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Progress in Ab Initio Calculations
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[ cf. HH, Front. Phys. 8, 379 (2020) ]
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The Roadmap

Chiral EFT

RG  
(similarity trafos)

many-body 
method

• Interactions (& Operators) from Chiral EFT 

• symmetries of low-energy QCD 

• power counting


• (Similarity) Renormalization Group 

• systematically dial resolution scales 
(cutoffs) of theory


• trade-off: enhanced convergence & 
accuracy of many-body methods vs. 
omitted induced 4N, …, AN  forces


• Ab Initio Many-Body Methods 

• systematically improvable towards exact 
solution 
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Sources of Uncertainty

Chiral EFT

RG  
(similarity trafos)

many-body 
method

• selection of degrees of freedom

• regulators

• truncation

• low-energy constant (LEC) uncertainties

• selection of operator basis / model space

• truncation

• symmetry restrictions

• model-space & many-body truncation(s)

• continuum



Nuclear Interactions from 
Chiral Effective Field Theory

Recent(-ish) Reviews: 
E. Epelbaum, H. Krebs and P. Reinert, Front. Phys. 8, 98 (2002)

M. Piarulli and I. Tews, Front. Phys. 7, 245 (2020)

R. Machleidt and F. Sammarruca, Phys. Scripta 91, 083007 (2016)
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Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)   

NLO (Q2)

N2LO (Q3)

N3LO (Q4)

accurate description of NN at 
least up to Elab ~ 200 MeV

converged 

higher orders in progress

not yet converged 

impact on few- & many-N 
systems?

converged ??
presently out of reach for 
few- & many-N studies

Nuclear forces up to N3LO
dimensional analysis counting

Interactions from Chiral EFT

• organization in powers                allows systematic improvement

• low-energy constants fit to NN, 3N data (future: from Lattice QCD (?))

• consistent NN, 3N, ... interactions & operators (e.g. electroweak 

transitions) 

[figure by H. Krebs]
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Current Interactions
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Accurate nuclear radii and binding energies from a chiral interaction

A. Ekström,1,2 G. R. Jansen,2,1 K. A. Wendt,1,2 G. Hagen,2,1 T. Papenbrock,1,2 B. D. Carlsson,3 C. Forssén,3,1,2
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With the goal of developing predictive ab initio capability for light and medium-mass nuclei, two-nucleon
and three-nucleon forces from chiral effective field theory are optimized simultaneously to low-energy nucleon-
nucleon scattering data, as well as binding energies and radii of few-nucleon systems and selected isotopes
of carbon and oxygen. Coupled-cluster calculations based on this interaction, named NNLOsat, yield accurate
binding energies and radii of nuclei up to 40Ca, and are consistent with the empirical saturation point of symmetric
nuclear matter. In addition, the low-lying collective J π = 3− states in 16O and 40Ca are described accurately,
while spectra for selected p- and sd -shell nuclei are in reasonable agreement with experiment.

DOI: 10.1103/PhysRevC.91.051301 PACS number(s): 21.30.−x, 21.10.−k, 21.45.−v, 21.60.De

Introduction. Interactions from chiral effective field theory
(EFT) [1– 4] and modern applications of renormalization group
techniques [5– 8] have opened the door for a description of
atomic nuclei consistent with the underlying symmetries of
quantum chromodynamics, the theory of the strong interaction.
Chiral nuclear forces can be constructed systematically from
long-range pion physics augmented by contact interactions.
Over the past decade, the renaissance of nuclear theory
based on realistic nuclear forces and powerful computational
methods has pushed the frontier of ab initio calculations from
few-body systems and light nuclei [6,9,10] to medium-mass
nuclei [11– 19].

One of the main challenges in ab initio calculations is the
accurate [20] reproduction of binding energies and radii of
finite nuclei simultaneously with the empirical nuclear matter
saturation point (binding energy per nucleon E/A ≈ 16 MeV
at the Fermi momentum kF ≈ 1.33 fm−1) and incompress-
ibility (250 < K0 < 315 MeV [21]). For instance, lattice EFT
calculations at next-to-next-to leading order (NNLO) employ
a phenomenological four-nucleon contact force (a correction
beyond NNLO) to counter the overbinding in nuclei heavier
than 12C [17], while the radii of 12C and 16O are still too
small [22,23]. Ab initio calculations overbind medium-mass
and heavy nuclei by about 1 MeV per nucleon, underestimate
charge radii [24], and yield too-large separation energies [25].
The status of chiral-force predictions for binding energies and
charge radii in finite nuclei is summarized in Fig. 1, with
dark gray symbols representing the predictions of various
state-of-the-art calculations. This is a serious shortcoming of
current chiral Hamiltonians because it prevents theory from
making accurate predictions when extrapolating to higher
masses. The problem with the reproduction of nuclear matter
saturation properties has been discussed extensively in the
literature [26– 39], and various solutions have been proposed,
ranging from short-range correlations and Pauli blocking
effects to the inclusion of many-body forces.

We start from the optimization of the chiral interaction
at NNLO. Traditionally, one takes the pion-nucleon coupling
constants ci either from pion-nucleon scattering [47,48] or
from peripheral partial waves in the nucleon-nucleon (NN )
sector [49,50], while the remaining coupling constants [de-
noted “low-energy constants” (LECs)] are adjusted in the
NN sector. The corresponding χ2 optimizations consider
scattering data up to laboratory energies of TLab ≈ 350 MeV.
In a subsequent step, the remaining LECs of the leading
three-nucleon (NNN ) forces [51– 53] are adjusted to data on
A ! 4 systems [40,54,55]. For details, we refer the reader
to Refs. [2– 4]. Hitherto such a strategy has not produced
interactions that simultaneously describe bulk properties of
both nuclei and nuclear matter [56].

Our optimization strategy is based on a different approach.
Most importantly, we optimize NNN forces together with
NN forces. This is consistent with the idea of EFT that
improvements are made order by order and not nucleon by
nucleon. The simultaneous optimization of NN and NNN
forces is important because the long-range contributions of
the NNN force contain LECs from pion-nucleon vertices that
also enter the NN force. Moreover, in addition to low-energy
NN data and the binding energies and charge radii of 3H,
3,4He, our set of fit observables also contains data on heavier
nuclei; namely, binding energies and radii of carbon and
oxygen isotopes. This is a major departure from the traditional
approach that seeks to adjust LECs to data on few-body
systems with A = 2,3,4 and then attempts to extrapolate to
nuclei with A ≫ 1 and to infinite nuclear matter. The following
arguments motivate the strategy of including heavier nuclei
into the optimization: First, no reliable experimental data
constrain the isospin T = 3/2 components of the NNN force
in nuclei with mass numbers A = 3,4 (see Refs. [57,58] for
more discussion and prospects). Second, since our goal is to
describe nuclear properties at low energies, LECs are adjusted

0556-2813/2015/91(5)/051301(7) 051301-1 ©2015 American Physical Society
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Accurate bulk properties of nuclei from A = 2 to ∞ from potentials with ! isobars
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We optimize !-full nuclear interactions from chiral effective field theory. The low-energy constants of the
contact potentials are constrained by two-body scattering phase shifts, and by properties of bound state of A = 2
to 4 nucleon systems and nuclear matter. The pion-nucleon couplings are taken from a Roy-Steiner analysis. The
resulting interactions yield accurate binding energies and radii for a range of nuclei from A = 16 to A = 132, and
provide accurate equations of state for nuclear matter and realistic symmetry energies. Selected excited states
are also in agreement with data.

DOI: 10.1103/PhysRevC.102.054301

I. INTRODUCTION

Ideas from chiral effective field theory (EFT) and the renor-
malization group [1– 5], advances in computing power, and
developments of many-body methods that scale polynomi-
ally with mass number, have propelled ab initio calculations
of atomic nuclei from light [6,7] to medium-mass isotopes
[8– 16]. Such approaches are now starting to explore ever-
increasing fractions of the nuclear chart [17]—a task once
thought to be reserved for computationally less expensive
mean-field methods [18– 20]. Ab initio computations make
controlled approximations that give a quantifiable precision
in the solution of the quantum many-body problem. All these
calculations are only as accurate as the employed nuclear
Hamiltonians.

In the past two decades, our understanding of the nu-
clear interactions has evolved from phenomenological models
[21,22] to potentials whose improvement is guided by ideas
from EFT [3,5,23]. The quest to link such potentials to quan-
tum chromodynamics, the microscopic theory of the strong
nuclear interaction, is ongoing [24– 27]. Recent developments
in nuclear potentials from chiral EFT include (i) the identifi-
cation [28,29] of a redundant term at next-to-next-to-next-to
leading order, (ii) the systematic and simultaneous optimiza-
tion of nucleon-nucleon and three-nucleon potentials [30,31],
(iii) the construction of local potentials for use with quantum
Monte Carlo methods [32,33], and (iv) the development of
high-order interactions [34– 37].

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI. Funded
by Bibsam.

In spite of these advances, nuclear potentials from chiral
EFT have long struggled to accurately reproduce bulk nuclear
properties such as charge radii and binding energies of finite
nuclei, and the saturation point and the symmetry energy of in-
finite nuclear matter. Notable exceptions are the 1.8/2.0(EM)
[38] and the NN + 3N(lnl) interactions [39] (which accurately
reproduce binding energies and spectra of selected nuclei
up to tin isotopes [15] but yield too small radii), and the
NNLOsat potential [30] (which accurately describes binding
energies and radii up to calcium isotopes [40] but is less
accurate for spectra). The novel family of interactions [41]
also seems promising but is not much explored yet. While it is
not clear what distinguishes these particular interactions from
their many peers that become inaccurate beyond oxygen iso-
topes [42], some key ingredients to nuclear binding have been
uncovered: Nuclear lattice EFT computations revealed that
nonlocality is essential for low-momentum interactions (with
momentum cutoffs below about 600 MeV) [43], and that elas-
tic α-α scattering, for example, is very sensitive to the degree
of nonlocality [44]. This casts some doubts on the viability
of soft local interactions. In our interpretation, these results
indicate that the finite size of nucleons plays an important role
in nuclear binding.1 The importance of this length scale has
been highlighted very recently by Miller [45]. Consistent with
this view is the finding that the inclusion of ! isobar degrees
of freedom, i.e., excited states of the nucleon that reflect its
finite size, considerably improve the saturation properties of
chiral potentials [46]. In addition, a recent statistical analysis
[47] reveals that the nuclear radius, i.e., implicitly the nuclear
saturation density, depends very sensitively on the details of
the chiral interaction. This suggests that it might be profitable
to include !-isobar degrees of freedom and nuclear matter

1The hard core in local interactions also accounts for the finite
nucleon size when large momentum cutoffs can be tolerated [21].

2469-9985/2020/102(5)/054301(8) 054301-1 Published by the American Physical Society
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Family of chiral two- plus three-nucleon interactions for accurate 

nuclear structure studies
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We present a family of nucleon-nucleon (NN) plus three-nucleon (3N) interactions up to N3LO in the 
chiral expansion that provides an accurate ab initio description of ground-state energies and charge radii 
up to the medium-mass regime with quantified theory uncertainties. Starting from the NN interactions 
proposed by Entem, Machleidt and Nosyk, we construct 3N interactions with consistent chiral order, 
non-local regulator, and cutoff value and explore the dependence of nuclear observables over a range of 
mass numbers on the 3N low-energy constants. By fixing these constants using the 3H and 16O ground-
state energies, we obtain interactions that robustly reproduce experimental energies and radii for a large 
range from p-shell nuclei to the nickel isotopic chain and resolve many of the deficiencies of previous 
interactions. Based on the order-by-order convergence and the cutoff dependence of nuclear observables, 
we assess the uncertainties due the interaction, which yield a significant contribution to the total theory 
uncertainty.

© 2020 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Chiral effective field theory (EFT) has evolved into the stan-
dard approach for the construction of nuclear interactions over 
the past decade. A large variety of nuclear structure and reaction 
calculations, ranging from light systems up to mass numbers of 
100 and beyond, have been performed starting from chiral EFT 
interactions—some recent highlights are presented in Refs. [1– 5]. 
For a long time, many-body practitioners employed a few specific 
chiral Hamiltonians, often based on the same chiral NN interac-
tion at N3LO by Entem and Machleidt [6], supplemented with a 3N 
force at N2LO with a local regulator [7– 9]. Interactions with non-
local regulators at different chiral orders were available [10,11], but 
rarely used in nuclear structure applications beyond the few-body 
sector [12]. Although these interactions were successful in many 
applications, they do exhibit systematic deficiencies, most signif-
icantly, a systematic underestimation of nuclear radii, particularly 
in the regime of medium-mass nuclei starting with the oxygen iso-
topic chain [13,14].

* Corresponding author.
E-mail addresses: huether@theorie.ikp.physik.tu-darmstadt.de (T. Hüther), 

robert.roth@physik.tu-darmstadt.de (R. Roth).

This prompted the development of interactions that included 
many-body observables into the construction of the interaction. 
One example is the N2LOSAT interaction [15] that uses additional 
information on oxygen ground-state energies and radii in a com-
bined fit of an NN+3N interaction at N2LO. However, the improved 
description of ground-state observables comes at the price of a 
degraded reproduction of phase shifts, which affects the spec-
troscopy of light and medium-mass nuclei. Other variants of in-
teractions with improved binding energies have been proposed 
[16,17], which, however, do not resolve the problem with radii. 
Besides the practical deficiencies, none of these interactions capi-
talizes on the systematic character of chiral EFT. The dependence of 
nuclear observables on the order of the chiral expansion provides a 
direct approach to the quantification of theory uncertainties. This 
order-by-order uncertainty analysis was established in few-body 
systems [18– 20] and recently applied in nuclear-matter calcula-
tions up to N3LO [21]. First applications of this uncertainty analysis 
for energies of light and medium-mass nuclei have been discussed
in [20] with NN interactions and in [22] with NN+3N interactions 
up to N2LO.

In this Letter we present a new family of chiral NN+3N interac-
tions that addresses the aforementioned issues. Starting from a set 
of chiral NN interactions by Entem, Machleidt and Nosyk (EMN) 
for a range of chiral orders and cutoffs [23], we construct 3N in-
teractions using the same chiral order, the same regulator scheme, 

https://doi.org/10.1016/j.physletb.2020.135651
0370-2693/© 2020 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
SCOAP3.

PHYSICAL REVIEW C 100, 024318 (2019)

Probing chiral interactions up to next-to-next-to-next-to-leading order in medium-mass nuclei
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We study ground-state energies and charge radii of closed-shell medium-mass nuclei based on novel chiral
nucleon-nucleon (NN) and three-nucleon (3N) interactions, with a focus on exploring the connections between
finite nuclei and nuclear matter. To this end, we perform in-medium similarity renormalization group (IM-SRG)
calculations based on chiral interactions at next-to-leading order (NLO), N2LO, and N3LO, where the 3N
interactions at N2LO and N3LO are fit to the empirical saturation point of nuclear matter and to the triton binding
energy. Our results for energies and radii at N2LO and N3LO overlap within uncertainties, and the cutoff variation
of the interactions is within the EFT uncertainty band. We find underbound ground-state energies, as expected
from the comparison to the empirical saturation point. The radii are systematically too large, but the agreement
with experiment is better. We further explore variations of the 3N couplings to test their sensitivity in nuclei.
While nuclear matter at saturation density is quite sensitive to the 3N couplings, we find a considerably weaker
dependence in medium-mass nuclei. In addition, we explore a consistent momentum-space SRG evolution of
these NN and 3N interactions, exhibiting improved many-body convergence. For the SRG-evolved interactions,
the sensitivity to the 3N couplings is found to be stronger in medium-mass nuclei.

DOI: 10.1103/PhysRevC.100.024318

I. INTRODUCTION

The development of improved nucleon-nucleon (NN) and
three-nucleon (3N) interactions within chiral effective field
theory (EFT) for ab initio studies of atomic nuclei and infinite
nuclear matter is currently a very active field of research [1– 6].
While none of the presently available interactions is able to
simultaneously describe experimental ground-state energies
and charge radii of nuclei over a wide range of the nuclear
chart, recent calculations not unexpectedly indicate a strong
correlation between predictions for medium-mass nuclei and
nuclear matter properties [1,7– 11]. Although a systematic and
quantitative understanding of this correlation is still missing,
these studies highlight the significance of realistic saturation
properties for the construction of next-generation nuclear
forces. In particular, calculations based on interactions fitted
only to NN and few-body observables tend to exhibit signifi-
cant deviations from experiment for heavier nuclei [2,12,13].
Remarkably, one exception to this general trend was found
in Ref. [7]. In this work, a family of NN plus 3N interactions
was constructed using similarity renormalization group (SRG)
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evolved NN interactions combined with the leading chiral 3N
forces fitted to the 3H binding energy and the charge radius
of 4He. While all constructed interactions lead to a reasonable
description of the empirical saturation point, the ground-state
energies for closed-shell nuclei ranging from 4He to 100Sn
are well reproduced for one particular interaction (“1.8/2.0”),
whereas charge radii are somewhat too small [10,14]. How-
ever, the physical reasons of this remarkable agreement with
this specific NN+3N interaction is still an open question.

These findings suggest incorporating experimental con-
straints of heavier nuclei directly into the fitting process
of nuclear interactions, as was done in Ref. [1]. Naturally,
results based on these interactions show in general better
agreement with experiment for medium-mass nuclei, but NN
scattering phase shifts can only be reproduced to rather low
energies, when considering chiral interactions up to next-to-
next-to-leading order (N2LO). In Ref. [6], a complementary
strategy was pursued to fit the 3N low-energy couplings cD
and cE for fixed NN interactions to the 3H binding energy
and the saturation region of nuclear matter using a novel
many-body perturbation theory framework for nuclear matter.
It was found that, based on the NN interactions of Ref. [5],
a reasonable reproduction of the saturation point can be ob-
tained for all interactions at N2LO and N3LO and for different
cutoffs ! = 450 and 500 MeV. In this work, we extend this
study to interactions with a lower cutoff ! = 420 MeV and
investigate in detail the properties of medium-mass nuclei
based on these interactions using the ab initio in-medium
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In recent years local chiral interactions have been derived and implemented in quantum Monte Carlo
methods in order to test to what extent the chiral effective field theory framework impacts our knowledge of
few- and many-body systems. In this Letter, we present Green’s function Monte Carlo calculations of light
nuclei based on the family of local two-body interactions presented by our group in a previous paper in
conjunction with chiral three-body interactions fitted to bound- and scattering-state observables in the
three-nucleon sector. These interactions include Δ intermediate states in their two-pion-exchange
components. We obtain predictions for the energy levels and level ordering of nuclei in the mass range
A ¼ 4–12, accurate to ≤ 2% of the binding energy, in very satisfactory agreement with experimental data.

DOI: 10.1103/PhysRevLett.120.052503

A major goal of nuclear theory is to explain the spectra,
structure, and reactions of nuclei in a fully microscopic
approach. In such an approach, which we will refer to
below as the basic model of nuclear theory, the nucleons
interact with each other via many-body (primarily, two- and
three-body) effective interactions, and with external
electroweak probes via effective currents describing the
coupling of these probes to individual nucleons and
many-body clusters of them.
The nuclear Hamiltonian in the basic model is taken to

consist of nonrelativistic kinetic energy, and two- and three-
body interactions. There are indications that four-body
interactions may contribute at the level of∼100 keV in 4He,
but current formulations of the basic model do not typically
include them (see, for example, Ref. [1]). Two-body
interactions consist of a long-range component, for inter-
nucleon separation r≳ 2 fm, due to one-pion exchange
(OPE) [2], and intermediate- and short-range components,
for, respectively, 1 fm ≲ r≲ 2 fm and r≲ 1 fm. Up to the
mid-1990s, such interactions were based almost exclu-
sively on meson-exchange phenomenology. Those of the
mid-1990s [3–5] were constrained by fitting nucleon-
nucleon (NN) elastic scattering data up to lab energies
of 350 MeV, with χ2=datum ≃1 relative to the database
available at the time [6]. Two well-known and still widely
used examples in this class are the Argonne v18(AV18) [4]
and CD-Bonn [5]. These so-called realistic interactions

also contained isospin-symmetry-breaking (ISB) terms. At
the level of accuracy required [6], full electromagnetic
interactions, along with strong interactions, had to be
specified in order to fit the data precisely, and the AV18
model included electromagnetic corrections up to order α2

(α is the fine structure constant).
Already in the 1980s, accurate three-body calculations

showed that contemporary NN interactions did not provide
enough binding for the three-body nuclei, 3H and 3He [7].
In the late 1990s and early 2000s this realization was
extended to the spectra (ground and low-lying excited
states) of light p-shell nuclei in calculations based on
quantum Monte Carlo (QMC) methods [8] and later
confirmed independently in no-core shell-model studies
[9]. Consequently, the basic model with NN interactions fit
to scattering data, without the inclusion of a three-nucleon
(3N) interaction, is incomplete.
Because of the composite nature of the nucleon and, in

particular, the prominent role of the Δ resonance in pion-
nucleon scattering, multinucleon interactions arise quite
naturally in meson-exchange phenomenology. The Illinois
3N interactions [10] contain a dominant two-pion exchange
(TPE)—the venerable Fujita-Miyazawa interaction [11]—
and smaller multipion exchange components resulting from
the excitation of intermediate Δ’s. The most recent version,
Illinois-7 (IL7) [12], also contains phenomenological
isospin-dependent central terms. The small number (four)
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We report accurate quantum Monte Carlo calculations of nuclei up to A ¼ 16 based on local chiral two-
and three-nucleon interactions up to next-to-next-to-leading order. We examine the theoretical uncertainties
associated with the chiral expansion and the cutoff in the theory, as well as the associated operator choices
in the three-nucleon interactions. While in light nuclei the cutoff variation and systematic uncertainties are
rather small, in 16O these can be significant for large coordinate-space cutoffs. Overall, we show that chiral
interactions constructed to reproduce properties of very light systems and nucleon-nucleon scattering give
an excellent description of binding energies, charge radii, and form factors for all these nuclei, including
open-shell systems in A ¼ 6 and 12.
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Introduction.—Predicting the emergence of nuclear
properties and structure from first principles is a formidable
task. An important open question is whether it is possible to
describe nuclei and their global properties, e.g., binding
energies and radii, from microscopic nuclear Hamiltonians
constructed to reproduce only few-body observables, while
simultaneously predicting properties of matter, including
the equation of state and the properties of neutron stars.
Despite advanced efforts, definitive answers are not yet
available [1–9].
Several properties of nuclei up to 12C have been

successfully described using the phenomenological
Argonne v18 (AV18) nucleon-nucleon (NN) potential
combined with Illinois models for the three-body inter-
actions [5]. Unfortunately these phenomenological models
have at least two main limitations. They do not provide a
systematic way to improve the interactions or to estimate
theoretical uncertainties. In addition, they provide a too soft
equation of state of neutron matter [10,11], with the
consequence that the predicted structure of neutron stars
is not compatible with recent observations of two solar-
mass stars [12,13].
The Argonne-Illinois models have been constructed to

be nearly local: The dominant parts of the interaction do not
depend on the momenta of the two interacting nucleons but
only on their relative distance, spin, and isospin. This
construction was motivated by the ease of employing such
potentials in continuum quantum Monte Carlo (QMC)
methods, such as the Green’s function Monte Carlo
(GFMC) and auxiliary field diffusion Monte Carlo

(AFDMC) methods. The advantage of QMC methods is
that they can be used to solve accurately and nonperturba-
tively the many-body problem without requiring the use of
softer Hamiltonians. The GFMC and AFDMCmethods can
be successfully used only for nearly local Hamiltonians
because of the sign problem [5].
In the last two decades, chiral effective field theory

(EFT) has paved the way to the development of nuclear
interactions and currents in a systematic way [14,15].
Chiral EFT expands the nuclear interaction in the ratio
of a small scale (e.g., the pion mass or a typical momentum
scale in the nucleus) to a hard scale (the chiral breakdown
scale). Such an expansion provides several advantages over
the traditional approach, including the ability to improve
the interaction order by order, means to estimate theoretical
uncertainties, and the fact that many-body forces and
currents are predicted consistently. The long-range pion-
exchange contributions are determined by pion-nucleon
couplings, while the short-range contributions (given by
so-called low-energy constants) are fit to reproduce exper-
imental data. Usually, chiral EFT interactions are formu-
lated in momentum space, but recently Gezerlis et al.
demonstrated a way to produce equivalent local formula-
tions of chiral NN interactions up to next-to-next-
to-leading-order (N2LO) [16,17]. Consistent three-body
forces were constructed in Refs. [18–20], as well as chiral
interactions with explicit Delta degrees of freedom [21–24].
To solve for the ground state of nuclei, we use the

AFDMC method with local chiral interactions that have
been determined from fits to NN scattering, the alpha
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Background: Recent advances in nuclear structure theory have led to the availability of several complementary
ab initio many-body techniques applicable to light and medium-mass nuclei as well as nuclear matter. After
successful benchmarks of different approaches, the focus is moving to the development of improved models
of nuclear Hamiltonians, currently representing the largest source of uncertainty in ab initio calculations of
nuclear systems. In particular, none of the existing two- plus three-body interactions is capable of satisfactorily
reproducing all the observables of interest in medium-mass nuclei.
Purpose: A novel parametrization of a Hamiltonian based on chiral effective field theory is introduced.
Specifically, three-nucleon operators at next-to-next-to-leading order are combined with an existing (and
successful) two-body interaction containing terms up to next-to-next-to-next-to-leading order. The resulting
potential is labeled NN+ 3N(lnl). The objective of the present work is to investigate the performance of this
new Hamiltonian across light and medium-mass nuclei.
Methods: Binding energies, nuclear radii, and excitation spectra are computed using state-of-the-art no-core
shell model and self-consistent Green’s function approaches. Calculations with NN+ 3N(lnl) are compared to
two other representative Hamiltonians currently in use, namely NNLOsat and the older NN+ 3N (400).
Results: Overall, the performance of the novel NN+ 3N(lnl) interaction is very encouraging. In light nuclei, total
energies are generally in good agreement with experimental data. Known spectra are also well reproduced with
a few notable exceptions. The good description of ground-state energies carries on to heavier nuclei, all the way
from oxygen to nickel isotopes. Except for those involving excitation processes across the N = 20 gap, which is
overestimated by the new interaction, spectra are of very good quality, in general superior to those obtained with
NNLOsat. Although largely improving on NN+ 3N (400) results, charge radii calculated with NN+ 3N(lnl) still
underestimate experimental values, as opposed to the ones computed with NNLOsat that successfully reproduce
available data on nickel.
Conclusions: The new two- plus three-nucleon Hamiltonian introduced in the present work represents a
promising alternative to existing nuclear interactions. In particular, it has the favorable features of (i) being
adjusted solely on A = 2, 3, 4 systems, thus complying with the ab initio strategy, (ii) yielding an excellent
reproduction of experimental energies all the way from light to medium-heavy nuclei, and (iii) behaving well
under similarity renormalization group transformations, with negligible four-nucleon forces being induced, thus
allowing large-scale calculations up to medium-heavy systems. The problem of the underestimation of nuclear
radii persists and will necessitate novel developments.

DOI: 10.1103/PhysRevC.101.014318

I. INTRODUCTION

In the past decade, advances in many-body approaches and
internucleon interactions have enabled significant progress in
ab initio calculations of nuclear systems. At present, sev-
eral complementary methods to solve the (time-independent)
many-body Schrödinger equation are available, tailored to
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either light systems [1,2], medium-mass nuclei [3– 8], or
extended nuclear matter [9– 11]. New developments, which
promise to extend (most of) these methods to higher accuracy
and/or heavy nuclei, are being currently proposed [12,13].

Over the past few years, benchmark calculations have
allowed assessment of the systematic errors associated with
both the use of a necessarily finite-dimensional Hilbert space
and the truncation of the many-body expansion at play in each
of the formalisms of interest. In state-of-the-art implemen-
tations, these errors add up to at most 5%, much less than
the uncertainty attributable to the input nuclear Hamiltonian
[14– 18]. As a result, ab initio calculations have also acquired
the role of diagnostic tools as the focus of the community
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Abstract. We introduce new semilocal two-nucleon potentials up to fifth order in the chiral expansion.
We employ a simple regularization approach for the pion exchange contributions which i) maintains the
long-range part of the interaction, ii) is implemented in momentum space and iii) can be straightforwardly
applied to regularize many-body forces and current operators. We discuss in detail the two-nucleon contact
interactions at fourth order and demonstrate that three terms out of fifteen used in previous calculations
can be eliminated via suitably chosen unitary transformations. The removal of the redundant contact terms
results in a drastic simplification of the fits to scattering data and leads to interactions which are much softer
(i.e., more perturbative) than our recent semilocal coordinate-space regularized potentials. Using the pion-
nucleon low-energy constants from matching pion-nucleon Roy-Steiner equations to chiral perturbation
theory, we perform a comprehensive analysis of nucleon-nucleon scattering and the deuteron properties up
to fifth chiral order and study the impact of the leading F-wave two-nucleon contact interactions which
appear at sixth order. The resulting chiral potentials at fifth order lead to an outstanding description
of the proton-proton and neutron-proton scattering data from the self-consistent Granada-2013 database
below the pion production threshold, which is significantly better than for any other chiral potential. For
the first time, the chiral potentials match in precision and even outperform the available high-precision
phenomenological potentials, while the number of adjustable parameters is, at the same time, reduced by
about ∼40%. Last but not least, we perform a detailed error analysis and, in particular, quantify for the
first time the statistical uncertainties of the fourth- and the considered sixth-order contact interactions.

1 Introduction

In recent years, considerable progress has been made to-
wards developing accurate and precise nuclear forces in
the framework of chiral effective field theory (EFT), see
refs. [1, 2] for review articles and ref. [3] for a pedagogi-
cal introduction. In particular, the chiral expansion of the
two-nucleon force was pushed to fifth order (N4LO) [4]
using the heavy-baryon formulation with pions and nucle-
ons as the only explicit degrees of freedom in the effec-
tive Lagrangian. Even the dominant sixth-order (N5LO)
contributions have been worked out in ref. [5]. In paral-
lel with these developments, a new generation of chiral
nucleon-nucleon (NN) potentials up to N4LO was intro-
duced by the Bochum-Bonn [6,7] and Idaho-Salamanca [8]
groups, see also refs. [9–12] for related recent studies along
similar lines. One important difference between these po-
tentials concerns the implementation of the regulator(s).
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It was argued in ref. [6] that the usage of a local regular-
ization for the pion exchange contributions allows one to
significantly reduce the amount of finite-cutoff artefacts.
In [6,7], the one-pion exchange (OPEP) and two-pion ex-
change potentials (TPEP) were regularized in coordinate
space via

Vπ(r⃗ ) −→ Vπ,R(r⃗ ) = Vπ(r⃗ )
[
1 − exp(−r2/R2)

]n
, (1)

where the cutoff R was chosen in the range of R =
0.8 . . . 1.2 fm in line with the estimation of the breakdown
distance of the chiral expansion of ref. [13]. For the ear-
lier applications of a similar regularization scheme in the
context of nuclear chiral EFT see refs. [14, 15]. The ex-
ponent n was set n = 6, but choosing n = 5 or n = 7
was shown in ref. [6] to lead to a comparable description
of the phase shifts. For the contact interactions, a simple
Gaussian momentum-space regulator exp(−(p2 +p′2)/Λ2)
with the cutoff Λ = 2R− 1 was used. Here and in what
follows, p⃗ ′ and p⃗ denote the final and initial momenta of
the nucleons in the center of mass system. On the other
hand, Entem et al. employ in their recent study [8] the
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Accurate nuclear radii and binding energies from a chiral interaction
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M. Hjorth-Jensen,4,5 P. Navrátil,6 and W. Nazarewicz4,2,7

1Department of Physics and Astronomy, University of Tennessee, Knoxville, Tennessee 37996, USA
2Physics Division, Oak Ridge National Laboratory, Oak Ridge, Tennessee 37831, USA

3Department of Fundamental Physics, Chalmers University of Technology, SE-412 96 Göteborg, Sweden
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With the goal of developing predictive ab initio capability for light and medium-mass nuclei, two-nucleon
and three-nucleon forces from chiral effective field theory are optimized simultaneously to low-energy nucleon-
nucleon scattering data, as well as binding energies and radii of few-nucleon systems and selected isotopes
of carbon and oxygen. Coupled-cluster calculations based on this interaction, named NNLOsat, yield accurate
binding energies and radii of nuclei up to 40Ca, and are consistent with the empirical saturation point of symmetric
nuclear matter. In addition, the low-lying collective J π = 3− states in 16O and 40Ca are described accurately,
while spectra for selected p- and sd -shell nuclei are in reasonable agreement with experiment.
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We optimize !-full nuclear interactions from chiral effective field theory. The low-energy constants of the
contact potentials are constrained by two-body scattering phase shifts, and by properties of bound state of A = 2
to 4 nucleon systems and nuclear matter. The pion-nucleon couplings are taken from a Roy-Steiner analysis. The
resulting interactions yield accurate binding energies and radii for a range of nuclei from A = 16 to A = 132, and
provide accurate equations of state for nuclear matter and realistic symmetry energies. Selected excited states
are also in agreement with data.
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We present a family of nucleon-nucleon (NN) plus three-nucleon (3N) interactions up to N3LO in the 
chiral expansion that provides an accurate ab initio description of ground-state energies and charge radii 
up to the medium-mass regime with quantified theory uncertainties. Starting from the NN interactions 
proposed by Entem, Machleidt and Nosyk, we construct 3N interactions with consistent chiral order, 
non-local regulator, and cutoff value and explore the dependence of nuclear observables over a range of 
mass numbers on the 3N low-energy constants. By fixing these constants using the 3H and 16O ground-
state energies, we obtain interactions that robustly reproduce experimental energies and radii for a large 
range from p-shell nuclei to the nickel isotopic chain and resolve many of the deficiencies of previous 
interactions. Based on the order-by-order convergence and the cutoff dependence of nuclear observables, 
we assess the uncertainties due the interaction, which yield a significant contribution to the total theory 
uncertainty.

© 2020 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
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We study ground-state energies and charge radii of closed-shell medium-mass nuclei based on novel chiral
nucleon-nucleon (NN) and three-nucleon (3N) interactions, with a focus on exploring the connections between
finite nuclei and nuclear matter. To this end, we perform in-medium similarity renormalization group (IM-SRG)
calculations based on chiral interactions at next-to-leading order (NLO), N2LO, and N3LO, where the 3N
interactions at N2LO and N3LO are fit to the empirical saturation point of nuclear matter and to the triton binding
energy. Our results for energies and radii at N2LO and N3LO overlap within uncertainties, and the cutoff variation
of the interactions is within the EFT uncertainty band. We find underbound ground-state energies, as expected
from the comparison to the empirical saturation point. The radii are systematically too large, but the agreement
with experiment is better. We further explore variations of the 3N couplings to test their sensitivity in nuclei.
While nuclear matter at saturation density is quite sensitive to the 3N couplings, we find a considerably weaker
dependence in medium-mass nuclei. In addition, we explore a consistent momentum-space SRG evolution of
these NN and 3N interactions, exhibiting improved many-body convergence. For the SRG-evolved interactions,
the sensitivity to the 3N couplings is found to be stronger in medium-mass nuclei.
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In recent years local chiral interactions have been derived and implemented in quantum Monte Carlo
methods in order to test to what extent the chiral effective field theory framework impacts our knowledge of
few- and many-body systems. In this Letter, we present Green’s function Monte Carlo calculations of light
nuclei based on the family of local two-body interactions presented by our group in a previous paper in
conjunction with chiral three-body interactions fitted to bound- and scattering-state observables in the
three-nucleon sector. These interactions include Δ intermediate states in their two-pion-exchange
components. We obtain predictions for the energy levels and level ordering of nuclei in the mass range
A ¼ 4–12, accurate to ≤ 2% of the binding energy, in very satisfactory agreement with experimental data.
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Properties of Nuclei up to A= 16 using Local Chiral Interactions
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We report accurate quantum Monte Carlo calculations of nuclei up to A ¼ 16 based on local chiral two-
and three-nucleon interactions up to next-to-next-to-leading order. We examine the theoretical uncertainties
associated with the chiral expansion and the cutoff in the theory, as well as the associated operator choices
in the three-nucleon interactions. While in light nuclei the cutoff variation and systematic uncertainties are
rather small, in 16O these can be significant for large coordinate-space cutoffs. Overall, we show that chiral
interactions constructed to reproduce properties of very light systems and nucleon-nucleon scattering give
an excellent description of binding energies, charge radii, and form factors for all these nuclei, including
open-shell systems in A ¼ 6 and 12.
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Novel chiral Hamiltonian and observables in light and medium-mass nuclei
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Background: Recent advances in nuclear structure theory have led to the availability of several complementary
ab initio many-body techniques applicable to light and medium-mass nuclei as well as nuclear matter. After
successful benchmarks of different approaches, the focus is moving to the development of improved models
of nuclear Hamiltonians, currently representing the largest source of uncertainty in ab initio calculations of
nuclear systems. In particular, none of the existing two- plus three-body interactions is capable of satisfactorily
reproducing all the observables of interest in medium-mass nuclei.
Purpose: A novel parametrization of a Hamiltonian based on chiral effective field theory is introduced.
Specifically, three-nucleon operators at next-to-next-to-leading order are combined with an existing (and
successful) two-body interaction containing terms up to next-to-next-to-next-to-leading order. The resulting
potential is labeled NN+ 3N(lnl). The objective of the present work is to investigate the performance of this
new Hamiltonian across light and medium-mass nuclei.
Methods: Binding energies, nuclear radii, and excitation spectra are computed using state-of-the-art no-core
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Semilocal momentum-space regularized chiral two-nucleon
potentials up to fifth order
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Abstract. We introduce new semilocal two-nucleon potentials up to fifth order in the chiral expansion.
We employ a simple regularization approach for the pion exchange contributions which i) maintains the
long-range part of the interaction, ii) is implemented in momentum space and iii) can be straightforwardly
applied to regularize many-body forces and current operators. We discuss in detail the two-nucleon contact
interactions at fourth order and demonstrate that three terms out of fifteen used in previous calculations
can be eliminated via suitably chosen unitary transformations. The removal of the redundant contact terms
results in a drastic simplification of the fits to scattering data and leads to interactions which are much softer
(i.e., more perturbative) than our recent semilocal coordinate-space regularized potentials. Using the pion-
nucleon low-energy constants from matching pion-nucleon Roy-Steiner equations to chiral perturbation
theory, we perform a comprehensive analysis of nucleon-nucleon scattering and the deuteron properties up
to fifth chiral order and study the impact of the leading F-wave two-nucleon contact interactions which
appear at sixth order. The resulting chiral potentials at fifth order lead to an outstanding description
of the proton-proton and neutron-proton scattering data from the self-consistent Granada-2013 database
below the pion production threshold, which is significantly better than for any other chiral potential. For
the first time, the chiral potentials match in precision and even outperform the available high-precision
phenomenological potentials, while the number of adjustable parameters is, at the same time, reduced by
about ∼40%. Last but not least, we perform a detailed error analysis and, in particular, quantify for the
first time the statistical uncertainties of the fourth- and the considered sixth-order contact interactions.

• NN and 3N forces at through order N3LO, some NN 
forces available at even higher orders                                   
[cf. Epelbaum et al., Front. Phys. 8, 98 (2020) and references therein]

• local, semilocal, nonlocal regulators                                 

• with and without virtual  isobars


• need to account for correlations between LECs as well 
as observables                                                                               
[see, e.g., Reinert et al., EPJA 54, 86; Wesolowski et. al, PRC 104, 064001 and refs. 
therein]


• tensions revealed in LEC fits: e.g., optimal 3NF LECs for 
medium-mass nuclei vs. nuclear matter                                                                       
[cf. Hoppe et al., PRC 100, 024318; Hüther et al., PLB 808, 135651, …]

Δ
also see talk by 

M. Piarulli



The Similarity Renormalization Group

Review:  
S. Bogner, R. Furnstahl, and A. Schwenk, Prog. Part. Nucl. Phys. 65, 94 (2010)


E. Anderson, S. Bogner, R. Furnstahl, and R. Perry, Phys. Rev. C 82, 054001 (2011)

E. Jurgenson, P. Navratil, and R. Furnstahl, Phys. Rev. C 83, 034301 (2011)

R. Roth, S. Reinhardt, and H. H., Phys. Rev. C 77, 064003  (2008)

H. H. and R. Roth, Phys. Rev. C 75, 051001 (2007)
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Similarity Renormalization Group

• flow equation for Hamiltonian                                : 


• choose         to achieve desired behavior, e.g.,


to suppress (suitably defined) off-diagonal Hamiltonian


• consistent evolution for all observables of interest

Basic Idea
continuous unitary transformation of the Hamiltonian to band-
diagonal form w.r.t. a given “uncorrelated” many-body basis

�
��

�(�) =
�
�(�),�(�)

⇥
, �(�) =

��(�)
��
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SRG in Two-Body Space
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Induced Interactions

• SRG is a unitary transformation in A-body space


• up to A-body interactions are induced during the flow:


• state-of-the-art: evolve in three-body space, truncate 
induced four- and higher many-body forces                      
(Jurgenson, Furnstahl, Navratil, PRL 103, 082501; Hebeler, PRC 85, 021002; 
Wendt, PRC 87, 061001 )


• λ-dependence of eigenvalues is a diagnostic for size of 
omitted induced interactions
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Recent(-ish) Reviews: 
HH, Front. Phys. 8, 379 (2020)

S. Gandolfi, D. Lonardoni, A. Lovato and M. Piarulli, Front. Phys. 8, 117 (2020)

D. Lee, Front. Phys. 8, 174 (2020)

V. Somà, Front. Phys. 8, 340 (2020)


also see  
“What is ab initio in nuclear theory?”, A. Ekström, C. Forssén, G. Hagen, G. R. Jansen, W. 
Jiang, T. Papenbrock, arXiv:2212.11064

Ab Initio Many-Body Methods
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Lecture 25: Chiral EFT on the Lattice 
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Paradigms
• Coordinate Space 

• Quantum Monte Carlo


• Lattice EFT


• Configuration Space: Particle-Hole Expansions 

• Many-Body Perturbation Theory (MBPT)


• (No-Core) Configuration Interaction (aka Shell 
Model, (NC)SM) 


• Coupled Cluster (CC)


• In-Medium Similarity Renormalization Group 
(IMSRG)


• Configuration Space / Coordinate Space: 
Geometric Expansions 

• deformed HF(B) + projection


• projected Generator Coordinate Method (PGCM)


• symmetry-adapted NCSM

���� ���� ����

ε�

ε�

�

�F

active / valence space
talks by 

T. Papenbrock & G. 
Hagen

also see talk by 
J.-P. Ebran
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Consistency: Oxygen Isotopes

consistent ground-state energies for the same interaction 
(and comparable Lattice EFT action)
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IT-NCSM
MR-IMSRG(2)
VS-IMSRG(2)
CCSD
Λ-CCSD(T)
ADC(3)
Lattice EFT

HH, Front. Phys. 8, 379 (2020)



HH, Phys. Scripta, Phys. Scripta 92, 023002 (2017)

HH, S. K. Bogner, T. D. Morris, A. Schwenk, and K. Tuskiyama, Phys. Rept. 621, 165 (2016)                   

HH, S. Bogner, T. Morris, S. Binder, A. Calci, J. Langhammer, R. Roth, Phys. Rev. C 90, 
041302 (2014)

HH, S. Binder, A. Calci, J. Langhammer, and R. Roth, Phys. Rev. Lett 110, 242501 (2013)

(Multi-Reference) In-Medium 

Similarity Renormalization Group
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Large-Scale Diagonalization

• basis-size “explosion”: exponential growth 

• importance truncation etc. cannot fully compensate this 
growth as A increases

274 C. Yang et al.
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Figure 1: The characteristics of the CI projected Hamiltonian Ĥ for a variety of
nuclei.

by more than one single-particle state, and a two-body integral becomes zero when a
and b differ by more than two single-particle states, etc. This observation allows us
to determine many of the zero entries of Ĥ without evaluating the numerical integral
in (5).

Empirical evidence suggests that the probability of two randomly chosen but valid
many-body basis states sharing more than k−2 single-particle states is relatively low.
As a result, Ĥ is extremely sparse. Figure 1 shows both the growth of the matrix
dimension (|A|) with respect to Nmax and the growth of the number of nonzero
elements in Ĥ with respect to |A| for a variety of nuclei for both two-body and two-
plus three-body potentials. In practice, we observe that the number of non-zeros in Ĥ
is proportional to |A|3/2.

To compute the eigenvalues of Ĥ efficiently on a high performance parallel com-
puter, the following three issues must be addressed carefully:

1. The generation and distribution of the many-body basis states — This step
essentially determines how the matrix Hamiltonian Ĥ or ĤZ is partitioned and
distributed in subsequent calculations.

2. The construction of the sparse matrix Hamiltonian Ĥ — This step is performed
simultaneously on all processors. Each processor will construct its portion of Ĥ
defined by the many-body basis states assigned to it. Because the positions
of the nonzero elements of the Hamiltonian is not known a priori, the key to
achieving good performance during this step is to quickly identify the locations
of these elements without evaluating them numerically first.

3. The calculation of the eigenvalues and eigenvectors using the Lanczos itera-
tion — The major cost of the Lanczos iteration is the computation required to
perform sparse matrix-vector multiplications of the form y ← Ĥx, where x, y
are both vectors. Performing efficient orthogonalizations of the Lanczos basis
vectors is also an important issue to consider.

3 Parallel basis generation

Because the rows and columns of Ĥ are indexed by valid many-body basis states, the
first step of the nuclear CI calculation is to generate these states so that they can be
used to construct and manipulate matrix elements of Ĥ in subsequent calculations. It

from: C. Yang, H. M. Aktulga, P. Maris, E. Ng, J. Vary, Proceedings of NTSE-2013



H. Hergert - INT Program 23-1a - “Intersections of Nuclear Structure and High-Energy Nuclear Collisions”, INT, Seattle, Feb 13, 2023

Transforming the Hamiltonian

• reference state: single Slater 
determinant
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Decoupling in A-Body Space

goal: decouple reference state  
from excitations
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Flow Equation

d
dsH(s) =
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�
, e.g., �(s) �

�
Hd(s),Hod(s)

�

/VK

Operators

truncated at two-body level -

matrix is never constructed  

explicitly!
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Decoupling

off-diagonal couplings    
are rapidly driven to zero
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non-perturbative    
resummation of MBPT series      

(correlations)



Ê Ê Ê Ê

Ê

Ê

Ê

Ê

Ê

Ê

Ê
Ê
Ê
Ê
Ê
ÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊ‡ ‡ ‡ ‡ ‡ ‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡

10-5 10-4 10-3 10-2 10-1 100 101
-600

-580

-560

-540

-520

s

E
@M
eV
D

40Ca
E
E+MBPTH2L

Ê Ê Ê Ê

Ê

Ê

Ê

Ê

Ê

Ê

Ê
Ê
Ê
Ê
Ê
ÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊ‡ ‡ ‡ ‡ ‡ ‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡

10-5 10-4 10-3 10-2 10-1 100 101
-600

-580

-560

-540

-520

s

E
@M
eV
D

40Ca
E
E+MBPTH2L

Ê Ê Ê Ê

Ê

Ê

Ê

Ê

Ê

Ê

Ê
Ê
Ê
Ê
Ê
ÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊ‡ ‡ ‡ ‡ ‡ ‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡

10-5 10-4 10-3 10-2 10-1 100 101
-600

-580

-560

-540

-520

s

E
@M
eV
D

40Ca
E
E+MBPTH2L

Ê Ê Ê Ê

Ê

Ê

Ê

Ê

Ê

Ê

Ê
Ê
Ê
Ê
Ê
ÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊ‡ ‡ ‡ ‡ ‡ ‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡

10-5 10-4 10-3 10-2 10-1 100 101
-600

-580

-560

-540

-520

s

E
@M
eV
D

40Ca
E
E+MBPTH2L

Ê Ê Ê Ê

Ê

Ê

Ê

Ê

Ê

Ê

Ê
Ê
Ê
Ê
Ê
ÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊ‡ ‡ ‡ ‡ ‡ ‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡

10-5 10-4 10-3 10-2 10-1 100 101
-600

-580

-560

-540

-520

s

E
@M
eV
D

40Ca
E
E+MBPTH2L

Ê Ê Ê Ê

Ê

Ê

Ê

Ê

Ê

Ê

Ê
Ê
Ê
Ê
Ê
ÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊ‡ ‡ ‡ ‡ ‡ ‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡

10-5 10-4 10-3 10-2 10-1 100 101
-600

-580

-560

-540

-520

s

E
@M
eV
D

40Ca
E
E+MBPTH2L

Ê Ê Ê Ê

Ê

Ê

Ê

Ê

Ê

Ê

Ê
Ê
Ê
Ê
Ê
ÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊ‡ ‡ ‡ ‡ ‡ ‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡

10-5 10-4 10-3 10-2 10-1 100 101
-600

-580

-560

-540

-520

s

E
@M
eV
D

40Ca
E
E+MBPTH2L

Ê Ê Ê Ê

Ê

Ê

Ê

Ê

Ê

Ê

Ê
Ê
Ê
Ê
Ê
ÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊ‡ ‡ ‡ ‡ ‡ ‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡

10-5 10-4 10-3 10-2 10-1 100 101
-600

-580

-560

-540

-520

s

E
@M
eV
D

40Ca
E
E+MBPTH2L

Ê Ê Ê Ê

Ê

Ê

Ê

Ê

Ê

Ê

Ê
Ê
Ê
Ê
Ê
ÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊ‡ ‡ ‡ ‡ ‡ ‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡

10-5 10-4 10-3 10-2 10-1 100 101
-600

-580

-560

-540

-520

s

E
@M
eV
D

40Ca
E
E+MBPTH2L

���	, � = �.� ����, ��

 = �

• absorb correlations into RG-improved Hamiltonian


• reference state is ansatz for transformed, less correlated 
eigenstate:

H. Hergert - INT Program 23-1a - “Intersections of Nuclear Structure and High-Energy Nuclear Collisions”, INT, Seattle, Feb 13, 2023

Decoupling
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“standard” IMSRG: build correlations on top of 

Slater determinant (=independent-particle state)

H. Hergert - INT Program 23-1a - “Intersections of Nuclear Structure and High-Energy Nuclear Collisions”, INT, Seattle, Feb 13, 2023

Correlated Reference States

! IMSRG(2) IMSRG(3) IMSRG(4) IMSRG(5)

. . . 

Collective (aka static) correlations, e.g.

due to intrinsic deformation:
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Correlated Reference States

! MR-IMSRG(2)

. . . 

MR-IMSRG: build correlations on top of 

already correlated state (e.g., from a method that


describes static correlation well)

IMSRG

reference
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IMSRG-Improved Methods

XYZ 
define


reference

IMSRG 
evolve


operators

XYZ 
extract


observables

Could add

 self-consistency.

* mean field or 
explicitly correlated
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IMSRG-Improved Methods

XYZ 
define


reference

IMSRG 
evolve


operators

XYZ 
extract


observables
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Merging IMSRG and CI:

Valence-Space IMSRG
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Ground-State Energies

VS-IMSRG: easy 
access to odd nuclei, 

excited states

S. R. Stroberg, A. Calci, HH, J. D. Holt, S. K.Bogner, R. Roth, A. Schwenk, PRL 118, 032502 (2017) 
S. R. Stroberg, HH, S. K. Bogner, J. D. Holt, Ann. Rev. Part. Nucl. Sci. 69, 307 (2019)
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Quenching of Gamow-Teller Decays

• empirical Shell model calculations require quenching factors 
of the weak axial-vector couling 


• VS-IMSRG explains this through consistent renormalization of 
transition operator, incl. two-body currents

gA

LETTERSNATURE PHYSICS

of 2BCs in A ≤ 7 nuclei is similar to what was found in the Green’s 
function Monte Carlo calculations of ref. 26. We find a rather sub-
stantial enhancement of the 8He Gamow–Teller matrix element due 
to the 2BC. Let us mention, though, that this transition matrix ele-
ment is the smallest of those presented in Fig. 2. We note that, for the 
other Hamiltonians employed in this work, the 2BCs and 3N were 
not fit to reproduce the triton half-life; nevertheless, the inclusion of 
2BCs for most of these cases also improves the agreement with data 
for the light nuclei considered in Fig. 2 (see Supplementary Fig. 9 
for results obtained with NNLOsat and NN-N3LO + 3Nlnl). The case 
of 10C is special because the computed Gamow–Teller transition is 
very sensitive to the structure of the Jπ = 1+ state in the 10B daughter 
nucleus. Depending on the employed interaction, this state can mix 
with a higher-lying 1+ state, greatly impacting the precise value of 
this transition. We finally note that benchmark calculations between 

the many-body methods used in this work agree to within 5% for 
the large transition in 14O. For smaller transitions discrepancies can 
be larger (see Supplementary Information for details).

Historically, the most extensive evidence for the quenching 
of Gamow–Teller β-decay strength comes from medium-mass 
nuclei14,16,27, and we now show that our calculations with these 
consistent Hamiltonians and currents largely solve the puzzle here 
as well. We use the valence-space in-medium similarity renor-
malization group (VS-IMSRG) method8 (see Methods for details) 
and compute Gamow–Teller decays for nuclei in the mass range 
between oxygen and calcium (referred to as sd-shell nuclei) and 
between calcium and vanadium (lower pf-shell nuclei), focusing on 
strong transitions. Here, we highlight the NN-N4LO + 3Nlnl interac-
tion and corresponding 2BCs.

Figure 3 shows the empirical values of the Gamow–Teller tran-
sition matrix elements versus the corresponding unquenched 
theoretical matrix elements obtained from the phenomenological 
shell model with the standard Gamow–Teller στ operator and the 
first-principles VS-IMSRG calculations. Perfect agreement between 
theory and experiment is denoted by the diagonal dashed line. The 
results from the phenomenological shell model clearly exemplify 
the state of theoretical calculations for decades13–16,27; as an example, 
in the sd-shell shell, a quenching factor of q ≈  0.8 is needed to bring 
the theory into agreement with experiment14. The VS-IMSRG cal-
culations without 2BCs (not shown) exhibit a modest improvement, 
with a corresponding quenching factor of 0.89(4) for sd-shell nuclei 
and 0.85(3) for pf-shell nuclei, pointing to the importance of con-
sistent valence-space wavefunctions and operators (Supplementary 
Fig. 10). As in 100Sn, the inclusion of 2BCs yields an additional 
quenching of the theoretical matrix elements, and the linear fit of 
our results lies close to the dashed line, meaning our theoretical pre-
dictions agree, on average, with experimental values across a large 
number of medium-mass nuclei.

Another approach often used in the investigation of Gamow–
Teller quenching is the Ikeda sum-rule: the difference between the 
total integrated β−  and β+ strengths obtained with the στ∓ operator 
yields the model-independent sum-rule 3(N – Z). We have com-
puted the Ikeda sum-rule for 14O, 48Ca and 90Zr using the coupled-
cluster method (see Methods for details). For the family of EFT 
Hamiltonians used for 100Sn we obtain a quenching factor aris-
ing from 2BCs that is consistent with our results shown in Fig. 3  
and the shell-model analyses from refs. 14–16,27. (Supplementary 
Fig. 7). We note that the comparison with experimental sum-rule 
tests using charge-exchange reactions28,29 is complicated by the 
use of a hadronic probe, which only corresponds to the leading 
weak one-body operator, and by the challenge of extracting all 
strength to high energies. Here, our developments enable future 
direct comparisons.

It is the combined proper treatment of strong nuclear correla-
tions with powerful quantum many-body solvers and the consis-
tency between 2BCs and three-nucleon forces that largely explains 
the quenching puzzle. Smaller corrections are still expected to 
arise from neglected higher-order contributions to currents and 
Hamiltonians in the EFT approach we pursued, and from neglected 
correlations in the nuclear wavefunctions. For beyond-standard-
model searches of new physics such as neutrino-less double-β-
decay, our work suggests that a complete and consistent calculation 
without a phenomenological quenching of the axial-vector coupling 
gA is called for. This Letter opens the door to ab initio calculations of 
weak interactions across the nuclear chart and in stars.

Online content
Any methods, additional references, Nature Research reporting 
summaries, source data, statements of data availability and asso-
ciated accession codes are available at https://doi.org/10.1038/
s41567-019-0450-7.
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Fig. 3 | Gamow–Teller strengths in medium-mass nuclei. Comparison 
of experimental30 and theoretical Gamow–Teller matrix elements for 
medium-mass nuclei. a,b, Plots of Gamow–Teller matrix elements: sd-
shell (a) and lower pf-shell (b). Theoretical results were obtained using 
phenomenological shell-model interactions16,31 with an unquenched 
standard Gamow–Teller στ operator (open orange squares), and using the 
VS-IMSRG approach with the NN-N4LO!+!3Nlnl interaction and consistently 
evolved Gamow–Teller operator plus 2BCs (filled green diamonds). The 
linear fits show the resulting quenching factor q given in the panels, and 
shaded bands indicate one standard deviation from the average quenching 
factor. Experimental uncertainties, taken from ref. 30, are shown as vertical 
error bars.
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of 2BCs in A ≤ 7 nuclei is similar to what was found in the Green’s 
function Monte Carlo calculations of ref. 26. We find a rather sub-
stantial enhancement of the 8He Gamow–Teller matrix element due 
to the 2BC. Let us mention, though, that this transition matrix ele-
ment is the smallest of those presented in Fig. 2. We note that, for the 
other Hamiltonians employed in this work, the 2BCs and 3N were 
not fit to reproduce the triton half-life; nevertheless, the inclusion of 
2BCs for most of these cases also improves the agreement with data 
for the light nuclei considered in Fig. 2 (see Supplementary Fig. 9 
for results obtained with NNLOsat and NN-N3LO + 3Nlnl). The case 
of 10C is special because the computed Gamow–Teller transition is 
very sensitive to the structure of the Jπ = 1+ state in the 10B daughter 
nucleus. Depending on the employed interaction, this state can mix 
with a higher-lying 1+ state, greatly impacting the precise value of 
this transition. We finally note that benchmark calculations between 

the many-body methods used in this work agree to within 5% for 
the large transition in 14O. For smaller transitions discrepancies can 
be larger (see Supplementary Information for details).

Historically, the most extensive evidence for the quenching 
of Gamow–Teller β-decay strength comes from medium-mass 
nuclei14,16,27, and we now show that our calculations with these 
consistent Hamiltonians and currents largely solve the puzzle here 
as well. We use the valence-space in-medium similarity renor-
malization group (VS-IMSRG) method8 (see Methods for details) 
and compute Gamow–Teller decays for nuclei in the mass range 
between oxygen and calcium (referred to as sd-shell nuclei) and 
between calcium and vanadium (lower pf-shell nuclei), focusing on 
strong transitions. Here, we highlight the NN-N4LO + 3Nlnl interac-
tion and corresponding 2BCs.

Figure 3 shows the empirical values of the Gamow–Teller tran-
sition matrix elements versus the corresponding unquenched 
theoretical matrix elements obtained from the phenomenological 
shell model with the standard Gamow–Teller στ operator and the 
first-principles VS-IMSRG calculations. Perfect agreement between 
theory and experiment is denoted by the diagonal dashed line. The 
results from the phenomenological shell model clearly exemplify 
the state of theoretical calculations for decades13–16,27; as an example, 
in the sd-shell shell, a quenching factor of q ≈  0.8 is needed to bring 
the theory into agreement with experiment14. The VS-IMSRG cal-
culations without 2BCs (not shown) exhibit a modest improvement, 
with a corresponding quenching factor of 0.89(4) for sd-shell nuclei 
and 0.85(3) for pf-shell nuclei, pointing to the importance of con-
sistent valence-space wavefunctions and operators (Supplementary 
Fig. 10). As in 100Sn, the inclusion of 2BCs yields an additional 
quenching of the theoretical matrix elements, and the linear fit of 
our results lies close to the dashed line, meaning our theoretical pre-
dictions agree, on average, with experimental values across a large 
number of medium-mass nuclei.

Another approach often used in the investigation of Gamow–
Teller quenching is the Ikeda sum-rule: the difference between the 
total integrated β−  and β+ strengths obtained with the στ∓ operator 
yields the model-independent sum-rule 3(N – Z). We have com-
puted the Ikeda sum-rule for 14O, 48Ca and 90Zr using the coupled-
cluster method (see Methods for details). For the family of EFT 
Hamiltonians used for 100Sn we obtain a quenching factor aris-
ing from 2BCs that is consistent with our results shown in Fig. 3  
and the shell-model analyses from refs. 14–16,27. (Supplementary 
Fig. 7). We note that the comparison with experimental sum-rule 
tests using charge-exchange reactions28,29 is complicated by the 
use of a hadronic probe, which only corresponds to the leading 
weak one-body operator, and by the challenge of extracting all 
strength to high energies. Here, our developments enable future 
direct comparisons.

It is the combined proper treatment of strong nuclear correla-
tions with powerful quantum many-body solvers and the consis-
tency between 2BCs and three-nucleon forces that largely explains 
the quenching puzzle. Smaller corrections are still expected to 
arise from neglected higher-order contributions to currents and 
Hamiltonians in the EFT approach we pursued, and from neglected 
correlations in the nuclear wavefunctions. For beyond-standard-
model searches of new physics such as neutrino-less double-β-
decay, our work suggests that a complete and consistent calculation 
without a phenomenological quenching of the axial-vector coupling 
gA is called for. This Letter opens the door to ab initio calculations of 
weak interactions across the nuclear chart and in stars.
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Fig. 3 | Gamow–Teller strengths in medium-mass nuclei. Comparison 
of experimental30 and theoretical Gamow–Teller matrix elements for 
medium-mass nuclei. a,b, Plots of Gamow–Teller matrix elements: sd-
shell (a) and lower pf-shell (b). Theoretical results were obtained using 
phenomenological shell-model interactions16,31 with an unquenched 
standard Gamow–Teller στ operator (open orange squares), and using the 
VS-IMSRG approach with the NN-N4LO!+!3Nlnl interaction and consistently 
evolved Gamow–Teller operator plus 2BCs (filled green diamonds). The 
linear fits show the resulting quenching factor q given in the panels, and 
shaded bands indicate one standard deviation from the average quenching 
factor. Experimental uncertainties, taken from ref. 30, are shown as vertical 
error bars.

NATURE PHYSICS | www.nature.com/naturephysics

P. Gysbers et al., Nature Physics 15, 428 (2019) 
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Transitions
N. M. Parzuchowski, S. R. Stroberg et al., PRC 96, 034324 

S. R. Stroberg, HH, S. K. Bogner, J. D. Holt, Ann. Rev. Part. Nucl. Sci. 69, 307 (2019) 
S. R. Stroberg et al. PRC 105, 034333 (2022

• B(E2) much too small: missing collectivity due to intermediate 
3p3h, … states that are truncated in IMSRG evolution (static 
correlation)

N. M. PARZUCHOWSKI et al. PHYSICAL REVIEW C 96 , 034324 (2017)

FIG. 6. Convergence of the first 2+ excitation energy and B(E2)
(in e2 fm4) to ground state of 14C. VS- and EOM-IMSRG methods
[columns (b) and (c) respectively] are compared with NCSM [column
(a)] and experiment [78].

converged values. Hence the utility of the IMSRG:
For light nuclei such as 14C, convergence is obtainable
without extrapolation, and for heavier nuclei, we expect to
be able to identify convergence trends clearly enough to make
extrapolation procedures relatively painless compared to the
prohibitively large uncertainties one would incur when exact
methods such as NCSM are used. Of course, the effect of the
additional NO2B approximation must be fully investigated.

As a final test in the p shell, we analyze the isobaric
neighbor nucleus 14N. Here the EOM-IMSRG requires the use
of a charge-exchange formalism, i.e., ladder operators which
exchange one neutron for a proton. Figure 7 displays the 01

+

FIG. 7. Convergence of 01
+ excitation energy, B(M1) (in µ2

N ) to
ground state, and magnetic dipole moment of 14N. VS- and EOM-
IMSRG methods [columns (b) and (c) respectively] are compared
with NCSM [column (a)] and experiment [77,83].

FIG. 8. Results of EOM-IMSRG(2,2) and VS-IMSRG(2) calcu-
lations of the 21

+ excitation energy (a), and the B(E2; 21
+ → 01

+)
value (b) for several closed-shell nuclei in the sdand pf shells. Due
to experimental values that vary by several orders of magnitude, the
B(E2) values are scaled such that experiment is unity. Computations
are performed at h̄ω = 20 MeV and emax = 12. Experimental results
are taken from [78].

excitation energy for 14N, the ground-state magnetic dipole
moment, and the M1 transition strengths B(M1; 01

+ → 11
+)

and B(M1; 12
+ → 01

+). The agreement among methods is
moderate, with the exception of the transition B(M1; 01

+ →
11

+) to the ground state. We note that this relatively weak
transition, which is an analog of the Gamow-Teller β decay
of 14C, was found to result from a subtle cancellation between
various contributions [62,84], so that small errors on an
absolute scale appear large on a relative scale. Regardless,
the disagreement between VS-IMSRG and EOM-IMSRG will
be investigated in the future.

D. sd and f p shell systems

Ultimately, the power of IMSRG approaches to excited
states and effective operators will be the ability to describe
these properties in medium- to heavy-mass regions where
exact methods are not computationally tractable. In this section
we investigate the quality of these calculations for several
medium-mass nuclei, again using the electric quadrupole and
magnetic dipole operators as case studies.

1. Electric quadrupole observables

Figure 8 displays the first 2+ excitation energies and
B(E2; 21

+ → 01
+) strengths for several nuclei in the sdand

pf shells. We find excellent convergence properties, as we did
in the p shell, and we see reasonable agreement with experi-
ment for the excitation energies. However, transition strengths
are generally underpredicted by an order of magnitude. These
results are strikingly consistent between the two methods. A
tentative explanation for the diminished strength in 22O and
48Ca is provided by the lack of valence protons. In order to
describe the transition in these nuclei, valence neutrons must be
dressed consistently as quasineutrons possessing an effective
charge.

034324-8
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Calcium Isotopes

“parabola” explained 

by sd-pf configuration 
mixing in Shell model:


static correlation

HH, Front. Phys. 8, 379 (2020)



Capturing Collective Correlations: 

In-Medium Generator Coordinate 
Method

J. M. Yao, A. Belley, R. Wirth, T. Miyagi, C. G. Payne, S. R. Stroberg, HH, J. D. Holt, 
PRC 103, 014315 (2021)

J. M. Yao, B. Bally, J. Engel, R. Wirth, T. R. Rodriguez, HH, PRL 124, 232501 (2020)

J. M. Yao, J. Engel, L. J. Wang, C. F. Jiao, H. H., PRC 98, 054311 (2018)

HH, J. M. Yao, T. D. Morris, N. M. Parzuchowski, S. K. Bogner and J. Engel, J. Phys. 
Conf. Ser. 1041, 012007 (2018)



Application to deformed nuclei: AMg

The B(E2 : 0+
1 ! 2+

1 ) are nicely reproduced, even though the radii are
systematically underestimated by 6% as expected from the interaction.
The excitation energies of 2+

1 states are systematically overestimated, while the
evolution trend is reproduced excellently.

J. M. Yao FRIB/MSU MR-IMSRG for Deformed Nuclei May 12, 2019 14 / 44

H. Hergert - INT Program 23-1a - “Intersections of Nuclear Structure and High-Energy Nuclear Collisions”, INT, Seattle, Feb 13, 2023

Magnesium Isotopes

• note improvement of rms radius trend from IM-GCM


• global shifts (and/or rotation around “pivot”) often associated with 
cutoff dependence of interactions

J. M. Yao, HH, in preparation
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Magnesium Isotopes

• much improved B(E2) values compared to standard GCM or VS-
IMSRG calculations: IM-GCM captures dynamical and static 
correlations!

Application to deformed nuclei: AMg

The B(E2 : 0+
1 ! 2+

1 ) are nicely reproduced, even though the radii are
systematically underestimated by 6% as expected from the interaction.
The excitation energies of 2+

1 states are systematically overestimated, while the
evolution trend is reproduced excellently.

J. M. Yao FRIB/MSU MR-IMSRG for Deformed Nuclei May 12, 2019 14 / 44

J. M. Yao, HH, in preparation
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Magnesium Isotopes

• induced 2B quadrupole operator is small (~5%), contrary to typical 
VS-IMSRG (~50%): GCM reference equips operator basis with better 
capability to capture collectivity

Application to deformed nuclei: AMg

The B(E2 : 0+
1 ! 2+

1 ) are nicely reproduced, even though the radii are
systematically underestimated by 6% as expected from the interaction.
The excitation energies of 2+

1 states are systematically overestimated, while the
evolution trend is reproduced excellently.

J. M. Yao FRIB/MSU MR-IMSRG for Deformed Nuclei May 12, 2019 14 / 44

J. M. Yao, HH, in preparation

O = O(1) →
s→∞

O(s) = O(1)(s) + O(2)(s) + …
induced contributions
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Collectivity in Magnesium Isotopes

• Caution: occupation numbers are not observables, interpret with 
care (scale/scheme dependence)!


• For low-resolution interactions, the (no-core) IM-GCM and Shell 
Model interpretations of 32Mg are qualitatively the same: two 
neutrons are excited from the sd- into the pf shell.

Application to deformed nuclei: AMg

The ground state is dominated by the configuration with two neutrons excited from
0d3/2 across N = 20 shell to 0f7/2 and 1p3/2, respectively.
Caution: the interpretation of the occupation numbers (eigenvalues of one-body
density).

J. M. Yao FRIB/MSU MR-IMSRG for Deformed Nuclei May 12, 2019 15 / 44

Application to deformed nuclei: AMg

The ground state is dominated by the configuration with two neutrons excited from
0d3/2 across N = 20 shell to 0f7/2 and 1p3/2, respectively.
Caution: the interpretation of the occupation numbers (eigenvalues of one-body
density).

J. M. Yao FRIB/MSU MR-IMSRG for Deformed Nuclei May 12, 2019 15 / 44

J. M. Yao, HH, in preparation
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Perturbative Enhancement of IM-GCM
M. Frosini et al., EPJA  58, 64 (2022)

• s-dependence is a built-in diagnostic tool for IM-GCM (not 
available in phenomenological GCM)

• if operator and wave function offer sufficient degrees of freedom, 

evolution of observables is unitary 

• need richer references and/or IMSRG(3) for certain observables

also see talk  
by J.-P. Ebran
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IM-GCM:  Decay of 48Ca0νββ

• richer GCM state through cranking


• consistency between IM-GCM and IM-NCSM
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J. M. Yao et al., PRL 124,  232501 (2020); HH, Front. Phys. 8, 379 (2020) 
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Application: 0⌫�� from 48Ca to 48Ti (preliminary results)

The value from Markov-chain
Monte-Carlo extrapolation is
M0⌫ = 0.61+0.05

�0.05
The neutron-proton isoscalar pairing
fluctuation quenches ⇠17% further,
which might be canceled out partially
by the isovector pairing fluctuation.

J. M. Yao FRIB/MSU Ab initio calculation of deformed nuclei 26 / 33

 Decay of 48Ca0νββ

• NME from different methods consistent for consistent interactions 
& transition operators 
(A. Belley et al., PRL 126, 042502, S. Novario et al., PRL 126, 182502) 


• interpretation and features differ from empirical approaches (e.g., 
only weak correlation between NME and B(E2) value)

J. M. Yao et al., PRL 124,  232501 (2020); PRC 103, 014315 (2021)

not the full  
story yet: improve IMSRG 

truncations, additional GCM 
correlations, include 


currents, … 



H. Hergert - INT Program 23-1a - “Intersections of Nuclear Structure and High-Energy Nuclear Collisions”, INT, Seattle, Feb 13, 2023

Cluster Structures: 8Be
Application to deformed nuclei: 8Be

Chiral Interaction: SRG softened NN from Entem & Machleidt with 3NF from chiral EFT.
K. Hebeler et al PRC (2011)

J. M. Yao FRIB/MSU MR-IMSRG for Deformed Nuclei May 12, 2019 9 / 44

J. M. Yao, R. Wirth, HH, in progress

HFB potential energy surface
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Application to deformed nuclei: 8Be

Starting from the spherical
reference state and the
energy-minimum deformed
state, the IMSRG(2) is
converged to different
solutions.

J. M. Yao FRIB/MSU MR-IMSRG for Deformed Nuclei May 12, 2019 10 / 44

Application to deformed nuclei: 8Be

E2 transition in GCM/IMSRG/6/2 calculation (ref.: �2 = 0.8)

B(E2 : 2+
1 ! 0+

1 ) = 5.77e2fm4, Rm = 2.27 fm (bare operator)

B(E2 : 2+
1 ! 0+

1 ) = 8.76e2fm4 , Rm = 2.54 fm (evolved operator)

J. M. Yao FRIB/MSU MR-IMSRG for Deformed Nuclei May 12, 2019 11 / 44

0+
2

0+
1
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Cluster Structures: 8Be
J. M. Yao, R. Wirth, HH, in progress

• Spherical and prolate references flow towards different 0+ states. 

• Consistent with IM-NCSM:

• prolate reference: ground state and excited 2+ state

• spherical reference: first excited 0+ 

Exp.       Nmax=4    Nmax=2       IM-GCM

                  IM-NCSM              ("2=0.8)      Pr

el
im
in
ar
y



Looking Ahead 
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Goals

• precision nuclear physics

• structure of (exotic and stable) nuclei with complex 

deformations: shape coexistence, clustering, halos, …

• inputs for fundamental symmetry programs: neutrinoless 

double beta decay, EDMs / Schiff moments, beta decay 
for unitarity tests… 


• explore opportunities with heavy ion collisions 

• caveat: needs careful assessment of scale and scheme 
dependences


• Uncertainty Quantification / Sensitivity Analysis 

• identify strongly constraining nuclear observables (usually 
difficult to compute) 


• need surrogate models/emulators (model reduction)
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Surrogate Models

and αj. The number of higher-order indices grow exponen-
tially with the number of parameters in the model.
Fortunately, it is possible to compute the sum of all
sensitivity indices for each αi, i.e., STi ¼ Si þ Sij þ
Sijk þ # # #. This is referred to as the total effect, and it
quantifies the total sensitivity of Var½Y% to parameter αi,
including all of its higher-order parameter combinations
[42]. We always have STi ≥ Si and equality for purely
additive models. In this analysis, we do not calibrate the
model to reproduce data. We study the behavior and
response of the model itself, and we assume all LECs to
be independent of each other and uniformly distributed.
In future studies, one could draw LECs from a Bayesian
posterior distribution.
Figure 3 shows the results from the GSA of the 16O

energy and radius using a SPCC(64) chiral NNLO
Hamiltonian. To limit the model response of the energy
and radius to a physically reasonable interval, we sample a
LEC domain corresponding to 10% variation around the
NNLOsat values only. The LEC cE is still scaled with a
factor of 20. The MC sample size required for carrying out
a reliable GSA depends on (i) the complexity of the
model, and (ii) the number of parameters in the model. We
have to use ð16þ 1Þ × 216 ¼ 1 114 112 quasi-MC sam-
ples to extract statistically significant main and total
effects of the energy and radius for all LECs. With
SPCC(64), this took about one hour on a standard laptop
computer, while an equivalent set of exact CCSD com-
putations would require 20 years. We find that 58(1)% of
the variance in the energy can be attributed to the leading-
order LEC C̃3S1 and that all main and total effects are

nearly identical, which signals that the energy is nearly
additive in all LECs. We would like to point out that C̃3S1 is
directly proportional to the deuteron binding energy.
However, to calibrate realistic nuclear interactions
requires additional data, partly from heavier-mass nuclei;
see, e.g., Ref. [20]. For the radius, the main effects are
distributed across several LECs, and they differ from the
total effects. Indeed, second-order correlations between
the LECs are responsible for almost 14% of the variance in
the radius. This result also reflects the challenge, and
importance, of optimizing chiral NNLO Hamiltonians to
reproduce radii of medium-mass atomic nuclei and,
consequently, saturation properties of nuclear matter.
Our analysis also reveals that the energy and radius of
16O are not sensitive to the short-range parts of the three-
nucleon interaction in this domain. Of the long-range πN
LECs, c1;3;4, only c4 exhibits a non-negligible main effect
for the energy and radius. This LEC contributes to the
tensor force in the nucleon-nucleon interaction. As
expected, only P-wave LECs with large spin weights
contribute to the 16O wave function. There also seems to
be a larger sensitivity of the radius to the isospin-breaking
terms in the interaction. Constraining the πN LECs to
within the limits of the recent Roy-Steiner analysis [43]
does not alter the sensitivity pattern or our conclusions.
The GSA results guide future uncertainty reduction efforts
for specific observables by identifying noninfluential
LECs, which is also useful for, e.g., calibration. The
SPCC method will significantly leverage statistical com-
putation for analyzing correlations between different
observables in different nuclei across the Segrè chart.

FIG. 3. (Left panel) Main and total effects (in %) for the ground-state energy (left bar) and charge radius (right bar) in 16O, grouped per
LEC. The main and total effects were computed from ð16þ 1Þ × 216 ¼ 1 114 112 quasi-MC evaluations of the SPCC(64) Hamiltonian.
The vertical lines on each bar indicate bootstrapped 95% confidence intervals. A larger sensitivity value implies that the corresponding
LEC is more critical for explaining the variance in model output. (Right panels) Histograms of (top panel) the ground-state energy and
(bottom panel) charge radius from which the total variances are decomposed.

PHYSICAL REVIEW LETTERS 123, 252501 (2019)

252501-4

Sensitivity of 16O ground-state energy to variations of chiral LECs 

(through NNLO) [Ekström & Hagen, PRL 123, 252501]

Emulators from eigenvector continuation: 
D. Frame et al., PRL 121, 032501 (2017); S. König et al., PLB 810, 135814 (2018); …

“Reviews” of model reduction for nuclear physicists: 
E. Bonilla et al., PRC 106, 054322 (2022); J. Melendez et al., JPG 49, 102001 (2022)
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The Horizon

• predictive ab initio theory with systematic uncertainties 
& convergence to exact result


• expanding capabilities: spectra, radii, transitions, 
clustering, bridge to dynamics /reactions…


• scalable techniques and codes: from day-to-day data 
analysis  to leadership calculations
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Postdoctoral Position @ FRIB

• focus: extensions of IMSRG Framework and applications 
(incl. fundamental symmetries)


• broad portfolio of nuclear theory research @ FRIB, great 
opportunities for collaboration


• 2 years (+ possible renewal)


• Contact me: hergert@frib.msu.edu … 


• … or apply directly at https://careers.msu.edu/en-us/job/
513047/research-associatefixed-term


• review of applications has started on Jan 30th, but will 
continue until position is filled 


• Please encourage suitable candidates to apply!

mailto:hergert@frib.msu.edu
https://careers.msu.edu/en-us/job/513047/research-associatefixed-term
https://careers.msu.edu/en-us/job/513047/research-associatefixed-term
https://careers.msu.edu/en-us/job/513047/research-associatefixed-term
mailto:hergert@frib.msu.edu
https://careers.msu.edu/en-us/job/513047/research-associatefixed-term
https://careers.msu.edu/en-us/job/513047/research-associatefixed-term
https://careers.msu.edu/en-us/job/513047/research-associatefixed-term
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Factorized Interactions

• O(10) operators, O(100) particles, but O(108-1012) flow equations, 
basis dimension… there must be redundancy


• NN interaction: 5-10 SVD components (short range)


• Coulomb interaction: less well-behaved, but ~25-30 components 
sufficient (long range, no explicit scale)

VNN

VC

B. Zhu, R. Wirth, HH, PRC 104, 044002 (2021)



H. Hergert - INT Program 23-1a - “Intersections of Nuclear Structure and High-Energy Nuclear Collisions”, INT, Seattle, Feb 13, 2023

Factorized Interactions

• NN interaction: free-space SRG evolution in component 
form (IMSRG not yet)

• (3N interaction added to produce realistic binding / radii)


• free-space SRG effort and storage reduced by several 
orders of magnitude

B. Zhu, R. Wirth, HH, PRC 104, 044002 (2021)
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Factorized Interactions

• implementing factorized SRG flow has no adverse affect 
on other observables / expectation values

B. Zhu, R. Wirth, HH, PRC 104, 044002 (2021)
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SVD for Many-Body Calculation

• Magnus-IMSRG:  




• SVD reveals that  
has a low rank

U(s) = eΩ(s)

Ω(s)

Pr
el
im
in
ar
y

Pr
el
im
in
ar
y

Pr
el
im
in
ar
y






EM1.8/2.0

16O
emax = 10






EM1.8/2.0

16O
emax = 10

, , EM1.8/2.016O emax = 10
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Compression with Random Projections

• tensorial (= modewise) 
Johnson-Lindenstrauss 
embeddings


• purely based on 
features of (sparse) big 
data sets - integrate with 
physics-based ideas?


• suitable for streaming 
transforms: compress on 
the fly while reading from 
disk

A. Zare, R. Wirth, C. Haselby, HH, M. Iwen, arXiv:2211.01315

EM1.8/2.0 NN+3N, MBPT(2), ctot < 10−3
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Emulating IMSRG Flows

Pearson coefficient: 

p = cov(HDMD, HIMSRG)
σDMD σIMSRG

HDMD(s) vs. HIMSRG(s)

J. Davison, J. Crawford, S. Bogner, HH, in preparation

Dynamic Mode Decomposition 
emulator “learns” all flowing 
operator coefficients from 
snapshots!

EM(500) N3LO, λ = 2.0 fm−1

E(
s)

[M
eV

]

s [MeV−1]



• pairing plus particle-hole model - 3 parameters + flow


• “naive” framework built for chiral LECs, but needs more optimization 
(more model reduction before DMD, etc.)


• (still) ambitious by trying to predict full operators, could focus on 
observables (zero-body part of evolving operators) only
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Parametric DMD
J. Davison, J. Crawford, S. Bogner, HH, in preparation


