2,4 = 20.58 GeV Q2%,,=54.88 GeV Q2,4 = 96.04 GeV
— |—I1.0’ |—|2
w04 L L
0.2 0.5 1
0102 0302 0608 ) 0.2 0.30.4 0.60.8 81 02 0304 0608
Z Z Z
0.8
EIC 0.6 EIC 0.05 EIC
VS =140 GeV VS =140 GeV . VS =140 GeV
0.04 <x<0.03 0.1<x<0.14 0.5<x<0.7
0.6 0.5<y<0.9 0.5<y<0.9 0.041 0.5<y<0.9
QZ,,=480.2 GeV QZ%,,=1646.4 GeV ) QZ,, = 8232 GeV
0.4; 0.03
u' 0.4 o o
0.2] 0.021
0-2 0.01{°_‘©
N [ NLO
NS NNLO

091

0.2 0.30.4 0.60.8
Z

0.%.

0.2 0.30.4 0.60.8
Z

0.0%.

1

0.2 0.30.4 0.60.8
Z

Scale variation of F; as function x for six different values of Q?
(NNPDF31 PDFs; NNFF10PIp FFS)

Sven-Olaf Moch Semi-Inclusive Deep-Inelastic Scatteringat NNLO in QCD — p.29



Results (8)
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Polarized SIDIS at COMPASS
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Polarized structure function
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Spin asymmetry at COMPASS
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Spin asymmetry at EIC
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Neutrino-nucleon SIDIS (1)
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Summary

Deep-inelastic scattering

Upcoming EIC will probe perturbative QCD in large range of
Kinematics

State-of-the-art detector can aim at experimental precision of < 1%
Polarized beams at EIC offer vast opportunities
new interest in large class of spin dependent observables

Precision studies of hadron structure require higher orders in perturbative
QCD

theoretical predictions at NNLO in QCD nowadays standard

Furhter improvements for SIDIS
joint resummation beyond N®LL accuracy
N2LO QCD corrections within reach of current technologies
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