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The QCD mass scale



Three sources of mass in GP

1. In classical physics: the mass of an object is the
sum of its parts

M = Ym,
2. Mass of atomic nuclei
M, = NMy, + ZMy, — By_n.7
—Ba=n+z = (X Ti + 25 Vij + )
3. Mass from the energy of fields

Electron carries a static electric field, which

1 -
produces energy & = EEOEZ



Vass from interactions

* The nucleon mass is determined by two different
mass scales:

e Quark masses m

q
* Just like the electron mass in atomic physics, determined by
Higgs mechanism

* Electroweak symmetry breaking scale.
* QCD scale Agcp

* QCD scale Ay¢p does not appear directly in the lagrangian:
dimensional transmutation

* Free parameter (imagine increase or decrease by a factor of
10!)



The proton mass sum
rule



Criteria

* Physics consideration:
e Mass is energy, m = E/c?
What is the individual sources of energy?
terms in the QCD Hamiltonian
* Symmetry

Lorentz symmetry is one of the most important physics
constraints.

* The sum rule is unique!
X. Ji, PRL Phys. Rev. Lett. 74 (1995) 1071



Sources of energy

* The effective definition

M = E/C2|15>=O

* What the sources of energy?
Eo=Y; E;, Eo,=[d3?E®
E; shall be calculable in theory, measurable in exp.



Mass as internal energy

* Internal mass as a store of energy
Mc? = (N|Hocp|N)5-,
This is how the lattice QCD calculate.

* For any relativistic system, the Hamiltonian can be
separated into two terms (Ji, PRL,1995),

ﬁQCD —_ ﬁT + HS

This separation is a fundamental property of
special relativity and both parts are scale invariant



Lorentz symmetry

* Energy is related to H= [ d37 T%0(#)

* THY has a mixed symmetry under Lorentz
transformation (1,1) + (0,0), and the separate
parts are scheme and scale independent.

T = T/ +Ty",

H = HS-I_HTJ
M= MS +MT



Tensor and scalar energies

* Tensor energy
Er = (HT>

is related to the usual kinetic and potential energy
sources.

* Scalar energy
Es = (Hy)
is related to related to scale-breaking properties of

the theory (0%jp, ~ Hy), such as

* Quark mass m,
* Trace anomaly (quantum breaking of scale symmetry ).



Does the trace anomaly
contribute to the mass?

e Of course! (can also be derived by through time-translation)
_ B(g) .
¢ T‘LIZL — (1 + f}’;-m,.)Tn..-?;{»’?;{—’ + - (g) F 2
29
* In the massless QCD limit, all contribution to the
scalar energy (mass) comes from the anomaly.

(without trace anomaly, there is no mass!)

* The scalar field from trace anomaly plays the key
role for mass generation, like a Higgs mechanism.




Relativistic “virial theorem”

* As an important feature of relativity, one can show
Er = 3E; (virial theorem)
3 is the dimension of space.

 Scalar energy sets the scale of the tensor energy
(kinetic and potential energies of the system).

* In non-relativistic limit of QED & gravity, it reduces
(V) = —2(T)
kinetic energy sets the scale for potential energy!



Renormalization: tensor part

e Standard!
T(uv) — T(HV) 4+ T(HV)

renormalization of T(Z ") is know to four-loops
Iy Zog Za Zaw Zac\ (T2 i
el 00 Za Z TW
Erv 0o 0 0 o

d (qs) _ (qu Pqg ®(‘?s)
dll],u,f g Pgq Pgg g
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Renormalization: scalar part

e Scale invariant!

5(g)

24

FQ

(1 + Ym )TTN_’ Z‘ +

* There is no mixing between scalar and tensor in any
renormalization method (lattice, DR)!

Unless Lorentz symmetry is broken.

Other schemes breaking Lorentz symmetry is not
Interesting.



Mass separation

* Independent of dynamics
1 3
MS — ZM' MT — ZM
MT= 3 MS'

e H, = iT“” is the source for dilatation symmetry
breaking. Dilaton field.



QCD energies in the nucleon

" Four different types

Hocp = Hy + H,, + H, + H, .

Hy = f T (=D - ), Quark energy

Hy = fd:"*f wmy, Quark mass

H, = fdsf %{EE + BY), Gluon energy

H, = /d3f ;)g;(EQ — B?). Quantum Anomalous

Energy (QAE)



Proton mass content from data gi995)

MMHT14 NNLO, ¢* = 10 GeV?

* Quark energy and gluon energy Iﬁmlh

can be measiired throiich anark 0%
and 8y Trace
hlgh en Gluon Anomaly
* Quarkr Energy
measur Quark
and thr Quark EMeray
of strar Mass
* There i

information on QAE




Proton mass on the lattice

To date no direct calculation of the trace anomaly
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Trace anomaly only constrained through sum-rules not

calculated directly.
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Dynamical origin: scalar
field & Higgs mechanism




Dynamical origin

* In the nucleon models, Ay¢p is replaced by some
scale related to dynamics.
e Chiral symmetry breaking

Scale set by chiral condensate or constituent quark
masses

* Color confinement

MIT bag constant: energy density of false vacuum
* Instanton liquid

Scale related to instanton size and density

* AdS/CFT...

* |n lattice QCD, the scale is related to the lattice
spacing, a.



Scalar energy, guantum
anomalous energy (QAE)

* Trace relation for mass

‘ ) . — i“_’j ' ‘
2M? = <P ‘(1 + Yon ) IUY + %F" P>
g

* Not a “total” mass sum rule.

* It is a sum rule for scalar part of the mass

E; == = a{plmpylp) + B(p|F?|p)



Energy of a scalar field

 Scalar field is special because it can have a vacuum
condensate: non-vanishing expectation value in the
physical vacuum. (n) # 0, which stores the
internal energy (latent heat)

T>T, /
Ui

Mo

F-F,




Mean field theory for nuclear
structure

* Traditional theory for nuclear structure: mean field
theory

“Simple” Trial state:

Mg, cme 0y o, Prag, o) e |Fae) = a0}

 Two important features:
a) Mean field depth is about ~40 MeV

b) Large spin-orbit splitting for nuclear shells.



Masses of electrons and leptons:
Higgs mechanism

 There is a scalar field H,
which interacts with
the fermions gy yH. H —
acquires an o\ i
expectation value in :
the vacuum after SSB, el
(H) = v = 246 GeV, v X <
hence the fermion :
mass, ”’

m= gv . L e L -



Quantum anomalous energy (QAE)
contribution to the proton mass:

* The scalar field has a VEV: (0|F#|0)
* QAE comes from the scalar

response to the presence of the
qguarks.
¢ = F? —(0|F?|0)
* The contribution is similar to the

Higgs mechanism in electroweak
theory, with gluon scalar as a
dynamical Higgs field.




Dynamical picture of the fermion
mass in Higgs mechanism

* Part of the fermion mass comes from the dynamical
excitation of the higgs field in the presence of
fermion

mg ~ (flHs|f) ~ (flhlf)
H> )
7N\
g h Hg
————— ®
v——~J]A 4
_ —
~5
J g




QAE as a dynamical response

*Eq ~ (N‘FZ‘N>
* This matrix element can also be calculated through

dynamical scalar excitations

\\\ :\"
X . :
\\\ gNNs s Ha (N|¢|N) = Z INNsfs '
ST ® —~ M3
;f;f
f’rf _‘\’



Test of the QCD “Higgs
mechanism”

* The couplings of the scalars with the hadrons are
proportional to the hadron masses.

YHHs ~ My
this also works for pion and kaon.

One can do the similar test as one does for Higgs
particles at LHC but much more complicated

s |

* Scalar spectrum




Physics of QAE in the MIT bag model

M.I.T. Bag Model

normal QCD-vacuum

\ / * The boundary condition generates discrete
energy eigenvalues.
* # X R - radius of the Bag
& = — =
inward o % S
pressure X e
/ \ E (R) = N Vil N, = # of quarks inside the bag
T kin q R
4 3 B — bag constant that reflects the
E (R)y==nR'B :
perturbative QCD-vacuum P“-”( ) 3 o

inside the proton
26

Mass = quark kinetic energy + B(scalar-field condensate)


Presenter Notes
Presentation Notes
The wall can be thought of as a scalar field, that scalar field contributes to energy and mass
Is relatively new compared to the familiar kinetic and potential energies. However, there are many examples from nuclear, particle physics to cosmology



Mass structure: gravitations form
factors

* Form factors of EMT for quarks and gluons (Ji,1996)

(P'ITEYPY = T(P) [Agg(A2)y WP + By o(A)PHic") A /2M + Cuy(A?)(A*AY — gH"A%)/M
+ Eq.g(ﬂg)gm)M]U(P) )

* Form factors for the total EMT (Pagels, 1966)
(P'|TH| Py = a(P') [4 (Q?) A P
+ B (Q?) PW"ig")q, /2M
+C-’(Q‘ q ‘q" — gt /U]

A= A +A B & C etc., C =0



Scalar form factor

* Form factor of the scalar density

(P'|TH|P) =u(P)u(P)G(Q7) .
where.

o . AL A )2 'r‘-‘?‘372
GL(Q%) = | MAQ?) B(Q2J%+c,(g~) ff

* Fourier transformation of Gs gives us the scalar
field distribution inside the Nucleon
* Dynamical MIT “bag constant”.



Scalar radius

* Scalar field radius might be similar to confinement
radius

 The radius

d A€ C()
() = | S

" dQ? Ve

* MIT bag scalar radius

rl = %Rz, r, = 1.3fm



Scalar field (QAE) distribution
inside the proton
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Mass form factor

(P'|T"| P) =u (P")u(P)Gn(Q?) .
where

9 ~2 12 QZ )2 Qg
Gn(Q7)=|MA(Q°) — B(Q )E+(?(Q )v



Scalar and mass radii

* Definition: 6 4G (Q?)

<'rd>5.m. = — ng
oy LdAQY) L C(0)
<T >s = —6 dQQ 18 2
9 LdA(Q?)  C(0)
<" )m = —06 102 —6 2
 The difference

e Conjecture (rz)s > (rz)m or C(0)<0



Lattice calculations

* Radius from A-FF: ol
Hagler et al (2008) S 4
Shanahan et al (2018) N

2 _ 2 01?
(T' >A — (0'5 fm) 0.0}
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Physics of gravitational
form factor C(D)



Momentum current & pressure

* Gravitational form factors

(P'ITEYPY = T(P) [Agg(A2)y WP + By o(A)PHic") A /2M + Cuy(A?)(A*AY — gH"A%)/M
+ Cyqe(A)g"” MIU(P),

* In the Breit frame, C and C-bar are related to the
form factor of TY

« TYU has been originally introduced as a stress
tensor of fluids and solids, and is related pressure
etc

* However, in relativistic theory, its definition is
momentum (density) current



Momentum density current

« TY is actually momentum density current (MC). It
describes vector flow (j) of momentum component (i)
or vice versa.

* The momentum density p*(¥) = T'° (¥) satisfies the
conservation law

ap'(H1) ij
” +0;,TY =0

The flux of i-momentum following through a surface dS
IS just

F'=[TYdS;
which can be + or -.




Questions about pressure
Interpretations

1. Isthe pressure the same as we understand in a
gas or liquid?

2. What does the negative pressure mean?

Does a proton need negative and positive
pressure region to maintain its stability?

4. What the pressure is acting on?



Stress tensor In H atom

By non-relativistic reduction of the Dirac equation, one
can construct the following EMT T, which consists of
a kinetic term

I = 1= (1009~ 06106 + c.c) (94)
T

plus a potential term made of interacting electric fields
of the proton and electron,

T” = 5”VV VV, — OQV,Gij — afvpa% .
The trace of TSM = Tfﬁ' + T;f can be calculated as

Caom(r)

Tip(F) = (87V? = V'V ) =12t

Com(r) e 2 (20 + 1) v
_; zjbhl — lev—
M 2V 1677 1677




Review on multipoles of electric
current J

* For static system, one has the current conservation
9;J' =0
* In momentum space (two D.O.F)
q;Jt =0
Thus, one has many vanishing moments,



Two independent series

* Magnetic multipoles

(1) 3 - _
I"i-r'.l...-z'.; ~ AT g (F) gy

m(7) = 7 x j(7) .
Most important: dipole moment or magnetic
moment

* Longitudinal multipoles
moments of 7 -7

which does not contribute to static E&M
multipoles



Multipoles of momentum current

e Current conservation (only 3 DOF)
* One general identity

1
F d ']_,1_"3.'3{-’{1)??.']3{2}""}1!-’{};\_ =0
P

or two vanishing series of moments

(14+2)
ii"i;‘fil---i.{ — T(ijil---'f-f} 3
~(+1) 2

""ijil...z',g — g_.)Ii:j.h]...i,{ )

i



Three non-vanishing moment
series:

 Scalar multipoles (“pressure” multipoles)
S(r) =TH"(r)

S = [ d37 S(0)ry, T,

(S19=0, however, scalar monopole density does not )
e Tensor multipoles (natural parity, “shear pressure”)
T/ from [ d37 T;;(0)r; ... I
e Tensor multipoles (unnatural parity)

T] from fdg”l_"> Ti[j(r)rrl] "'rij



Form factors & multipoles:
Scalar particle

* Form factor

<P!|-TI_GI/ |I‘_’>
— QI)H_I_H};—;I.{QQ) —+ Q(QHQU _ g“ng}(ji(qg} ‘

* Tensor monopole TO (“shear flow”)

.T(U) = — /{{3ﬂ“fj(rj (T-f?‘j _ "(_:}2)
) "

normalization, r=-19/2=Df/4M (the D term)



Tensor monopole density

»

2 B 6 8

2
when integrated over, one gets, f—m (1+ 0(a))



Tensor monopole moment t

* For a free boson

* It has been argued that the stable system must
have T negative.

 However, for H-atom, we find
T = h?/4M (1+0(a))

Stability of a system shall not depend on momentum
current properties. It is guantum mechanics!



Gravitational field from form
factor C

* Linearized Einstein equation

167

D,T.l_mz _ - THv

c

_ ny
where g = - and e = - S

=

* The solution with C form factor is

K99 (7) = —:;(f((;} |
) = :ff C(r)6'
* Given C(r) decays exponentially, so does the metric

perturbation.




Spin-1/2 particle

* Form factors

<P! |T_mz| I,) — (PJSI) \:4({12),\:(_:5171/)

P ﬁ('t'&'f(fy)&qa

. q_:.cqy . g_:.WGQ
+ B(¢*)—37 i

+C(*) T

] u(PS) ,

£ —

e Apart from the angular momentum multipoles,
one has the tensor monopole

C(0) shall be negative for the nucleon from a
different reason.



Spin-1 particle

(P ef|TH”(0)| P, €;)

e Six form factors o
= —2PrPY

(€7 - €)A(q") + B qags— =

ﬁfq

il svIg
J(?): a
+ @) —;

. L o C(q?)
%w%%ﬁﬂkﬁfmﬁﬁ+E3%% wl

M?

— [(B"¢* — E**¢"qo — E*Vq"qa + 9" E*?qaqs] D(q”)

* Mass quadrupole, tensor quadrupole, and scalar
guadrupole:

@ C0) . D(q* =0)
S Vel 5= ap ot




Conclusions

 The mass sum rule with physical definition and
symmetry is unique.

* The anomaly or scalar contribution to the mass of
the proton acts like Higgs mechanism. It is
important to measure mass and scalar radius

* The form factor C can best be characterized by
gravtional tensor monopole density which
generates specific type of gravity. (pressure and
stability are not natural concepts in this context).



Questions

1. Isthe pressure the same as we understand in a
gas or liquid?

What does the negative pressure mean?

Does a proton need negative and positive
pressure region to maintain its stability?

4. What the pressure is acting on?



What is the (usual) pressure?

* Pressures for non-interacting systems

Average kinetic energy either in thermal or
guantum state
* Pressure in ideal gas
P = nksT = 2/3 K.E.
. . \ \ h \
* Pressure in a quantum fermi gas ﬁ

P=2/3K.E.
\\

* Non-directional (locally in equilibrium) \F
* Pressure is always non-negative \\\
unless in unstable phase.




Pressure in a system with .
interactions : p=-- 78

av

* Consider a small test volurr}e oV in thermal
equilibrium (M.F.P.« (6V)3), the interaction range A
e Short-range interaction, 1 < (§V)1/3
repulsive interaction: pt
attractive interaction: p|
e Long-range interaction, 1 > (6V)1/3
* The interaction is not part of the pressure.

e For a confining system (atmosphere on earth)
the pressure goes to zero!

THE EARTH'S ATMOSPHERE




Energy-momentum tensor and
pressure

 What has been calculated or measured is related to
the energy-momentum tensor in space

T (r) (u,v=0,1,2,3)
* |t is well-known that in the ideal gas/fluid model

g (% (PPOQ

where p is the normal pressure in the gas. What has
been measured is the analogue:

_ § (TL14T224T33),



This is not the usual pressure

* This pressure does not follow from the usual
definition, but from an analogy that the nucleon is
some sort of fluid of quarks and gluons.

* There is nothing wrong with a definition, but one
needs to be careful (cannot be literal) when
Interpreting it.

* This pressure takes into account long-range
confinement interactions, unlike the example of
atmosphere on the earth: It is not just the kinetic
energy of quarks and gluons.



The meaning of p(r)

e p= § (TLL4+T224733)

is the average of

the momentum flow (or current) in the x-direction for the
momentum component-x, which can be positive or negative

with

the momentum flow (or current) in the y-direction for the
momentum component y, which can be positive or negative

and

the momentum flow (or current) in the z-direction for the
momentum component z, which can be positive or negative



Answer for Q2: negative
pressure?

* Since the momentum flow pattern in a system can
be rather arbitrary (no particular constraint), there
is no reason that the “pressure” defined as such be
positive definite.

* |t is just a definition ©

 Note, however, that in real fluid T > 0
everywhere.



Answer for Q3: stability

* Laue condition for stability
Jd*?p(r) =0

p(r) must be positive and negative.
* However, this follows directly from current

conservation 0;T" = 0:

[a37TY =
[ @37 rel ymTd) =0

 Stability of a qguantum system is guaranteed by

guantum mechanics (no classical equivalent)



Q4: What is the pressure acting
on?

* Consider H-atom, with one electron
there is a momentum current flow,

the pressure is certainly not on the
electron.

By FElectron

 TU is about the motion pattern, not
acting on other parts of the system

Radiation Pressure Coefficient

* One imagines a fictious surface ® Blaze Labs Rescarch

which intersects the momentum
current. w \\\\ \\\\

* Normal definition of the pressure
assumes it bounces

* H ere one assumes th e curre nt gets Total Reflection  Total Absorption Total Transmission
absorbed (Q=1) Q, =2 Q, =1 Q, =0




My current understanding

* The pressure or shear pressure are introduced to
characterize a momentum flow pattern.

* One shall not over-interpret them literally
(mechanical stability etc. )
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