
Saurabh Kadam

with

Zohreh Davoudi

PRD 102, 114521 (2020)
PRL 126, 152003 (2021)
PRD 105, 094502 (2022)

1/27

Path from lattice QCD to neutrinoless double-beta 
decay amplitude



Double 𝛽 Decays

Two neutrino double beta decay (2𝜈𝛽𝛽) Neutrinoless double beta decay (0𝜈𝛽𝛽)

▪ Standard model (SM) process

▪ Extremely rare and has been observed

𝑇1/2 2𝜈𝛽𝛽 ~ 1020𝑦

▪ Total lepton number is violated

▪ Beyond the standard model (BSM) process

▪ Searches for it are ongoing

▪ Neutrinos are their own anti-particles

Eugene Wigner,
Goeppert-Mayer 
(1935)

Racah (1937)
Furry  (1939)

Avignone, Elliott and Engel
Reviews  of Modern Physics, 80 (2008)▪ 2𝜈𝛽𝛽 can also probe potential BSM scenarios

Deppisch, Graf, and Šimkovic
PhysRevLett.125.171801

▪ Dominant background for 0𝜈𝛽𝛽 search experiments
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▪ Minimal deviation from the SM:

Light neutrino exchange scenario

▪ SM neutrinos are promoted to Majorana neutrinos

▪ Effective Majorana mass

Needs accurate constraints

What can possibly be responsible for a 0𝜈𝛽𝛽 decay?
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Phase space factor

Vergados, Ejiri and Simkovic,
Rep. Prog. Phys. 75 106301 (2012)

Half-lives from different methods for NME calculations

Nuclear Matrix Element (NME)

in Light Neutrino Exchange 

Scenario

Obtaining Effective Majorana Mass from Experiments

See a more recent plot of NMEs
Agostini, Benato, Detwiler, Men´endez, and Vissani
arXiv:2202.01787

4/27



What is the source of these uncertainties in NME?
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Hadronic Scale < GeV Nucleus ~ MeV

Nuclear Matrix Elements

Nuclear Many-Body 

Calculation 

Nuclear EFT
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Low Energy Constants (LECs)

0𝜈𝛽𝛽

Wirth, Yao, Hergert
PRL 127, 242502
(2021)

▪ Undertermined LEC 𝑔𝜈
𝑁𝑁 in pionless EFT

▪ LO 0𝜈𝛽𝛽 amplitude remains unknown

▪ An indirect estimate of 𝑔𝜈
𝑁𝑁 suggests an 

enhancement of ∼ 40% in NME for Ca nucleus

Jokiniemi, Soriano, Menendez, j.physletb.2021.136720 (2021)

Cirigliano, Dekens, de Vries, Hoferichter, Mereghetti
PRL 126, 172002
JHEP 2021, 289 (2021)

Weiss, Soriano, Lovato, Menendez, Wiringa, 
Phys Rev C 106 6, 065501 (2022)

7/27



Low Energy Constants (LECs)

▪ Undertermined LEC 𝑔𝜈
𝑁𝑁 in pionless EFT

▪ LO 0𝜈𝛽𝛽 amplitude remains unknown

▪ An indirect estimate of 𝑔𝜈
𝑁𝑁 suggests an 

enhancement of ∼ 40% in NME for Ca nucleus

0𝜈𝛽𝛽
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High Energy > 102 GeV Quark Level ~ GeV Hadronic Scale < GeV Nucleus ~ MeV

Nuclear Matrix Elements

Lattice QCD Nuclear Many-Body 

Calculation 
Nuclear EFT

Matching EFT Amplitude to 

Lattice QCD to constrain LECs
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Constraining LECs from Lattice QCD

0𝜈𝛽𝛽 2𝜈𝛽𝛽

Davoudi and Kadam 
Phys. Rev. D 102, 114521 (2020)

Davoudi and Kadam 
Phys. Rev. Lett. 126, 152003 (2021)
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L

L

L

Lattice QCD

QCD Formulated on

▪ Discrete Euclidean Spacetime Grid

▪ Lattice spacing 𝑎

▪ Finite Volume 𝐿3

▪ Monte-Carlo Sampling

Already discussed in previous talks
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Finite vs. Infinite Volume Physics

Two Particle States Three Particle States

 Finite Volume (FV)

L
L

L

Particle Spectrum

 

Single Particle

Periodic Boundary Condition

Quantization of Momenta

Kim, Sachrajda, and Sharpe 
(2005),  Nucl. Phys. B727

Lellouch, and Luscher (LL) (2001), 
Commun. Math. Phys. 219,

Luscher (1986a), 
Commun. Math. Phys. 104, 177

▪ Branch cuts are replaced with poles

▪ Corresponding energies give the FV spectrum

▪ Position of poles is related to the scattering 

amplitude

Discrete Finite 

Volume Spectrum
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▪ Lattice spacing 𝑎 → 0
▪ Ignore discretization effects

▪ Infinite temporal extent

▪ Energy is a continuous variable

L

L

L

Assumptions
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Two Nucleon Scattering Amplitude

Discrete Finite 

Volume Spectrum

Infinite Volume 

Scattering Amplitude 

?

Evaluate

Two Nucleon Source-Sink 

Interpolating Operators

Goal: Identify poles from the FV effects
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Source of Power Law FV effects

Which diagrams give the FV effects ?

If particles in summed loops can go on-shell

   

One particle irreducible diagrams

2 → 2 Bethe-Salpeter Kernel

Same as Infinite Volume Power Law Difference

Two particle loop in s - channel 

Poles in 𝐶𝐿 𝐸 are identified using 𝐹0(𝐸)

▪ In COM frame 𝑃 = (𝐸, 𝟎)
▪ Energy below three particle threshold
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Identify and isolate 

FV corrections

Rearrange to get 

Infinite volume 2 → 2
amplitude

Geometric sum 

over 𝐹0 terms

FV method

Kim, Sachrajda, and Sharpe 
(2005),  Nucl. Phys. B727

Lellouch, and Luscher (LL) (2001), 
Commun. Math. Phys. 219,

Poles of 𝐶𝐿(𝐸) are identified by  

Evaluate the 

correlation function 

non-perturbatively
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Two Nucleon Scattering Amplitude

Finite Volume Two 

Particle Spectrum

Infinite Volume 

Scattering 

Amplitude 

Luscher’s Quantization Condition

Luscher Commun. Math. Phys. 104, 177 (1986)
Luscher Commun. Math. Phys. 105, 153 (1986)

Kim, Sachrajda, and Sharpe,  Nucl. Phys. B727 (2005)
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Extended towards electro-weak current (𝒥) interactions:

▪ Formalism for generalized 0 + 𝒥 → 2 and 1 + 𝒥 → 2 processes.

▪ Formalism for 2 + 𝒥 → 2 processes.

Value of 𝐿1,𝐴 from LQCD via studying pp fusion 𝑝𝑝 → 𝑑𝑒+𝜈 process.

▪ Formalism for 1 + 2 𝒥 → 1 processes.

2𝜈𝛽𝛽 matrix elements (MEs) at 𝑚𝜋 ∼ 800 MeV

▪ Formalism for 1 + 2 𝒥 → 1 processes with massless leptonic 

propagators

▪ Formalism for 2 + 2 𝒥 → 2 processes for 2𝜈𝛽𝛽 and 0𝜈𝛽𝛽 .

▪ 𝜋− → 𝜋+ from LQCD at 𝑚𝜋 in 130-310 MeV

▪ Light sterile neutrino contribution to 𝜋− → 𝜋+𝑒−𝑒− from LQCD at the 

physical pion mass

▪ 𝜋− → 𝜋+𝑒−𝑒− from LQCD at 𝑚𝜋 in 300-430 MeV

FV Formalism

Savage, Shanahan, Tiburzi, Wagman, Winter, Beane, Change, 
Davoudi, Detmold, OrginosNPLQCD Collaboration Phys. Rev. 
Lett. 119 (6) (2017) 62002. 

Briceño, Davoudi, Hansen, Schindler 
and Baroni Phys. Rev. D 101, 014509

Briceno and Hansen (2016) Phys. Rev. D94 (1), 013008

Review: Davoudi, Detmold, Shanahan, Orginos, Parreno, Savage, Wagman physrep.2020.10.004  

Tiburzi, Wagman, Winter, Chang, Davoudi, Detmold, Orginos, Savage, Shanahan (NPLQCD) Collaboration Phys. Rev. D 96, 054505. 

Briceno and Hansen (2015),Phys. Rev. D92 (7), 074509

Briceño and Davoudi (2013) Phys. Rev. D 88, 094507

Davoudi and Kadam Phys. Rev. D 102, 114521 (2020)

Christ, Feng, Jin, and Sachrajda Phys. Rev. D 103, 014507 (2021)
Feng, Jin, Wang, and Zhang Phys. Rev. D 103, 034508 (2021)

Davoudi and Kadam Phys. Rev. Lett. 126, 152003 (2021)

Briceno, Hansen, and Walker-Loud (2015) Phys. Rev. D 91, 034501

Detmold and Murphy arXiv:2004.07404
Detmold, Jay, Murphy, Oare, and Shanahan arXiv:2208.05322

Tuo, Feng, and Jin Phys.Rev.D 106 (2022) 7, 074510 

Nicholson et al. (CalLat Collaboration) Phys. Rev. Lett. 121, 172501 (2018)
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Infinite Volume

Amplitude

Finite 

volume 

spectrum
Single current 

matrix elements

Two-current 

matrix elements

Unknown LEC

Constraining 𝑔𝜈𝑁𝑁 from Lattice QCD
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Finite Volume

0𝜈𝛽𝛽 Decay

Identify and isolate 

FV corrections

Evaluate the 

correlation function in 

EFT non-perturbatively

With neutrino 
propagator 

IR regulated by removing 

zero mode 

Sum over quantized 

momenta

For details see:
Davoudi and Kadam Phys. Rev. Lett. 126, 152003 (2021)
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Constraining 𝑔𝜈𝑁𝑁 from Lattice QCD
For details see:
Davoudi and Kadam Phys. Rev. Lett. 126, 152003 (2021)

Lellouch Luscher 

residue matrix

Finite volume corrections

Physical LO two-nucleon amplitude
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Infinite Volume

Amplitude

Finite 

volume 

spectrum
Single current 

matrix elements

Unknown LEC

Constraining 𝑔𝜈𝑁𝑁 from LQCD

Two-current 

matrix elements
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Euclidean Time 

Four-point Correlation

Function from LQCD

Minkowski Signature 

Correlation Function

?

Plugging back the 

missing time integral

Diverges for intermediate 

states that can go on-shell

Need to remove these divergences 

for analytic continuation!!

For details see:
Davoudi and Kadam Phys. Rev. Lett. 126, 152003 (2021)
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Euclidean Time 

Four-point Correlation

Function from LQCD

Minkowski Signature 

Correlation Function

?

Plugging back the 

missing time integral

Diverges for intermediate 

states that can go on-shell

For 𝐿 = 8 fm

NN finite 

volume 

spectrum
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Davoudi and Kadam 
Phys. Rev. D 105, 094502 (2022)

NN Scattering 

phase shifts

Lüscher’s QC

NN Energy 

spectrum in a FV

Gaussian fluctuations 

simulating uncertainties
Uncertainties from 

synthetic data 25/27



Δ𝛽𝛽 : Uncertainty in four-point function

Δ𝐸 : Uncertainty in NN energy eigenvalues

Davoudi and Kadam 
Phys. Rev. D 105, 094502 (2022)
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Infinite Volume

Amplitude

Finite 

volume 

spectrum
Single current 

matrix elements

Two-current 

matrix elements

Unknown LEC

Summary

Thank You !
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Appendix
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Agostini, Benato, Detwiler, Men´endez, and Vissani
arXiv:2202.01787
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Infinite Volume

0𝜈𝛽𝛽 Decay

Static Neutrino 

Potential

Radiative Neutrinos 

Higher Order

At LO in Pionless EFT
Cirigliano, Dekens,  de Vries, 
Graesser, Mereghetti, Pastore,  
Piarulli, Van Kolck and Wiringa
Phys. Rev. C 100, 055504 (2019)

Cirigliano, Dekens, de Vries, 
Graesses, Mereghetti, 
Pastore and van Klock
Phys. Rev. Lett. 120, 202001
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Infinite Volume

0𝜈𝛽𝛽 Decay

Divergent
Scale 

dependent 
LEC

New LEC

Cirigliano, Dekens, de Vries, 
Graesses, Mereghetti, 
Pastore and van Klock
Phys. Rev. Lett. 120, 202001

Cirigliano, Dekens,  de Vries, 
Graesser, Mereghetti, Pastore,  
Piarulli, Van Kolck and Wiringa
Phys. Rev. C 100, 055504 (2019)

At LO in Pionless EFT
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Removing Divergences from 
Where is the divergence 

coming from?

Two-body spectrum to 
identify N low-lying 

states 

Two particle FV states which can go on-shell Constructing divergent contributions

Spectral representation by integrating over time

Finite Volume Two 
Particle Spectrum

Can be analytically 
continued to 

Minkowski space

Four-point Function From LQCD

∼
Finite volume matrix elements of 
single hadronic current between the 
initial (final) and intermediate states

Davoudi and Kadam
Phys. Rev. Lett. 126, 152003 (2021)
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Missing Piece

What do we want?

So far, we have

Finite Volume Two 
Particle Spectrum 35/27
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Disfavored
by

cosmology

Including Uncertainties in NMEs for   

Dell’Oro, Marcocci, Viel and Vissani
Advances in High Energy Physics (2016)

Avignone, Elliott and Engel
Reviews  of Modern Physics, 80 (2008)

Vergados, Ejiri and Simkovic,
Rep. Prog. Phys. 75 106301 (2012)

Need to reduce uncertainties in 0𝑣𝛽𝛽 decay NMEs !!! 
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➢ 𝑓(𝑘) smooth in 𝑘

➢ Power-law FV corrections from singularities in 𝑘

Identifying FV Effects

➢ Feynman diagrammatic expansion in given EFT

➢ Calculate to all orders in perturbation theory

➢ Replace the loop integrals with sums

Poisson Summation Formula

Ignored by taking 
sufficiently large 𝐿

Captures FV effects

Perform 𝑘0 integrals → quantity dependent on sums over quantized 𝑘
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