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INTRODUCTION
Accurate neutrino-nucleus scattering calculations critical for the success of the experimental program
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PART 1  

THE NUCLEAR MANY-BODY PROBLEM
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THE NUCLEAR MANY-BODY PROBLEM
In the low-energy regime, quark and gluons are confined within hadrons and the relevant degrees 
of freedoms are protons, neutrons, and pions

Effective field theories connect QCD with nuclear observables.
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Chiral EFT exploits the broken chiral symmetry of QCD to construct potentials and consistent currents
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Figure 6. Posterior plot for the N3LO fit in the 1S0 channel to PWA93 np phase shifts
with Emax = 200MeV. The corresponding EKM values are eC1S0 = 1.09, C1S0 = �0.10,
D1

1S0 = �1.59, and D2
1S0 = 2.65.

with di↵erent values of D
2
1S0 is guaranteed. The operators (p2 + p

0 2)2 and (p2 � p
0 2)2

both enter as N2LO perturbations in the pionless-EFT NN amplitude. As we show in

Appendix C, in this case the second term in (14) can be exactly absorbed into lower-order

contributions to the T -matrix. This is most easily seen in dimensional regularization [39],

but is true in any other regularization scheme too [37].

In �EFT the situation is not as clear, because these operators are treated non-

perturbatively, and they mix with long-range pion physics. We therefore now explore

the expected parameter degeneracy numerically. Following [18], we fix the o↵-shell

combination D
2
1S0 to zero. In this case, we discover only a single mode using MCMC

sampling. The description of the data is shown in figure 8(b); as observed in [18] it is

just as good as that in figure 7, which was generated from the posterior that includes

• EFTs enables to rigorously estimate the 
uncertainties originating in the nuclear 
Hamiltonian

R. J. Furnstahl et al., Phys. Rev. C 92 (2015) 2, 024005
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• Bayesian frameworks recently developed for 
parameter estimation in nuclear EFTs

UQ FOR NUCLEAR HAMILTONIANS

• Correlations among different low-energy 
constants

R. J. Furnstahl et al., J.Phys. G 42 (2015) 3, 034028

S. Wesolowski et al., J. Phys. G 46 (2019) 4, 045102

S. Wesolowski et al., Phys.Rev.C 104 (2021) 6, 064001
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Non relativistic many body theory aims at solving the many-body Schrödinger equation
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SOLVING THE NUCLEAR MANY-BODY PROBLEM

• Mean field: the ground-state wave 
function is a single Slater determinant
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• Only statistical, no dynamical correlations



The exact ground-state wave function can be expressed as a sum of Slater determinants
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CONFIGURATION-INTERACTION METHODS
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The correlations are consistent with the underlying nuclear interaction
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VARIATIONAL MONTE CARLO
In variational Monte Carlo, one assumes a “suitable” ansatz for the trial wave function
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GREEN’S FUNCTION MONTE CARLO
The trial wave function can be expanded in the set of the Hamiltonian eigenstates

GFMC projects out the lowest-energy state using 
an imaginary-time propagation
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X

n

cn| ni H| ni = En| ni
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GFMC suffers from the fermion-sign problem, 
but it is “virtually exact” for light nuclear 
systems.
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PART 2.A.  

INCLUSIVE LEPTON-NUCLEUS SCATTERING
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final state
��Y f

↵
with momentum Pµ

f = (E f ,P f ), and momentum conservation implies qµ =

pµ
e � pe

0µ = Pµ
f �Pµ

i . Furthermore, the interaction proceeds through the exchange of a space-
like virtual photon, for which q2

µ = w2 �q2 < 0†. In electron-induced reactions w and q can
vary independently (provided that |q| > w), as opposed to reactions induced by real photons
where |q|= w . In elastic reactions w = 0 (neglecting the recoil of the nucleus), which implies
|Yii =

��Y f
↵
. Reactions in which w 6= 0 are instead called inelastic. To different values of

w = E f �Ei, correspond different excitation energies of the nucleus. As w increases to a
few MeV, low-lying (discrete) nuclear excited states can be accessed. For energies transferred
of the order of ⇠ 10� 30 MeV, giant resonance modes in the continuum spectrum of the
nucleus are excited, while for values of wq.e. ⇠ q2/(2m) quasi-elastic effects dominate, in
which the reaction is in first approximation well described as if electrons were scattered off
single nucleons. Beyond the quasi-elastic energy region, meson production can be observed.
A schematic representation of the double differential cross section for electron scattering at a
fixed value of momentum transfer q is provided in Figure 7.

Because in inelastic electron scattering w and q can vary independently, for each value
of excitation energy w , one can study the matrix elements’ behavior as a function of the
momentum transfer. In particular, by varying q one changes the spatial resolution of the
electron probe, which is µ 1/|q|. At low values of momentum transfer, electron scattering
reactions probe long ranged dynamics, while at higher values of momentum transfer shorter
distance phenomena are tested, where dynamics from heavier mesons and baryons become
relevant.

Figure 7. (Color online) Schematic representation of the double differential cross section at
fixed value of momentum transfer.

Cross sections for elastic scattering and scattering to discrete excited states, for which
the transferred energy w is fixed, are expressed in terms of longitudinal (or charge) and
transverse (or magnetic) form factors, which are functions of the momentum transferred
q = |q|, and provide information on the e.m. charge and current spatial distributions inside
the nucleus. The double differential cross section for inclusive processes, in which only
the scattered electron is detected, is expressed in terms of the longitudinal and transverse

† The four-vector squared qµ qµ is here denoted with q2
µ .

LEPTON-NUCLEUS SCATTERING
The inclusive cross section is characterized by a variety of reaction mechanisms 

The response functions contain all nuclear-dynamics information 

R↵�(!,q) =
X

f

h 0|J†
↵(q)| f ih f |J�(q)| 0i�(! � Ef + E0)

Courtesy of S. Pastore
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EUCLIDEAN RESPONSES
Our GFMC calculations rely on the Laplace kernel

At finite imaginary time the contributions from 
large energy transfer are quickly suppressed

E↵�(⌧,q) ⌘
Z

d!e�!⌧R↵�(!,q)

y

yXyR

yXyk

yXyj

yXy9

8y Ryy R8y kyy k8y jyy

(J
2o

≠
R )

Ê(J2o)

RxxUÊ, [V
· 4 yXyyR J2o≠R

· 4 yXyR J2o≠R

· 4 yXy8 J2o≠R

Quantum Monte Carlo

Zero Temperature

 0 = exp [�H⌧ ]  T

H =
X

i

p
2
i

2m
+

X

i<j

V0 �(rij)

Diffusion Branching
In nuclear physics, we have a
set of amplitudes for each spin 
and isospin

Brownian motion

 =
X

�(�)

X

�(⌧)

a(�(�),�(⌧)) |��i |�⌧ i

E↵�(⌧,q) = h 0|J†
↵
(q)e�(H�E0)⌧J�(q)| 0i

X

f

| f ih f |
<latexit sha1_base64="ojl+njMrtu+EMYHCGHXApVN2FNI="></latexit><latexit sha1_base64="ojl+njMrtu+EMYHCGHXApVN2FNI="></latexit><latexit sha1_base64="ojl+njMrtu+EMYHCGHXApVN2FNI="></latexit><latexit sha1_base64="ojl+njMrtu+EMYHCGHXApVN2FNI="></latexit>
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The system is first heated up by the transition 
operator. Its cooling determines the Euclidean 
response of the system
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FIG. 2. (Color online) Same as Fig. 1 but for the electromag-
netic transverse response functions. Since pion production
mechanisms are not included, the present theory underesti-
mates the (transverse) strength in the � peak region, see in
particular the q=570 MeV/c case.

of R↵(q,!)—so called Euclidean response [11]—which we
define as

E↵(q, ⌧) =

Z 1

!
+
el

d! e�!⌧
R↵(q,!)

[Gp

E
(q,!)]2

, (2)

where Gp

E
(q,!) is the (free) proton electric form factor

and the integration excludes the contribution due to elas-
tic scattering (!el is the energy of the recoiling ground
state). We elaborate this issue further below; for now
it su�ces to note that, in the specific case of 12C, the
ground state has quantum numbers J⇡ =0+ and there-
fore the elastic contribution vanishes in the transverse
channel. With the definition given in Eq. (2), the Eu-
clidean response function above can be thought of as be-
ing due to point-like, but strongly interacting, nucleons,
and can simply be expressed as

E↵(q, ⌧)=h0|O†
↵
(q)e�(H�E0)⌧O↵(q)|0i� |F↵(q)|2e�⌧!el ,

(3)
where H is the nuclear Hamiltonian (here, the AV18/IL7
model), F↵(q) = h0|O↵(q)|0i is the elastic form fac-
tor, and in the electromagnetic operators O↵(q) the de-

pendence on the energy transfer ! has been removed
by dividing the current j↵(q,!) by Gp

E
(q,!) [15]. The

calculation of this matrix element is then carried out
with GFMC methods [11] similar to those used in pro-
jecting out the exact ground state of H from a trial
state [28]. It proceeds in two steps. First, an un-
constrained imaginary-time propagation of the state |0i
is performed and saved. Next, the states O↵(q)|0i
are evolved in imaginary time following the path pre-
viously saved. During this latter imaginary-time evolu-
tion, scalar products of exp [�(H�E0) ⌧i]O↵(q)|0i with
O↵(q)|0i are evaluated on a grid of ⌧i values, and from
these scalar products estimates for E↵(q, ⌧i) are obtained
(a complete discussion of the methods is in Refs. [11, 29]).
Following Ref. [15] (see also extended material submit-

ted in support of that publication), we have exploited
maximum entropy techniques [13, 14] to perform the an-
alytic continuation of the Euclidean response function—
corresponding to the inversion of the Laplace transform
of Eq. (2). However, we have improved on the inver-
sion procedure described in [15] in order to better prop-
agate the statistical errors associated with E↵(q, ⌧) into
R↵(q,!). Specifically, the smallest possible value for pa-
rameter ↵ (see Ref. [15]) has been chosen to perform a
first inversion of the Laplace transform, which is then in-
dependent on the prior. The resulting response function
R(0) is the one whose Laplace transform E(0) is the clos-
est to the original average GFMC Euclidean response.
Then, N = 100 Euclidean response functions are sam-
pled from a multivariate gaussian distribution, with mean
value E(0) and covariance estimated from the original set
of GFMC Euclidean responses. The corresponding re-
sponse functions, obtained using the so called “historic
maximum entropy” technique, are used to estimate the
mean value and the variance of the final inverted response
function.

q (MeV/c) 2+ 0+ 4+

300 0.1286 0.0311 0.0060
380 0.0745 0.0051 0.0075
570 0.0064 0.0046 0.0037

TABLE I. Measured longitudinal transition form factors, de-
fined as hf |OL(q)|0i/Z, to the f =2+, 0+ (Hoyle), and 4+
states in 12C. Experimental data are from Refs. [30–32], and
have been divided by the proton electric form factorGp

E(q,!f )
with !f = Ef � E0.

We now proceed to address the issue alluded to earlier.
The low-lying spectrum of 12C consists of J⇡ =2+, 0+

(Hoyle), and 4+ states with excitation energies E?

f
� E0

experimentally known to be, respectively, 4.44, 7.65, and
14.08 in MeV units [33]. The contributions of these states
to the quasi-elastic longitudinal and transverse response
functions extracted from inclusive (e, e0) cross section
measurements are not included. Therefore, before com-

2

to self-consistently account for nucleon and nuclear struc-
ture [24, 25], leads to a reduction of the proton elec-
tric form factor, and, as a consequence, to a significant
quenching of the longitudinal response function of nu-
clear matter and associated Coulomb sum rule [18]. Such
a model does not explain the large enhancement of the
transverse response or the momentum-transfer depen-
dence in the quenching of the longitudinal one. It should
also be noted that medium modifications are not an in-
evitable consequence of the quark substructure of the nu-
cleon. For example, a study of the two-nucleon problem
in a flux-tube model of six quarks interacting via single
gluon and pion exchanges [26] indicates that the nucle-
ons retain their individual identities down to very short
separations, with little distortion of their substructures.

Figures 1–2, showing a comparison between the exper-
imental and theoretical RL(q,!) and RT (q,!) for mo-
mentum transfer values in the range 300–570 MeV/c,
immediately lead to the main conclusions of the present
work: (i) the dynamical approach outlined above (with
free nucleon electromagnetic form factors) is in excellent
agreement with experiment in both the longitudinal and
transverse channels; (ii) as illustrated by the di↵erence
between the plane-wave-impulse-approximation (PWIA)
and GFMC one-body-current predictions (curves labeled
PWIA and GFMC-O1b), correlations and interaction ef-
fects in the final states redistribute strength from the
quasi-elastic peak to the threshold and high-energy trans-
fer regions; and (iii) while the contributions from two-
body charge operators tend to slightly reduce RL(q,!)
in the threshold region, those from two-body currents
generate a large excess of strength in RT (q,!) over
the whole !-spectrum (curves labeled GFMC-O1b and
GFMC-O1b+2b), thus o↵setting the quenching noted in
(ii) in the quasi-elastic peak.

As a result of the present study, a consistent picture
of the electromagnetic response of nuclei emerges, which
is at variance with the conventional one of quasi-elastic
scattering as being dominated by single-nucleon knock-
out. This fact also has implications for the nuclear weak
response probed in inclusive neutrino scattering induced
by charge-changing and neutral current processes. In
particular, the energy dependence of the cross section
is quite important in extracting neutrino oscillation pa-
rameters. An earlier study of the sum rules associated
with the weak transverse and vector-axial interference re-
sponse functions in 12C found [27] a large enhancement
due to two-body currents in both the vector and axial
components of the neutral current. Only neutral weak
processes have been considered so far, but one would
expect these conclusions to remain valid in the case of
charge-changing ones. In this connection, it is important
to realize that neutrino and anti-neutrino cross sections
only di↵er in the sign of this vector-axial interference re-
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FIG. 1. (Color online) Electromagnetic longitudinal response
functions of 12C for q in the range (300–570) MeV. Exper-
imental data are from Refs. [9, 10]. See text for further
explanations.

sponse, and that this di↵erence is crucial for inferring the
charge-conjugation and parity violating phase, one of the
fundamental parameters of neutrino physics, to be mea-
sured at DUNE. The rest of this paper deals succinctly
with the most salient aspects of the present calculations.

The longitudinal and transverse response functions are
defined as

R↵(q,!) =
X

f

hf |j↵(q,!)|0ihf |j↵(q,!)|0i⇤

⇥ �(Ef � ! � E0) , ↵ = L, T (1)

where |0i and |fi represent the nuclear initial and final
states of energies E0 and Ef , and jL(q,!) and jT (q,!)
are the electromagnetic charge and current operators, re-
spectively. A direct calculation of R↵(q,!) is impractical,
since it would require evaluating each individual transi-
tion amplitude |0i �! |fi induced by the charge and cur-
rent operators. To circumvent this di�culty, the use of
integral transform techniques has proven to be quite help-
ful. One such approach is based on the Laplace transform

 Two-body currents generate additional strength in over the whole quasi-elastic region

 Correlations redistribute strength from the quasi-elastic peak to high-energy transfer regions 
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to self-consistently account for nucleon and nuclear struc-
ture [24, 25], leads to a reduction of the proton elec-
tric form factor, and, as a consequence, to a significant
quenching of the longitudinal response function of nu-
clear matter and associated Coulomb sum rule [18]. Such
a model does not explain the large enhancement of the
transverse response or the momentum-transfer depen-
dence in the quenching of the longitudinal one. It should
also be noted that medium modifications are not an in-
evitable consequence of the quark substructure of the nu-
cleon. For example, a study of the two-nucleon problem
in a flux-tube model of six quarks interacting via single
gluon and pion exchanges [26] indicates that the nucle-
ons retain their individual identities down to very short
separations, with little distortion of their substructures.

Figures 1–2, showing a comparison between the exper-
imental and theoretical RL(q,!) and RT (q,!) for mo-
mentum transfer values in the range 300–570 MeV/c,
immediately lead to the main conclusions of the present
work: (i) the dynamical approach outlined above (with
free nucleon electromagnetic form factors) is in excellent
agreement with experiment in both the longitudinal and
transverse channels; (ii) as illustrated by the di↵erence
between the plane-wave-impulse-approximation (PWIA)
and GFMC one-body-current predictions (curves labeled
PWIA and GFMC-O1b), correlations and interaction ef-
fects in the final states redistribute strength from the
quasi-elastic peak to the threshold and high-energy trans-
fer regions; and (iii) while the contributions from two-
body charge operators tend to slightly reduce RL(q,!)
in the threshold region, those from two-body currents
generate a large excess of strength in RT (q,!) over
the whole !-spectrum (curves labeled GFMC-O1b and
GFMC-O1b+2b), thus o↵setting the quenching noted in
(ii) in the quasi-elastic peak.

As a result of the present study, a consistent picture
of the electromagnetic response of nuclei emerges, which
is at variance with the conventional one of quasi-elastic
scattering as being dominated by single-nucleon knock-
out. This fact also has implications for the nuclear weak
response probed in inclusive neutrino scattering induced
by charge-changing and neutral current processes. In
particular, the energy dependence of the cross section
is quite important in extracting neutrino oscillation pa-
rameters. An earlier study of the sum rules associated
with the weak transverse and vector-axial interference re-
sponse functions in 12C found [27] a large enhancement
due to two-body currents in both the vector and axial
components of the neutral current. Only neutral weak
processes have been considered so far, but one would
expect these conclusions to remain valid in the case of
charge-changing ones. In this connection, it is important
to realize that neutrino and anti-neutrino cross sections
only di↵er in the sign of this vector-axial interference re-
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FIG. 1. (Color online) Electromagnetic longitudinal response
functions of 12C for q in the range (300–570) MeV. Exper-
imental data are from Refs. [9, 10]. See text for further
explanations.

sponse, and that this di↵erence is crucial for inferring the
charge-conjugation and parity violating phase, one of the
fundamental parameters of neutrino physics, to be mea-
sured at DUNE. The rest of this paper deals succinctly
with the most salient aspects of the present calculations.

The longitudinal and transverse response functions are
defined as

R↵(q,!) =
X

f

hf |j↵(q,!)|0ihf |j↵(q,!)|0i⇤

⇥ �(Ef � ! � E0) , ↵ = L, T (1)

where |0i and |fi represent the nuclear initial and final
states of energies E0 and Ef , and jL(q,!) and jT (q,!)
are the electromagnetic charge and current operators, re-
spectively. A direct calculation of R↵(q,!) is impractical,
since it would require evaluating each individual transi-
tion amplitude |0i �! |fi induced by the charge and cur-
rent operators. To circumvent this di�culty, the use of
integral transform techniques has proven to be quite help-
ful. One such approach is based on the Laplace transform

12C, q=570 MeV
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FIG. 4. MiniBooNE flux-folded double di↵erential cross sections per target neutron for ⌫µ-CCQE scattering on 12C, displayed
as a function of the muon kinetic energy (Tµ) for di↵erent ranges of cos ✓µ. The experimental data and their shape uncertainties
are from Ref. [41]. The additional 10.7% normalization uncertainty is not shown here.

the (spurious) excess strength in the PWIA cross sections
(in the same forward-angle kinematics) matches the in-
crease produced by two-body currents in the GFMC cal-
culations (di↵erence between the GFMC 1b and GFMC
12b curves). This should be viewed as accidental.

Second, the PWIA and PWIA-R cross sections are
very close to each other, except in the ⌫ case at back-
ward angles. In this kinematical regime there are large
cancelations between the dominant terms proportional
to the transverse and interference response functions; in-
deed, as ✓µ changes from 0� to about 90�, the ⌫ cross
section drops by an order of magnitude. As already
noted, these cancellations are also observed in the com-
plete (GFMC 12b) calculation, and lead to the rather
broad uncertainty bands in Fig. 5. Aside from this qual-
ification, however, the closeness between the PWIA and
PWIA-R results provides corroboration for the validity
of the rescaling procedure of the electroweak form fac-
tors, needed to carry out the GFMC computation of the
Euclidean response functions.

IV. CONCLUSIONS

We have reported on an ab initio study, based on re-
alistic nuclear interactions and electroweak currents, of
neutrino (and antineutrino) inclusive scattering on 12C in
the CCQE regime of the MiniBooNE and T2K data. Nu-
clear response functions have been calculated with QMC
methods and, therefore, within the description of nuclear
dynamics that we have adopted here, fully include the
e↵ects of many-body correlations induced by the inter-
actions in the initial and final states, and correctly ac-
count for the important (constructive) interference be-
tween one- and two-body current contributions. This
interference leads to a significant increase in the cross-
section results obtained in impulse approximation, and
is important for bringing theory into much better agree-
ment with experiment.

The nucleon and nucleon-to-� electroweak form fac-
tors entering the currents have been taken from mod-
ern parameterizations of elastic electron scattering data
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FIG. 4. MiniBooNE flux-folded double di↵erential cross sections per target neutron for ⌫µ-CCQE scattering on 12C, displayed
as a function of the muon kinetic energy (Tµ) for di↵erent ranges of cos ✓µ. The experimental data and their shape uncertainties
are from Ref. [41]. The additional 10.7% normalization uncertainty is not shown here.

the (spurious) excess strength in the PWIA cross sections
(in the same forward-angle kinematics) matches the in-
crease produced by two-body currents in the GFMC cal-
culations (di↵erence between the GFMC 1b and GFMC
12b curves). This should be viewed as accidental.

Second, the PWIA and PWIA-R cross sections are
very close to each other, except in the ⌫ case at back-
ward angles. In this kinematical regime there are large
cancelations between the dominant terms proportional
to the transverse and interference response functions; in-
deed, as ✓µ changes from 0� to about 90�, the ⌫ cross
section drops by an order of magnitude. As already
noted, these cancellations are also observed in the com-
plete (GFMC 12b) calculation, and lead to the rather
broad uncertainty bands in Fig. 5. Aside from this qual-
ification, however, the closeness between the PWIA and
PWIA-R results provides corroboration for the validity
of the rescaling procedure of the electroweak form fac-
tors, needed to carry out the GFMC computation of the
Euclidean response functions.

IV. CONCLUSIONS

We have reported on an ab initio study, based on re-
alistic nuclear interactions and electroweak currents, of
neutrino (and antineutrino) inclusive scattering on 12C in
the CCQE regime of the MiniBooNE and T2K data. Nu-
clear response functions have been calculated with QMC
methods and, therefore, within the description of nuclear
dynamics that we have adopted here, fully include the
e↵ects of many-body correlations induced by the inter-
actions in the initial and final states, and correctly ac-
count for the important (constructive) interference be-
tween one- and two-body current contributions. This
interference leads to a significant increase in the cross-
section results obtained in impulse approximation, and
is important for bringing theory into much better agree-
ment with experiment.

The nucleon and nucleon-to-� electroweak form fac-
tors entering the currents have been taken from mod-
ern parameterizations of elastic electron scattering data
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the (spurious) excess strength in the PWIA cross sections
(in the same forward-angle kinematics) matches the in-
crease produced by two-body currents in the GFMC cal-
culations (di↵erence between the GFMC 1b and GFMC
12b curves). This should be viewed as accidental.

Second, the PWIA and PWIA-R cross sections are
very close to each other, except in the ⌫ case at back-
ward angles. In this kinematical regime there are large
cancelations between the dominant terms proportional
to the transverse and interference response functions; in-
deed, as ✓µ changes from 0� to about 90�, the ⌫ cross
section drops by an order of magnitude. As already
noted, these cancellations are also observed in the com-
plete (GFMC 12b) calculation, and lead to the rather
broad uncertainty bands in Fig. 5. Aside from this qual-
ification, however, the closeness between the PWIA and
PWIA-R results provides corroboration for the validity
of the rescaling procedure of the electroweak form fac-
tors, needed to carry out the GFMC computation of the
Euclidean response functions.

IV. CONCLUSIONS

We have reported on an ab initio study, based on re-
alistic nuclear interactions and electroweak currents, of
neutrino (and antineutrino) inclusive scattering on 12C in
the CCQE regime of the MiniBooNE and T2K data. Nu-
clear response functions have been calculated with QMC
methods and, therefore, within the description of nuclear
dynamics that we have adopted here, fully include the
e↵ects of many-body correlations induced by the inter-
actions in the initial and final states, and correctly ac-
count for the important (constructive) interference be-
tween one- and two-body current contributions. This
interference leads to a significant increase in the cross-
section results obtained in impulse approximation, and
is important for bringing theory into much better agree-
ment with experiment.

The nucleon and nucleon-to-� electroweak form fac-
tors entering the currents have been taken from mod-
ern parameterizations of elastic electron scattering data
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the (spurious) excess strength in the PWIA cross sections
(in the same forward-angle kinematics) matches the in-
crease produced by two-body currents in the GFMC cal-
culations (di↵erence between the GFMC 1b and GFMC
12b curves). This should be viewed as accidental.

Second, the PWIA and PWIA-R cross sections are
very close to each other, except in the ⌫ case at back-
ward angles. In this kinematical regime there are large
cancelations between the dominant terms proportional
to the transverse and interference response functions; in-
deed, as ✓µ changes from 0� to about 90�, the ⌫ cross
section drops by an order of magnitude. As already
noted, these cancellations are also observed in the com-
plete (GFMC 12b) calculation, and lead to the rather
broad uncertainty bands in Fig. 5. Aside from this qual-
ification, however, the closeness between the PWIA and
PWIA-R results provides corroboration for the validity
of the rescaling procedure of the electroweak form fac-
tors, needed to carry out the GFMC computation of the
Euclidean response functions.

IV. CONCLUSIONS

We have reported on an ab initio study, based on re-
alistic nuclear interactions and electroweak currents, of
neutrino (and antineutrino) inclusive scattering on 12C in
the CCQE regime of the MiniBooNE and T2K data. Nu-
clear response functions have been calculated with QMC
methods and, therefore, within the description of nuclear
dynamics that we have adopted here, fully include the
e↵ects of many-body correlations induced by the inter-
actions in the initial and final states, and correctly ac-
count for the important (constructive) interference be-
tween one- and two-body current contributions. This
interference leads to a significant increase in the cross-
section results obtained in impulse approximation, and
is important for bringing theory into much better agree-
ment with experiment.

The nucleon and nucleon-to-� electroweak form fac-
tors entering the currents have been taken from mod-
ern parameterizations of elastic electron scattering data
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Inverting the Euclidean response is an ill posed problem: any set of observations is limited and 
noisy and the situation is even worse since the kernel is a smoothing operator.
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FIG. 6: Comparison between the Phys-NN and MaxEnt reconstructions for the one-peak dataset. The top row
displays the response functions and the bottom row the corresponding Euclidean responses.

FIG. 7: Same as Fig. 6 for the two-peaks dataset.

possible to the original ones, we observe a much smaller
spread of 1�R

2
R

and SR values compared with MaxEnt.
This behavior, which is exhibited across the one-peak,
two-peak, and combined datasets, provides additional
support for Phys-NN’s reconstruction performance.

Because the historic MaxEnt algorithm is based on �
2
E

minimization, the resulting distributions of �
2
E

for both
the one-peak dataset and the two-peak dataset are nar-
row and centered on one. The spread associated with
the Phys-NN results is larger. To investigate correlations
between �

2
E

and SR, in Fig. 5 we show scatter plots for
the one-peak and two-peak datasets. Some correlation is
visible in the Phys-NN results, displayed in the top two
panels, especially for the two-peak dataset. Conversely,

the MaxEnt scatter plots show no correlation between
�

2
E

and SR, since the �
2
E

values are relatively constant
around one, even for widely di↵erent SR. The correla-
tions between �

2
E

and 1�R
2
R

exhibit an almost identical
pattern and are thus not included here.

Direct comparison of Phys-NN and MaxEnt outputs
is presented in Fig. 6, where we display the Phys-NN
best (left panels), average (central panels), and worst
(right panels) reconstructed response functions, accord-
ing to the SR values of the Phys-NN results, and the
corresponding Euclidean responses from the one-peak
dataset. Here, the training is performed on the com-
bined dataset, to better test whether Phys-NN is able
to learn how to simultaneously reconstruct one-peak and
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FIG. 1: Schematic overview of the Ent-NN architecture.

we then partition into training (T), validation (V), and
test/out-of-sample (O) datasets. The one-peak and two-
peak test datasets comprise 1, 000 pairs each; the com-
bined test dataset is just the union of these two sets. We
use 80% and 20% of the remaining data for training the
network and validation, respectively.

The optimal values for the parameters ✓ are found by
the standard supervised learning approach of approxi-
mately solving

min
✓

1

|T|
X

k2T

`

⇣
Ek,Rk, R̂k(✓)

⌘
(15)

by using a minibatch-based stochastic gradient descent
procedure to minimize an empirical loss function. Our
overall objective in the above equation is the average loss
over the |T| points in the training set. Taking inspiration
from MaxEnt, for each data and model output, we em-
ploy a loss function that is the sum of a response and a
Euclidean cost

`(Ek,Rk, R̂k(✓)) =

�R|S(Rk, R̂k(✓))| + �E�
2(Ek, R̂k(✓)) .

As discussed below, the positive-definite constants �R

and �E are chosen to compensate for the fact that

�
2(Ek, R̂k(✓)) is typically much larger than the entropy

SR(Rk, R̂k(✓)). The response cost — closely related to
the Kullback–Leibler divergence [40] — ensures that the
reconstructed response functions are close to the original
ones. The absolute value ensures that the response cost
has a minimum value of 0 when Rk = R̂k(✓) and is pos-
itive otherwise. The Euclidean cost is aimed at aligning
the Laplace transform Ê(✓) of the reconstructed response
functions with the original Euclidean responses.

Since the inversion of the Laplace transform is an ill-
posed problem, there are many response functions, pos-
sibly wildly di↵erent among each other, whose Laplace
transform are compatible with the original Euclidean re-
sponses within statistical uncertainties. Consequently,
there are instances in which �

2
E

is small even when the
reconstructed response is not similar to the original one,
leading to potential instabilities in the minimization pro-
cedure. To tame this behavior, we split the training into
two phases.

In the first phase, we take �R = 107 and �E = 10�7 and
optimize the network using the Adam [41] optimizer with
a learning rate of 10�4. Since �R � �E , the entropy re-
sponse cost dominates the loss function and drives the re-
constructed response functions close to the original ones.
Once the entropy cost has reduced significantly, we en-
ter the second phase of the optimization, where we keep
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Specifically, too small ↵ results in overfitting E(⌧) and
uncontrolled oscillations in the reconstructed responses.

The key point in the inversion of the Laplace trans-
form resides in the minimization of Q[R, Ē,M], defined
in Eq. 6 for given Ē and M. An e�cient way to ac-
complish this task was first discussed in Ref. [24], and it
entails performing a singular value decomposition (SVD)
of the kernel

K = V ⌃U
T

. (7)

In the above equation, U and V are n! ⇥n! and n⌧ ⇥n⌧

orthogonal matrices, while ⌃ is a n⌧ ⇥n! rectangular di-
agonal matrix. Since the kernel is e↵ectively singular, the
smallest elements on the diagonal are essentially zero for
the numerical precision. Hence, without loss of accuracy,
we keep only the ns largest eigenvalues and disregard the
others so that only the first ns columns of U are relevant
for representing the kernel.

The gradient of the log-likelihood is given by

@�
2

@Ri

=
X

j

@�
2

@Ej

@Ej

@Ri

= K
T

ij

@�
2

@Ej

. (8)

Since the columns of K
T are linear combinations of the

ones of U , all the search directions for the minimum
are spanned, within machine precision, by the first ns

columns of U . In this singular space, the stationary con-
dition of Q[R] reads

0 =
@Q

@Ri

= ↵
@S

@Ri

� 1

2

@�
2

@Ri

= 0 , (9)

which implies

�↵ ln(Ri/Mi) =
1

2

X

j

K
T

ij

@�
2

@Ej

. (10)

Thus, the solution can be represented in terms of the
vector u

ln
⇣

Ri

mi

⌘
= K

T

ij
uj . (11)

Since only the first ns elements of ⌃ are di↵erent from
zero, not all the components of u are independent. Since
K

T and U share the same vector space and since most
of the relevant search directions lie in the singular space,
the solution can be written in the form

Ri = Mi exp
⇣ nsX

j=1

Uijuj

⌘
. (12)

Therefore, to the machine-precision level, the most gen-
eral solution of Eq. (10) only depends on the ns coordi-
nates uj . In MaxEnt applications, owing to the ranges
of ! and ⌧ in GFMC calculations, ns ' 30 ⌧ n! =
2000. Hence, a standard Newton procedure to minimize
Q[R, Ē,M] converges much faster for finding uj than for
the original Ri.

III. ARTIFICIAL NEURAL NETWORK
INVERSION ALGORITHM

In a recent work [32], a physics-informed artificial neu-
ral network (Phys-NN) was introduced to approximating
the inverse of the Laplace transform. Phys-NN employs
a Gaussian kernel basis to capture its structure of the
Laplace kernel. In this work we utilize instead the more
advantageous parameterization of Eq. (12), using arti-
ficial neural-networks to determine the coe�cients uj .
Formally, the reconstructed response is given by

R̂i(✓) = mi exp
⇣ nsX

j=1

Uijuj(✓)
⌘

, (13)

where ✓ denotes the collection of training parameters.
This entails a critical reduction of the artificial neural
network output dimension compared to Phys-NN, whose
outputs where directly the n! values R̂i.

A. Entropy Neural Network (Ent-NN)

The first architecture discussed in this work, dubbed
“Ent-NN”, takes as input the n⌧ discrete Euclidean re-
sponse values and provides the corresponding response
functions.

uj(✓) = f(E;✓). (14)

The architecture of Ent-NN, displayed in Fig. 1, is
comprised of three central elements: i) the attention
mechanism comprised of two feed-forward layers with
one skip connection that takes as input Ei and gener-
ates the coe�cients ui(✓), ii) the fixed basis function
Uij , used to estimate R̂(✓) from Eq. (13), and iii) the
discrete Laplace transform of Eq. (3) for computing the
Euclidean Ê(✓) associated to the reconstructed response
function as Êi(✓) =

P
n!

j=1 KijR̂j(✓).

1. Training

As in Ref. [32], Ent-NN is trained on two distinct
datasets comprising pairs of physically relevant R(!),
E(⌧). The responses belonging to the first dataset are
characterized by a single broad asymmetric peak, cor-
responding to the QE reaction mechanism, modeled by
a skew-normal distribution. The responses belonging to
the second dataset exhibit a sharper elastic (EL) peak
at low energy, in addition to the QE one. The corre-
sponding Euclidean responses are obtained by applying
the discrete Laplace transform of Eq. (3). Since the sim-
ulated responses are smooth functions of !, the numeri-
cal integration error on the Euclidean responses is about
10�5

. For each of the one-peak and two-peaks cases, we
generate a total of 500, 000 pairs (Rk,Ek) 2 R

n!+n⌧ of
responses and corresponding Euclidean responses, which

Expand in a basis function inspired 
by MaxEnt
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FIG. 6: Top row: one-peak responses obtained via the UQ-NN architecture (green band), compared to Ent-NN
(dashed orange line) and the original response (blue solid line). Bottom row: corresponding Euclidean responses

with varying noise level.

FIG. 7: Same as Fig. 6 for the two-peaks dataset.

emerge in the low-! region, despite no response func-
tions in the training dataset have more than two peaks.
We ascribe the origin of this rich structure to the noise
added to the Euclidean, which may yield a three-peak
structure in some of the reconstructed R̂(✓). Secondly,
for the lowest noise level, � = 10�4, UQ-NN fails to pre-
cisely capture the ! dependence of the original response
function, even in the QE peak region. We checked that
Ent-NN (and even Phys-NN) su↵ers from similar limi-
tations. One possible reason for this behavior are nu-
merical errors associated with numerically computing the
Laplace transform — see Eq. (3) — when generating the
training data set. The latter could be larger than the

estimated 10�5 value, especially for responses with two
peaks. Another possibility is the uncertainty inherent to
the neural-network model, which includes the set of opti-
mal parameters found in the training procedure and the
training itself. To better estimate the latter, we plan on
using deep Bayesian Neural Network [45, 46], which in
the context on Nuclear Physics, have proven reliable in
predicting masses and radii of several nuclei across the
nuclear chart, with quantified uncertainties.
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A precise knowledge of the nucleon's axial-current form factors is crucial for modeling 
neutrino-nucleus interactions;

AXIAL FORM FACTOR

Scarce (old) experimental data available 

Lattice-QCD calculations are essential

A. Meyer et al., Ann. Rev. Nucl. Part. Sci. 72 (2022) 205
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FIG. 7. The flux-folded GFMC cross sections for selected bins in cos ✓µ, obtained by replacing in the dipole parametrization
the cuto↵ ⇤A ⇡ 1 GeV with the value e⇤A ⇡ 1.15 GeV, more in line with a current LQCD determination [47]. The first two rows
correspond to the MiniBooNE flux-folded ⌫µ and ⌫µ CCQE cross sections, respectively; the last row corresponds to the T2K
⌫µ CCQE data. In the theoretical curves the total one- plus two-body current contribution to the cross section is displayed.

which are of course quite accurate. These calculations
suggest a larger value of ⇤A may be appropriate. We
investigate the implications of this finding by presenting
in Fig. 7 the flux-folded cross sections (for MiniBooNE
and selected bins in cos ✓µ), obtained by replacing in the
dipole parametrization the cuto↵ ⇤A ⇡ 1 GeV with the
value e⇤A ⇡ 1.15 GeV. As expected, this leads generally
to an increase of the GFMC predictions over the whole
kinematical range. Since the dominant terms in the cross
section proportional to the transverse and interference re-
sponse functions tend to cancel for ⌫µ, the magnitude of
the increase turns out to be more pronounced for ⌫µ than
for ⌫µ—as a matter of fact, the ⌫µ cross sections are re-
duced at backward angles (0.1  cos ✓µ  0.2). Overall,
it appears that the harder cuto↵ implied by the LQCD

calculation of GA(Q2) improves the accord of theory with
experiment, marginally for ⌫µ and more substantially for
⌫µ. In view of the large errors and large normalization un-
certainties of the MiniBooNE and T2K data, however, we
caution the reader from drawing too definite conclusions
from the present analysis. Indeed more precise nucleon
form factors can be obtained through further lattice QCD
calculations or experiments on the nucleon and deuteron,
respectively.

Of course, many challenges remain ahead, to mention
just three: the inclusion of relativity and pion-production
mechanisms, and the treatment of heavier nuclei (no-
tably 40Ar). While some of these issues, for example the
implementation of relativistic dynamics via a relativistic
Hamiltonian along the lines of Ref. [81], could conceiv-

We have considered a value of the axial mass 
more in line with recent LQCD determinations 

<latexit sha1_base64="uDgyLUyq8IoANBSOzcJKTI4D4B4="></latexit>

⇤̃A = 1.15GeV

AL et al., PRX 10, 031068 (2020)
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We employed z-expansion parameterizations of axial form factors, consistent with experimental or 
LQCD data

AXIAL FORM FACTOR, CAREFUL ANALYSIS

D. Simons, et al, arXiv:2210.02455
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FIG. 2. The nucleon axial form factor FA(Q
2) determined us-

ing fits to neutrino-deuteron scattering data using the model-
independent z expansion from Ref. [65] (D2 Meyer et al.)
are shown as a blue band in the top panel. LQCD results
are shown for comparison from Ref. [30] (LQCD Bali et al.,
green), Ref. [34] (LQCD Park et al., red) and Ref. [35] (LQCD
Djukanovic et al., purple). Bands show combined statistical
and systematic uncertainties in all cases, see the main text
for more details. A dipole parameterization with MA = 1.0
GeV and a 1.4% uncertainty [107] is also shown for compari-
son (black). The lower panel shows the absolute value of the
di↵erence between D2 Meyer et al. and LQCD Bali et al.
results divided by their uncertainties added in quadrature,
denoted �FA/�; very similar results are obtained using the
other LQCD results.

factor results determined from experimental neutrino-
deuteron scattering data in Ref. [65]. Fits were performed
using results with Q

2
 1 GeV2 in Refs. [30, 34, 65] and

with Q
2
 0.7 GeV2 in Ref. [35] with the parameteri-

zation provided by the z expansion used to extrapolate
form factor results to larger Q

2. Clear agreement be-
tween di↵erent LQCD calculations can be seen. However,
the LQCD axial form factor results are 2-3� larger than
the results of Ref. [65] for Q

2 & 0.3 GeV2. The e↵ects of
this form factor tension on neutrino-nucleus cross section
predictions is studied using nuclear many-body calcula-
tions with the GFMC and SF methods in Sec. IV below.
The LQCD results of Refs. [30, 34] lead to nearly in-
distinguishable cross-section results that will be denoted
“LQCD Bali et al./Park et al.” or “LQCD” below and
used for comparison with the deuterium bubble-chamber
analysis of Ref. [65], denoted “D2 Meyer et al.” or “D2”
below.

IV. FLUX-AVERAGED CROSS SECTION
RESULTS

To evaluate both the nuclear model and nucleon axial
form factor dependence of neutrino-nucleus cross-section
predictions and their agreement with data, the GFMC
and spectral function methods are used to predict flux-
averaged cross sections that can be compared with data
from the T2K and MiniBooNE experiments. The Mini-
BooNE data for this comparison is a double di↵eren-
tial CCQE measurement where the main CC1⇡+ back-
ground has been subtracted using a tuned model [13],
and the T2K data is a double di↵erential CC0⇡ measure-
ment [114]. Muon neutrino flux-averaged cross sections
were calculated from

d�

dTµd cos ✓µ

=

Z
dE⌫�(E⌫)

d�(E⌫)

dTµd cos ✓µ

, (43)

where �(E⌫) are the normalized ⌫µ fluxes from Mini-
BooNE and T2K. Details on the neutrino fluxes for
each experiment can be found in the references above.

d�(E⌫)
dTµd cos ✓µ

are the corresponding inclusive cross sections

computed using the GFMC and SF methods as described
in Sec. II.

The fractional contribution of the axial form factor
to the one-body piece of the MiniBooNE flux-averaged
cross section is determined by including only pure axial
and axial-vector interference terms in the cross section
and shown in Fig. 3. These pure axial and axial-vector
interference terms account for half or more of the to-
tal one-body cross section for most Tµ and cos ✓µ, which
emphasizes the need for an accurate determination of the
nucleon axial form factor.

Figures 4 and 5 show the GFMC and SF predictions for
MiniBooNE and T2K, respectively, including the break-
down into one-body and two-body contributions. For
these comparisons we use the D2 Meyer et al. z expan-
sion for FA. Two features of the calculations should be
noted before discussing the results of these comparisons.
First, the uncertainty bands in the SF come only from the
axial form factor, while the GFMC error bands include
axial form factor uncertainties as well as a combination
of GFMC statistical errors and uncertainties associated
with the maximum-entropy inversion. Secondly, the axial
form factor enters into the SF only in the one-body term,
in contrast to the GFMC prediction where it enters into
both the one-body and one and two-body interference
term.

Below in Table I we quantify the di↵erences between
GFMC and SF predictions for both MiniBooNE and
T2K. The percent di↵erence in the di↵erential cross sec-
tions at each model’s peak are shown. The GFMC predic-
tions are up to 20% larger in backwards angle regions for
MiniBooNE and 13% larger for T2K in the same back-
ward region. The agreement between GFMC and SF
predictions is better at more forward angles but a 5-10%
di↵erence persists.
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MiniBooNE 0.2 < cos ✓µ < 0.3 0.5 < cos ✓µ < 0.6 0.8 < cos ✓µ < 0.9
SF Di↵erence in d�peak (%) 16.3 17.1 9.3

GFMC Di↵erence in d�peak (%) 18.6 17.1 12.2

T2K 0.0 < cos ✓µ < 0.6 0.80 < cos ✓µ < 0.85 0.94 < cos ✓µ < 0.98
SF di↵erence in d�peak (%) 15.3 8.2 3.3

GFMC di↵erence in d�peak (%) 15.8 8.0 4.6

TABLE II. Percent increase in d�
dTµd cos ✓µ

at the quasielastic peak between predictions using LQCD Bali et al./Park et al.

z expansion versus D2 Meyer et al. z expansion nucleon axial form factor results.

FIG. 7. The ⌫µ flux-averaged di↵erential cross sections for MiniBooNE. The top panel shows Spectral Function predictions in
three bins of cos ✓µ with the D2 Meyer et al. z expansion FA in blue, as well as the LQCD Bali et al./Park et al. z expansion
FA in green. The dipole parameterization with MA = 1.0 GeV is shown without uncertainties as a black line. The lower
panel shows GFMC predictions using the same set of axial form factors, although in the GFMC case systematic uncertainties
including those arising from inversion of the Euclidean response functions are included in all results and the MA = 1.0 GeV
dipole form factor results are therefore shown as a black band.

dipole parameterization of FA as well as modified dipole
parameterizations of C

A

5 , and therefore it is possible that
these uncertainties are still underestimated. Even less is
known about the uncertainty in determining ⇤R [89]. A
15% variation in either C

A

5 (0) or ⇤R changes the flux-
averaged cross section by roughly 5%, and it will there-
fore be important to obtain more information on these
parameters in order to achieve few-percent precision on
cross-section predictions.

Focusing now on FA, Figs. 7 and 8 compare flux-
averaged cross sections with di↵erent axial form factor
determinations: a dipole form factor with MA = 1.0
GeV, the D2 Meyer et al. z expansion, and the LQCD
Bali et al./Park et al. z expansion. One can see that

the LQCD z expansion increases the normalization of
the cross section across the whole phase space, with sig-
nificantly more enhancement in the bins of low cos ✓µ

corresponding to backward angles and higher Q
2. This

is quantified in Table II, which shows the percentage dif-
ference in the peak values of d�

dTµd cos ✓µ
for the LQCD

and D2 z expansion results. The LQCD prediction in-
creases the peak cross section between 10-20%, with the
discrepancy growing at backwards angles.

To investigate the sensitivity of the flux-averaged dif-
ferential cross section to variations in the axial form fac-
tor, derivatives of the MiniBooNE cross section with re-
spect to the model-independent z expansion parameters
ak are computed as described in Sec. III A. Figure 9
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these uncertainties are still underestimated. Even less is
known about the uncertainty in determining ⇤R [89]. A
15% variation in either C

A

5 (0) or ⇤R changes the flux-
averaged cross section by roughly 5%, and it will there-
fore be important to obtain more information on these
parameters in order to achieve few-percent precision on
cross-section predictions.

Focusing now on FA, Figs. 7 and 8 compare flux-
averaged cross sections with di↵erent axial form factor
determinations: a dipole form factor with MA = 1.0
GeV, the D2 Meyer et al. z expansion, and the LQCD
Bali et al./Park et al. z expansion. One can see that

the LQCD z expansion increases the normalization of
the cross section across the whole phase space, with sig-
nificantly more enhancement in the bins of low cos ✓µ

corresponding to backward angles and higher Q
2. This

is quantified in Table II, which shows the percentage dif-
ference in the peak values of d�

dTµd cos ✓µ
for the LQCD

and D2 z expansion results. The LQCD prediction in-
creases the peak cross section between 10-20%, with the
discrepancy growing at backwards angles.

To investigate the sensitivity of the flux-averaged dif-
ferential cross section to variations in the axial form fac-
tor, derivatives of the MiniBooNE cross section with re-
spect to the model-independent z expansion parameters
ak are computed as described in Sec. III A. Figure 9
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MiniBooNE 0.2 < cos ✓µ < 0.3 0.5 < cos ✓µ < 0.6 0.8 < cos ✓µ < 0.9
SF Di↵erence in d�peak (%) 16.3 17.1 9.3

GFMC Di↵erence in d�peak (%) 18.6 17.1 12.2

T2K 0.0 < cos ✓µ < 0.6 0.80 < cos ✓µ < 0.85 0.94 < cos ✓µ < 0.98
SF di↵erence in d�peak (%) 15.3 8.2 3.3

GFMC di↵erence in d�peak (%) 15.8 8.0 4.6

TABLE II. Percent increase in d�
dTµd cos ✓µ

at the quasielastic peak between predictions using LQCD Bali et al./Park et al.

z expansion versus D2 Meyer et al. z expansion nucleon axial form factor results.

FIG. 7. The ⌫µ flux-averaged di↵erential cross sections for MiniBooNE. The top panel shows Spectral Function predictions in
three bins of cos ✓µ with the D2 Meyer et al. z expansion FA in blue, as well as the LQCD Bali et al./Park et al. z expansion
FA in green. The dipole parameterization with MA = 1.0 GeV is shown without uncertainties as a black line. The lower
panel shows GFMC predictions using the same set of axial form factors, although in the GFMC case systematic uncertainties
including those arising from inversion of the Euclidean response functions are included in all results and the MA = 1.0 GeV
dipole form factor results are therefore shown as a black band.
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PART 3  
DISTRIBUTIONS RELEVANT TO EVENT GENERATORS



QMC methods provide information on the spatial and momentum distributions

SPATIAL AND MOMENTUM DISTRIBUTIONS

J. Carlson et al., Rev. Mod. Phys. 87 (2015) 1067 
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UQ ON SINGLE-NUCLEON DISTRIBUTIONS

28ANL Theory Group Website 

UQ using different realistic input Hamiltonians



UQ ON SINGLE-NUCLEON DISTRIBUTIONS

29ANL Theory Group Website 

UQ using different realistic input Hamiltonians



Wigner quasi-probability distributions retain the correlations between positions and momenta

WIGNER FUNCTIONS

30N. Rocco, R. B. Wiringa, in preparation



SIMILARITY RENORMALIZATION GROUP 

31

We can use renormalization-group to reduce the resolution of the starting “bare” Hamiltonian

Use low-resolution, mean-field, wave functions 
and evolved operators
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Expand the SRG operator and keep two-body 
terms only 
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We can use renormalization-group to reduce the resolution of the starting “bare” Hamiltonian

Momentum distributions with SRG

• Single Slater determinant of Woods-Saxon single-particle orbitals + 
evolved operator reproduces variational Monte Carlo (VMC) calculations

" = $. & fm-1

Momentum distributions with SRG

• Single Slater determinant of Woods-Saxon single-particle orbitals + 
evolved operator reproduces variational Monte Carlo (VMC) calculations

" = $. & fm-1

A. Tropiano et al., in preparation
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33



GFMC VS AFDMC
GFMC: many-body basis

AFDMC: single-spinor basis
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The auxiliary-field diffusion Monte Carlo method can treat 16O sampling the spin-isospin

BEYOND 12C WITH THE AFDMC

We developed the AFDMC to allow for the calculation of Euclidean response functions

4He 16O

N. Rocco, AL et al., in preparation
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HOW TO TACKLE (EVEN) LARGER NUCLEI? 
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NEURAL-NETWORK QUANTUM STATES
Originally introduced by Carleo and Troyer for spin systems, NQS are now widely and successfully 
applied to study condensed-matter systems
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NQS IN REAL SPACE (1ST QUANTIZATION)
NQS in 1st quantization must explicitly encode the antisymmetry of the wave function

Usually expressed as product of permutation-invariant and anti-symmetric functions 
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 V (X;p) = eU(X;p) ⇥ �(X;p)

Universality through back-flow transformations, “hidden” degrees of freedom, or both
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5

ber of nodes in the hidden layers in �F and ⇢F has been
increased from 16 to 24. After about 4800 optimization
steps, the parity-conserving ansatz yields energies that
are consistent with the HH method. Nevertheless, our
results indicate that enforcing time-reversal symmetry is
e↵ective in reducing the training time and augment the
expressivity of the hidden-nucleon ANN architecture.

Neural-network quantum states applications to nuclear
systems have so far been limited to light nuclei, with
up to A = 6 nucleons [26, 28, 29]. Here, we signifi-
cantly extend the reach of this methods by computing the
ground-state of 16O utilizing the hidden-nucleon ansatz.
In Ref. [31], the AFDMC method has been employed to
study this nucleus using as input the LO pionless-EFT
Hamiltonian of Eq. (1). The AFDMC trial wave function
takes the factorized form  T (R,S) ⌘ hRS|F|�i. The
Slater determinant of single-particle orbitals �(R,S) de-
termines the long-range behavior of the wave function.
The correlation operator is expressed as

F =
⇣ Y

i<j<k

F c

ijk

⌘⇣Y

i<j

F c

ij

⌘⇣
1 +

X

i<j

F op

ij

⌘
(8)

The spin-isospin independent three-body correlations
F c

ijk
act on all triplets of nucleons. Similarly, the cen-

tral two-body Jastrow F c

ij
is applied to all nucleon pairs,

while the spin-isospin dependent term, F op

ij
, appears in

a linearized form [47]. This approximation reduces the
computational cost of evaluating  T (R,S) from expo-
nential to polynomial in A but makes the trial wave func-
tion non extensive: if the system is split in two (or more)
subsets of particles that are separated from each other,
the F does not factorize into a product of two factors
in such a way that only particles belonging to the same
subset are correlated. As a consequence, the correlation
operator of Eq. (8) becomes less e↵ective for nuclei larger
than 16O, preventing the applicability of the AFDMC
method to medium-mass nuclei.

The AFDMC projects out the ground-state of the sys-
tem from the starting trial wave function performing an
evolution in imaginary time ⌧

| 0i / lim
⌧!1

| (⌧)i = e�H⌧ | T i . (9)

The fermion-sign problem is mitigated by means of the
constrained-path approximation, which essentially lim-
its the imaginary-time propagation to regions where the
propagated and trial wave functions have a positive over-
lap [16]. Contrary to the fixed-node approximation, the
constrained-path approximation does provide an upper
bound to the true ground-state energy of the system [48].
The accuracy of the trial wave function is critical to re-
duce this bias, as the constrained-path approximation
becomes exact when the trial wave function is coincides
with the ground-state one.

In Fig. 3, we display the ground-state energy of 16O as
a function of the number of hidden nucleons Ah for the
parity and time-reversal conserving ansatz of Eq. (6). For
comparison, the VMC energy of 16O obtained with the

FIG. 3. Ground-state energy of 16O as a function of the num-
ber of hidden nucleons Ah (solid blue points). The VMC
and AFDMC energies — the latter taken from Ref. [31] —
are shown by the green-dashed and orange solid lines. The
shaded areas represent the Monte Carlo statistical uncertain-
ties.

correlation operator of Eq. (8) is represented in Fig. 3
by the dashed green line, while the shaded area is the
Monte Carlo statistical uncertainty. The solid horizontal
line and the shaded area indicate the constrained-path
AFDMC energy and its statistical uncertainty as listed
in Ref. [31]. Already for Ah = 2, the hidden-nucleon wave
function matches the VMC value. By further increasing
Ah, the variational energy lowers until it becomes consis-
tent with the AFDMC value, within error bars, demon-
strating the accuracy of the hidden-nucleon ansatz even
in the p-shell region.

Unless a forward-walk propagation is used [49, 50],
within di↵usion Monte Carlo methods, expectation val-

FIG. 4. Point nucleon density of 16O as obtained with the
hidden nucleon ansatz (solid blue circles) compared with the
perturbatively-corrected AFDMC estimates of Eq. (10).

16O 16O

AL, et al., Phys.Rev.Res. 4 (2022) 4, 043178

In addition to its ground-state energy, we evaluate the point-nucleon density of 16O with Ah=16

NQS: HIDDEN NUCLEONS
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ESSENTIAL ELEMENTS OF NUCLEAR BINDING
A simple pionless-EFT Hamiltonian reproduces well the spectrum of different nuclei 

A. Gnech, et al., 2308.16266
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ESSENTIAL ELEMENTS OF NUCLEAR BINDING
A simple pionless-EFT Hamiltonian reproduces well the spectrum of different nuclei 
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NQS ALLOWS US TO REACH A=40



MAGNETIC MOMENTS WITH MPNN

43

In addition to energies and single-particle densities, we compute electroweak properties

J. D. Martin, et al., 2301.08349 [nucl-th]A. Gnech, et al., 2308.16266



CONCLUSIONS

• Three main sources of theoretical errors: 

44

1) Hamiltonian and (hopefully) consistent currents.

2) Elementary amplitudes: axial form factor…

3) Nuclear many-body methods of choice.

• QMC allows us to reduce 3) and to explore wide classes of Hamiltonian and currents.

• Neural-network quantum states extend the reach of QMC methods to nuclei used in oscillation 
experiments.



PERSPECTIVES

45

• Relevant for: lepton-nucleus scattering, fusion, and collective neutrino oscillation; 

• Access “real-time” dynamics: the prototypal exponentially-hard problem in many-body theory
<latexit sha1_base64="W+MeCJylV677nRUbKRo9TsGPIGs="></latexit>
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FIG. 6. T2K flux-folded double di↵erential cross sections per target neutron for ⌫µ-CCQE scattering on 12C, displayed as a
function of the muon momentum pµ for di↵erent ranges of cos ✓µ. The experimental data and their shape uncertainties are
from Ref. [43].

view of the large errors and large normalization uncer-
tainties of the MiniBooNE and T2K data, however, we
caution the reader from drawing too definite conclusions
from the present analysis.

Of course, many challenges lie ahead, to mention just
three: the inclusion of relativity and pion-production
mechanisms, and the treatment of heavier nuclei (no-
tably 40Ar). While some of these issues, for example the
implementation of relativistic dynamics via a relativistic
Hamiltonian along the lines of Ref. [66], could conceiv-
ably be incorporated in the present GFMC approach, it
is out of the question that such an approach could be uti-
lized to describe the �-resonance region of the cross sec-
tion or, even more remotely, extended to nuclei with mass
number much larger than 12, at least for the foreseeable
future. In fact, it maybe unnecessary, as more approxi-
mate methods exist to deal e↵ectively with some of these
challenges, including factorization approaches based on
one- and two-nucleon spectral functions [24, 67] or on
the short-time approximation of the nuclear many-body

propagator [63] for relativity and pion production, and
auxiliary-field-di↵usion Monte Carlo methods [68] to de-
scribe the ground states of medium-weight nuclei. We
are optimistic that the next few years will witness sub-
stantive progress in the further development and imple-
mentation of these approximate methods to address the
high-energy region of the nuclear electroweak response.
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from Ref. [43].

view of the large errors and large normalization uncer-
tainties of the MiniBooNE and T2K data, however, we
caution the reader from drawing too definite conclusions
from the present analysis.

Of course, many challenges lie ahead, to mention just
three: the inclusion of relativity and pion-production
mechanisms, and the treatment of heavier nuclei (no-
tably 40Ar). While some of these issues, for example the
implementation of relativistic dynamics via a relativistic
Hamiltonian along the lines of Ref. [66], could conceiv-
ably be incorporated in the present GFMC approach, it
is out of the question that such an approach could be uti-
lized to describe the �-resonance region of the cross sec-
tion or, even more remotely, extended to nuclei with mass
number much larger than 12, at least for the foreseeable
future. In fact, it maybe unnecessary, as more approxi-
mate methods exist to deal e↵ectively with some of these
challenges, including factorization approaches based on
one- and two-nucleon spectral functions [24, 67] or on
the short-time approximation of the nuclear many-body

propagator [63] for relativity and pion production, and
auxiliary-field-di↵usion Monte Carlo methods [68] to de-
scribe the ground states of medium-weight nuclei. We
are optimistic that the next few years will witness sub-
stantive progress in the further development and imple-
mentation of these approximate methods to address the
high-energy region of the nuclear electroweak response.
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view of the large errors and large normalization uncer-
tainties of the MiniBooNE and T2K data, however, we
caution the reader from drawing too definite conclusions
from the present analysis.

Of course, many challenges lie ahead, to mention just
three: the inclusion of relativity and pion-production
mechanisms, and the treatment of heavier nuclei (no-
tably 40Ar). While some of these issues, for example the
implementation of relativistic dynamics via a relativistic
Hamiltonian along the lines of Ref. [66], could conceiv-
ably be incorporated in the present GFMC approach, it
is out of the question that such an approach could be uti-
lized to describe the �-resonance region of the cross sec-
tion or, even more remotely, extended to nuclei with mass
number much larger than 12, at least for the foreseeable
future. In fact, it maybe unnecessary, as more approxi-
mate methods exist to deal e↵ectively with some of these
challenges, including factorization approaches based on
one- and two-nucleon spectral functions [24, 67] or on
the short-time approximation of the nuclear many-body

propagator [63] for relativity and pion production, and
auxiliary-field-di↵usion Monte Carlo methods [68] to de-
scribe the ground states of medium-weight nuclei. We
are optimistic that the next few years will witness sub-
stantive progress in the further development and imple-
mentation of these approximate methods to address the
high-energy region of the nuclear electroweak response.
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FIG. 6. T2K flux-folded double di↵erential cross sections per target neutron for ⌫µ-CCQE scattering on 12C, displayed as a
function of the muon momentum pµ for di↵erent ranges of cos ✓µ. The experimental data and their shape uncertainties are
from Ref. [43].

view of the large errors and large normalization uncer-
tainties of the MiniBooNE and T2K data, however, we
caution the reader from drawing too definite conclusions
from the present analysis.

Of course, many challenges lie ahead, to mention just
three: the inclusion of relativity and pion-production
mechanisms, and the treatment of heavier nuclei (no-
tably 40Ar). While some of these issues, for example the
implementation of relativistic dynamics via a relativistic
Hamiltonian along the lines of Ref. [66], could conceiv-
ably be incorporated in the present GFMC approach, it
is out of the question that such an approach could be uti-
lized to describe the �-resonance region of the cross sec-
tion or, even more remotely, extended to nuclei with mass
number much larger than 12, at least for the foreseeable
future. In fact, it maybe unnecessary, as more approxi-
mate methods exist to deal e↵ectively with some of these
challenges, including factorization approaches based on
one- and two-nucleon spectral functions [24, 67] or on
the short-time approximation of the nuclear many-body

propagator [63] for relativity and pion production, and
auxiliary-field-di↵usion Monte Carlo methods [68] to de-
scribe the ground states of medium-weight nuclei. We
are optimistic that the next few years will witness sub-
stantive progress in the further development and imple-
mentation of these approximate methods to address the
high-energy region of the nuclear electroweak response.
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QUANTUM MONTE CARLO METHODS
Continuum nuclear quantum Monte Carlo make use of coordinate-space representation of many-
body wave functions.

• They have no difficulties in treating 
“stiff” nuclear forces: test the 
convergence of nuclear EFTs;

• Access to high-momentum 
components of the nuclear wave 
functions;

R. Cruz-Torres et al., Nature Phys. 17 (2021) 3, 306

• Limited to relatively light nuclear 
systems


