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The present calculation helps to 
determine the EOS applicable to neutron 

star calculations and different types of 
heavy-ion collision simulations.
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MOTIVATION
Study the structure of 

neutron star crusts



}
What is the 

composition of 
the crust?

MOTIVATION



Use molecular dynamics 
to study neutron star crust

MOTIVATION



Known: Neutron star matter composed of 
Protons, neutrons and electrons

MOTIVATION

Expected: Structure of neutron star crust is “Pasta”

Relevant questions: 
• Does the structure of the pasta evolves 

as ρ, T and isospin asymmetry vary? 
• Are there phase transitions in NSM? 



• Nuclear pastas found gnocchi, spaghetti, lasagna, anti-
spaghetti and anti-gnocchi.
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Nuclear pastas formed at the final temperature 0.01 MeV

Examples of pastas
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- Inter-particle potential
- Uses protons & neutrons
- Proper dynamics and geometry
- Does not use “test particles” 
- Does not use gaussian density distributions
- Produces fragments without external aid
- Deexcites fragments naturally
- Uses a unique set of parameters

But . . .  is classic and not quantum

Classical molecular dynamics

CLASSICAL MOLECULAR DYNAMICS



• Potential

• Solve equation of motion (Verlet)

• Recognize clusters (MSE)

•Track evolutions in space-time

CLASSICAL MOLECULAR DYNAMICS

 Reproduce experimental cross-sections in n-n collisions

PANDHARIPANDE (NEW MEDIUM) POTENTIAL



CMD can determine

• Mass distributions

• Critical phenomena

• Caloric curves

• Isoscaling

• Nuclear pasta

CLASSICAL MOLECULAR DYNAMICS



Procedure to study infinite nuclear matter
• Create an infinite system

• Select density ρ
• Select temperature
• Select isospin content

• Equilibrate
• Measure

• Binding energy E(ρ,T)
• Pressure p(ρ,T)
• Compressibility K(ρ,T)

• Obtain equation of state
• Obtain phase diagram
• Obtain structure at various ρ, T, isospin content

CLASSICAL MOLECULAR DYNAMICS



Pasta !CLASSICAL MOLECULAR DYNAMICS



X=0.5, T=0.1 MeV

“Pasta”  shapes
CLASSICAL MOLECULAR DYNAMICS
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Example:
These two structures look  

alike,  are  they  equal?

CHARACTERIZATION OF THE PASTA



No, they have different 
Euler numbers and curvatures

CHARACTERIZATION OF THE PASTA



How  to  characterize  the  pasta

CHARACTERIZATION OF THE PASTA



Lindemann coefficient

Kolmogorov statistic

CHARACTERIZATION OF THE PASTA



Tools Euler characteristic

How to use the Euler number with the “pasta”



Early efforts: Watanabe et al.

CHARACTERIZATION OF THE PASTA



Pasta can be characterized with topology
CHARACTERIZATION OF THE PASTA



CHARACTERIZATION OF THE PASTA



• A nuclear structure generated by 
Molecular dynamics calculates the 
particles’ positions for specific parameters. 

How do you go from a set of 
points to a 3D structure?

Positions of the neutrons and protons 
for T = 0.01 MeV, and density 0.02 fm-3

nucleon

Alpha Shapes Method
CHARACTERIZATION OF THE PASTA



ALPHA SHAPES MODEL: UNION OF BALLS

CHARACTERIZATION OF THE PASTA



Voronoi diagrams

CHARACTERIZATION OF THE PASTA



Voronoi diagrams + spheres

CHARACTERIZATION OF THE PASTA



Nerves: Voronoi diagrams + spheres - overlaps

CHARACTERIZATION OF THE PASTA



NERVES

CHARACTERIZATION OF THE PASTA



DEPENDENCE ON THE ALPHA RADIUS

α

Concave hull
Convex hull Gardiner, J.D., Behnsen, J. & Brassey, C.A. Alpha shapes: 

determining 3D shape complexity across morphologically 
diverse structures. BMC Evol Biol 18, 184 (2018). 
https://doi.org/10.1186/s12862-018-1305-z

CHARACTERIZATION OF THE PASTA



DioDe

• DioDe uses CGAL to generate alpha shapes filtrations 
in a format Dionysus understands (designed by Dmitriy
Morozov). 

• Produces simplexes with varying radii from data input.

CHARACTERIZATION OF THE PASTA



• Area

DioDe and Minkowski functionals: Volume and Area

• Volume

CHARACTERIZATION OF THE PASTA



• Euler Characteristic

k represents a simplex.

DioDe and Minkowski functionals: χ and B

• Curvature

CHARACTERIZATION OF THE PASTA



Alpha – shapes model method

• Each structure had to be analyzes with, at least, 40 α radii to find 
the optimized radii length.

• For each α, the volume, area, Euler, and curvature were calculated. 

• A minimum of 160 calculations were performed for each structure.

• In total, there were over 9,120 calculations.

CHARACTERIZATION OF THE PASTA



Determining the optimal alpha

Minkowski functionals for T = 1 MeV with 0< α <10, 
x = 0.5, and density from 0.04 fm-3 to 0.20 fm-3.

CHARACTERIZATION OF THE PASTA



Volume normalization and χ for two optimizations of α

Conclusion:  1.5 < α < 2  α = 1.6

First Optimization Second Optimization

CHARACTERIZATION OF THE PASTA
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RESULTS



APPLICATION OF THE α-SHAPE METHOD

• Molecular dynamics simulations
• Use LAMMPS, 4000 nucleons, x = 0.5.
• Cool down a nuclear matter system from T = 4 MeV to a final temperature 

between 0.01 MeV to 1 MeV, using 1 million time steps.
• Densities from 0.02 fm-3 to 0.20 fm-3.

• Alpha shapes method
• Import MD simulations output (x,y,z) file.
• Calculate simplexes of the final temperature for a specific α.
• Compute Minkowski functionals: Area, Volume, Euler number, Curvature.
• Repeat to optimize α radius.

• Results and conclusion
• Analyze correlations between A,V,C and E
• Euler versus Curvature looks promising.

RESULTS



ρ=0.04 ρ=0.08 ρ=0.16ρ=0.12 ρ=0.20

T = 1 MeV

RESULTS



T = 0.75 MeV

ρ=0.02 ρ=0.03 ρ=0.04 ρ=0.05 ρ=0.06 

ρ=0.07 ρ=0.08 ρ=0.09 ρ=0.10 ρ=0.11 

ρ=0.12 ρ=0.16 ρ=0.20

RESULTS



T = 0.50 MeV

ρ=0.02 ρ=0.03 ρ=0.04 ρ=0.05 ρ=0.06 

ρ=0.07 ρ=0.08 ρ=0.09 ρ=0.10 ρ=0.11 

ρ=0.12 ρ=0.16 ρ=0.20

RESULTS



T = 0.25 MeV

ρ=0.02 ρ=0.03 ρ=0.04 ρ=0.05 ρ=0.06 

ρ=0.07 ρ=0.08 ρ=0.09 ρ=0.10 ρ=0.11 

ρ=0.12 ρ=0.16 ρ=0.20

RESULTS



T = 0.01 MeV, x = 0.5

ρ=0.02 ρ=0.03 ρ=0.04 ρ=0.05 ρ=0.06 

ρ=0.07 ρ=0.08 ρ=0.09 ρ=0.10 ρ=0.11 

ρ=0.12 ρ=0.16 ρ=0.20

RESULTS



Caloric curve, E vs T, for cooling of systems
• The left figure is for ρ = 0.05 fm-3 with the final temperatures of 0.01 to 0.75 MeV.  
• The right figure computes three densities with a final temperature of 0.01 MeV

PROPERTIES OF THE COOLING PROCESS
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RESULTS



Solid 
Pasta ↔ Solid-Liquid 

Pasta
↔ Liquid 

Pasta

Phase transitions within the pasta

RESULTS



• In total, 57 nuclear matter simulations were produced.

• Each structure had between 1 million and 8 million time steps to 
reach final equilibrium position.

• Run on the supercomputer Cori of the National Energy 
Research Scientific Computing Center (NERSC).

MOLECULAR DYNAMICS RESULTS

RESULTS



Euler – Curvature
• Each structure has a 

unique alpha.
• A clockwise trend is 

found for the density, 
from smaller to greater.

• Non-pastas are 
expected at the origin 
(and lasagnas).

gnocchi

spaghetti

waffle or 
jungle-

gym

lasagna

anti-
spaghetti

Anti-
gnocchi

RESULTS



Euler – Curvature
Temperature 

Independence
Density trend

RESULTS



Gnocchi

Spaghetti

Waffle

Lasagna

Transition from 
Anti-spaghetti 
to anti-gnocchi Anti-spaghetti 

Anti-gnocchi 

T = 0.50 MeV

Transition: 
Anti-spaghetti or anti-gnocchi

Nothing

RESULTS
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- Pasta structures are formed at low 
temperatures and subcritical densities

- Topology helps to study shapes of pasta 



• The pasta structures were created using 
molecular dynamics (LAMMPS).

• The alpha-shapes method was used to 
construct the 3D structures.



• The Minkowski functionals were calculated 
out of the structures.

• Pasta structures can be identified by their 
values of Euler characteristic and curvature.



• There is a relationship between the pasta 
structures and their density in the Euler -
curvature plane.

• The relationship follows a clockwise trend 
in the E-C plane as the density increases.

• The trend is independent of temperature.



Current work: 
• Momentum-dependent potentials
• Introduction of Pauli exclusion principle
• Collisions!
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