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Progress in Ab Initio Calculations
[ cf. HH, Front. Phys. 8, 379 (2020) ]
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Lecture 25: Chiral EFT on the Lattice 

figure: D. Lee
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Many-Body Methods: Paradigms
• Coordinate Space 
• Quantum Monte Carlo

• Lattice EFT


• Configuration Space: Particle-Hole Expansions 
• Many-Body Perturbation Theory (MBPT)

• (No-Core) Configuration Interaction (aka Shell Model, 

(NC)SM)

• Coupled Cluster (CC)

• In-Medium Similarity Renormalization Group (IMSRG)

• Self-Consistent Green’s Functions (SCGF / ADC)


• Configuration Space / Coordinate Space: Geometric 
Expansions 
• deformed HF(B) + projection

• projected Generator Coordinate Method (PGCM)

• symmetry-adapted NCSM
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Recent(-ish) Reviews: 
HH, Front. Phys. 8, 379 (2020)

S. Gandolfi, D. Lonardoni, A. Lovato and M. Piarulli, Front. Phys. 8, 117 (2020)

D. Lee, Front. Phys. 8, 174 (2020)

V. Somà, Front. Phys. 8, 340 (2020)


also see  
“What is ab initio in nuclear theory?”, A. Ekström, C. Forssén, G. Hagen, G. R. Jansen, W. Jiang, T. 
Papenbrock, Front. Phys. 11, 1129094 (2023)



In-Medium SRG Methods 
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Many-Body Methods: Configuration Space

construct particle-hole excitations of a reference 
state - usually an optimized mean-field Slater 
determinant
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Decoupling in A-Body Space

• identify the parts of the operator H which couple reference state to excitations

• eliminate them with unitary (IMSRG) or general similarity transformations (CC) 
• efficient: polynomial scaling, no need to construct matrix !
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Correlations in Nuclei
! CCSD 

IMSRG(2)
CCSDT 

IMSRG(3)
CCSDTQ 
IMSRG(4)

CCSDTQ… 
IMSRG(5)

. . . 

Collective (aka static) correlations, e.g.

due to intrinsic deformation:
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Symmetry Breaking and Restoration

• break spherical symmetry to capture 
static correlation from deformation


• restore symmetry by constructing (specific) 
superpositions of all rotations of intrinsic 
state (aka projection)
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Symmetry Breaking and Restoration
projected w.f.

difference from spherical w.f. 
with same basis size /length scale

deformed configurations (not a real nucleus)

Additional projections  
for other broken symmetries (e.g., 

particle number) - significant  
overhead!



!
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Correlations in Nuclei

AMP-CCSD 
MR-IMSRG(2) + GCM (aka IM-GCM)

. . . 

expansion
included through 

symmetry breaking  
and restoration
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In-Medium Similarity Renormalization Group

• IMSRG can be used to build specific types of correlations into RG-
improved interactions and operators

• ideally, IMSRG captures correlations that are complementary to target 

method


• mean-field or correlated reference state(s) for a specific nucleus 
define(s) operator basis for IMSRG evolution


• diagnostic: flow is unitary if all relevant operators are included 


• examples: 

• (MR-)IMSRG(2) aka In-Medium HF / PHFB 


• Valence-Space IMSRG for Shell model / VS-CI 


• In-Medium No-Core Shell Model / NC-CI


• In-Medium Generator Coordinate Method (IM-GCM) 

XYZ 
define


reference

IMSRG 
evolve


operators

XYZ 
extract


observables

HH et al., Phys. Rept  621, 165; Phys. Scr. 92, 023002 
S. R. Stroberg et al., Ann. Rev. Nucl. Part. Sci, 69, 307 

J. M. Yao et al., PRC 98, 054311; PRL 124, 232501  



Selected Applications
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Shape Coexistence: 32Mg

• Dynamic correlations captured by IMSRG… 

• bring absolute energies close to experiment (E=-249.7 MeV (AME) vs. -249.5 MeV 

(extrapolated theory))

• reveal prominent prolate deformation of the ground state
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N=20 Island of Inversion: 32-34Mg

• shape 
coexistence 
comes with 
shape mixing


• caveat: 
(collective) wave 
functions are not 
observable - 
compare with 
care!
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N=20 Island of Inversion: 33Mg

• shape and K mixing 
have notable impact 
on 33Mg spectrum


• boosts lifetime of  
state - predicted to 
be a shape isomer 


• related to 32Na shape 
isomer measured at 
FDSi in 2023 ?            
[Gray et al., PRL 130, 132501]
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cf. AMP-CCSD

Z. H. Sun et al., arXiv:2409.02279 &  

PRX 15, 011028; G. Hagen et al.,  
PRC 105, 064311

EM1.8/2.0, ℏω = 12 MeV, emax = 8
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Shape Coexistence: N=20 Island of Inversion Region
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EM1.8/2.0, ℏω = 12 MeV, emax = 8

lots of observables with

different characteristics,


e.g. collectivity
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76Ge / 76Se Structure

• IM-GCM spectra too extended (common)


• E2 transitions (and static moments) in excellent agreement 
with experiment… 


• …although EM1.8/2.0 underpredicts radii by a few percent

EM1.8/2.0 NN+3N interaction, ℏω = 12 MeV, emax = 10

A. Belley et al., PRL 132, 182502 (2024)

?!
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IMSRG Emulators
J. A. Davison et al., in prep.

• non-invasive ROM 
emulator based on 
Dynamic Mode 
Decomposition


• NNLOGO, NN+3N, 
, 


• O(10M) samples 


• effort reduced by 
~O(105) 

• DMD doesn’t work 
well for Magnus 
formulation - switch 
to PMMs 

• access to H(s) may 
allow workaround

Δ
emax = 12 E3max = 14

(ambitious) goal: emulate 
full  or  from snapshots 

(O(10-100M) coefficients)
H(s) Ω(s)
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Parametric Matrix Models

• DMD fails to emulate  unless training is done at large s, but PMMs work 

• promising first results for parametric emulation (schematic models, neutron matter 
@N3LO)

Ω(s)

B. Clark et al., in progress

also see talk 

by C. Drischler



Epilogue
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Questions, Thoughts, Caveats
• pragmatic perspective: experimental impact (currently) hinges on accuracy more so 

than precision (?)

• fine to have accurate, fine-tuned interactions among or alongside families of non-

implausible ones


• What observables should we get right first?

• Is that even the right question to ask? 

• phase shifts within truncation uncertainties (non-collective)


• beta decays: non-collective, expansion impacted by symmetry, …


• collectivity not fully controlled in medium-mass & heavy nuclei 

• scales of A-body system may not cleanly separate few-/many-body physics  

• related to previous item - scales associated with emerging collectivity


• we conflate them if we use input from many-body system and truncated many-body 
methods (model space, many-body expansion) - need to be careful
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Questions, Thoughts, Caveats

● ●
●
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EM1.8-2.0,  eMax = 8, E3Max = 14, ℏω = 20 MeV
also cf. A. Scalesi et al., EPJA 60, 209 (2024)

Calcium chain: 
Current (truncated!) 
many-body methods 
miss trends in 

• “pairing gap” / 

three-point 
energy diffs.


• charge radii 
(inverted 
parabola)


• B(E2)s (not 
shown) 

• points to 
collective 
correlations

13

Other observables

34 non-implausible interactions

VS-IMSRG(2), 28Si core

see talk 

by T. Miyagi
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Questions, Thoughts, Caveats

Similar features are seen in heavier 
nuclei, e.g., tin chain

• artificial features (shell structure 

exaggerated/pairing hindered?)


• EM7.5 produces increase in 
charge radius in 134Sn…


• … but by “warping” the shell 
structure, as shown by Demol et 
al.

• 142Sn: using the 1.8/2.0 (EM7.5) Hamiltonian, the
neutron valence shell beyond N = 92 is made of the
spatially less extended 2f7/2 orbitals. This produces
the inverted kink of the mean square charge radius
and the dubious rise of the S2n visible in the right pan-
els of Fig. 3. Contrarily, no such abrupt change is ob-
served for the 1.8/2.0 (EM) and �NNLOGO Hamilto-
nians for which the less spatially extended 2f7/2 shell
is filled right after N = 82. As seen from Fig. 2, the
rate at which the mean square radius increases over
the interval N 2 [82, 100] differs for both Hamiltoni-
ans. This reflects both the different binding energy of
the 2f7/2 shell and the different shell ordering beyond
N = 90.

Eventually, the marked rise of the mean-square charge ra-
dius predicted by the 1.8/2.0 (EM7.5) Hamiltonian be-
tween 132Sn and 134Sn is fully correlated with the dubious
inverted kink in 142Sn through the inappropriate position-
ing of the 1h9/2 shell right after N = 82, i.e. the repro-
duction of the experimental kink of the charge radius at
132Sn by the 1.8/2.0 (EM7.5) Hamiltonian is obtained for
the wrong reason.

Eventually, the consistent prediction of binding ener-
gies and charge radii beyond 132Sn is left as a major chal-
lenge for ab initio nuclear structure calculations and �EFT
Hamiltonians.

Linear and parabolic components of �hR2
chi

The behavior of the isotopic shifts seen in Fig. 2 between
100Sn and 132Sn can be well decomposed into a linear com-
ponent plus a quasi-parabolic one. For both experiment
and theory, this quasi-parabolic component

�hR2
ch

iA
res

⌘ �hR2
ch

iA,132 � a(A � 132) , (9)

where

a ⌘ ��hR2
ch

i100,132

32
, (10)

is displayed in Fig. 5. Since experimental mean-square
radii are not known below 104Sn, the value at 100Sn neces-
sary to compute the slope a is obtained by fitting experi-
mentally known isotopic shifts by the sum of a linear and
a quadratic term5 [68].

As can already be appreciated from Fig. 2, the lin-
ear slope from experimental data (a = 0.068 fm2) is well
accounted for by the �NNLOGO and 1.8/2.0 (EM7.5)
Hamiltonians (a = 0.069 fm2 and 0.067 fm2, respectively)
but much less by the 1.8/2.0 (EM) Hamiltonian (a =
0.061 fm2). These BCCSD values are essentially identical
to their VS-IMSRG(2) counterparts.

5Notice that experimental mean-square radii are actually best
reproduced by combining two successive parabola over the intervals
N = 50 � 64 and N = 64 � 82 [67].
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Figure 5: Experimental and theoretical (quasi) parabolic component
of mean-square charge radii �hR2

ch
iAres (see text for details) between

100Sn and 132Sn. Vertical bars indicate sub-shell closures predicted
at the HFB level: grey full lines specify sub-shell closures commun to
the three Hamiltonians whereas colored dashed and dashed-dotted
lines indicate those that are interaction specific in connection with
the inversion of the 3s1/2 and 2d3/2 shells for the 1.8/2.0 (EM7.5)
Hamiltonian; see Fig. 4 for more details.

As shown in Fig. 5, the quasi-parabolic component of ex-
perimental mean-square radii is overall well reproduced by
the 1.8/2.0 (EM) and �NNLOGO Hamiltonians, whereas
it is significantly underestimated by the 1.8/2.0 (EM7.5)
Hamiltonian. Looking more closely, the underlying sub-
shell closures leave distinct fingerprints in BCCSD results
in the form of local maxima and minima that are not vis-
ible in the experimental data. Moving to VS-IMSRG(2),
such local irregularities are significantly smoothed out but
remain somewhat visible, pointing to yet missing, proba-
bly collective, many-body correlations.

Conclusions and outlook

Charge radii along the Tin isotopic chain have been
studied on the basis of ab initio Bogoliubov coupled cluster
calculations at the singles and doubles level. The rich fea-
tures displayed by isotopic shifts along this large sequence
of semi-magic isotopes, i.e. the linear and parabolic com-
ponents between the N = 50 and N = 82 magic numbers
and the kink through 132Sn, have been shown to provide
stringent tests for state-of-the-art �EFT inter-nucleon in-
teractions. Indeed, none of the three fine-tuned Hamil-
tonians employed in the present study can capture all
key characteristics. While a significant kink is robustly
predicted through 100Sn, the experimentally known kink
through 132Sn could only be reproduced at the price of a
dubious predicted shell structure beyond the N = 82 shell
closure. Eventually, the increased sensitivity of the results
to the employed Hamiltonian beyond 132Sn offers a poten-
tially fruitful playground to pin down critical attributes of
�EFT inter-nucleon interactions.

6

P. Demol et al., arXiv:2602.22030
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What’s Next?

• improved truncations: (MR-)IMSRG(3) + factorized approximations, tailored operator bases                                                                                     


• several hybrid approaches: IM-GCM, IM-NCSM, IM-DMRG / VS-DMRG, …


• (MR-)Equation of Motion IMSRG


• replicating closed-shell results (EM & charge changing) of Parzuchowski et al. with new code


• response functions (incl. Lorentz integral transform)


• next: correlated reference states, particle attachment/removal


• finite temperature  

• model reduction, compression & tensor factorization for IMSRG, EOM & IM-GCM 

• DMD and PMM emulators for uncertainty quantification / sensitivity analysis 

• applications  
• IM-GCM (+enhancements) for multiple experiments

• nuclear observables for BSM physics (beta decays for CKM unitarity, Schiff moments, …)
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Questions, Thoughts, Caveats
Structure of induced 3N terms
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Free-space SRG  

 

• contributions from 
all energies (up to 
model space 
truncation)


• dominant 
diagonal 

• different from 
N2LO topologies 

 

• shape is similar to 
initial 3N force


• weak compared 
to 

V2→3

V3→3

V2→3

Structure of induced 3N terms
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Shape similar to
initial 3N

Generally weak
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|⟨EJπT |V2→3 |E′ JπT⟩ | |⟨EJπT |V3→3 |E′ JπT⟩ |

, ℏω = 36 MeV λ = 1.8 fm−1

Even if full RG invariance is 
elusive: can we use (S)RG  

diagnostics to understand features of 

magic / pragmatic interactions?
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Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)   

NLO (Q2)

N2LO (Q3)

N3LO (Q4)

accurate description of NN at 
least up to Elab ~ 200 MeV

converged 

higher orders in progress

not yet converged 

impact on few- & many-N 
systems?

converged ??
presently out of reach for 
few- & many-N studies

Nuclear forces up to N3LO
dimensional analysis counting
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Chiral Effective Field Theory

• organization in powers  allows systematic improvement

• low-energy constants fit to NN, 3N data (future: from Lattice QCD (?))

• consistent NN, 3N, ... interactions & transition operators by coupling to gauge fields

(Q/Λχ)n

[figure by H. Krebs]nucleon

pion

contact force
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Decoupling
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non-perturbative    
resummation of MBPT series      

(correlations)

off-diagonal couplings    
are rapidly driven to zero
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Decoupling

• absorb correlations into RG-improved Hamiltonian:




• reference state is ansatz for transformed, less correlated reference state:

U(s)HU†(s)U(s) |Ψn⟩ = EnU(s) |Ψn⟩
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pseudospin symmetry in the low-resolution nuclear shell
structure. Notably, Fig. 1(d) demonstrates that the value of
μ approaches μ ¼ 0.5, where the pseudospin doublets
become degenerate [74]. In short, Fig. 1 illustrates a
transition from spin to pseudospin symmetry as λ
decreases, causing the emergence of both traditional magic
numbers and pseudospin symmetry in the single-nucleon
spectrum. We note that genuine observables, such as
ground-state energies, remain invariant under changes in
the resolution scale (see Refs. [57,73] and SM).
To test the robustness of the transition picture, we

repeated the calculations using additional chiral inter-
actions: the EM interactions of [51], as well as SRG-evolved
versions of the Δ-full N2LOGO(394) interaction [50].
As shown in SM, for the EM family interactions, the
results exhibit a similar trend to those obtained with the
NN+3N(lnl) interactions, albeit somewhat weaker. Since
the N2LOGO(394) interaction is inherently of low reso-
lution, the SRG evolution does not significantly alter the

shell structure as λ decreases to 1.8 fm−1, but the expected
pattern is observed.
Connection between nuclear forces and shell structure—

Previous studies [70,75] have demonstrated that NN forces
account for approximately half of the SO splitting in p-shell
nuclei, while the other half arises from higher-body forces.
Specifically, 3N forces play a crucial role in explaining
the shell structure in calcium isotopes [45,76–78] and the
oxygen drip line [44,79,80] in a low-resolution picture. The
contribution of chiral 3N forces to the SO part of the EDF
has also been studied in Refs. [81–83], showing that this
contribution increases with the density of nuclear matter, and
a recent study [84] suggests that the vector component of the
3N force is mainly responsible for enlarging the SO splitting
of the p orbitals.
In our framework, we can identify how each component

of Hλ contributes to the ESPEs as a function of momentum
resolution. As shown in Fig. 2(a), the dominant contribu-
tion arises from the NN interaction, which provides the

(a)

(b)

(c) (d)

FIG. 1. Nuclear shell structure in 132Sn for the chiral NN+3N(lnl) interaction. (a) Schematic illustration of the nuclear potentials in
the 3S1 channel in both momentum space and coordinate space, with the momentum resolution scale varying from high to low regimes.
(b) ESPEs of protons as functions of λ, relative to the 1s1=2 state. The leftmost column shows Nilsson model results with empirical values
for comparison. The labels d̃ and f̃ indicate states with l̃ ¼ 2 and 3, respectively. (c),(d) Strength parameters ðℏω0κ; μÞ of the Nilsson
model, determined by mapping to the results of the chiral NN+3N(lnl) interaction at different energy scales. The error bars represent
the statistical uncertainty in the fitting process. See the main text for details.
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Evolution of Effective Single-Particle Energies

• Mean-field / Shell model is 
inherently a low-momentum 
picture


• empirical density functionals/
Shell model interactions are 
“effective” parameterizations 
of low-resolution nuclear 
forces (+ correlations) 

• SRG + IMSRG can be used to 
quantitatively bridge high- and 
low-resolution descriptions of 
nuclear forces and correlations

C. R. Ding et al., PRL 136, 052501 (2026)
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Evolution of Effective Single-Particle Energies

• low-resolution interactions already exhibit much of the expected features & 
symmetries at the mean-field level


• behavior is consistent in non-relativistic and relativistic approaches

3

where fk;n and gk;ñ are the basis expansion coe�cients, Y and
Ỹ are spinor spherical harmonics

Y jm j
=
X

m`ms

C
jmj

`m` ,1/2ms

Y`m` |1/2 msi, ` = j +
||
2
, (10a)

Ỹ jm j
=
X

m ˜̀ms

C
jmj

˜̀m ˜̀,1/2ms

Y ˜̀m ˜̀ |1/2 msi, ˜̀ = j � ||
2
, (10b)

where ˜̀ is the “pseudo” orbital angular momentum, j is the
total angular momentum of single-particle state. C

jmj

`m` ,1/2ms

is
the Clebsch–Gordan coe�cients for the coupling of orbital
angular momentum ` and spin 1/2. Y`m` and |1/2msi are the
spherical harmonic function and the Pauli spinor, respectively.
More details about the RHF calculations for finite nuclei start-
ing from the potentials VOBEP⇤ can be found in Ref. [17].

FIG. 3. Evolution of the ESPEs in Sn132 . a. Same as Fig. 1b. in the
main text, but with the EM family interactions. b. Same as Fig. 1b. in
the main text, but with the N2LOGO(394) interactions.

FIG. 4. The strength parameters ~!0 and µ in the Nilsson model
mapped to the results of Sn132 by chiral interactions with di↵er-
ent �. a. Same as Fig. 1c, but with the EM family interactions. b.
Same as Fig. 1c, but with the N2LOGO(394) interactions. c. Same as
Fig. 1d, but with the EM family interactions. d. Same as Fig. 1d, but
with the N2LOGO(394) interactions.

FIG. 5. Di↵erent contributions to the energy splittings of SO dou-
blets of protons. a. For (0p1/2, 0p3/2). b. For (0d3/2, 0d5/2).

4

FIG. 6. Di↵erent contributions to the energy splittings of pseu-
dospin doublets of protons. a. For (1p3/2, 0 f5/2). b. For
(1d5/2, 0g7/2).

FIG. 7. Evolution of energy splittings �" for SO and pseudospin
doublets of protons in Zr90 with the OBEP⇤ potentials. a, The en-
ergy splitting of the SO doublets (0 f7/2, 0 f5/2) and pseudospin dou-
blets (1p3/2, 0 f5/2) as functions of the momentum cuto↵ ⇤. b, Evolu-
tion of the radial wave functions of the lower component of the Dirac
spinors for the pseudospin doublets (1p3/2, 0 f5/2).

FIG. 8. Evolution of the ESPEs of protons in Zr90 . a. The results
from the RHF calculations based on the OBEP⇤ potentials with the
momentum cuto↵ parameter ⇤ = 2, 3, 4, 5, 1, respectively. b.
The results from the HF calculations based on the non-relativistic
chiral NN+3N(lnl) interactions with the energy scale � = 2, 3, 4, 1,
respectively.

FIG. 9. The SO splittings of 0p and 0d doublets for protons in Ca
isotopes by di↵erent chiral Hamiltonians. a, The SO splittings by
the EM1.8-2.0 interaction. b, Same as (a), but by the NN+3N(lnl)
interaction with � = 1.8 fm�1. c, Same as a, but by the N2LOGO(394)
interaction with � = 1.8 fm�1.

⇤ Contact author: yaojm8@sysu.edu.cn
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Shape Coexistence: N=20 Island of Inversion Region

IM-GCM survey of the island-of-
inversion region 

• even-even and odd-A - odd-odd 
nuclei now also possible 


• IM-GCM spectra are spread too 
wide, but this will (at least in part) be 
addressed through 

• improved IMSRG (working on 

MR-IMSRG(3) variants)

• more degrees of freedom in GCM: 

cranking, full triaxiality, explicit 
quasiparticle excitations, …
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intrinsic shapes
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AMP-CCSD: Ne, Na, Mg Isotopes

• AMP-CCSD for even 
and odd Ne, Na, Mg 
isotopes


• emulators for UQ 

• rotational bands and 
  

values in very good 
agreement with data


• consistent results for 
EM1.8/2.0 and a family 
of 8000+ N2LO 
interactions

B(E2, 2+ → 0+)

Δ

novel results for deformation and shape coexistence
emerging in a multiscale setting encompassing both small
excitation energies and large total binding energies.

A. Multiscale physics of neutron-rich neon nuclei

Let us study first the collective properties of neon nuclei.
The results for even-mass isotopes are shown in Fig. 3. The
lower panel shows the excitation energies Eð2þÞ and Eð4þÞ
of the lowest spin-parity Jπ ¼ 2þ and 4þ states, respec-
tively, in the 20–32Ne compared with available experimental
data. The results based on the 1.8=2.0ðEMÞ interaction
are marked by red diamonds and include uncertainty
estimates from method and model-space truncations. The
relative accuracy of our calculations with the interaction
1.8=2.0ðEMÞ is about 2%–3%. The distributions labeled
ΔNNLO are posterior predictive distributions and based on
the results of n ¼ 100 symmetry-projected coupled-cluster
computations (one for each member of the interaction
ensemble). They are given by the set

fykðαÞ þ εMB þ εEFT∶ α ∼ pðαjDcalÞg; ð28Þ

where yk is the ab initio model prediction for observable k
while εMB and εEFT are samples from the stochastic models
for errors due to the many-body method and model-space
truncation and the truncation of the effective field theory
expansion, respectively (see Appendix C for details). When
generating the posterior predictive distributions, we use
10000 samples from the posterior pðαjDcalÞ obtained via
importance resampling (see Sec. II A). We also show 68%
and 90% credible intervals around the median value. These
uncertainty estimates are consistent with data (given the
small number of data points): Out of 14 measured energies,
six and 13 are within the 68% and 90% credible interval,
respectively. It might be, however, that the 68% interval is
slightly underestimated. For the point prediction, one
would interpret the (one-sigma) error bar as indicating
the uncertainty in the results based on the model-space
truncation and method error. We see that eight out of 14
energies are within the uncertainties, although only one of
the 2þ energies is within uncertainties.
Theoretical results are consistent with each other and

accurately reproduce the experimental trend where data
exist. For neon nuclei with neutron number below N ¼ 20,

FIG. 3. (a) shows electric quadrupole transition strengths from the first excited 2þ state to the ground state, while (b) shows
energies of the lowest 2þ and 4þ states in the even nuclei 20–34Ne. Theoretical results are computed using angular-momentum-
projected coupled-cluster. Point predictions using the interaction 1.8=2.0ðEMÞ [31] (red diamonds with one standard deviation
uncertainty estimates from many-body method and model-space truncations) are shown together with full posterior predictive
distributions using the delta-full NNLO interaction ensemble (ΔNNLO), including sampling of method and model errors. For the
latter, 68% and 90% credible intervals are shown as a thick and thin vertical bar, respectively, and the median is marked as a white
circle. The posterior predictive distributions are obtained using importance resampling. Experimental data [126] (and Refs. [73,85]
for 32Ne) are shown as black squares with error bars.

Z. H. SUN et al. PHYS. REV. X 15, 011028 (2025)

011028-8

Z. H. Sun et al., PRX 15, 011028 (2025) 
Z. H. Sun et al., arXiv:2409.02279
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AMP-CCSD:  Z~80 Region

• ab initio calculations poised to offer insight into rich shape coexistence phenomena 
in N=Z nuclei near 80Zr


• challenges: computational cost restricts model size, effects of shape mixing, …

HU, SUN, HAGEN, AND PAPENBROCK PHYSICAL REVIEW C 110, L011302 (2024)

FIG. 3. B(E2; 2+
1 → 0+

1 ) values for the N = Z nuclei from 72Kr
to 84Mo. The values for mirror nuclei 78Sr and 78Zr are also illus-
trated. The uncertainty is estimated based on the basis parameter
h̄ω, ranging from 10 to 14 MeV. Experimental data are from
Refs. [2,19,22,24].

In our case, the pairs of oblate and prolate 0+ states and 2+

states are about 1 MeV and 0.8 MeV apart, respectively. This
is probably too large a separation. From this perspective, the
mixing observed in 72Kr [5] has some accidental character.

In our calculations, the mirror nuclei 78Sr and 78Zr both
exhibit two deformed Hartree-Fock minima and similar rota-
tional bands. For 78Zr (78Sr), Delaroche et al. [29] found 2+

and 4+ states at 0.27 and 0.74 MeV (0.30 and 0.79 MeV),
respectively. Although our projected Hartree-Fock results are
close to these and the data in 78Sr, the coupled-cluster spectra
are too compressed. For 84Mo, Delaroche et al. [29] found
2+ and 4+ states at 0.54 and 1.20 MeV, respectively, and
this is close to data. Our coupled-cluster results for the oblate
deformation agree with these results.

With the exception of molybdenium, our projected
Hartree-Fock results appear easier to match with data than
the projected coupled-cluster ones. We can only speculate
about possible shortcomings in our computations. First, we
are limited to axial symmetry. Any static triaxial deformation
or γ softness cannot be captured with our present limitation.
Second, in the angular-momentum projection we approxi-
mate a product of the rotation operator and the exponential
cluster-excitation operator as a new exponential including up
to two-particle–two-hole excitations [40,43,44]. The inclusion
of three-particle–three-hole terms is beyond our computa-
tional abilities because those amplitudes lack axial symmetry
and require too large memory demands. Although this approx-
imation was accurate in light nuclei up to mass number 34
[44], it is otherwise hard to assess its precision.

We turn to the reduced transition strengths B(E2) as an-
other measure of nuclear deformation. Figure 3 shows the
B(E2) values for nuclei computed in this work and compares
them to the data. The coupled-cluster results of 72Kr and 76Sr
agree with the data. The B(E2) of 78Sr and 80Zr suggest
that the prolate state is the ground state. The larger-prolate
configuration reproduces a relatively correct spectrum but too
large B(E2). The B(E2) values of the mirror nuclei pair 78Sr

FIG. 4. Spectrum of 80Zr (Exp.) compared to the coupled-cluster
(CC) results of this work, and to the results from Delaroche et al.
[29], Rodríguez and Egido [13], and Kaneko et al. [16]. B(E2; 2+

1 →
0+

1 ) values fare also indicated.

and 78Zr, shown in Fig. 3, agree within uncertainties for both
deformations.

Figure 4 compares the data for 80Zr with the results from
this work and other models. Clearly, this nucleus is chal-
lenging, and the results by Delaroche et al. [29] are overall
closest to data. We continue the comparison of our ab initio
approach with other models and compiled data in Table I.
Here, we singled out the beyond-mean-field computations by
Delaroche et al. [29] in column 4 and showed results from
other computations in the last column. The main point is here
that our calculations reach an accuracy that is comparable
to other nuclear models. We also want to get a sense on
how our results depend on the chosen interaction. We remark
that, although 1.8/2.0(EM) interaction underestimates nuclear
radii [51,52,68], it does not significantly underpredict B(E2)

TABLE I. B(E2; 2+ → 0+) values (in units of e2fm4) from ex-
periment, this work, Delaroche et al. [29], and other references for
various nuclei. The values reported under “This work” are those pre-
sented in Fig. 3 and reflect the shapes and deformation as indicated
there.

Nucleus Exp. This work Ref. [29] Other

80Zr 1910(180)a 1713+111
−183 2323 3900b

3044+143
−274 2540f

78Zr not known 2040+118
−220 2504

2927+155
−288

78Sr 1840(100)a 2108+121
−211 1989 2291f

2519+125
−228

76Sr 2390(240)a 2444+145
−248 2350 2175f

72Kr 810(150)c 1012+36
−50 819 763d

999(129)e 1403+84
−775 1097f

aRef. [2]; bRef. [13]; cRef. [24]; dRef. [69]; eRef. [20]; fRef. [16],
with effective charges adjusted to B(E2).
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and 78Zr, shown in Fig. 3, agree within uncertainties for both
deformations.

Figure 4 compares the data for 80Zr with the results from
this work and other models. Clearly, this nucleus is chal-
lenging, and the results by Delaroche et al. [29] are overall
closest to data. We continue the comparison of our ab initio
approach with other models and compiled data in Table I.
Here, we singled out the beyond-mean-field computations by
Delaroche et al. [29] in column 4 and showed results from
other computations in the last column. The main point is here
that our calculations reach an accuracy that is comparable
to other nuclear models. We also want to get a sense on
how our results depend on the chosen interaction. We remark
that, although 1.8/2.0(EM) interaction underestimates nuclear
radii [51,52,68], it does not significantly underpredict B(E2)

TABLE I. B(E2; 2+ → 0+) values (in units of e2fm4) from ex-
periment, this work, Delaroche et al. [29], and other references for
various nuclei. The values reported under “This work” are those pre-
sented in Fig. 3 and reflect the shapes and deformation as indicated
there.

Nucleus Exp. This work Ref. [29] Other
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−274 2540f

78Zr not known 2040+118
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IM-GCM: Reshuffling of Correlations

• s-dependence is a built-
in diagnostic tool for IM-
GCM (not available in 
phenomenological 
GCM)

• if operator and wave 

function offer sufficient 
degrees of freedom, 
evolution of observables 
is unitary 

• need richer references 
and/or IMSRG(3) for 
certain observables

M. Frosini et al., EPJA 58, 64 (2022)
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Quenching of Gamow-Teller Decays

• empirical Shell model calculations require quenching factors of the weak axial-vector couling 


• VS-IMSRG explains this through consistent renormalization of transition operator, incl. two-body 
currents

gA

P. Gysbers et al., Nature Physics 15, 428 (2019) 
LETTERSNATURE PHYSICS

of 2BCs in A ≤ 7 nuclei is similar to what was found in the Green’s 
function Monte Carlo calculations of ref. 26. We find a rather sub-
stantial enhancement of the 8He Gamow–Teller matrix element due 
to the 2BC. Let us mention, though, that this transition matrix ele-
ment is the smallest of those presented in Fig. 2. We note that, for the 
other Hamiltonians employed in this work, the 2BCs and 3N were 
not fit to reproduce the triton half-life; nevertheless, the inclusion of 
2BCs for most of these cases also improves the agreement with data 
for the light nuclei considered in Fig. 2 (see Supplementary Fig. 9 
for results obtained with NNLOsat and NN-N3LO + 3Nlnl). The case 
of 10C is special because the computed Gamow–Teller transition is 
very sensitive to the structure of the Jπ = 1+ state in the 10B daughter 
nucleus. Depending on the employed interaction, this state can mix 
with a higher-lying 1+ state, greatly impacting the precise value of 
this transition. We finally note that benchmark calculations between 

the many-body methods used in this work agree to within 5% for 
the large transition in 14O. For smaller transitions discrepancies can 
be larger (see Supplementary Information for details).

Historically, the most extensive evidence for the quenching 
of Gamow–Teller β-decay strength comes from medium-mass 
nuclei14,16,27, and we now show that our calculations with these 
consistent Hamiltonians and currents largely solve the puzzle here 
as well. We use the valence-space in-medium similarity renor-
malization group (VS-IMSRG) method8 (see Methods for details) 
and compute Gamow–Teller decays for nuclei in the mass range 
between oxygen and calcium (referred to as sd-shell nuclei) and 
between calcium and vanadium (lower pf-shell nuclei), focusing on 
strong transitions. Here, we highlight the NN-N4LO + 3Nlnl interac-
tion and corresponding 2BCs.

Figure 3 shows the empirical values of the Gamow–Teller tran-
sition matrix elements versus the corresponding unquenched 
theoretical matrix elements obtained from the phenomenological 
shell model with the standard Gamow–Teller στ operator and the 
first-principles VS-IMSRG calculations. Perfect agreement between 
theory and experiment is denoted by the diagonal dashed line. The 
results from the phenomenological shell model clearly exemplify 
the state of theoretical calculations for decades13–16,27; as an example, 
in the sd-shell shell, a quenching factor of q ≈ 0.8 is needed to bring 
the theory into agreement with experiment14. The VS-IMSRG cal-
culations without 2BCs (not shown) exhibit a modest improvement, 
with a corresponding quenching factor of 0.89(4) for sd-shell nuclei 
and 0.85(3) for pf-shell nuclei, pointing to the importance of con-
sistent valence-space wavefunctions and operators (Supplementary 
Fig. 10). As in 100Sn, the inclusion of 2BCs yields an additional 
quenching of the theoretical matrix elements, and the linear fit of 
our results lies close to the dashed line, meaning our theoretical pre-
dictions agree, on average, with experimental values across a large 
number of medium-mass nuclei.

Another approach often used in the investigation of Gamow–
Teller quenching is the Ikeda sum-rule: the difference between the 
total integrated β− and β+ strengths obtained with the στ∓ operator 
yields the model-independent sum-rule 3(N – Z). We have com-
puted the Ikeda sum-rule for 14O, 48Ca and 90Zr using the coupled-
cluster method (see Methods for details). For the family of EFT 
Hamiltonians used for 100Sn we obtain a quenching factor aris-
ing from 2BCs that is consistent with our results shown in Fig. 3  
and the shell-model analyses from refs. 14–16,27. (Supplementary 
Fig. 7). We note that the comparison with experimental sum-rule 
tests using charge-exchange reactions28,29 is complicated by the 
use of a hadronic probe, which only corresponds to the leading 
weak one-body operator, and by the challenge of extracting all 
strength to high energies. Here, our developments enable future 
direct comparisons.

It is the combined proper treatment of strong nuclear correla-
tions with powerful quantum many-body solvers and the consis-
tency between 2BCs and three-nucleon forces that largely explains 
the quenching puzzle. Smaller corrections are still expected to 
arise from neglected higher-order contributions to currents and 
Hamiltonians in the EFT approach we pursued, and from neglected 
correlations in the nuclear wavefunctions. For beyond-standard-
model searches of new physics such as neutrino-less double-β-
decay, our work suggests that a complete and consistent calculation 
without a phenomenological quenching of the axial-vector coupling 
gA is called for. This Letter opens the door to ab initio calculations of 
weak interactions across the nuclear chart and in stars.

Online content
Any methods, additional references, Nature Research reporting 
summaries, source data, statements of data availability and asso-
ciated accession codes are available at https://doi.org/10.1038/
s41567-019-0450-7.
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Fig. 3 | Gamow–Teller strengths in medium-mass nuclei. Comparison 
of experimental30 and theoretical Gamow–Teller matrix elements for 
medium-mass nuclei. a,b, Plots of Gamow–Teller matrix elements: sd-
shell (a) and lower pf-shell (b). Theoretical results were obtained using 
phenomenological shell-model interactions16,31 with an unquenched 
standard Gamow–Teller στ operator (open orange squares), and using the 
VS-IMSRG approach with the NN-N4LO!+!3Nlnl interaction and consistently 
evolved Gamow–Teller operator plus 2BCs (filled green diamonds). The 
linear fits show the resulting quenching factor q given in the panels, and 
shaded bands indicate one standard deviation from the average quenching 
factor. Experimental uncertainties, taken from ref. 30, are shown as vertical 
error bars.
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of 2BCs in A ≤ 7 nuclei is similar to what was found in the Green’s 
function Monte Carlo calculations of ref. 26. We find a rather sub-
stantial enhancement of the 8He Gamow–Teller matrix element due 
to the 2BC. Let us mention, though, that this transition matrix ele-
ment is the smallest of those presented in Fig. 2. We note that, for the 
other Hamiltonians employed in this work, the 2BCs and 3N were 
not fit to reproduce the triton half-life; nevertheless, the inclusion of 
2BCs for most of these cases also improves the agreement with data 
for the light nuclei considered in Fig. 2 (see Supplementary Fig. 9 
for results obtained with NNLOsat and NN-N3LO + 3Nlnl). The case 
of 10C is special because the computed Gamow–Teller transition is 
very sensitive to the structure of the Jπ = 1+ state in the 10B daughter 
nucleus. Depending on the employed interaction, this state can mix 
with a higher-lying 1+ state, greatly impacting the precise value of 
this transition. We finally note that benchmark calculations between 

the many-body methods used in this work agree to within 5% for 
the large transition in 14O. For smaller transitions discrepancies can 
be larger (see Supplementary Information for details).

Historically, the most extensive evidence for the quenching 
of Gamow–Teller β-decay strength comes from medium-mass 
nuclei14,16,27, and we now show that our calculations with these 
consistent Hamiltonians and currents largely solve the puzzle here 
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and compute Gamow–Teller decays for nuclei in the mass range 
between oxygen and calcium (referred to as sd-shell nuclei) and 
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strong transitions. Here, we highlight the NN-N4LO + 3Nlnl interac-
tion and corresponding 2BCs.
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sition matrix elements versus the corresponding unquenched 
theoretical matrix elements obtained from the phenomenological 
shell model with the standard Gamow–Teller στ operator and the 
first-principles VS-IMSRG calculations. Perfect agreement between 
theory and experiment is denoted by the diagonal dashed line. The 
results from the phenomenological shell model clearly exemplify 
the state of theoretical calculations for decades13–16,27; as an example, 
in the sd-shell shell, a quenching factor of q ≈ 0.8 is needed to bring 
the theory into agreement with experiment14. The VS-IMSRG cal-
culations without 2BCs (not shown) exhibit a modest improvement, 
with a corresponding quenching factor of 0.89(4) for sd-shell nuclei 
and 0.85(3) for pf-shell nuclei, pointing to the importance of con-
sistent valence-space wavefunctions and operators (Supplementary 
Fig. 10). As in 100Sn, the inclusion of 2BCs yields an additional 
quenching of the theoretical matrix elements, and the linear fit of 
our results lies close to the dashed line, meaning our theoretical pre-
dictions agree, on average, with experimental values across a large 
number of medium-mass nuclei.

Another approach often used in the investigation of Gamow–
Teller quenching is the Ikeda sum-rule: the difference between the 
total integrated β− and β+ strengths obtained with the στ∓ operator 
yields the model-independent sum-rule 3(N – Z). We have com-
puted the Ikeda sum-rule for 14O, 48Ca and 90Zr using the coupled-
cluster method (see Methods for details). For the family of EFT 
Hamiltonians used for 100Sn we obtain a quenching factor aris-
ing from 2BCs that is consistent with our results shown in Fig. 3  
and the shell-model analyses from refs. 14–16,27. (Supplementary 
Fig. 7). We note that the comparison with experimental sum-rule 
tests using charge-exchange reactions28,29 is complicated by the 
use of a hadronic probe, which only corresponds to the leading 
weak one-body operator, and by the challenge of extracting all 
strength to high energies. Here, our developments enable future 
direct comparisons.

It is the combined proper treatment of strong nuclear correla-
tions with powerful quantum many-body solvers and the consis-
tency between 2BCs and three-nucleon forces that largely explains 
the quenching puzzle. Smaller corrections are still expected to 
arise from neglected higher-order contributions to currents and 
Hamiltonians in the EFT approach we pursued, and from neglected 
correlations in the nuclear wavefunctions. For beyond-standard-
model searches of new physics such as neutrino-less double-β-
decay, our work suggests that a complete and consistent calculation 
without a phenomenological quenching of the axial-vector coupling 
gA is called for. This Letter opens the door to ab initio calculations of 
weak interactions across the nuclear chart and in stars.

Online content
Any methods, additional references, Nature Research reporting 
summaries, source data, statements of data availability and asso-
ciated accession codes are available at https://doi.org/10.1038/
s41567-019-0450-7.
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Fig. 3 | Gamow–Teller strengths in medium-mass nuclei. Comparison 
of experimental30 and theoretical Gamow–Teller matrix elements for 
medium-mass nuclei. a,b, Plots of Gamow–Teller matrix elements: sd-
shell (a) and lower pf-shell (b). Theoretical results were obtained using 
phenomenological shell-model interactions16,31 with an unquenched 
standard Gamow–Teller στ operator (open orange squares), and using the 
VS-IMSRG approach with the NN-N4LO!+!3Nlnl interaction and consistently 
evolved Gamow–Teller operator plus 2BCs (filled green diamonds). The 
linear fits show the resulting quenching factor q given in the panels, and 
shaded bands indicate one standard deviation from the average quenching 
factor. Experimental uncertainties, taken from ref. 30, are shown as vertical 
error bars.
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76Ge: Neutrinoless Double Beta Decay

• state of the art study


• complementary 
methods: IM-GCM & 
VS-IMSRG


• explores interactions, 
many-body and EFT 
truncations, contact 
term, …


• leverages novel 
emulators


• identifies main 
drivers of uncertainty 
and what to improve 
next 

A. Belley et al., PRL 132, 182502 (2024)
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(IM-)NCSM for Super-Allowed Decays
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(IM-)NCSM for Super-Allowed Decays
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5

Requires nuclear theory

Hardy et al. PRC 102, 045501 (2020)

Particle Data Group. PRD 110, 030001 (2024) and references therein
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Super-Allowed Beta Decays

• Super-allowed beta decays constrain
in the CKM matrix 

• Precision treatment requires radiative 
corrections that are sensitive to nuclear 
structure:  and   


• ab initio calculations of  decays in 
light nuclei using NCSM and QMC [Gennari et 
al., PRL 134, 012501; Cirigliano et al., PRC 110, 055502; King 
et al., arXiv:2509.07310] 


• use IM-NCSM to extend mass range , 
, …


• benchmarks for CC, IM-GCM, VS-IMSRG, …

• test exact sum over intermediate states vs. 

new EFT approach

|Vud |

δC δNS

A = 10,14

22Mg
26mAl

image credit: M. Gennari
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PMMs for IMSRG Equation of State Calculations

LECs	ci

Flow	Parameter	
s

Density	 	
and	

s.p.	basis	size	

ρ

n

M	( ,	s,	 ,	 )ci ρ n

Model-Driven:	Affine	Eigenvalue	PMM

Data-Dr
iven:	Re

gression
	PMM	

̂f (ρ, n)

Model-	and	Data-Driven:

Regression	PMM	with	a	functional	form	
̂s = e−bsa+c + d

E	( ,	s,	 ,	 )ci ρ n

And it’s differentiable!

Partly data-driven (emulation in ) 

and physics-informed (emulation in )  

ρ, n
s, ci

Patrick Cook Kang Yu
+ Scott Bogner, Christian Drischler
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Time-Dependent Response from the IMSRG

• Linear response of  to a perturbation , with IMSRG improvement ( ):




• fix , expand time-dependence (=time evolution due to ) & Fourier transform


A B U = U(s)
RAB(t, t′ ) = ⟨Ψ0 | [A(t), B(t′ )] |Ψ0⟩ = ⟨Φ0 |UA(t)U†, UB(t′ )U†] |Φ0⟩

t′ = 0 H(s)
RAB(t) = ∑

m
(2 − δm0)im+1Jm(2at)μm , μm ≡ ⟨Φ0 |[[UHU†, UAU†](n), UBU†] |Φ0⟩

Aryan Vaidya
+ Scott Bogner, Jon Engel, …
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