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Identifying the Sum Rule elements: quark longitudinal spin, 𝑆𝑆𝑧𝑧
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Identifying the Sum Rule elements: quark longitudinal angular momentum, 𝐽𝐽𝑧𝑧
𝑞𝑞

𝐽𝐽𝑧𝑧
𝑞𝑞=∫0

1 𝑑𝑑𝑑𝑑 𝑥𝑥 𝐻𝐻𝑞𝑞 + 𝐸𝐸𝑞𝑞
p’p

Local Operator 
Ô

GPD Moments ➜ EMT Form Factors
X. Ji (1997)
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H-W Lin, Phys.Rev.Lett. 127 (2021)

Ph. Haegler, JoP: 295 (2011) 012009 

u+du-d

Calculable on lattice…

u-d
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Identifying the Sum Rule elements: quark longitudinal OAM, 𝐿𝐿𝑧𝑧
𝑞𝑞
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𝑑𝑑𝑑𝑑 �𝑑𝑑2𝑘𝑘𝑇𝑇 𝑘𝑘𝑇𝑇2𝐹𝐹14(𝑥𝑥, 0,0,𝑘𝑘𝑇𝑇)

UL correlation GTMD

Lorce, Pasquini, PRD (2013)
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M. Engelhardt et al. Phys.Rev. D (2020)

Calculable on lattice…

u-d

u-d



What we know from measurements and lattice
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q=u-d

mπ = 320 MeV

Engelhardt et al., Phys. Rev. D102, (2020)

DVCS data
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0.633(12) mπ physical

?



Do we need to measure a GTMD to learn about OAM?
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Polyakov Kiptily(2004), Hatta(2012)

A generalized integrated Wandzura Wilczek relation obtained using OPE for twist 2 and 
twist 3 operators for the off-forward matrix elements

Staple or straight link treatments always give Ji OAM

The other way that OAM is known



6/14/2022 11

Connecting the two pictures using QCD Equations of Motion  and Lorentz symmetry

*Twist 3 GPD notation from Meissner, Metz and Schlegel, JHEP(2009)



• Instead of using the OPE, we derive the different terms, using nonlocal
matrix elements 

• A dynamical picture to understand the origin of quark angular momentum 
where the role of the transverse momentum of quarks is emphasized and 
essential

A. Rajan, A. Courtoy, M. Engelhardt, S.L., PRD (2016)
A. Rajan, M. Engelhardt, S.L., PRD (2018)
A. Rajan, O. Alkassasbeh, M. Engelhardt, S.L.,  in preparation
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Equations of Motion  (EoM) relation 



𝜦𝜦𝜦𝜦’



Equations of Motion  (EoM) relation 



Lorentz Invariance Relation (LIR)

Twist 2 GPDGTMD Twist 3 GPD qgq from staple link

∞,zT

∞,0

z-,zT

0,0



Straight gauge link

Wandzura Wilczek relation for OAM

genuine twist 3 



Staple link

Wandzura Wilczek relation for OAM

LIR violating term



6/14/2022 19*Twist 3 GPD notation from Meissner, Metz and Schlegel, JHEP(2009)

Integral Relation



Transverse Angular Momentum Sum Rule
O. Alkassasbeh, M. Engelhardt, SL and A. Rajan, (2022) soon on arXiv
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Twist 3 GPDs Physical Interpretation

1/Q correction to E: Transverse OAM, LT

1/Q correction to �H

1/Q correction to H

1/Q correction to �E

(*) T-odd

NEW!!    Spin Orbit correlation L �S

NEW!!     Orbital Angular Momentum L

[1] Meissner, Metz and Schlegel, JHEP(2009)

1
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 The connection to observables is fundamental 

 The sum rules, written in terms of twist-2 and twist-3 observables, are an intrinsic feature of 
(are derived directly from) the QCD EoM, and preserve Lorentz symmetry    

 Can we extend this to mass? 

 What are the observables for the  mass distribution? 

 How to include gluons?



Mass Sum Rule
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𝑘𝑘2 = 𝑚𝑚2 → 𝐻𝐻 =
𝑘𝑘𝑇𝑇2 + 𝑚𝑚2

2𝑘𝑘−

EoM relation for scalar operator:

Start from EoM relation at tree level:
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𝐻𝐻 = 𝑘𝑘𝑇𝑇
2+𝑚𝑚2

2𝑘𝑘−
→ 2𝑘𝑘−𝐻𝐻 = 𝑘𝑘𝑇𝑇2 + 𝑚𝑚2

A new key to interpret the mass decomposition 

 At tree level we recover the sum of the trace and traceless part of the quark component in the decomposition

 Next step: include renormalization and regularization

 Role of qgq terms? 

 Extension to gluon sector





Measuring 
All This

graph from M. Defurne



Demystification of 
harmonics formalism: 
BKM missed a phase 

6/14/2022 27

DVCS

Bethe Heitler

 In DVCS the virtual photon is along the z axis: ϕ 
dependence from usual rotation of polarization vector in 
helicity amp
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To understand the cross section we need to 
understand the φ dependence

z’
y’

x’

DVCS

z

x

The hadronic tensor is evaluated in the rotated frame
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3D Structure of the proton

Data 
Science/AI

Quantum 
Information

Education

Outreach

• CNF has funded multiple projects on Femtography through 
GPDs. 

• Covering different areas
• Experimental data
• ML & AI
• Inverse problems
• Lattice calculations
• …

• Initial funding $0.5M, per year
• Now it is time to organize different efforts into a larger 

collaboration, involving people outside VA.
Courtesy of X. Ji



6/14/2022 30

[1] Meissner, Metz and Schlegel, JHEP(2009)



…compared to BKM, NPB (2001)
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BH-DVCS 
interference

6/14/2022
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AUU
I BUU

I CUU
I are ϕ dependent coefficients



BH-DVCS 
interference
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AUU
I BUU

I CUU
I are ϕ dependent coefficients



Compton Form Factor Extraction
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Q2 dependence



Twist 3
BH-DVCS 
interference
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Orbital Angular Momentum
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Twist 3 GPDs Physical Interpretation

1/Q correction to E

1/Q correction to �H

1/Q correction to H

1/Q correction to �E

(*) T-odd

NEW!!    Spin Orbit correlation L �S
NEW!!     Orbital Angular Momentum L

[1] Meissner, Metz and Schlegel, JHEP(2009)

1
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Twist 3 seems small 

But  we can extract it by comparing DVCS and TCS data (work in progress) 
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… to appear soon…



We need a robust framework for 
DVES processes cross section, 
where kinematic limits are under 
control
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• To observe, evaluate and interpret 
GPDs and Wigner distributions at the 
subatomic level requires stepping up 
data analyses from the standard 
methods and developing new 
numerical/analytic/quantum 
computing methods 
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DVCS formalism
• B. Kriesten et al, Phys.Rev. D 101 (2020)
• B. Kriesten and S. Liuti, Phys.Rev. D105 (2022), arXiv 2004.08890
• B. Kriesten and S. Liuti, Phys. Lett. B829 (2022), arXiv:2011.04484

ML
• J. Grigsby, B. Kriesten, J. Hoskins, S. Liuti, P. Alonzi and M. 

Burkardt, Phys. Rev. D104 (2021)

GPD Parametrization for global analysis
• B. Kriesten, P. Velie, E. Yeats, F. Y. Lopez and S. Liuti,
Phys. Rev D 105 (2022), arXiv:2101.01826 

https://arxiv.org/abs/2004.08890
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