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Inclusive DIS at a large momentum transfer
• dominated by the scattering of the 

lepton off an active quark/parton


• not sensitive to the dynamics at a 
hadronic scale ~ 1/fm


• collinear factorization:  


• overall corrections suppressed by 

� / H(Q)⌦ �a/P (x, µ
2)
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QCD factorization
• provides the probe to “see” quarks, 

gluons and their dynamics indirectly


• predictive power relies on 

— precision of the probe

— universality of 

Lepton-Hadron Deep Inelastic Scattering
Q � ⇤QCD

<latexit sha1_base64="u8Ihr/ymbC81CbUSr++/ydYwSJI=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJUZEXRZrAsXLlqwD+gMQyaTaUOTzJBkhDJ24a+4caGIW3/DnX9j2s5CWw8EDufcw705Ycqo0o7zbZVWVtfWN8qbla3tnd09e/+go5JMYtLGCUtkL0SKMCpIW1PNSC+VBPGQkW44akz97gORiibiXo9T4nM0EDSmGGkjBfZRyxsMoHdnEhEKck9y2GrcTAK76tScGeAycQtSBQWagf3lRQnOOBEaM6RU33VS7edIaooZmVS8TJEU4REakL6hAnGi/Hx2/wSeGiWCcSLNExrO1N+JHHGlxjw0kxzpoVr0puJ/Xj/T8ZWfU5Fmmgg8XxRnDOoETsuAEZUEazY2BGFJza0QD5FEWJvKKqYEd/HLy6RzXnOdmtu6qNavizrK4BicgDPggktQB7egCdoAg0fwDF7Bm/VkvVjv1sd8tGQVmUPwB9bnD8V2lUk=</latexit><latexit sha1_base64="u8Ihr/ymbC81CbUSr++/ydYwSJI=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJUZEXRZrAsXLlqwD+gMQyaTaUOTzJBkhDJ24a+4caGIW3/DnX9j2s5CWw8EDufcw705Ycqo0o7zbZVWVtfWN8qbla3tnd09e/+go5JMYtLGCUtkL0SKMCpIW1PNSC+VBPGQkW44akz97gORiibiXo9T4nM0EDSmGGkjBfZRyxsMoHdnEhEKck9y2GrcTAK76tScGeAycQtSBQWagf3lRQnOOBEaM6RU33VS7edIaooZmVS8TJEU4REakL6hAnGi/Hx2/wSeGiWCcSLNExrO1N+JHHGlxjw0kxzpoVr0puJ/Xj/T8ZWfU5Fmmgg8XxRnDOoETsuAEZUEazY2BGFJza0QD5FEWJvKKqYEd/HLy6RzXnOdmtu6qNavizrK4BicgDPggktQB7egCdoAg0fwDF7Bm/VkvVjv1sd8tGQVmUPwB9bnD8V2lUk=</latexit><latexit sha1_base64="u8Ihr/ymbC81CbUSr++/ydYwSJI=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJUZEXRZrAsXLlqwD+gMQyaTaUOTzJBkhDJ24a+4caGIW3/DnX9j2s5CWw8EDufcw705Ycqo0o7zbZVWVtfWN8qbla3tnd09e/+go5JMYtLGCUtkL0SKMCpIW1PNSC+VBPGQkW44akz97gORiibiXo9T4nM0EDSmGGkjBfZRyxsMoHdnEhEKck9y2GrcTAK76tScGeAycQtSBQWagf3lRQnOOBEaM6RU33VS7edIaooZmVS8TJEU4REakL6hAnGi/Hx2/wSeGiWCcSLNExrO1N+JHHGlxjw0kxzpoVr0puJ/Xj/T8ZWfU5Fmmgg8XxRnDOoETsuAEZUEazY2BGFJza0QD5FEWJvKKqYEd/HLy6RzXnOdmtu6qNavizrK4BicgDPggktQB7egCdoAg0fwDF7Bm/VkvVjv1sd8tGQVmUPwB9bnD8V2lUk=</latexit><latexit sha1_base64="u8Ihr/ymbC81CbUSr++/ydYwSJI=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJUZEXRZrAsXLlqwD+gMQyaTaUOTzJBkhDJ24a+4caGIW3/DnX9j2s5CWw8EDufcw705Ycqo0o7zbZVWVtfWN8qbla3tnd09e/+go5JMYtLGCUtkL0SKMCpIW1PNSC+VBPGQkW44akz97gORiibiXo9T4nM0EDSmGGkjBfZRyxsMoHdnEhEKck9y2GrcTAK76tScGeAycQtSBQWagf3lRQnOOBEaM6RU33VS7edIaooZmVS8TJEU4REakL6hAnGi/Hx2/wSeGiWCcSLNExrO1N+JHHGlxjw0kxzpoVr0puJ/Xj/T8ZWfU5Fmmgg8XxRnDOoETsuAEZUEazY2BGFJza0QD5FEWJvKKqYEd/HLy6RzXnOdmtu6qNavizrK4BicgDPggktQB7egCdoAg0fwDF7Bm/VkvVjv1sd8tGQVmUPwB9bnD8V2lUk=</latexit>

�a/P (x, µ
2)
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Lepton-Hadron Deep Inelastic Scattering

PDFs at small values of x, the W-boson asymmetry data at
large rapidities generally provide stronger constraints on
PDFs at large x values.

IV. RESULTS

In this section, we present the results of our global QCD
analysis. The quality of the fit to the data is illustrated in
Fig. 1, where the inclusive proton F2 structure functions
from BCDMS [81], SLAC [82], NMC [83] and HERMES
[86] are compared with the CJ15 NLO fit as a function of
Q2 at approximately constant values of x. In Fig. 2, the
Jefferson Lab Fp

2 data from the E00-116 experiment in
Hall C [87] are compared with the CJ15 results at fixed

scattering angles, with x increasing with Q2. The more
recent data from the BONuS experiment at Jefferson Lab
[21] on the ratio of neutron to deuteron structure functions,
Fn
2=F

d
2 , are shown in Fig. 3. Overall the agreement between

the theory and data, over several decades of Q2 and x, is
excellent.
The uncertainties on the observables in Figs. 1–3 (and on

the PDFs throughout this paper, unless otherwise noted) are
computed using Hessian error propagation, as outlined in
Ref. [14], with Δχ2 ¼ 2.71, which corresponds to a
90% confidence level (C.L.) in the ideal Gaussian statistics.
The corresponding χ2 values for each of the data sets in
Figs. 1–3, and all other data used in the fits, are listed in
Table I. As well as the main NLO fit, we also include the χ2

FIG. 1. Comparison of proton Fp
2 structure function data from BCDMS [81], SLAC [82], NMC [83] and HERMES [86] with the CJ15

fit, as a function of Q2 for approximately constant x. The data have been scaled by a factor 2i, from i ¼ 0 for x ¼ 0.85 to i ¼ 20 for
x ¼ 0.005, and the PDF uncertainties correspond to a 90% C.L.
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values for several alternate fits, with different combinations
of theory and data (see below), and an LO fit. For the
central NLO fit, the total χ2 is ≈4700 for 4542 points, or
χ2=datum ¼ 1.04, which is similar to our previous CJ12
analysis [14], even though that fit was to some 500 fewer
points. While the various NLO fits give qualitatively similar
χ2 values, the χ2=datum for the LO fit (∼1.3) is markedly
worse.

A. CJ15 PDFs

The CJ15 PDFs themselves are displayed in Fig. 4 at a
scale of Q2 ¼ 10 GeV2 for the u, d, d̄þ ū, d̄ − ū and s
distributions, and the gluon distribution scaled by a factor
1=10. The central CJ15 PDFs are determined using the
AV18 deuteron wave function and the nucleon off-shell
parametrization in Eq. (15). The parameter values and their
1σ errors for the leading-twist distributions at the input
scale Q2

0 are given in Table II, with the parameters that are
listed without errors fixed by sum rules or other constraints.
(To avoid rounding errors when using these values in
numerical calculations, we give each of the parameter
values and their uncertainties to five significant figures.)
The strange quark PDF is assumed in this analysis to be

proportional to the light antiquark sea in the ratio κ ¼ 0.4
[see Eq. (4)]. To test the sensitivity of our fit to the specific
value of κ, we repeated the analysis varying the strange to
nonstrange quark ratio between 0.3 and 0.5. Within this
range the total χ2 spans between 4704 (κ ¼ 0.3) and 4711
(κ ¼ 0.5), indicating a very weak dependence on κ. This is
not surprising given that our analysis does not include any
data sets that are particularly sensitive to the strange-
quark PDF.

FIG. 2. Comparison of the proton Fp
2 structure function data

from the E00-116 experiment in Jefferson Lab (JLab) Hall C [87]
with the CJ15 fit, as a function of Q2 for fixed scattering angle θ,
with the corresponding x ranges indicated. The data have been
scaled by a factor 2i, from i ¼ 0 for θ ¼ 38° to i ¼ 5 for θ ¼ 70°,
and the PDF uncertainties correspond to a 90% C.L.

FIG. 3. Comparison of the Fn
2=F

d
2 structure function ratio from

the BONuS experiment in Jefferson Lab (JLab) Hall B [21] with
the CJ15 fit, as a function of the invariant mass W2 for fixed Q2,
with the corresponding x ranges indicated (note x decreases with
increasing W2). The data have been scaled by a factor 2i, from
i ¼ 0 for Q2 ¼ 4.0 GeV2 to i ¼ 5 for Q2 ¼ 1.7 GeV2, and the
PDF uncertainties correspond to a 90% C.L.

FIG. 4. Comparison of CJ15 PDFs xfðx;Q2Þ for different
flavors (f ¼ u, d, d̄þ ū, d̄ − ū, s and g=10) at a scale
Q2 ¼ 10 GeV2, with 90% C.L. uncertainty bands. Note the
combined logarithimic/linear scale along the x-axis.
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Fig. 80 The combined HERA data for inclusive CC e+ p and e− p
reduced cross sections at

√
s = 318 GeV with overlaid predictions of

HERAPDF2.0 NNLO. The bands represent the total uncertainty on the
predictions
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Fig. 81 The combined HERA data for the inclusive NC e+ p and e− p
reduced cross sections together with fixed-target data [107,108] and
the predictions of HERAPDF2.0 NLO. The bands represent the total
uncertainties on the predictions. Dashed lines indicate extrapolation
into kinematic regions not included in the fit
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Fig. 82 The combined HERA data for the inclusive NC e+ p and e− p
reduced cross sections together with fixed-target data [107,108] and
the predictions of HERAPDF2.0 NNLO. The bands represent the total
uncertainties on the predictions. Dashed lines indicate extrapolation
into kinematic regions not included in the fit
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Fig. 83 The structure function F̃2 as extracted from the measured
reduced cross sections for four values of Q2 together with the predic-
tions of HERAPDF2.0 NLO. The bands represent the total uncertainty
on the predictions
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Kinematics with Radiative Effects
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Kinematics with radiative effect

5

• Djangoh is used to simulate charged current deep-inelastic scattering including radiative effects. 
• Kinematics are smeared after including radiative corrections.

Data sample : Int L = 10 fb-1, Kinematics settings: 0.01<y<0.95, 102 GeV2 <Q2<105 GeV2

initial                   final vacuum                            loops

Kinematics with radiative effect

5

• Djangoh is used to simulate charged current deep-inelastic scattering including radiative effects. 
• Kinematics are smeared after including radiative corrections.

Data sample : Int L = 10 fb-1, Kinematics settings: 0.01<y<0.95, 102 GeV2 <Q2<105 GeV2

initial                   final vacuum                            loops

Kinematic experience 
by the parton

Kinematic reconstructed 
from observed momenta6=
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QED radiation will have significant impact due to kinematic shift, although α is small.
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Traditional Method to Handle QED Radiation

5

Radiative correction (RC) to Born kinematics:

�measured = �No QED radiation ⌦ ⌘RC
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RC factor

Problems or challenges:
The determination of RC factor relies on Monte Carlo simulation.
Usually depends on the physics we want to extract, hence introducing bias.

Multidimensional kinematic shift, challenge to decouple 18 structure functions.

Almost impossible to determine the virtual photon event by event, and thus 

the true photon-hadron frame.

Problematic to define PhT and azimuthal angles, essential for TMD physics.

“In many nuclear physics experiments, radiative corrections quickly become a 
dominant source of systematics. In fact, the uncertainty on the corrections might 
be the dominant source for high-statistics experiment”    


—— EIC Yellow Report

Also depends on experimental acceptance.
increasingly difficult for reactions beyond inclusive DIS, e.g. SIDIS …
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Basic Ideas of Our Approach

6

• Do not try to invent any scheme to treat QED radiation to 
match Born kinematics. — No radiative correction!


• Generalize the QCD factorization to include Electroweak 
theory, resum the logarithmic enhanced QED contributions.

— QED radiation is part of the production cross sections.

— treat QED radiation in the same way as QCD radiation is treated.


• Same systematically improvable treatment of  QED 
contributions for both inclusive DIS and SIDIS.
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lepton plane

x

z

y

P
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FIG. 5. Sketch for the frame of inclusive DIS.

in Eq. (9) can be further simplified as

E`0
d3�`(�`)P (S)!`0X

d3`0
⇡

X

�k

Z 1

⇣min

d⇣

⇣2
De/e(⇣, µ

2)

Z 1

⇠min

d⇠ fe(�k)/e(�`)(⇠, µ
2)

⇥

Ek0

d3�̂k(�k)P (S)!k0X

d3k0

�

k=⇠`, k0=`0/⇣

, (12)

where �k is the helicity of the electron of momentum k that collides with the hadron of

momentum P and spin S. The cross section �̂k(�k)P (S)!k0X is infrared-safe as me ! 0 with

all collinear sensitive QED radiative contributions along the lepton momentum ` and `0 are

resummed into the fe/e and De/e, respectively. In the Born approximation in QED (lowest

order in powers of ↵), the cross section can be written as

Ek0
d3�̂(0)

k(�k)P (S)!k0X

d3k0 ⇡ 2↵2

ŝ bQ4
L(0)
µ⌫ (k, k0,�k) W µ⌫(q̂, P, S), (13)

with L(0)
µ⌫ (k, k0,�k) and W µ⌫(q̂, P, S) defined in Eqs. (3) and (5), respectively. We can express

the phase space of the scattered lepton of momentum `0 in terms of more commonly used

variables,

d3`0

E`0
=

⇣ y

2xB

⌘
dxB dQ2 d =

⇣ Q2

2xB

⌘
dxB dy d , (14)

where  is an angle between the leptonic plane and the hadron spin plane defined by vectors

S and P , as shown in Fig. 5, with integration over d giving a factor 2⇡ for unpolarized

or longitudinally polarized DIS. With the one-photon exchange approximation for the hard

scattering, we can express the spin-averaged lepton-hadron DIS cross section in terms of

12

Inclusive DIS with QED
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FIG. 3. Sketch of scattering amplitudes for (a) the factorized DIS process in Eq. (9), and (b) lowest

order lepton-quark scattering.

tions, along with the PDFs from Eq. (8), cannot be uniquely determined from inclusive

DIS data if we cannot account for all QED radiative contributions to the experimentally

measured cross section.

The traditional method to include all QED radiative contributions to the lepton-hadron

DIS cross sections is to introduce a radiative correction (RC) factor to the Born cross section,

so that one can still extract the structure functions from inclusive DIS data. However,

such an approach necessarily introduces uncertainties in handling the contributions of QED

diagrams beyond the one-photon exchange, such as the virtual diagrams with two-photon

exchange contributions in the second row in Fig. 2 at NLO, and similar diagrams at higher

orders. Consistent treatment of such QED (or electroweak) contributions to the lepton-

hadron DIS cross sections is very important for precision extraction of PDFs, and especially

for searches of new physics in processes such as parity-violating DIS.

Instead of treating QED radiation as a correction to the Born process, here we unify the

QED and QCD contributions to the lepton-hadron scattering cross section in a consistent

factorization formalism. We consider the lepton-hadron inclusive DIS in Eq. (1) as an

inclusive production of a scattered lepton of four-momentum `
0
µ with a transverse component

`
0
T � ⇤QCD in the target rest frame, where the colliding lepton and hadron are head-on,

as sketched in Fig. 3(a). Applying the factorization formalism previously developed for

single-hadron production at large transverse momentum in hadronic collisions [49] to lepton-

nucleon scattering, the factorized inclusive DIS cross section can be written as,

E
0d�`P!`0X

d3`0
=

1

2s

X

i,j,a

Z 1

zL

d⇣

⇣2

Z 1

xL

d⇠

⇠
De/j(⇣, µ

2) fi/e(⇠, µ
2)

⇥

Z 1

xh

dx

x
fa/N(x, µ

2) bHia!j(⇠, x, `
0
/⇣, µ

2) + · · · , (9)

9

Define inclusive DIS as inclusive lepton scattering with large 

cos ✓ =
` · S
` · P
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in lepton-hadron frame
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Factorized Approach to inclusive DIS

8

Unpolarized inclusive DIS cross section:

E
0 d�`P!`0X

d3`0
=

1

2s

X

i,j,a

Z 1

⇣min

d⇣

⇣2
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⇠min

d⇠

⇠
De/j

�
⇣, µ

2
�
fi/e

�
⇠, µ

2
�

⇥
Z 1
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dx

x
fa/N

�
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2
� bHia!jX

�
⇠`, xP, `

0
/⇣, µ

2
�
+ · · ·
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lepton distribution function (LDF)

lepton fragmentation function (LFF)

⇣min = � t+ u

s
, ⇠min = � u

⇣s+ t
, xmin = � ⇠t

⇣⇠s+ u
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LO (no RC): �
(2,0)
eq = D

(0)
e/e ⌦ f

(0)
e/e ⌦ f

(0)
q/q ⌦ bH(2,0)

eq!eX = bH(2,0)
eq!eX
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4↵2
e
2
q

⇣


(⇣⇠xs)2 + (xu)2

(⇠t)2

�
�(⇣⇠xs+ xu+ ⇠t)

<latexit sha1_base64="CjwQW0kKhIh2bHangyhQEwjbae0="></latexit>

With the leading order (LO) L
(0)
TT provided in (38) and the LO LDF and LFF,

f
(0)
i/e (⇠) = �ie�(1 � ⇠), (47)

D
(0)
e/j(⇣) = �ej�(1 � ⇣), (48)

one can obtain the hard part

bL(0)
TT = 2�(1 � �)�

⇣1

⌘
� 1

⌘
�
(2)(q̂T ). (49)

and the C functions

C
(0)
f (�)C(0)

D (⌘) = �(1 � �)�(1 � ⌘). (50)

As a natural choice, we set

C
(0)
f (�) = �(1 � �), (51)

C
(0)
D (⌘) = �(1 � ⌘). (52)

At next-to-leading order (NLO), the lepton structure functions are given as follows,

bL(1)
TT = cW (1)

TT + bY (1)
TT , (53)

where

bY (1)
TT =

1

2⇡µ2
Q


�

2(û2 + v̂
2) + 4t̂(t̂ + û + v̂)

ûv̂
+

1 + �
2
⌘
2

�⌘

�
�

⇣1

�
(1 � �)(1 � ⌘) �

q̂2
T
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Q

⌘

�
1

⇡

1

q̂2
T
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2
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1

⌘
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2
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T

µ2
Q

�
, (54)

cW (1)
TT = 2�(1 � �)�(1 � ⌘)


�
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2
ln2 µ

2
Q

µ2
b

+
3

2
ln

µ
2
Q

µ2
b

�

� 2 ln
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⇣1 + �
2
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⌘

+
�(1 � ⌘) +

1

⌘
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+
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(1 � ⌘)�(1 � �) � 4�(1 � �)�(1 � ⌘)

�
, (55)

where the hard part Mandelstem variables are defined as

t̂ = (k � k
0)2 = �

⇠

⇣
Q

2
, (56)

û = (k � q̂)2 =
⇠ � ⇠B

⇣B
Q

2
� q̂2

T , (57)

v̂ = (k0 + q̂)2 = ⇠B

⇣1

⇣
�

1

⇣B

⌘
Q

2
� q̂2

T . (58)
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With the leading order (LO) L
(0)
TT provided in (38) and the LO LDF and LFF,

f
(0)
i/e (⇠) = �ie�(1 � ⇠), (47)

D
(0)
e/j(⇣) = �ej�(1 � ⇣), (48)

one can obtain the hard part

bL(0)
TT = 2�(1 � �)�

⇣1

⌘
� 1

⌘
�
(2)(q̂T ). (49)

and the C functions

C
(0)
f (�)C(0)

D (⌘) = �(1 � �)�(1 � ⌘). (50)

As a natural choice, we set

C
(0)
f (�) = �(1 � �), (51)

C
(0)
D (⌘) = �(1 � ⌘). (52)

At next-to-leading order (NLO), the lepton structure functions are given as follows,

bL(1)
TT = cW (1)

TT + bY (1)
TT , (53)

where

bY (1)
TT =

1

2⇡µ2
Q


�

2(û2 + v̂
2) + 4t̂(t̂ + û + v̂)

ûv̂
+

1 + �
2
⌘
2

�⌘

�
�

⇣1

�
(1 � �)(1 � ⌘) �

q̂2
T

µ2
Q

⌘

�
1

⇡

1

q̂2
T


1 + �

2

(1 � �)+
�(1 � ⌘) +

1

⌘

1 + ⌘
2

(1 � ⌘)+
�(1 � �) � 2�(1 � �)�(1 � ⌘) ln

q̂2
T

µ2
Q

�
, (54)

cW (1)
TT = 2�(1 � �)�(1 � ⌘)


�

1

2
ln2 µ

2
Q

µ2
b

+
3

2
ln

µ
2
Q

µ2
b

�

� 2 ln
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2
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+
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⌘
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+
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1

2⌘
(1 � ⌘)�(1 � �) � 4�(1 � �)�(1 � ⌘)

�
, (55)

where the hard part Mandelstem variables are defined as

t̂ = (k � k
0)2 = �

⇠

⇣
Q

2
, (56)

û = (k � q̂)2 =
⇠ � ⇠B

⇣B
Q

2
� q̂2

T , (57)

v̂ = (k0 + q̂)2 = ⇠B

⇣1

⇣
�

1

⇣B

⌘
Q

2
� q̂2

T . (58)

13

(parity conserved part)
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Lepton distribution function:

where Eq. (5) was used and q̂
µ = (⇠`�`0/⇣)µ at this order. At high orders, all logarithmically

enhanced collinear contribution to the leptonic tensor eLµ⌫ along the direction of ` and

`
0 are systematically resummed into the universal LDFs and LFFs, respectively, leaving

bLµ⌫(n)
ij (k, k

0
, q̂) with n > 0 infra-red and collinear safe. Corrections to Eq. (63) are suppressed

by inverse powers of the large momentum transfer bQ.

The LDFs and LFFs in Eq. (63) share the same operator definitions with hadron PDFs

and FFs [1], with the quark and gluon field replaced by lepton and photon field, respectively,

and the hadron state is replaced by a lepton state. In Eq. (63), the LDF fi/e(⇠) is defined

as

fi/e(⇠) =

Z
dz

�

4⇡
e
i⇠`+z�

he| i(0)�+�[0,z�]  i(z
�)|ei, (65)

where �[0,z�] = exp[�ie
R z�

0 d⌘
�
A

+(⌘�)] is the gauge link with photon field A
µ, and we use

light-cone notation v
± = (v0

± v
3)/

p
2 for any four-vector v

µ. Similarly, the LFF De/j(⇣)

describes the emergence of the final lepton e from a lepton j with momentum `
0
/⇣, and is

defined as [1]

De/j(⇣) =
⇣

2

X

X

Z
dz

�

4⇡
e
i`0+z�/⇣ Tr

⇥
�
+
h0| j(0)�[0,1] |e, Xihe, X| j(z

�)�[z�,1]|0i
⇤
. (66)

Unlike hadron PDFs and FFs, with a properly defined renormalization of the non-local

operators, the LDFs and LFFs are perturbatively calculable in QED if we neglect their

hadronic components, which are non-perturbative. However, the perturbative expansion in

powers of ↵ may have large perturbative corrections near the edge of phase space, such as

⇠ ! 1 and ⇣ ! 1. As discussed in Sec. III, more care will be needed when the perturbatively

calculated LDFs and LFFs are used.

Focusing for brevity only on the valence lepton part [i = j = e] in Eq. (63) in this paper,

we have from Eq. (65) the leading order (LO) LDF, f
(0)
e/e(⇠) = �(⇠ � 1). At next-to-leading

order (NLO), the leading logarithmically enhanced real and virtual contribution in the light-

cone gauge are given by the diagrams in Fig. 5(a) and (b), respectively, leading to the result

in the MS scheme,

f
(1)
e/e(⇠, µ

2) =
↵

2⇡


1 + ⇠

2

1 � ⇠
ln

µ
2

(1 � ⇠)2 m2
e

�

+

, (67)

where µ
2 is the factorization scale and the standard “+” prescription is used. As expected,

the perturbatively calculated LDF, fe/e(⇠, µ2) ⇡ f
(0)
e/e(⇠, µ

2)+f
(1)
e/e(⇠, µ

2), preserves the lepton

number,
R 1

0 d⇠ fe/e(⇠, µ2) = 1. Like contributions to hadron PDFs, high-order logarithmically

15

With the leading order (LO) L
(0)
TT provided in (38) and the LO LDF and LFF,

f
(0)
i/e (⇠) = �ie�(1 � ⇠), (47)

D
(0)
e/j(⇣) = �ej�(1 � ⇣), (48)

one can obtain the hard part

bL(0)
TT = 2�(1 � �)�

⇣1

⌘
� 1

⌘
�
(2)(q̂T ). (49)

and the C functions

C
(0)
f (�)C(0)

D (⌘) = �(1 � �)�(1 � ⌘). (50)

As a natural choice, we set

C
(0)
f (�) = �(1 � �), (51)

C
(0)
D (⌘) = �(1 � ⌘). (52)

At next-to-leading order (NLO), the lepton structure functions are given as follows,

bL(1)
TT = cW (1)

TT + bY (1)
TT , (53)

where

bY (1)
TT =

1

2⇡µ2
Q


�

2(û2 + v̂
2) + 4t̂(t̂ + û + v̂)

ûv̂
+

1 + �
2
⌘
2

�⌘

�
�

⇣1

�
(1 � �)(1 � ⌘) �

q̂2
T

µ2
Q

⌘

�
1

⇡

1

q̂2
T


1 + �

2

(1 � �)+
�(1 � ⌘) +

1

⌘

1 + ⌘
2

(1 � ⌘)+
�(1 � �) � 2�(1 � �)�(1 � ⌘) ln

q̂2
T

µ2
Q

�
, (54)

cW (1)
TT = 2�(1 � �)�(1 � ⌘)


�

1

2
ln2 µ

2
Q

µ2
b

+
3

2
ln

µ
2
Q

µ2
b

�

� 2 ln
µMS

µb

⇣1 + �
2

1 � �

⌘

+
�(1 � ⌘) +

1

⌘

⇣1 + ⌘
2

1 � ⌘

⌘

+
�(1 � �)

�

+ 2


1

2
(1 � �)�(1 � ⌘) +

1

2⌘
(1 � ⌘)�(1 � �) � 4�(1 � �)�(1 � ⌘)

�
, (55)

where the hard part Mandelstem variables are defined as

t̂ = (k � k
0)2 = �

⇠

⇣
Q

2
, (56)

û = (k � q̂)2 =
⇠ � ⇠B

⇣B
Q

2
� q̂2

T , (57)

v̂ = (k0 + q̂)2 = ⇠B

⇣1

⇣
�

1

⇣B

⌘
Q

2
� q̂2

T . (58)
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LO: NLO(MS):

where Eq. (5) was used and q̂
µ = (⇠`�`0/⇣)µ at this order. At high orders, all logarithmically

enhanced collinear contribution to the leptonic tensor eLµ⌫ along the direction of ` and

`
0 are systematically resummed into the universal LDFs and LFFs, respectively, leaving

bLµ⌫(n)
ij (k, k

0
, q̂) with n > 0 infra-red and collinear safe. Corrections to Eq. (63) are suppressed

by inverse powers of the large momentum transfer bQ.

The LDFs and LFFs in Eq. (63) share the same operator definitions with hadron PDFs

and FFs [1], with the quark and gluon field replaced by lepton and photon field, respectively,

and the hadron state is replaced by a lepton state. In Eq. (63), the LDF fi/e(⇠) is defined

as

fi/e(⇠) =

Z
dz

�

4⇡
e
i⇠`+z�

he| i(0)�+�[0,z�]  i(z
�)|ei, (65)

where �[0,z�] = exp[�ie
R z�

0 d⌘
�
A

+(⌘�)] is the gauge link with photon field A
µ, and we use

light-cone notation v
± = (v0

± v
3)/

p
2 for any four-vector v

µ. Similarly, the LFF De/j(⇣)

describes the emergence of the final lepton e from a lepton j with momentum `
0
/⇣, and is

defined as [1]

De/j(⇣) =
⇣

2

X

X

Z
dz

�

4⇡
e
i`0+z�/⇣ Tr

⇥
�
+
h0| j(0)�[0,1] |e, Xihe, X| j(z

�)�[z�,1]|0i
⇤
. (66)

Unlike hadron PDFs and FFs, with a properly defined renormalization of the non-local

operators, the LDFs and LFFs are perturbatively calculable in QED if we neglect their

hadronic components, which are non-perturbative. However, the perturbative expansion in

powers of ↵ may have large perturbative corrections near the edge of phase space, such as

⇠ ! 1 and ⇣ ! 1. As discussed in Sec. III, more care will be needed when the perturbatively

calculated LDFs and LFFs are used.

Focusing for brevity only on the valence lepton part [i = j = e] in Eq. (63) in this paper,

we have from Eq. (65) the leading order (LO) LDF, f
(0)
e/e(⇠) = �(⇠ � 1). At next-to-leading

order (NLO), the leading logarithmically enhanced real and virtual contribution in the light-

cone gauge are given by the diagrams in Fig. 5(a) and (b), respectively, leading to the result

in the MS scheme,

f
(1)
e/e(⇠, µ

2) =
↵

2⇡


1 + ⇠

2

1 � ⇠
ln

µ
2

(1 � ⇠)2 m2
e

�

+

, (67)

where µ
2 is the factorization scale and the standard “+” prescription is used. As expected,

the perturbatively calculated LDF, fe/e(⇠, µ2) ⇡ f
(0)
e/e(⇠, µ

2)+f
(1)
e/e(⇠, µ

2), preserves the lepton

number,
R 1

0 d⇠ fe/e(⇠, µ2) = 1. Like contributions to hadron PDFs, high-order logarithmically
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__

Lepton fragmentation function:

where Eq. (5) was used and q̂
µ = (⇠`�`0/⇣)µ at this order. At high orders, all logarithmically

enhanced collinear contribution to the leptonic tensor eLµ⌫ along the direction of ` and

`
0 are systematically resummed into the universal LDFs and LFFs, respectively, leaving

bLµ⌫(n)
ij (k, k

0
, q̂) with n > 0 infra-red and collinear safe. Corrections to Eq. (63) are suppressed

by inverse powers of the large momentum transfer bQ.

The LDFs and LFFs in Eq. (63) share the same operator definitions with hadron PDFs

and FFs [1], with the quark and gluon field replaced by lepton and photon field, respectively,

and the hadron state is replaced by a lepton state. In Eq. (63), the LDF fi/e(⇠) is defined

as

fi/e(⇠) =

Z
dz

�

4⇡
e
i⇠`+z�

he| i(0)�+�[0,z�]  i(z
�)|ei, (65)

where �[0,z�] = exp[�ie
R z�

0 d⌘
�
A

+(⌘�)] is the gauge link with photon field A
µ, and we use

light-cone notation v
± = (v0

± v
3)/

p
2 for any four-vector v

µ. Similarly, the LFF De/j(⇣)

describes the emergence of the final lepton e from a lepton j with momentum `
0
/⇣, and is

defined as [1]

De/j(⇣) =
⇣

2

X

X

Z
dz

�

4⇡
e
i`0+z�/⇣ Tr

⇥
�
+
h0| j(0)�[0,1] |e, Xihe, X| j(z

�)�[z�,1]|0i
⇤
. (66)

Unlike hadron PDFs and FFs, with a properly defined renormalization of the non-local

operators, the LDFs and LFFs are perturbatively calculable in QED if we neglect their

hadronic components, which are non-perturbative. However, the perturbative expansion in

powers of ↵ may have large perturbative corrections near the edge of phase space, such as

⇠ ! 1 and ⇣ ! 1. As discussed in Sec. III, more care will be needed when the perturbatively

calculated LDFs and LFFs are used.

Focusing for brevity only on the valence lepton part [i = j = e] in Eq. (63) in this paper,

we have from Eq. (65) the leading order (LO) LDF, f
(0)
e/e(⇠) = �(⇠ � 1). At next-to-leading

order (NLO), the leading logarithmically enhanced real and virtual contribution in the light-

cone gauge are given by the diagrams in Fig. 5(a) and (b), respectively, leading to the result

in the MS scheme,

f
(1)
e/e(⇠, µ

2) =
↵

2⇡


1 + ⇠

2

1 � ⇠
ln

µ
2

(1 � ⇠)2 m2
e

�

+

, (67)

where µ
2 is the factorization scale and the standard “+” prescription is used. As expected,

the perturbatively calculated LDF, fe/e(⇠, µ2) ⇡ f
(0)
e/e(⇠, µ

2)+f
(1)
e/e(⇠, µ

2), preserves the lepton

number,
R 1

0 d⇠ fe/e(⇠, µ2) = 1. Like contributions to hadron PDFs, high-order logarithmically

15

LO:

With the leading order (LO) L
(0)
TT provided in (38) and the LO LDF and LFF,

f
(0)
i/e (⇠) = �ie�(1 � ⇠), (47)

D
(0)
e/j(⇣) = �ej�(1 � ⇣), (48)

one can obtain the hard part

bL(0)
TT = 2�(1 � �)�

⇣1

⌘
� 1

⌘
�
(2)(q̂T ). (49)

and the C functions

C
(0)
f (�)C(0)

D (⌘) = �(1 � �)�(1 � ⌘). (50)

As a natural choice, we set

C
(0)
f (�) = �(1 � �), (51)

C
(0)
D (⌘) = �(1 � ⌘). (52)

At next-to-leading order (NLO), the lepton structure functions are given as follows,

bL(1)
TT = cW (1)

TT + bY (1)
TT , (53)

where

bY (1)
TT =

1

2⇡µ2
Q


�

2(û2 + v̂
2) + 4t̂(t̂ + û + v̂)

ûv̂
+

1 + �
2
⌘
2

�⌘

�
�
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q̂2
T
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Q

⌘
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T
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2
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q̂2
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Q

�
, (54)

cW (1)
TT = 2�(1 � �)�(1 � ⌘)
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, (55)

where the hard part Mandelstem variables are defined as

t̂ = (k � k
0)2 = �

⇠

⇣
Q

2
, (56)

û = (k � q̂)2 =
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⇣B
Q

2
� q̂2

T , (57)

v̂ = (k0 + q̂)2 = ⇠B

⇣1

⇣
�

1

⇣B

⌘
Q

2
� q̂2

T . (58)
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FIG. 5. Real (a) and virtual (b) QED diagrams contributing to the NLO lepton distribution f (1)
e/e.

enhanced contributions to LDFs can be systematically resummed by solving the evolution

equations for QED particles [? ? ? ? ? ? ], and for the “valence” distribution, for example,

µ
2 d

dµ2
fe/e(⇠, µ

2) =

Z 1

⇠

d⇠
0

⇠0
Pee(⇠/⇠

0
, ↵)fe/e(⇠

0
, µ

2), (68)

with the evolution kernel Pee calculable perturbatively order-by-order in powers of ↵. At

O(↵), from Eq. (67) we have P
(1)
ee (z, ↵) = (↵/2⇡) [(1 + z

2)/(1 � z)]+.

Similarly, the LFFs can also be calculated perturbatively in QED, if we neglect their

hadronic component. At the LO, we have LFF as D
(0)
e/e(⇣) = �(⇣ � 1), and at O(↵), we have

from the logarithmically enhanced contributions

D
(1)
e/e(⇣, µ) =

↵

2⇡


1 + ⇣

2

1 � ⇣
ln

⇣
2
µ
2

(1 � ⇣)2 m2
e

�

+

. (69)

Same as the LDFs, the logarithmically enhanced high-order contributions to the LFFs can

be resummd by solving corresponding evolution equations.

With perturbatively calculated input distributions for the LDFs and LFFs order-by-order

in QED at an input scale µ
2
0 & m

2
e, as discussed in Sec. III, we are able to evolve the LDFs

and LFFs to any factorization scale µ
2

> µ
2
0 by solving corresponding evolution equations, if

we can neglect their hadronic components. Having these universal LDFs and LFFs and the

factorization formula in Eq. (63), we have a controllable approach to evaluate the leptonic

tensor eLµ⌫(`, `0, q̂) that is needed to evaluate the SIDIS cross section in Eq. (2).

16

NLO(MS):
__

Resum:
@

@ lnµ2

✓
f+
f�

◆
=

✓
Pee Pe�

P�e P��

◆
⌦
✓
f+
f�

◆

<latexit sha1_base64="hAZ6yphz30KiMjsxgS90MZ/AbXU="></latexit>

QED DGLAP evolution

Similar for LFF

`

<latexit sha1_base64="/Y/IimkFpTC+CKRCR9tvq78yw2E=">AAAB63icdZDLSsNAFIZPvNZ6q7p0M1gEVyGR1Da7ghuXFewF2lAm00k7dCYJMxOhhL6CGxeKuPWF3Pk2TtoKKvrDwMd/zmHO+cOUM6Ud58NaW9/Y3Nou7ZR39/YPDitHxx2VZJLQNkl4InshVpSzmLY105z2UkmxCDnthtProt69p1KxJL7Ts5QGAo9jFjGCdWENKOfDStWxHd93nQYyUPOu/ALqBjwfubazUBVWag0r74NRQjJBY004VqrvOqkOciw1I5zOy4NM0RSTKR7TvsEYC6qCfLHrHJ0bZ4SiRJoXa7Rwv0/kWCg1E6HpFFhP1O9aYf5V62c6agQ5i9NM05gsP4oyjnSCisPRiElKNJ8ZwEQysysiEywx0Saesgnh61L0P3Qubdeza7detdlaxVGCUziDC3ChDk24gRa0gcAEHuAJni1hPVov1uuydc1azZzAD1lvn5vVjq8=</latexit>

k

`

<latexit sha1_base64="/Y/IimkFpTC+CKRCR9tvq78yw2E=">AAAB63icdZDLSsNAFIZPvNZ6q7p0M1gEVyGR1Da7ghuXFewF2lAm00k7dCYJMxOhhL6CGxeKuPWF3Pk2TtoKKvrDwMd/zmHO+cOUM6Ud58NaW9/Y3Nou7ZR39/YPDitHxx2VZJLQNkl4InshVpSzmLY105z2UkmxCDnthtProt69p1KxJL7Ts5QGAo9jFjGCdWENKOfDStWxHd93nQYyUPOu/ALqBjwfubazUBVWag0r74NRQjJBY004VqrvOqkOciw1I5zOy4NM0RSTKR7TvsEYC6qCfLHrHJ0bZ4SiRJoXa7Rwv0/kWCg1E6HpFFhP1O9aYf5V62c6agQ5i9NM05gsP4oyjnSCisPRiElKNJ8ZwEQysysiEywx0Saesgnh61L0P3Qubdeza7detdlaxVGCUziDC3ChDk24gRa0gcAEHuAJni1hPVov1uuydc1azZzAD1lvn5vVjq8=</latexit>

k

FIG. 4. Sketch of the lepton distribution function for finding a fermion (quark or lepton) inside a

colliding lepton of momentum `.

where i, j, a include all QED and QCD particles, and the ellipsis represents power corrections

suppressed by inverse powers of `0T . The lower limits of integration zL, xL and xh depend on

external kinematics as specified below, and fa/N(x, µ
2) is the parton distribution function

of the colliding hadron (N) with the hadron’s momentum fraction x = p
+
/P

+ carried by

an active parton of flavor a (either a quark, antiquark or gluon in QCD, or a lepton or

photon in QED) [3], where we use the light-cone vector notation v
± = (v0

± v
3)/

p
2 for any

four-vector v
µ.

In Eq. (9), the LDF fi/e(⇠, µ2) gives the probability to find a lepton (or parton) of flavor i

with light-cone momentum ⇠`
+ in the incident lepton e, defined analogously to the PDF of a

hadron [3], but with the hadron state replaced by an asymptotic lepton state |ei. Explicitly,

for a lepton (or quark) distribution in a lepton e with momentum `, the LDF is defined as

fi/e(⇠, µ
2) =

Z
dz

�

4⇡
e
i⇠`+z�

he(`)| i(0)�+�[0,z�]  i(z
�)|e(`)i, (10)

where ⇠ = k
+
/`

+ is the light-cone momentum fraction carried by the active lepton (or quark)

of momentum k and flavor i, as sketched in Fig. 4, µ is a scale to renormalize the nonlocal

fermion operator, and �[0,z�] = exp[�ie
R z�

0 d⌘
�
A

+(⌘�)] is the gauge link with a photon (or

gluon) field A
µ. Similarly, the photon (or gluon) distribution function of a lepton can be

defined in the same way as the gluon distribution of a hadron, except replacing the hadron

state by a lepton state, and the gluon field by corresponding photon field for the photon

distribution function [3].

In analogy with the LDF, the LFF De/j(⇣, µ2) in Eq. (9) describes the emergence of

the final lepton e with momentum `
0 from a lepton (or parton) of flavor j with momen-

tum k
0
⇠ `

0
/⇣. Formally, the LFF for a fermion (lepton (or quark) of flavor j emerging from

10
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Factorized approach to radiative corrections for inelastic lepton-hadron collisions
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We propose a new factorized approach to QED radiative corrections (RCs) in inclusive and semi-
inclusive lepton-hadron deep-inelastic scattering. The method allows the systematic resummation of
the logarithmically enhanced RCs into factorized lepton distribution and fragmentation (or jet) func-
tions that are universal for all final states. The new approach provides a uniform treatment of RCs
for the extraction of parton distribution functions, transverse momentum dependent distributions,
and other partonic correlation functions from lepton-hadron collision data.

Introduction.— Lepton-hadron deep-inelastic scatter-
ing (DIS) has played a critical role in the development
of our understanding of the strong nuclear force and
the internal structure of nucleons and nuclei, since the
first such experiments were performed at SLAC over 50
years ago [1]. By measuring the momentum transfer,
q ⌘ ` � `�, from an incident lepton with momentum
` scattered to a lepton with momentum `�, and keep-
ing Q ⌘

p
�q2 � 1/R, where R is the hadron radius

[see Fig. 1(a)], the DIS experiments provided a short-
distance electromagnetic probe of the point-like quarks
inside hadrons, ultimately giving birth to QCD as the
fundamental theory of strong interactions. Without ob-
serving specific final states other than the scattered lep-
ton, this modern version of Rutherford scattering pro-
vided the first glimpse of the hadrons’ internal land-
scape of quarks and gluons (or collectively, partons),
parametrized through the parton distribution functions
(PDFs) as probability densities for finding a parton in-
side the hadron with momentum fraction x [2]. While
our discussion applies to any hadronic initial state, for
clarity we will specialize to the case of a nucleon in the
rest of the paper.

l
l'

P
X

q
Ph

l'

X
P

q

l

(a) (b)

FIG. 1. Inelastic scattering of a lepton (�) from a nucleon
(P ) to a scattered lepton (�0) via exchange of a photon (q) for
(a) inclusive final states X, and (b) semi-inclusive production
of a hadron (Ph).

By detecting a hadron (or jet) of momentum Ph in the
final state [Fig. 1(b)], this semi-inclusive DIS (SIDIS)
process has two naturally ordered momentum scales: Q,
and the transverse momentum PhT ⌧ Q, defined in a
frame where the virtual photon collides with the nucleon
moving along the z-axis. While the hard scale Q localizes
the probe to resolve the partons’ longitudinal momen-
tum distributions, the soft scale PhT & 1/R provides the
sensitivity needed to probe the partons’ transverse mo-

tion inside the colliding nucleon. With the leptonic plane
defined by ` and `� and the hadronic plane by P and
Ph, di↵erent angular modulations between these planes
in SIDIS allow the extraction of various transverse mo-
mentum dependent distributions (TMDs), which encode
rich information about the nucleon’s three-dimensional
landscape in momentum space [3–7].

In practice, the collision with a large momentum trans-
fer triggers radiation of photons, such as those from the
colliding and scattered leptons and quarks illustrated in
Fig. 2. This radiation not only changes the momen-
tum transfer q, making it problematic to define the exact
photon-nucleon frame, but also alters the angular modu-
lation between the leptonic and hadronic planes. Reliable
extraction of PDFs and TMDs requires such collision-
induced QED radiation to be taken into account in the
form of radiative corrections (RCs) [8]. Without being
able to account for all radiated photons experimentally,
some of the RCs rely on measurement of the invariant
mass of the hadronic final state and Monte Carlo simula-
tion [9–12], which introduces model dependence into the
purely leptonic part of the radiation in Fig. 2.
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FIG. 2. Diagrams for the first real (top row) and virtual
(bottom row) RCs to scattering of a lepton (momentum �)
from a quark (p) to a lepton (�0) and recoiling quark.

In this Letter, we propose a new factorization approach
to QED radiation in lepton-nucleon scattering, with or
without observation of specific hadrons in the final state.
Instead of treating QED radiation as a correction to the
Born process [13, 14], which becomes increasingly di�-
cult beyond inclusive DIS [15–17], we unify the QED and
QCD contributions in a consistent factorization formal-
ism. The new approach allows all collinear (CO) sen-
sitive and logarithmically-enhanced photon radiation to

FIG. 2. Diagrams for the first real (top row) and virtual (bottom row) QED radiative contribution

to scattering of a lepton (momentum `) from a quark (p) to a lepton (`0) and recoiling quark.

In principle, any cross section with an identified hadron (in the initial or final state),

such as the inclusive DIS cross section, cannot be fully calculated within QCD perturbation

theory due its dependence on the hadronic scale of the identified hadron. The factorization

formalism, as in Eq. (8), is an approximation with the correction suppressed by inverse

powers of the large momentum transfer Q of the collision. Similarly, other structure functions

in Eq. (5) can also be factorized in terms of universal PDFs [15]. With the factorized

coe�cients calculated at leading order (LO) in the strong coupling ↵s, the two spin-averaged

structure functions are related via the Callan-Gross relation, F2(xB, Q
2) = 2xBF1(xB, Q

2) =
P

a e
2
a xB fa(xB, Q

2). With the perturbatively calculated coe�cient functions at next-to-

leading order (NLO) and next-to-next-to leading order (NNLO), precise data from inclusive

DIS have provided important constraints on QCD global analysis of PDFs [48].

A. Inclusive DIS with QED radiative contributions

With the large momentum transfer, Q
2

� ⇤2
QCD, lepton-hadron scattering naturally trig-

gers radiation of photons (photon showers), such as those from the incident and scattered

leptons and quarks illustrated in Fig. 2 at NLO in ↵. Without being able to account for all

radiated photons experimentally, this collision-induced QED radiation not only changes the

momentum transfer q between the scattered lepton and colliding hadron, but also requires

diagrams beyond the one-photon exchange approximation to maintain the gauge invariance

of QED (or in general electroweak) contributions to the inclusive lepton-hadron DIS cross

section. In other words, one-photon exchange is an approximation, and the structure func-

8
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FIG. 6. Sketch of sample scattering amplitudes for inclusive DIS with (a) one-photon exchange,

and (b) one-gluon exchange.

B. Universal LDFs and LFFs

The universal LDFs and LFFs share the same operator definitions with the hadron PDFs

and FFs, as discussed above. Like the hadron PDFs and FFs, in principle the LDFs and

LFFs are nonperturbative due to the fact that they can have hadronic components from

high-order processes. For example, the colliding electron could radiate a photon, the photon

could split into quark-antiquark pair, and the quark could initiate a hard scattering to

produce the observed lepton of momentum `0, leading to a factorized [will the factorization

break in this case?], nonperturbative term proportional to the LDF fq/e(⇠, µ2). In this case

one has contributions to the factorized inclusive DIS cross section in Eq. (9) or (15) in terms

of nonperturbative quark or gluon PDFs of a colliding electron, as well as quark or gluon FFs

to the observed lepton, as illustrated in Fig. 6. In addition, even the LDF fe/e(⇠, µ2) may

have nonperturbative hadronic component from high-order processes, although the impact

of its hadronic components may be very small in the energy regime of interest.

If we could restrict the events where there is e↵ectively no hadronic activity along the

direction of the observed lepton, we could neglect the nonperturbative hadronic contribution

to fe/e. Without the hadronic contribution, the LDF fe/e(⇠, µ2) can be calculated perturba-

tively in QED with a properly defined renormalization for the nonlocal operators. Denoting

by f (m)
e/e (⇠, µ2) the LDF evaluated perturbatively to order O(↵m), we have, for example, the

LO LDF given by f (0)
e/e(⇠) = �(⇠�1). At NLO, the leading logarithmically enhanced real and

virtual contribution in the light-cone gauge are given by the diagrams in Fig. 7(a) and (b),
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At higher order one can find quark/gluon distribution in LDF and LFF.
(b) is suppressed by selecting events in which the lepton does not have much 
hadronic energy around it.
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Figure 9. Available phase-space for lepton-nucleon DIS with collision-induced QED radiative
contributions at Je↵erson Lab (

p
s = 4.7 GeV) (left) and EIC (

p
s = 140 GeV) (right) kinematics.

The colored lines denote regions of fixed bQ2
min and the diagonal yellow bands represent typical ranges

of y at those facilities.

sponds to a maximum value xmax
B ⇡ 0.24, while for Q2 = 10 GeV2, xmax

B ⇡ 0.76, and for

Q2 = 100 GeV2, xmax
B ⇡ 0.97.

For the ratios at fixed values of xB in figure 8, the e↵ects also increase at larger y, which

corresponds to larger Q2 values. The minimum value of y is restricted by the Q2 > 1 GeV2

cut, which is imposed to exclude regions where the factorized framework would not be

applicable. This constraint becomes more evident at smaller xB values, which again is

less dramatic at the higher EIC energies, where the limit on the y range is visible for

xB . 10�4. In addition, with the collision-induced QED radiation, the hard scale of the

collision (momentum transfer experienced by the colliding nucleon) changes from Q2 to
bQ2 = (⇠/⇣) Q2, which has a minimum value of bQ2

min  Q2 given by eq. (1.1). The induced

QED radiation could push the scattering between the virtual photon and the colliding

nucleon out of the DIS regime when the “true” probing scale bQ2 is less than 1 GeV2, even

though Q2 itself would be above the cut. Instead of restricting Q2 > 1 GeV2, a requirement

of bQ2
min > 1 GeV2 could impose a stronger constraint on the range of xB for a given value

of y, as shown in figure 9.

Overall, the radiative e↵ects are positive over most kinematics, with the �RC/�no RC

ratio dropping below unity only at the lowest y values, especially for larger xB. The e↵ect

of the resummation is generally a decrease in the magnitude of the radiative e↵ects relative

to the NLO calculation, except at the highest y values where it enhances the corrections.

Clearly, the e↵ects of the QED radiation are nontrivial and will have a significant impact

on the extraction of PDF information from inclusive DIS experiments. This is especially

pertinent at large values of y and small xB, where more phase space is available for both

QED and QCD radiation, and will be of particular interest at these kinematics in future

EIC measurements.
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Figure 10. The range of the hard scale bQ2 experienced by the nucleon as a function of the measured
scale Q2, for fixed values of xB, at Je↵erson Lab (

p
s = 4.7 GeV) (left) and EIC (

p
s = 140 GeV)

(right) kinematics. The straight black lines correspond to bQ2 = Q2.

scattering when the probing scale is larger than ⇡ 1 GeV2. The collision-induced QED

radiation could make the “true” probing scale Q2
true = bQ2 smaller, however, e↵ectively en-

hancing the rate of non-DIS events and the size of non-factorized power corrections, even

when Q2 = O(1 GeV2) or larger. Furthermore, QED radiation from final-state nucleons in

elastic events requires a larger Q2 to mimic DIS events. Since these non-DIS events involve

nonperturbative strong interaction physics that cannot be calculated reliably, QED RC

factors that aim to “correct” for this QED contamination are necessarily model dependent.

Some of these contaminations are sensitive to the very hadronic physics that we aim to

explore in the DIS and SIDIS reactions.

A further complication stems from the fact that photons are massless and the lep-

ton mass is much smaller than the typical hard scale for QCD dynamics. Consequently,

RC factors based on fixed-order QED calculations are often infrared sensitive as me ! 0,

involving infrared cuto↵ parameters, such as the total energy of soft photons in the treat-

ment by Mo and Tsai [25] or the minimum photon energy in the approach of Bardin and

Shumeniko [41]. These parameters need to be tuned to the data.

As will be discussed in detail in the next section, the collision-induced QED radiation

also leads to uncertainty in determining the photon-nucleon frame in which the produced

hadron momentum, the hadronic plane, angular modulations and, most importantly, the

TMD factorization of SIDIS, are defined. Consequently, hadronic model dependence is

inevitably introduced into attempts to derive RCs for SIDIS [42, 43, 47]. In contrast,

rather than searching for more reliable RC factors with which to extract the ideal �Born in

eq. (2.26) from the experimental cross section, �obs, our proposed approach is a systemati-

cally improvable and reliable way to calculate the induced QED radiative contributions to

all orders in powers of ↵. In analogy with the calculation of the induced QCD radiative

contributions to the measured cross sections, our factorization approach organizes all-order

contributions with respect to both QCD and QED, such as in eq. (2.9) for the inclusive

DIS cross section. Instead of the RC approach of eq. (2.26), our factorization approach can
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be schematically represented as

�obs(xB, Q2) = �univ
lep (µ2; m2

e) ⌦ �univ
had (µ2; ⇤2

QCD) ⌦ b�IR-safe(x̂B, bQ2, µ2)

+ O
✓

⇤2
QCD

Q2
,
m2

e

Q2

◆
, (2.27)

where all infrared-sensitive contributions to the cross sections are either factorized into the

universal leptonic and hadronic distribution or fragmentation functions, �univ
lep and �univ

had ,

which are renormalization group improved with the factorization scale µ2, or neglected as

power-suppressed corrections, and ⌦ represents the convolution over the respective leptonic

and partonic momentum fractions.

The IR-safe and perturbatively calculable short-distance coe�cient functions b�IR-safe

depend on the “true” probing scales x̂B and bQ2 for the colliding nucleon under the one-

photon approximation, and can be systematically improved by higher-order contributions

in powers of both ↵ and ↵s. As illustrated in figure 10, for a given value of Q2 the true

probing scale bQ2 can be in the range bQ2
min  bQ2  bQ2

max, where

bQ2
min = Q2 (1 � y)

(1 � xB y)
and bQ2

max = Q2 1

(1 � y + xB y)
(2.28)

are the minimum and maximum values. To obtain a single Q2
true value from the range of bQ2

that defines the QED RC factor RQED in eq. (2.26), one must model the colliding nucleon’s

response at di↵erent values of bQ2, and such modeling could impact the quantity itself

that we wish to extract from the measured cross sections. In addition, the Bjorken scaling

variable in eq. (2.16), x̂B = xB ⇠ y/(⇠⇣+y�1), ranges between its minimum value, x̂min
B = xB,

and its maximum value, x̂max
B = 1. With the collision-induced QED radiation, for given

values of xB and Q2 from the measured lepton and nucleon momenta `, `0, and P , we

actually probe the colliding nucleon over a much wider kinematic region of x̂B 2 [x̂min
B , x̂max

B ]

and bQ2 2 [ bQ2
min,

bQ2
max].

As discussed in section 2.1, the novelty of our approach is the fact that we do not

need to assume any prior knowledge about the hadronic structures, provided that the

power corrections are suppressed. The exact demarcation of the phase space where our

proposed factorization approach is applicable cannot be determined a priori, but can be

found through global analysis involving multiple high-energy reactions with overlapping

partonic kinematics, which can ultimately confirm and validate the universality of the

inferred structures.

In our proposed new approach to the QED radiation (2.27), all collision-induced QED

contributions to the measured cross sections are organized such that all leading power

infrared-sensitive contributions are included into the universal LDFs and LFFs. All leading

power infrared-safe contributions are included in the calculable hard parts, and the rest can

be neglected or further improved as power corrections. Although QED radiation changes

the momentum of the exchanged hard photon and introduces uncertainty in controlling the

“true” hard probe, our factorization formalism as in eq. (2.9) provides the minimum value

of the probing scale, bQ2
min. As shown in figure 9, the collision-induced QED radiation does
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Impact on Inclusive DIS
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Comparison with Early Result
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Including Parity-Violating Terms
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ŷ � 1

2
ŷ2
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<latexit sha1_base64="6QaVlMUpWGkZiAi/EEKM9P8oIRQ=">AAACJ3icbZDLSsNAFIYn3q23qks3g0VwY0mkohtFdCO4qWBVaGo5mU7aoTNJmJkIYcjbuPFV3AgqokvfxGmahbcfBj7+cw5nzh8knCntuh/OxOTU9Mzs3HxlYXFpeaW6unal4lQS2iIxj+VNAIpyFtGWZprTm0RSEAGn18HwdFS/vqNSsTi61FlCOwL6EQsZAW2tbvXovGv8AWiT5fmht1Pijh9KIMbLTSPHhef3QQjIb81uaWQFd6s1t+4Wwn/BK6GGSjW71We/F5NU0EgTDkq1PTfRHQNSM8JpXvFTRRMgQ+jTtsUIBFUdU9yZ4y3r9HAYS/sijQv3+4QBoVQmAtspQA/U79rI/K/WTnV40DEsSlJNIzJeFKYc6xiPQsM9JinRPLMARDL7V0wGYCPSNtqKDcH7ffJfuNqte4363kWjdnxSxjGHNtAm2kYe2kfH6Aw1UQsRdI8e0Qt6dR6cJ+fNeR+3TjjlzDr6IefzC+WjpzQ=</latexit>

⌘� = 1

⌘�Z =
GFM2

Z

2
p
2⇡↵

Q2

Q2 +M2
Z

⌘Z = ⌘2�Z

<latexit sha1_base64="tXT6t2UfgnjDwLAapC9fo57Q7hY="></latexit>



Tianbo Liu

Impact on APV
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W = 2 GeV
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Comparison with Traditional Method
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W = 2 GeV

No QED results: different PDF sets

dotted curves from X. Zheng

See Nobuo Sato’s talk this afternoon for Apv sensitivity to PDFs
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Comparison with Traditional Method
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W = 2 GeV

QED impact on Apv

dotted curves from X. Zheng, generated using “Mo&Tsai” approach.
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Summary
• QED radiation effects are important in DIS, and hence precise measurements of 

nucleon structures and EW physics.

• We propose a factorized approach to treat QED radiations.


• Treat QED radiation as a part of the production cross section.

• Generalize QCD factorization to include QED. All perturbatively calculable 

hard parts are IR safe.

• Same systematically improvable treatment of  QED contributions for 

inclusive DIS, semi-inclusive DIS …

• QED radiation also has significant effect on Apv


• If calculating the RC factor for Apv, our factorized approach gives similar 
values to that from traditional approach at JLab kinematics.


• A high energy upgrade of JLab may provide a wider window, where the 
QED radiation is more controllable for Apv.


• Apv is also a sensitive probe to sea quark PDFs [see Nobuo’s talk]
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Thank you!


