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QCD Critical point

[Fukushima-Hatsuda (2011)]



QGP

QCD Critical Point (QCD CP)

Other possible experimental signals?

Temperature?

Viscosity?Equation of state?

Electric conductivity?Stopping power?

Diffusion constant?Chiral magnetic effect

Properties and Signals of QGP

Hadron spectra, thermal photon…

Collective flow

Nuclear modification factor for jet

Elliptic flow, triangular flow…

Nuclear modification factor 
for heavy quark 

Dilepton spectra, charge difference in v
1

Charge-dependent correlation

Fluctuation of conserved charges



Outline
　  Motivation:

　  Approach:

　  Result: 

Search for a potential signal of  

a QCD CP using photons

Stochastic dynamics with the Model H 
with one-loop approximation

Critical enhancement  

and scaling behavior of soft photons 



Lesson from stat-phys in 1970s



Critical point for H2O

(From Wikipedia)



Critical opalescence

(From Wikipedia)<latexit sha1_base64="8qJZtFQdw5euSD0oTNBIWTy1yDE="></latexit>

ξ ∼ λlight

<latexit sha1_base64="Qf2ZcfroudGPdTc576K5ecD5U0o="></latexit>

ξ ⌧ λlight



Old lesson from stat-phys
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FIG. 10. 1 * as a function of q( for several systems. The curve represents the mode-mode-coupling theory including
the modifications in Fig. 1. Background subtractions have been made for only the pure fluids. +, isobutyric acid water;
V', 3 methylpentane-nitroethane; +, 2,6 lutidine-water; C, aniline-cyclohexane; 0, SF6, ~, xenon, critical isochore;
0, xenon, coexistence curve; &, CO2, critical isochore; 2, CO2, coexistence curve.

function of qf, in Fig. 9(b}.
In another least-squares analysis of the same

data, the exponent v was fixed at different values
and $0 was allowed to vary freely to achieve the

best fit of the scaled linewidths to the theory;
the results of this analysis are presented in Table
V. The linewidth data are fairly insensitive to the
value of the exponent v as Table V illustrates;
the rms difference between theory and experiment
increases from 4.6%%up to 6.0%%uz as v changes by

~0.05 from the value which gives the best fit,
v =0.58. The values of v and $, are highly cor-
related; although $, varies considerably as v in-
creases from 0.53 to 0.63, the actual variation of
the correlation length $ (at a fixed temperature)
is much smaller for the temperature range of our
data.
Our best fit value of $0 corresponding to v =0.63
is 1.67 A, which is 16%%uq smaller than the value

(2 A) obtained by Smith et al.'" for the same v.
Smith et al. give an uncertainty in their values of

$ of only 5%%uo, considerably less than the 16%%up

change required in order to bring the data into

agreement with the theory.
We conclude, finally, that the 14/ difference

between theory and experiment for the xenon line-
width data on the critical isochore in the hydro-
dynamic region is slightly greater than the com-
bined stated uncertainties in our linewidth data
and in the parameters which enter the theory;
however, this difference may not be significant
because any one of the several quantities used in

calculating the linewidth or q$ could be in error

by an amount slightly larger than the reported
uncertainties. Clearly more viscosity, correla-
tion-length, and linewidth measurements are
needed.

C. Other Fluids

There are five other fluid systems for which all
quantities in Eq. (30}have been directly deter-
mined or can be accurately estimated: SF„""
isobutyric acid-water, " 3 methylpentane-nitro-
ethane, "' 2, 6 lutidine-water, "and aniline-
cyclohexane. "" Figure 10 is a plot of I'* as a
function of q$ for these systems and for xenon

Fluid
n.'(~. ,T.)
i, (0~T, ) Reference

Xe

CO2

Ar
Kr
N2

CH4

C2H6

C3H8

2.34
2.22
2.34
2.34
2.11

2.11
2.17
2.27
2.29

(60, 97, 98)
(99, 100)
(102)
(97, 98)
(103)

(103)
(104)
(104)
(104)

Average: 2.24 + 0.09 (std. dev. )

TABLE VI. Values for the ratio of the background
viscosity at the critical point g&~(p~, T~) to the dilute-
gas viscosity at the critical temperature g~(0, T, ), for
several single component fluids. Background viscosities
were calculated from values for the excessviscosities.

[Swinney-Henry PRA (1973)]

Scaling behavior for the dynamic light scattering!



Divergence of conductivity
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function of qf, in Fig. 9(b}.
In another least-squares analysis of the same

data, the exponent v was fixed at different values
and $0 was allowed to vary freely to achieve the

best fit of the scaled linewidths to the theory;
the results of this analysis are presented in Table
V. The linewidth data are fairly insensitive to the
value of the exponent v as Table V illustrates;
the rms difference between theory and experiment
increases from 4.6%%up to 6.0%%uz as v changes by

~0.05 from the value which gives the best fit,
v =0.58. The values of v and $, are highly cor-
related; although $, varies considerably as v in-
creases from 0.53 to 0.63, the actual variation of
the correlation length $ (at a fixed temperature)
is much smaller for the temperature range of our
data.
Our best fit value of $0 corresponding to v =0.63
is 1.67 A, which is 16%%uq smaller than the value

(2 A) obtained by Smith et al.'" for the same v.
Smith et al. give an uncertainty in their values of

$ of only 5%%uo, considerably less than the 16%%up

change required in order to bring the data into

agreement with the theory.
We conclude, finally, that the 14/ difference

between theory and experiment for the xenon line-
width data on the critical isochore in the hydro-
dynamic region is slightly greater than the com-
bined stated uncertainties in our linewidth data
and in the parameters which enter the theory;
however, this difference may not be significant
because any one of the several quantities used in

calculating the linewidth or q$ could be in error

by an amount slightly larger than the reported
uncertainties. Clearly more viscosity, correla-
tion-length, and linewidth measurements are
needed.

C. Other Fluids

There are five other fluid systems for which all
quantities in Eq. (30}have been directly deter-
mined or can be accurately estimated: SF„""
isobutyric acid-water, " 3 methylpentane-nitro-
ethane, "' 2, 6 lutidine-water, "and aniline-
cyclohexane. "" Figure 10 is a plot of I'* as a
function of q$ for these systems and for xenon
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Average: 2.24 + 0.09 (std. dev. )

TABLE VI. Values for the ratio of the background
viscosity at the critical point g&~(p~, T~) to the dilute-
gas viscosity at the critical temperature g~(0, T, ), for
several single component fluids. Background viscosities
were calculated from values for the excessviscosities.

Conductivity diverges as

 ( : correlation length)ξ

◆ Experimental result on conductivity around CP

<latexit sha1_base64="ShMot9Vx2gVXXnqJVJfFEMDwzVc="></latexit>

λ ∼ ξ → ∞

◆ Kubo formula for conductivity

with  a current operator Ji

<latexit sha1_base64="f4mG4wuMw7s92k+sOF2xBULbiZ4="></latexit>

λ =
1

2T
h eJx(�k) eJx(k)ik=0

Photon self-energy probed by light scattering!
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function of qf, in Fig. 9(b}.
In another least-squares analysis of the same

data, the exponent v was fixed at different values
and $0 was allowed to vary freely to achieve the

best fit of the scaled linewidths to the theory;
the results of this analysis are presented in Table
V. The linewidth data are fairly insensitive to the
value of the exponent v as Table V illustrates;
the rms difference between theory and experiment
increases from 4.6%%up to 6.0%%uz as v changes by

~0.05 from the value which gives the best fit,
v =0.58. The values of v and $, are highly cor-
related; although $, varies considerably as v in-
creases from 0.53 to 0.63, the actual variation of
the correlation length $ (at a fixed temperature)
is much smaller for the temperature range of our
data.
Our best fit value of $0 corresponding to v =0.63
is 1.67 A, which is 16%%uq smaller than the value

(2 A) obtained by Smith et al.'" for the same v.
Smith et al. give an uncertainty in their values of

$ of only 5%%uo, considerably less than the 16%%up

change required in order to bring the data into

agreement with the theory.
We conclude, finally, that the 14/ difference

between theory and experiment for the xenon line-
width data on the critical isochore in the hydro-
dynamic region is slightly greater than the com-
bined stated uncertainties in our linewidth data
and in the parameters which enter the theory;
however, this difference may not be significant
because any one of the several quantities used in

calculating the linewidth or q$ could be in error

by an amount slightly larger than the reported
uncertainties. Clearly more viscosity, correla-
tion-length, and linewidth measurements are
needed.

C. Other Fluids

There are five other fluid systems for which all
quantities in Eq. (30}have been directly deter-
mined or can be accurately estimated: SF„""
isobutyric acid-water, " 3 methylpentane-nitro-
ethane, "' 2, 6 lutidine-water, "and aniline-
cyclohexane. "" Figure 10 is a plot of I'* as a
function of q$ for these systems and for xenon
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TABLE VI. Values for the ratio of the background
viscosity at the critical point g&~(p~, T~) to the dilute-
gas viscosity at the critical temperature g~(0, T, ), for
several single component fluids. Background viscosities
were calculated from values for the excessviscosities.

[Swinney-Henry PRA (1973)]

Electromagnetic probes for the QCD CP search?

Scaling behavior for the dynamic light scattering!



◆ Photon production rate

<latexit sha1_base64="dYEpcOs9tEwxssyS772M/TzRpAY="></latexit>

k
0
dΓ

d3k
/ nB(k

0)ηµν
k
0

2T
h eJµ(�k) eJν(k)i

Photon from QCD plasma

We can evaluate this correlator (photon self-energy) using field theory!

There should be critical enhancement of  soft photon emission!

Finite-temperature perturbation [see, e.g., Kapusta-Gale (2006)]

Nambu-Jona-Lasinio model for QCD CP [Nishimura-Kitazawa-Kunihiro (2022)]
{

T = const.

Photon

Dilepton

Transport peak with Israel-Stewart hydro [Akamatsu-Hamagaki-Hatsuda-Hirano (2012)]

This is the same correlator exhibiting diverging conductivity!!

◆ The crucial observation

<latexit sha1_base64="f52XgULJWzC1+nuBywC2rpcrY70="></latexit>

near CP
−−−−−→ ξ → ∞

<latexit sha1_base64="f4mG4wuMw7s92k+sOF2xBULbiZ4="></latexit>

λ =
1

2T
h eJx(�k) eJx(k)ik=0

Π
µν



　  Motivation:

　  Approach:

　  Result: 

Search for a potential signal of  

a QCD CP using photons

Stochastic dynamics with the Model H 
with one-loop approximation

Critical enhancement  

and scaling behavior of soft photons 

Photon

T = const. Dilepton

Outline



Critical dynamics with 
Model H



Critical point is a special point at which systems acquire 

the emergent scale (or possibly conformal) symmetry!

Why a critical point is so special?

Thanks to the enhanced symmetry, 

the resulting low-energy dynamics is universal!

(Currently, no one  

 knows whether there is  

 critical points in QCD)

If QCD critical point 

exists, critical dynamics  

near that point shows  

essentially same behaviors 

as that of critical fluids.

[→BEST Collaboration]

Universality at critical point



Divergence of conductivity
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function of qf, in Fig. 9(b}.
In another least-squares analysis of the same

data, the exponent v was fixed at different values
and $0 was allowed to vary freely to achieve the

best fit of the scaled linewidths to the theory;
the results of this analysis are presented in Table
V. The linewidth data are fairly insensitive to the
value of the exponent v as Table V illustrates;
the rms difference between theory and experiment
increases from 4.6%%up to 6.0%%uz as v changes by

~0.05 from the value which gives the best fit,
v =0.58. The values of v and $, are highly cor-
related; although $, varies considerably as v in-
creases from 0.53 to 0.63, the actual variation of
the correlation length $ (at a fixed temperature)
is much smaller for the temperature range of our
data.
Our best fit value of $0 corresponding to v =0.63
is 1.67 A, which is 16%%uq smaller than the value

(2 A) obtained by Smith et al.'" for the same v.
Smith et al. give an uncertainty in their values of

$ of only 5%%uo, considerably less than the 16%%up

change required in order to bring the data into

agreement with the theory.
We conclude, finally, that the 14/ difference

between theory and experiment for the xenon line-
width data on the critical isochore in the hydro-
dynamic region is slightly greater than the com-
bined stated uncertainties in our linewidth data
and in the parameters which enter the theory;
however, this difference may not be significant
because any one of the several quantities used in

calculating the linewidth or q$ could be in error

by an amount slightly larger than the reported
uncertainties. Clearly more viscosity, correla-
tion-length, and linewidth measurements are
needed.

C. Other Fluids

There are five other fluid systems for which all
quantities in Eq. (30}have been directly deter-
mined or can be accurately estimated: SF„""
isobutyric acid-water, " 3 methylpentane-nitro-
ethane, "' 2, 6 lutidine-water, "and aniline-
cyclohexane. "" Figure 10 is a plot of I'* as a
function of q$ for these systems and for xenon
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TABLE VI. Values for the ratio of the background
viscosity at the critical point g&~(p~, T~) to the dilute-
gas viscosity at the critical temperature g~(0, T, ), for
several single component fluids. Background viscosities
were calculated from values for the excessviscosities.

Conductivity diverges as

 ( : correlation length)ξ

◆ Experimental result on conductivity around CP

<latexit sha1_base64="ShMot9Vx2gVXXnqJVJfFEMDwzVc="></latexit>

λ ∼ ξ → ∞

Q. What is the origin of diverging conductivity at CP?

◆ Kubo formula for conductivity

with  a current operator Ji

Photon self-energy probed by light scattering!

<latexit sha1_base64="f4mG4wuMw7s92k+sOF2xBULbiZ4="></latexit>

λ =
1

2T
h eJx(�k) eJx(k)ik=0



Reproduce divergence of conductivity!

Simple understanding

Kubo formula:

<latexit sha1_base64="f4mG4wuMw7s92k+sOF2xBULbiZ4="></latexit>

λ =
1

2T
h eJx(�k) eJx(k)ik=0

<latexit sha1_base64="5+ZQ/EyShEq5uRg6JdsxqNWgUww="></latexit>

=
1

2T

Z
dtd3xhJx(x)Jx(0)i

◆ Decomposition of current operator 

with 
critical fluctuation  δ ̂s

transverse velocity  vi

⊥
{

<latexit sha1_base64="WvC/bt3JR7DFF8XVj+hrKRVLFXQ="></latexit>

Jx(x) = aδŝ(x)vx
⊥
(x) + jx

micro
(x)

<latexit sha1_base64="6NueHYo12OgRkRqKGhiiwJ0OZY4="></latexit>

λ = λmicro +
a
2

2T

Z
dtd3xhδŝ(x)vx

⊥
(x)δŝ(0)vx

⊥
(0)i

<latexit sha1_base64="xiu+69xcDiimLG9vY3ggjk5uDxk="></latexit>

' λmicro +
a
2

2T

Z
dtd3xhδŝ(x)δŝ(0)ihvx

⊥
(x)vx

⊥
(0)i

<latexit sha1_base64="iDRdEXCAudCt2fwG7s6KJW43Esg="></latexit>

∼ t
−3/2

∼ (ξ2)−3/2
∼ ξ−3

<latexit sha1_base64="+u+dRQEaFgT9SOwlr41JJacaLJM="></latexit>

∼

e
−r/ξ

r

∼ ξ−1

Hydrodynamic mode coupling plays a crucial role!

<latexit sha1_base64="GbMTWCHFNnAU611iBeWANz6IGWM="></latexit>

∼ γ−1

T
ξ2 × ξ3

<latexit sha1_base64="HOZB4SIeFz1PLS5Q4wBayU108GA="></latexit>

∼ λmicro +
a
2

TγT
ξ



Symmetry tells us what are relevant slow variables
(e.g., critical fluctuation, Hydro & NG mode)

Critical dynamics is classified by symmetry!

◆ Dynamic universality class

[Hohenberg-Halperin, RMP (1977)]

Model H describe critical dynamics w/

- Conserving  critical scalar mode 

- Transverse momentum (hydro) mode{
Liquid-gas and QCD critical points belongs model H!

[Son-Stephanov, PRD (2004)]

Systematic understanding



Model H

- Critical fluctuation:  δ ̂s := n0δ (
s

n ) =
1

T0

δe −
e0 + p0

n0T0

δn

- Transverse momentum fluctuation:     (satisfying )gi
T ∇ ⋅ gT = 0

◆ Dynamical variables = Softest modes in macroscopic scales

[※ Pressure fluctuation and longitudinal velocity is omitted in the model H]

The model explains the divergence of transport coefficients!

-Noise properties: {
<latexit sha1_base64="rvSPcyUwjXZTNYfyegfewuV295A="></latexit>

hζs(x)ζs(x
0)i = �2Tλr2δ(4)(x� x

0)
<latexit sha1_base64="6bczc0uF1qUUgbWS93BMBRgbiGQ="></latexit>

hζT,i(x)ζT,j(x
0)i = �2Tη(δijr

2 � ∂i∂j)δ
(4)(x� x

0)

- EoM:
<latexit sha1_base64="NOx7ATSDMMngahP201s28E6ml0I="></latexit>

∂tgT = −

⇥

C(r2δŝ)rδŝ
⇤

T
+ γ⊥r

2
gT + ζT

<latexit sha1_base64="Fwd0W6dcFwUubaDqiw1YVZpyRaM="></latexit>

∂tδŝ = −

1

w
gT ·rδŝ+ λr2

⇥

(r − Cr
2)δŝ+ uδŝ3

⇤

+ ζs

{
◆ Langevin equation for model H

[See, e.g., Hohenberg-Halperin, RMP (1977)]



Feynman Diagram for Model H
◆ Langevin equation for model H

- EoM:
<latexit sha1_base64="NOx7ATSDMMngahP201s28E6ml0I="></latexit>

∂tgT = −

⇥

C(r2δŝ)rδŝ
⇤

T
+ γ⊥r

2
gT + ζT

<latexit sha1_base64="Fwd0W6dcFwUubaDqiw1YVZpyRaM="></latexit>

∂tδŝ = −

1

w
gT ·rδŝ+ λr2

⇥

(r − Cr
2)δŝ+ uδŝ3

⇤

+ ζs

{
δŝ δŝgT gT

1. Fluctuation correlators: 

(Symmetric Green’s function)
<latexit sha1_base64="w6yw8+HkZumE6NJ8Jb9bcNqwUeU="></latexit>

=
2Tηk2

(k0)2 + γ
2

T
k4

<latexit sha1_base64="vsa1/Z3SCKlOfiJHNG2xJIuIBkM="></latexit>

=
2Tλk2

(k0)2 + λ2k4(r + Ck2)2

2. Noises as sources: 

 (Retarded Green’s function)

δŝ ζsgT ζT

3. Three-point vertices:



Current operators in Model H
◆ Photon production rate Photon

T = const. Dilepton

<latexit sha1_base64="dYEpcOs9tEwxssyS772M/TzRpAY="></latexit>

k
0
dΓ

d3k
/ nB(k

0)ηµν
k
0

2T
h eJµ(�k) eJν(k)i

※ Isospin fluctuation is irrelevant [Son-Stephanov (2004)] and thus Jμ

B
∝ J

μ

=

= + + +

<latexit sha1_base64="MitQDjpXJ9xs/fSOSRzc08DLzp4="></latexit>

J =
n0

w0

gT −

n0T0

w2

0

δŝgT +
n0T0

w0

λr
⇥

(r − Cr
2)δŝ

⇤

+ ζ

<latexit sha1_base64="ZLxgMkkIcuQQCMGMpU6DyyZi24A="></latexit>

J
0
= hJ0i �

n0T0

w0

δŝ

◆ Current operators in Model H 



Current correlator at one-loop
◆ One-loop diagrams for　　　　　　　　  

<latexit sha1_base64="R4oVcbMwV70/DnrecYTXHVdm6EA="></latexit>

ηµνh eJ
µ(�k) eJν(k)i

+ + +

+ + +

+ + +

This diagram gives the dominant contribution for on-shell photon! 

(This is the diagram responsible for divergence of conductivity)

k � p

p

<latexit sha1_base64="jbrgMp6UnjvYJ0kXtMXj5mZh7vk="></latexit>

∼

Z
d4p
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(3) Scaling  is observed at  ∝ k
−1/2 γ

T
ξ−2

≪ k( ≪ ξ−1)

Critical enhancement of photon
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◆ The behavior of the one-loop integral



u=0

u=10^-6

u=10^-4

u=10^-2

k^-0.5



  (CP)ξ−1 = 0

ξ−1 = 10−3

ξ−1 = 10−2

ξ−1 = 10−1

k
−0.5
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k ∼ γ
T
ξ−2(2)

(1)
∼ ξ

(2) Transition to the scaling regime takes place around  k ∼ k* = γ
T
ξ−2

(1) Soft limit at  shows critical divergence proportional to k ≪ γ
T
ξ−2 ξ

(3)



Physical interpretation

1. Correlation length for critical fluctuation:  ξ

On-shell photon with 

T = const.
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kµ = (|k|,k)

◆ Two relevant length scales

2. Kinetic regime for momentum fluctuation: 

<latexit sha1_base64="kLBLqSIW/a/xeeRrotoqVD0RMIk="></latexit>

`∗ ∼

r

�T

|k|<latexit sha1_base64="rq61eVWIgun+ytfZm3+iUBLdFDY="></latexit>

�T `
−2

∗
∼ k

0
= |k| ⇔ `∗ ∼

r

�T

|k|

 ξ

 ℓ*
 ξ

 ℓ*
Case 1: Case 2:  

 ξ ≪ ℓ*  ξ ≫ ℓ*

The photon probes -size structure!ξ
<latexit sha1_base64="791qz20t4s3g6W2od285V9cyoPA="></latexit>

k
0 dΓ

d3k
∼

1

�T
`typ =

1

�T
⇠

The photon probes -size structure!ℓ*
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Summary & Discussion



Summary
　  Motivation:

　  Approach:

　  Result: 

Search for a potential signal of  

a QCD CP using photons

Stochastic dynamics with the Model H 
with one-loop approximation

Critical enhancement  

and scaling behavior of soft photons 

Photon

T = const. Dilepton

k � p

p
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Discussion
◆ Photon production rate Photon

T = const. Dilepton
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k
0
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d3k
/ nB(k

0)ηµν
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2T
h eJµ(�k) eJν(k)i
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k
0
= |k|While we consider the on-shell photon with                   ,

the Model H  does not contain  the sound mode!
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Γsound(k) =
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◆

k
2
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∼ ξ3k2

The sound mode shows a fast decay around QCD CP! [Minami (2011)]

Q. Could the sound mode be relevant? 

The sound mode is probably irrelevant 


