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HADRONIC MOLECULES

are few-hadron states, bound by the strong force
do exist: light nuclei.
e.g. deuteron as pn & hypertriton as Λd bound state
are located typically close to relevant continuum threshold;
e.g., for EB = m1 + m2 − M and γ =

√
2µEB

Edeuteron
B = 2.22 MeV (γ = 45 MeV)

Ehypertriton
B = (0.13 ± 0.05) MeV (to Λd) (γ = 13 MeV)

can be identified in observables (Weinberg compositeness):

g2
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µ
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where (1 − λ2)=probability to find molecular component in
bound state wave function

Are there mesonic molecules?
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How can one disentangle the different structures?
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DISCLAIMERS AND OUTLINE
The method presented is ’diagnostic’ — especially,

it does not allow for conclusions on the binding force;

it allows one only to study individual states;

quantitative interpretation gets lost when states get bound too deeply
(’uncertainty’ ∼ Rγ)

To go beyond tailor made effective field theories needed

In this talk I present how unitarized ChPT can be applied to

Goldstoneboson D meson scattering =⇒ D∗
s0(2317), D∗

0(2300) ...

DD∗ scattering =⇒ Tcc(3875)

to allow for simultaneous study of experimental and lattice data to
eventually reveal the nature of the states
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PART 1: ONE CHARM QUARKExample: Strange-Charm states
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Quark Modell: M. Di Pierro and E. Eichten, PRD 64 (2001) 114004

Note: decay modes of D∗
s0(2317) and Ds1(2460) either D

(∗)
s π or D

(∗)
s γ → narrow

Lecture series onExotic MesonsPart I: Effective Field theories and their application to Ds(2317) – p. 10/20

S=0, I=1/2 S=1, I=0

Quark Modell: M. Di Pierro and E. Eichten, PRD 64 (2001) 114004

Puzzles:

Why are/is

1 M(Ds1)&M(D∗
s0) so

light?

2 M(Ds1)−M(D∗
s0)

≃ M(D∗)−M(D)?

3 M(D∗
0) ≃ M(D∗

s0)?
M(D1) ≃ M(Ds1)?

The solution provides crucial information about the nature of these states
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HEAVY LIGHT SYSTEMS
Tool: Unitarized chiral perturbation theory

Truong, Dorado, Pelaez, Kaiser, Weise, Oller, Oset, Lutz, Kolomeitsev, Guo, Meißner, C.H., ...

π/K/η–D/Ds scattering in ChPT to NLO unitarized (6 Parameter)

fit LECs to lattice data for a(S,I)
Dxϕ

in selected channels Liu et al. PRD87(2013)014508
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controlled quark
mass dependence
Fit range up to
Mπ = 500 MeV
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INTERPRETATION A LA WEINBERG

D∗
s0(2317): a= eff

g
eff

g +O(1/β) ≃ −
(

2(1−λ2)
2−λ2

)
1
γ

=⇒ a = −(1.05±0.36) fm for molecule (λ2=0); smaller otherwise
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−
a
γ

pure molecule
Liu et al., PRD 87 (2013) 014508
Martinez Torres et al., JHEP 05 (2015) 153; data: Lang et al., PRD 90 (2014) 034510
RQCD, PRD 96 (2017) 074501
HadSpec, JHEP 02 (2021) 100

Various lattice studies show
under binding

study a γ (removes Eb dep.)

All analyses consistent with
purely molecular D∗

s0(2317)
(analogous for Ds1(2460))
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EXP. TEST: HADRONIC WIDTHHadronic width

prediction from UChPT without lattice data
prediction from UChPT using lattice data

predictions from various non-molecular approaches
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Measurement of width is decisive, if D∗
s0 is molecular or not

Experiment needs very high resolution → PANDA

Lecture series onExotic MesonsPart I: Effective Field theories and their application to Ds(2317) – p. 19/20

Genuine contribution:

EXP. TEST: HADRONIC DECAYS

mass differences, e.g.
mD+−mD0=∆mq+∆me.m. = ((2.5±0.2)+(2.3±0.6)) MeV
π0 − η mixing −→ parameters fixed

Isospin breaking scattering amplitude
e.g. KD → π0Ds predicted

Exp. Test: Hadronic decays
Faessler et al. PRD76(2007)014005; Lutz, Soyeur NPA813(2008)14; Guo et al., PLB666 (2008)251

Isospin breaking (drives decay) via quark masses and charges

The same effective operators lead to

→ mass differences, e.g.
⊲ mD+−mD0=∆mq+∆me.m. = ((2.5±0.2)+(2.3±0.6)) MeV
⊲ π0 − η mixing −→ parameters fixed

→ Isospin breaking scattering amplitude
⊲ e.g. KD → π0Ds predicted
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Specific for

molecules!
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Specific for molecules:

EXP. TEST: HADRONIC DECAYS

mass differences, e.g.
mD+−mD0=∆mq+∆me.m. = ((2.5±0.2)+(2.3±0.6)) MeV
π0 − η mixing −→ parameters fixed

Isospin breaking scattering amplitude
e.g. KD → π0Ds predicted

Exp. Test: Hadronic decays
Faessler et al. PRD76(2007)014005; Lutz, Soyeur NPA813(2008)14; Guo et al., PLB666 (2008)251
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Specific for

molecules!
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F.K. Guo et al., PLB666(2008)251; L. Liu et al. PRD87(2013)014508; X.Y. Guo et al., PRD98(2018)014510
and, e.g., P. Colangelo and F. De Fazio, PLB570(2003)180

Width very sensitive to D∗
s0 molecular component

Experiment needs very high resolution → PANDA

Predict MB∗
s0
= 5722 ± 14 MeV and various decays Fu et al., EPJA58(2022)70

Next: Study multiplet structure from GB-D-meson scattering

[k
eV

]
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THE S = 0 SECTOR
Keeping parameters fixed one gets:

Albaladejo et al., PLB767(2017)465; Lattice: Moir et al. [Had.Spec.Coll.] JHEP10(2016)011
Fits directly to these data: Z. H. Guo et al., EPJC 79(2019)13; M. F. M. Lutz et al., PRD106(2022)114038Poles for

Mπ≃391 MeV: (2264, 0) MeV [000] & (2468,113) MeV [110]
Mπ=139 MeV: (2105,102) MeV [100] & (2451,134) MeV [110]

Questions cq̄ nature of lowest lying 0+ D state, D∗
0(2300)
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POLE STRUCTURE FROM LATTICE STUDY
Lattice study reported only bound state pole Moir et al. [Had.Spec.Coll.] JHEP10(2016)011

Second pole was present, but location depends on amplitude model
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Pole locations on RS221

DsK threshold
From HadSpec K-matrix

UChPT

Fig. 2 The location of poles on sheet RS221 on the complex energy
plane. The 𝑥-axis and 𝑦-axis show the real and imaginary part of
energy, respectively. The poles from the amplitude parametrizations
employed in Ref. [23] are shown in yellow. The pole from the UChPT
amplitude [18] is shown in green [14]. The vertical blue line represents
the 𝐷𝑠𝐾̄ threshold. The error bars show the 1𝜎 statistical uncertainty.

fit was performed. Table 3 shows the pole values found from
the search with the corresponding sheets from the different
amplitude parametrizations. The 1𝜎 uncertainties of the pole
values were calculated by the bootstrap method.
Graphically the poles on RS221 are displayed in Fig. 2.

In the following we focus the discussion on this sheet, since
this is the one where the UChPT amplitude has its most
prominent higher 𝐷∗

0 pole at physical [15] as well as the
unphysical meson masses employed in the lattice study [14].
The plots of the pole locations of the higher pole for the
different parametrizations on the other Riemann sheets are
shown in the Appendix. Table 4 gives the location of the
corresponding two particle thresholds.
Figure 2 and Fig. 10 in the Appendix and Table 3 clearly

show two important features of the poles extracted from dif-
ferent parametrizations: (𝑖) There is a significant correlation
between real part and imaginary part of the poles, and the
location of the pole extracted from the UChPT analysis is in
line with that correlation. (𝑖𝑖) All poles are located on hidden
sheets, which are the sheets that are not directly connected
to the physical sheet. For example, the RS221 poles are well
above the 𝐷𝑠𝐾̄ threshold. Thus they are all shielded by the
RS222 sheet and their effect on the amplitude can hardly
be seen above the 𝐷𝑠𝐾̄ threshold. As we discuss in the fol-
lowing, both features together guide one to an understanding

that there indeed needs to be a second pole in an amplitude
that describes the lattice data and that it is natural that the
original analysis performed on the lattice data lead to badly
constrained pole locations.

2.2 Residues and Threshold distance

A resonance is characterized by the pole location, tradition-
ally parametrized as
√
𝑠𝑝 = 𝑀 − 𝑖Γ/2. (13)

Please note that the parameters 𝑀 and Γ, derived from the
pole location, agree to those found e.g. in the BW fits only
for narrow, isolated resonances — for details see the review
on resonances in Ref. [8]. Equally fundamental resonance
properties are provided by the pole residues. A pole-residue
quantifies the couplings of the resonance to the various chan-
nels. The residues of a pole located at 𝑠 = 𝑠𝑝 are defined as

𝑅𝑖 𝑗 = lim
𝑠→𝑠𝑝

(𝑠 − 𝑠𝑝)𝑇𝑖 𝑗 (𝑠). (14)

The residues can be easily obtained using the L’Hôpital rule
to compute the limit:

𝑅𝑖 𝑗 =

(
𝑑

𝑑𝑠
𝑇−1
𝑖 𝑗

)−1
𝑠=𝑠𝑝

. (15)

Since the residues factorize according to 𝑅2𝑖 𝑗 = 𝑅𝑖𝑖𝑅 𝑗 𝑗
one can define an effective coupling via

𝑔𝑟𝑖 = 𝑅𝑖 𝑗/
√︁
𝑅 𝑗 𝑗 , (16)

which has dimension [mass]. The index 𝑟 is meant to dis-
tinguish the residues from the parameters 𝑔𝑖 that appear in
the 𝐾-matrix in Eq. (2). The couplings 𝑔𝑟𝑖 characterize the
transition strengths of the resonance to the channel. Those
residues can also be extracted from production reactions and
are independent of how the resonance was produced.
Since the poles of interest here are hidden, their effect

on the physical axis is visible only at the thresholds irre-
spective of their exact pole locations. Moreover, the visible
effect in the amplitude on the physical axis from a pole on
a hidden sheet close to the threshold with a small residue
is in fact hardly distinguishable from a faraway pole with a
large residue. We regard this ambiguity as the most natural
explanation for the large spread in the pole locations found
in the analysis of the lattice data reported above.
To test this hypothesis, we now study the strengths of

the residues as functions of the distance of the poles to the
threshold. Clearly, there is some ambiguity in how to quantify
the distance from the threshold. Since the channel couplings
also drive the size of the imaginary part of the pole location
and we want to avoid counting the effect of those couplings

2

by the Hadron Spectrum Collaboration in Ref. [23] reported
only one 𝐷∗

0 state just below the 𝐷𝜋 threshold, with the
pion mass of about 391 MeV. In this paper, we will discuss
whether the higher 𝐷∗

0 pole is consistent with the lattice
data, and propose a 𝐾-matrix formalism constrained with
the SU(3) flavor symmetry that can be used in analyzing
coupled-channel lattice data.

2 Analysis of the Amplitude from the Lattice study

In Ref. [23] lattice data for the strangeness zero, isospin-1/2
channel at a pion mass of about 391MeVwere presented and
analyzed with a sizable set of 𝐾-matrix parametrizations of
the kind

𝐾𝑖 𝑗 =

(
𝑔 (0)𝑖 + 𝑔 (1)𝑖 𝑠

) (
𝑔 (0)𝑗 + 𝑔 (1)𝑗 𝑠

)
𝑚2 − 𝑠 + 𝛾 (0)𝑖 𝑗 + 𝛾 (1)𝑖 𝑗 𝑠, (2)

where 𝑖 and 𝑗 label the different reaction channels and 𝑚,
𝑔 (𝑛)𝑖 and 𝛾 (𝑛)𝑖 𝑗 are real parameters to be determined in the fit
to the lattice data. From this, the 𝑇-matrix for the 𝑆-wave
coupled-channel (𝐷𝜋-𝐷𝜂-𝐷𝑠𝐾̄) scattering is given by

𝑇 (𝑠) = −16𝜋 𝑇𝐾 (𝑠), (3)

with 𝑇𝐾 (𝑠) defined as

𝑇−1
𝐾 (𝑠)𝑖 𝑗 = 𝐾−1 (𝑠)𝑖 𝑗 +

(
𝐼 (𝑖)CM (𝑠) − 𝐼

(𝑖)
CM (𝑚2)

)
𝛿𝑖 𝑗 , (4)

where the second term on the right-hand side contains the
Chew-Mandelstam function, subtracted at the 𝐾-matrix pole
parameter 𝑚. It is given by

𝐼 (𝑖)CM (𝑠) =
𝜌𝑖 (𝑠)
𝜋
log

[
𝜉𝑖 (𝑠) + 𝜌𝑖 (𝑠)
𝜉𝑖 (𝑠) − 𝜌𝑖 (𝑠)

]

−𝜉𝑖 (𝑠)
𝜋

𝑚 (𝑖)
2 − 𝑚 (𝑖)

1

𝑚 (𝑖)
1 + 𝑚 (𝑖)

2

log
𝑚 (𝑖)
2

𝑚 (𝑖)
1

, (5)

with

𝜉𝑖 (𝑠) = 1 −

(
𝑚 (𝑖)
1 + 𝑚 (𝑖)

2

)2
𝑠

, (6)

𝜌2𝑖 (𝑠) = 𝜉𝑖 (𝑠)
(
1 − (𝑚 (𝑖)

1 − 𝑚 (𝑖)
2 )2

𝑠

)
, (7)

where 𝑚 (𝑖)
1 and 𝑚

(𝑖)
2 are the masses of the two particles in

channel 𝑖 and 𝑠 is the centre-of-mass (c.m.) energy squared.
The imaginary part of 𝑇−1

𝐾 (𝑠)𝑖 𝑗 is then given by the phase-
space factor −𝛿𝑖 𝑗 𝜌 𝑗𝜃

(√
𝑠 − 𝑚 (𝑖)

1 − 𝑚 (𝑖)
2

)
, which automati-

cally ensures the unitarity of the 𝑆-matrix.
The nine parametrizations presented in Ref. [23] differed

by the set of parameters that was allowed to vary in the course
of the fit. The parameters present in the different amplitudes
along with their reduced 𝜒2 values from energy level fits
performed in Ref. [23] are given in Table 1.

Fig. 1 Illustration for the sheet labeling in the case of two channels.

2.1 Pole Search

The 𝑇-matrix is analytic over the whole complex energy
plane except for poles and branch cuts along the real axis
due to kinematic (right-hand cuts) and dynamic singulari-
ties (left-hand cuts). Dynamic singularities (left-hand cuts)
are associated with the interactions in the crossed channels.
Since those are usually distant, one assumes that their ef-
fect can be captured by polynomial terms allowed in the
parametrization of the 𝐾-matrix used. Right-hand cuts start
from branch points that appear whenever a channel opens.
Accordingly, at each threshold the number of Riemann sheets
of the complex energy (or 𝑠) plane gets doubled. Thus,
the three-channel case studied here leads to eight Riemann
sheets. The sheets are labeled as shown in Table 2, where the
thresholds are arranged with increasing energies 1 = 𝐷𝜋,
2 = 𝐷𝜂 and 3 = 𝐷𝑠𝐾̄ . For illustration we show in Fig. 1 the
analogous labeling for two channels. See Fig. 3 of Ref. [24]
for the three-channel case.
The poles correspond to bound states or resonances de-

pending on their location on the Riemann sheets. Bound
states correspond to poles on the physical sheet below the
lowest threshold energy and resonances are poles in the com-
plex plane of the unphysical sheets (in addition there are
virtual state poles, located on the real axis of unphysical
sheets, but those do not play a role in this work). The poles
on the sheets closest to the physical sheet have the strongest
influence on the scattering amplitude. In the current nota-
tion sheets RS211, RS221, and RS222 would be directly
connected to the physical sheet, i.e., RS111, above the re-
spective thresholds (c.f. Fig. 1). The poles of the 𝑇-matrix
are given by the zeroes of the determinant of the matrix in
Eq. (4), i.e.,

det
(
𝐾−1 (𝑠) + (𝐼CM (𝑠) − 𝐼CM (𝑚2))

)
= 0. (8)

The unphysical sheets can be accessed by adding the dis-
continuity across the branch cut to Eq. (4). Via the Schwarz
reflection principle the discontinuity across the branch cut is

The poles were on hidden on sheet
A. Asokan et al., [arXiv:2212.07856 [hep-ph]]

Distance to threshold balanced by size
of residue V. Baru et al.,EPJA23(2005)523

Explains correlation between Re(pole) and Im(pole)

.
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SU(3) STRUCTURE
Albaladejo et al., PLB767(2017)465

m(x) = mphy + x(m − mphy)
mϕ = 0.49 GeV; MD = 1.95 GeV

SU(3) analysis

• In the SU(3) limit, irreps: 3⊗ 8 = 15⊕ 6⊕ 3

• Evolution of the two poles from the physical to the SU(3) symmetric case

Feng-Kun Guo (ITP) Charmed meson sspectrum 12.07.2018 9 / 21

Multiplets: [3]⊗[8]=[15]⊕[6]⊕[3]SU(3) analysis

• In the SU(3) limit, irreps: 3⊗ 8 = 15⊕ 6⊕ 3

• Evolution of the two poles from the physical to the SU(3) symmetric case

Feng-Kun Guo (ITP) Charmed meson sspectrum 12.07.2018 9 / 21

with [15] repulsive,
[6] attractive,
[3] most attractive

3 poles give observable effect with SU(3)-breaking on
At SU(3) symmetric point mϕ ≃ 490 MeV: 3 bound and 6 virtual states
The light Dπ state is the multiplet member of D∗

s0(2317)

=⇒ MD∗
s0(2317) − MD∗

0 (2100) = 217 MeV
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SU(3) STRUCTURE

SU(3) analysis

• In the SU(3) limit, irreps: 3⊗ 8 = 15⊕ 6⊕ 3

• Evolution of the two poles from the physical to the SU(3) symmetric case

Feng-Kun Guo (ITP) Charmed meson sspectrum 12.07.2018 9 / 21

Albaladejo et al., PLB767(2017)465

Lattice shows repulsion in [15]
as predicted in UChPT

States in [6] found in UChPT and lattice: Hofmann and Lutz, NPA733(2004)142

S = −1

SU(3) analysis (2)

• Virtual state (S, I) = (−1, 0) DK̄ from lattice HadSpec, JHEP02(2021)100

Mπ = 138 MeV        Mπ = 239 MeV        Mπ = 391 MeV2000
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DK̄ threshold
Albaladejo et al., PLB 767 (2017) 465
UCHPT postdiction
HadSpec, JHEP 02 (2021) 100

Feng-Kun Guo (ITP) Exotic hadrons from an EFT perspective 12.08.2022 18 / 28

S = 0: Lattice shows evidence for pole in [6] @Mπ ≈ 600 MeV
in line with UChPT prediction Gregory et al., [arXiv:2106.15391 [hep-ph]]+Lüscher analysis.

Quark Model: [3]⊗ [1] = [3] — the [6] is absent
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OBSERVABLE: B− → D+π−π−

With the ϕD amplitude fixed we can calc. production reactions:
Du et al., PRD98(2018)094018; for more results see Du et al., PRD99(2019)114002

Fit to LHCb data (2) Du et al., arXiv:1712.07957 [hep-ph]

• S-wave: use the coupled-channel (1: Dπ; 2 : Dη; 3 : DsK̄) amplitudes with all

parameters fixed before

• For the production vertex:

soft pion: pseudo-Goldstone boson; fast pion: matter field M

b→ c ūd ⇒ spurion field: H =




0 0 0

1 0 0

0 0 0


, t ≡ uHu†

Leff = B̄
[
c1 (uµtM +Mtuµ) + c2 (uµM +Muµ) t+ c3 t (uµM +Muµ) +

c4 (uµ〈Mt〉+M〈uµt〉) + c5 t〈Muµ〉+ c6〈(Muµ + uµM) t〉
]
∂µD†

where uµ = i
[
u†(∂µ − irµ)u+ u(∂µ − ilµ)u†

]
, u = eiλaφa/(2F )

Feng-Kun Guo (ITP) Charmed meson sspectrum 12.07.2018 13 / 21

for the S-wave (two free para.);
other partial waves from BW-fit

Fit to LHCb data (3) Du et al., arXiv:1712.07957

〈P0〉 ∝ |A0|2 + |A1|2 + |A2|2 ,

〈P2〉 ∝
2

5
|A1|2 +

2

7
|A2|2 +

2√
5
|A0||A2| cos(δ2 − δ0) ,

〈P13〉 ≡ 〈P1〉 −
14

9
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3
|A0||A1| cos(δ1 − δ0)
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• The S-wave Dπ well described using our amplitudes with pre-fixed LECs (the

same as before)

• Fast variation in [2.4, 2.5] GeV in 〈P13〉: cusps at Dη and DsK̄ thresholds

Feng-Kun Guo (ITP) Charmed meson sspectrum 12.07.2018 14 / 21

LHCb, PRD94(2016)072001

⟨P0⟩ ∝ |A0|2+|A1|2+|A2|2 , ⟨P2⟩ ∝ 2
5 |A1|2+ 2

7 |A2|2+ 2√
5
|A0||A2| cos(δ2−δ0)

⟨P13⟩ ≡ ⟨P1⟩ − 14
9 ⟨P3⟩ ∝ 2√

3
|A0||A1| cos(δ1 − δ0)
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Dπ S-WAVE FROM B− → D+π−π−

Effect of thresholds enhanced, by pole at
√

sp ∼ (2451 − i134) MeV

on nearby unphysical sheet

Slide 12 21



LIGHTEST CHARMED SCALAR
35Where is the lowest charm-strange meson?

Du, Guo, Hanhart, Kubis, UGM, Phys.Rev.Lett. 126 (2021) 192001 [2012.04599]
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• Precise analysis of the LHCb data
on B− → D+π−π− using UChPT
and Khuri-Treiman eq’s (3-body unit.) → next slide

Aaji et al. [LHCb], Phys. Rev. D 94 (2016) 072001

• Breit-Wigner description not appropriate
for the S-wave but UChPT and the
dispersive analysis are!

• First determination of the Dπ phase shift

• The lowest charm-strange meson is located at:
(
2105+6

−8 − i 102+10
−11

)
MeV

• Recently confirmed by Lattice QCD!
Cheung et al. [HadSpec], JHEP 02 (2021) 100 [2008.06432]

BW withD?0(2300)

– Ulf-G. Meißner / Ch. Hanhart, Two-pole structures in QCD – PDG, CERN, Nov. 2022 –

Mass of lightest charmed JP = 0+ state:

BW with m = 2300 MeV incompatible
with data

UChPT with
(2105 ± 8 − i102 ± 11) MeV
is compatible Du et al., PRL126(2021)192001

Low mass confirmed by Lattice QCD
(2196 ± 64 − i210 ± 110) MeV
at Mπ = 239 MeV HadSpec, JHEP07(2021)123

Analogous picture for JP = 1+
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CHARMED STATESExample: Strange-Charm states

*

D

DK

D K

2.1

2.3

2.5

2.7

1.9

M
as

s 
[G

eV
]

1.9

2.1

2.3

2.5

2.7

π

2
+ +

1
P−

1
+ +−

00 0
−

1
+−

0 2
+

J1

D

Ds

D∗(2007)

D∗
s

D1(2420)

Ds1(2535)

Ds1(2460)

D∗
2(2460)

D∗
s2(2573)

D∗
0(2300)

D1(2430)

D∗
s0(2317)

Jlight =
(

1
2

)+

Jlight =
(

3
2

)+

Jlight =
(

1
2

)−

Quark Modell: M. Di Pierro and E. Eichten, PRD 64 (2001) 114004

Note: decay modes of D∗
s0(2317) and Ds1(2460) either D

(∗)
s π or D

(∗)
s γ → narrow

Lecture series onExotic MesonsPart I: Effective Field theories and their application to Ds(2317) – p. 10/20

S=0, I=1/2 S=1, I=0

Quark Modell: M. Di Pierro and E. Eichten, PRD 64 (2001) 114004

Puzzles solved:

1 M(Ds1)&M(D∗
s0) are

DK and D∗K bound
states

2 M(Ds1)−M(D∗
s0)

≃ M(D∗)−M(D),
since spin symmetry
gives equal binding

3 States with
strangeness heavier
M(D∗

0) = 2100 MeV
M(D∗

s0) = 2317 MeV

M(D1) = 2247 MeV
M(Ds1) = 2460 MeV

... role of left-hand cuts needs to be clarified
Lutz et al., PRD106(2022)114038; Korpa et al., PRD107(2023)L031505
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PART 2: TWO CHARM QUARKS: [Tcc(3875)]
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Figure 1: Distribution of D0D0⇡+ mass. Distribution of D0D0⇡+ mass where the contribu-
tion of the non-D0 background has been statistically subtracted. The result of the fit described
in the text is overlaid.

The function is built under two assumptions. Firstly, that the newly observed state has
quantum numbers JP = 1+ and isospin I = 0 in accordance with the theoretical expecta-
tion for the T+

cc ground state. Secondly, that the T+
cc state is strongly coupled to the D⇤D

channel. The derivation of FU relies on the isospin symmetry for T+
cc! D⇤D decays

and explicitly accounts for the energy dependency of the T+
cc! D0D0⇡+, T+

cc! D0D+⇡0

and T+
cc! D0D+� decay widths as required by unitarity. Similarly to the FBW profile,

the FU function has two parameters: the peak location mU, defined as the mass value where
the real part of the complex amplitude vanishes, and the absolute value of the coupling
constant g for the T+

cc! D⇤D decay.
The detector mass resolution, R, is modelled with the sum of two Gaussian functions

with a common mean, and parameters taken from simulation, see Methods. The widths
of the Gaussian functions are corrected by a factor of 1.05, that accounts for a small
residual di↵erence between simulation and data [39,104,105]. The root mean square of
the resolution function is around 400 keV/c2.

A study of the D0⇡+ mass distribution for selected D0D0⇡+ combinations in the region
above the D⇤0D+ mass threshold and below 3.9 GeV/c2 shows that approximately 90% of all

3

The known facts about Tcc+

● Peak right below the

<latexit sha1_base64="+uea4vKX1LjzA7bMQjqkyB4WQfc=">AAAB+HicdVDLSgMxFM3UV62Pjrp0EyyCq5KU0seu6MZlBfuAdiiZTNqGZjJDkhHq0C9x40IRt36KO//GTFtBRQ9c7uGce8nN8WPBtUHow8ltbG5t7+R3C3v7B4dF9+i4q6NEUdahkYhU3yeaCS5Zx3AjWD9WjIS+YD1/dpX5vTumNI/krZnHzAvJRPIxp8RYaeQWKR36RMEELlswckuojBDCGMOM4HoNWdJsNiq4AXFmWZTAGu2R+z4MIpqETBoqiNYDjGLjpUQZTgVbFIaJZjGhMzJhA0slCZn20uXhC3hulQCOI2VLGrhUv2+kJNR6Hvp2MiRmqn97mfiXN0jMuOGlXMaJYZKuHhonApoIZinAgCtGjZhbQqji9lZIp0QRamxWBRvC10/h/6RbKeNauXpTLbUu13HkwSk4AxcAgzpogWvQBh1AQQIewBN4du6dR+fFeV2N5pz1zgn4AeftE+jrkqE=</latexit>

ccūd̄

arXiv: 2109.01038 [hep-ex]LHCb: 

<latexit sha1_base64="VIcjf/9yQy96eciehNFlKf092kA=">AAAB8nicdVDLSgMxFM3UV62vqks3wSKIQklK6WNXtAuXFewDptOSSTNtaOZBkhHK0M9w40IRt36NO//GTFtBRQ9cOJxzL/fe40aCK43Qh5VZW9/Y3Mpu53Z29/YP8odHHRXGkrI2DUUoey5RTPCAtTXXgvUiyYjvCtZ1p9ep371nUvEwuNOziDk+GQfc45RoI9nNQXJxOYfNAYLDfAEVEUIYY5gSXK0gQ+r1WgnXIE4tgwJYoTXMv/dHIY19FmgqiFI2RpF2EiI1p4LNc/1YsYjQKRkz29CA+Ew5yeLkOTwzygh6oTQVaLhQv08kxFdq5rum0yd6on57qfiXZ8faqzkJD6JYs4AuF3mxgDqE6f9wxCWjWswMIVRycyukEyIJ1SalnAnh61P4P+mUirhSLN+WC42rVRxZcAJOwTnAoAoa4Aa0QBtQEIIH8ASeLW09Wi/W67I1Y61mjsEPWG+fj/yQKA==</latexit>

D⇤+D0 threshold

● Breit-Wigner fit arXiv: 2109.01038 [hep-ex]

<latexit sha1_base64="emecvyzQT4KIcLDwlk98+IZTH0c="></latexit>

mBW = 273 ± 61 ± 5+11
14 keV

BW = 410 ± 165 ± 43+18
38 keV

!  D! spectra: ~ 90% of the D0D0!+ events 

<latexit sha1_base64="VBOFqy4joDghm3pKkTt8pzJEuWk="></latexit>

T+
cc ! D0D⇤+ ! D0D0⇡+/D0D+⇡0

<latexit sha1_base64="lLJV79ZmemKINr7+2vwNX1Niwjo="></latexit>

D⇤+ = 83.4 keV
<latexit sha1_base64="IsDDL88it8Y8IYIjG+qe/VuJc7Y=">AAACCHicdVDLSgMxFM3UV62vqksXBosgCmVSSh+7UgVdVrAPaGvJpGkbmswMSUYowyzd+CtuXCji1k9w59+Y6QNU9MCFk3PuJfcex+dMadv+tBJLyyura8n11Mbm1vZOenevobxAElonHvdky8GKcubSumaa05YvKRYOp01nfB77zTsqFfPcGz3xaVfgocsGjGBtpF76sHOJhcC9sNqMOsMhXDwvbsPTsyiCvXTGztq2jRCCMUHFgm1IuVzKoRJEsWWQAXPUeumPTt8jgaCuJhwr1Ua2r7shlpoRTqNUJ1DUx2SMh7RtqIsFVd1wekgEj43ShwNPmnI1nKrfJ0IslJoIx3QKrEfqtxeLf3ntQA9K3ZC5fqCpS2YfDQIOtQfjVGCfSUo0nxiCiWRmV0hGWGKiTXYpE8LiUvg/aeSyqJDNX+czleo8jiQ4AEfgBCBQBBVwBWqgDgi4B4/gGbxYD9aT9Wq9zVoT1nxmH/yA9f4F1bqZPg==</latexit>

BW D⇤+⇒ Expected to be the opposite!

⇒ JP = 1+
S-wave

— Significance 10 *
— bound state  4.3 *

22

R. Aaij et al. [LHCb], Nature Phys.18(2022)751

no signal in D+D∗+

=⇒ isoscalar
∼ 100%: D0D∗+ → D0[D0π+]

=⇒ D∗+ building block
Width from D∗ decay

=⇒ ΓTcc<ΓD∗ : phase sp.
only lower bound for g2

=⇒ |r0| ∝ 1/g2 small
no other inelasticities

Excellent candidate for a molecular state!

!-D+D+

0-0.36-5.9 1.4 MeV3.8
Tcc+

Goals of our study 

!+D0D0 !+D0D+                                     D0D*+     D+D*0

-5.6

3-body  cuts open ~ 6 MeV below the D0D*+ threshold

●

Study the properties of Tcc+ with full two- and three body unitarity ⇒
3-body cut stems from one-pion exchange (OPE) and self energies in the Green funct.⇒
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FIG. 4. Diagrams contributing to the ⌥(10860) ! �B(⇤)B̄(⇤)

decay amplitude: diagrams (a), (b1) and (b2) (in the first
line) form a gauge invariant subset of tree level contribu-
tions, while diagrams (c1), (c2), (d) and (e) correspond to a
gauge invariant subset of contributions at the one-loop level.
The vertex in diagrams (a) and (d) comes from gauging the

⌥(10860) ! B(⇤)B̄(⇤) vertex; the photon vertices in (b1),
(b2), (c1) and (c2) are from gauging the kinetic terms of the
heavy mesons. The diagram (d) is needed to account for
gauging the regulator used in the loops and for a nonpoint-
like character of the amplitude in the final state.

TABLE II. Ratios of the coupling constants, �
(J++)
↵ , respon-

sible for the production of the WbJ states in the radiative
decays ⌥(10860) ! �WbJ .

BB̄(1S0) B⇤B̄⇤(1S0) BB̄⇤(3S1, +) B⇤B̄⇤(5S2)

1 1/
p

3 2
p

20/3

(a coupled-channel version of this relation is provided in
Ref. [? ]). In the heavy quark limit the functions A
and B do not depend on the channel. Moreover, since
the momentum dependence of the functions A(p↵) and
B↵(p↵) is controlled by the left-hand cuts of the produc-
tion operator and the scattering amplitude, respectively,
we expect that near thresholds both are well approxi-
mated by constants, which are also independent of the
channel in the heavy quark limit. Based on this one can
predict the ratios of the partial widths for di↵erent de-
cay channels of the WbJ ’s, up to spin symmetry violating
corrections.

It is proposed in Ref. [? ] that the most prominent
production mechanism for the Zb states in the ⌥(10860)
and ⌥(11020) decays involves B0

1B̄ or B0B̄ intermediate

states, with B0 and B0
1 being the broad members of the

quadruplet of the positive P -parity B mesons. If this
proposal is correct, the decay mechanism through the
B(⇤)B̄(⇤) pairs considered above will give only a small
contribution. However, it should be stressed that the
mechanism proposed in Ref. [? ] should not change the
line shapes but only the total rate of the production cross
sections, which is not a subject of the current study.

B. Coupled-channel system

The set of the allowed quantum numbers for the
B(⇤)B̄(⇤) system is encoded in the basis vectors quoted
in Eq. (??). Inclusion of the OPE interaction enables
transitions to the D and even G waves [? ].

For a given set JPC the system of the partial-wave-
decomposed coupled-channel Lippmann-Schwinger-type
equations reads

T↵� = V e↵
↵� �

X

�

ˆ

d3q

(2⇡)3
V e↵
↵� G�T��

T↵�(M, p, p0) = V e↵
↵� (p, p0) (62)

�
X

�

ˆ

d3q

(2⇡)3
V e↵
↵� (p, q)G�(M, q)T��(M, q, p0),

where ↵, �, and � label the basis vectors defined in
Eq. (??), the e↵ective potential is defined by Eq. (??),
and the scattering amplitude T↵� is related with the in-
variant amplitude M↵� as

T↵� = � M↵�p
(2m1,↵)(2m2,↵)(2m1,�)(2m2,�)

, (63)

with m1,↵ and m2,↵ (m1,� and m2,�) being the masses

of the B(⇤) mesons in the channel ↵ (�). The two-body
propagator for the given set JPC takes the form

G� =
�
q2/(2µ�) + m1,� + m2,� � M � i✏

��1
, (64)

where the reduced mass is

µ� =
m1,�m2,�

m1,� + m2,�
. (65)

It is convenient to define the energy Ei relative to a par-
ticular threshold, namely,

M = 2m + E1 ⌘ m + m⇤ + E2 ⌘ 2m⇤ + E3. (66)

Finally, to render the loop integrals well defined we
introduce a sharp ultraviolet cuto↵ ⇤ which needs to
be larger than all typical three-momenta related to the
coupled-channel dynamics. For the results presented be-
low we choose ⇤ = 1 GeV but we also address the prob-
lem of the renormalisability of the resulting EFT and es-
timate and discuss the theoretical uncertainty from the
cuto↵ variation.

on shell ⇒ 3-body 

Predict HQSS partners of Tcc

●

Faddeev-type 3-body Eqs.
VB et al. PRD84 2011

Du et al. e-Print: 2110.13765 [hep-ph]

25

T+cc

δ
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EFT FOR DOUBLY HEAVY STATES
Schemes currently proposed (only initial work cited)

Contact EFT: no pions AlFiky et al., PLB640(2006)238

X -EFT: pert. pions Fleming et al., PRD76(2007)034006

chiral EFT: non.-pert. pions Baru et al., PRD84(2011)074029

largest energy range of applicability
Pion dynamics fully under control

=⇒ use this in what follows
Thus we solve LS-equation Du et al., PRD105(2022)014024

T = V + VGT with VLO =

Calculation scheme

C0

3S1 3S1+

OPE

3S1
3D1

3S1
3D1

VLO = →  
<latexit sha1_base64="mFjzUTs5LD7frB8AcX4jl2MNPsU=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gVUY9BLx4j5AXZZemddJIhsw9mZgNhyZ948aCIV//Em3/jJNmDJhY0FFXddHeFqeBKO863VdrY3NreKe9W9vYPDo/s45O2SjLJsMUSkchuCAoFj7GluRbYTSVCFArshOOHud+ZoFQ8iZt6mqIfwTDmA85AGymw7WaQeyDSEVAvRA2zwK46NWcBuk7cglRJgUZgf3n9hGURxpoJUKrnOqn2c5CaM4GzipcpTIGNYYg9Q2OIUPn54vIZvTBKnw4SaSrWdKH+nsghUmoahaYzAj1Sq95c/M/rZXpw5+c8TjONMVsuGmSC6oTOY6B9LpFpMTUEmOTmVspGIIFpE1bFhOCuvrxO2lc196Z2/XRdrd8XcZTJGTknl8Qlt6ROHkmDtAgjE/JMXsmblVsv1rv1sWwtWcXMKfkD6/MHU4STeQ==</latexit>

T↵�

D⇤+
D0, p̄(p)

⇡+

D0, p(p̄)

=
D⇤+

D0, p̄(p)

⇡+

D0, p(p̄)

⇥ �

D⇤+

D0

D⇤+
D0, p̄(p)

⇡+

D0, p(p̄)

⇥ �

D⇤0

D+

D⇤+
D0, p̄(p)

⇡+

D0, p(p̄)

⇥
<latexit sha1_base64="zR8BSk4w1lQ1peTiPjnODmYaA+M=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9lIUY9FLx4rtLXQLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVlLWoEkp3QmKY4JK1LLeCdRLNSBwK9hCOb2f+wxPThivZtJOEBTEZSh5xSqyT2s1+hvG0X674VX8OtEpwTiqQo9Evf/UGiqYxk5YKYkwX+4kNMqItp4JNS73UsITQMRmyrqOSxMwE2fzaKTpzygBFSruSFs3V3xMZiY2ZxKHrjIkdmWVvJv7ndVMbXQcZl0lqmaSLRVEqkFVo9joacM2oFRNHCNXc3YroiGhCrQuo5ELAyy+vkvZFFV9Wa/e1Sv0mj6MIJ3AK54DhCupwBw1oAYVHeIZXePOU9+K9ex+L1oKXzxzDH3ifPwzjjsw=</latexit>

T11

<latexit sha1_base64="EXDENyoO5psd7NdETA219TUD77E=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSoh6JXjxiAgsJbEi3dKHSbTdt14Rs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eMTX8tUEdomkkvVDbGmnAnaNsxw2k0UxXHIaSec3M39zhNVmknRMtOEBjEeCRYxgo2V/NYgq3mzQbniVt0F0DrxclKBHM1B+as/lCSNqTCEY617npuYIMPKMMLprNRPNU0wmeAR7VkqcEx1kC2unaELqwxRJJUtYdBC/T2R4VjraRzazhibsV715uJ/Xi810U2QMZGkhgqyXBSlHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/XldeLXqt5Vtf5QrzRu8ziKcAbncAkeXEMD7qEJbSDwCM/wCm+OdF6cd+dj2Vpw8plT+APn8wcOaY7N</latexit>

T21

! Production amplitude:

! Only two parameters to be fitted to the D0D0!+  mass spectrum: C0  and overall Norm

! LO potential:

27

employing the expansion parameter χ =
√

2µδ/Λχ ≈ 0.05

@ LO : One free parameter (for each cut off) → Width fixed by mass

@ NLO: Energy dep. counter terms + loops
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RESULTS AND DISCUSSIONFit to the D0D0!+  mass spectrum
w/o resolution with resolution

13

TABLE II. The pole position of the T+
cc relative to the D⇤+D0 threshold and the Riemann sheet (RS) where

the pole is located in each scheme (see the text for details).

Scheme I II III

Description No 3-body e↵ects: Incomplete 3-body e↵ects: full 3-body e↵ects:

No OPE, static D⇤ width No OPE, dynamical D⇤ width OPE + dynamical D⇤ width

Pole [keV] �368+43
�42 � i(37 ± 0) �333+41

�36 � i(18 ± 1) �356+39
�38 � i(28 ± 1)

�2 0.79 0.74 0.71

TABLE III. The pole position of the T+
cc relative to the D⇤+D0 threshold and the Riemann sheet (RS) where

the pole is located in each scheme (see the text for details).

Scheme I II III

Description 2-body unitarity: Incomplete 3-body unitarity: full 3-body unitarity:

No OPE, static D⇤ width No OPE, dynamical D⇤ width OPE + dynamical D⇤ width

Pole [keV] �368+43
�42 � i(37 ± 0) �333+41

�36 � i(18 ± 1) �356+39
�38 � i(28 ± 1)

�2 0.79 0.74 0.71

TABLE IV. E↵ective couplings extracted as indicated in Eq. (30). Note that in Schemes II and III, the
couplings are complex, with non-zero imaginary parts, although much smaller than the corresponding real
parts.

Scheme I II III

gD⇤+D0(S) 1.03 ± 0.03 (1.00 ± 0.03) � i(0.01 ± 0.00) (1.03 ± 0.02) � i(0.01 ± 0.01)

gD⇤0D+(S) �1.03 ± 0.03 (�1.00 ± 0.03) + i(0.01 ± 0.00) (�0.99 ± 0.02) + i(0.01 ± 0.01)

g
(I=0)
D⇤D (S) �1.45 ± 0.04 (�1.42 ± 0.03) + i(0.01 ± 0.00) (�1.43 ± 0.03) + i(0.02 ± 0.00)

g
(I=1)
D⇤D (S) 0.00 ± 0.00 (0.00 ± 0.00) + i(0.00 ± 0.00) (�0.03 ± 0.00) + i(0.00 ± 0.00)

g
(I=0)
D⇤D (D) — — (0.02 ± 0.00) + i(0.00 ± 0.00)

g
(I=1)
D⇤D (D) — — (�0.00 ± 0.00) + i(0.00 ± 0.00)

its position can be accessed through the analytic continuation of the self-energy [? ],

⌃ijk(M, p, µ) !

8
<
:
�⌃ijk(M, p, µ), ImM < 0 & Re

⇣
M � mi � mj � mk � p2

2µ

⌘
> 0,

⌃ijk(M, p, µ), ImM < 0 & Re
⇣
M � mi � mj � mk � p2

2µ

⌘
< 0,

(32)

with ⌃ijk defined in Eq. (26). Then, in the energy range near the T+
cc pole, the D0D0⇡+ and

D+D0⇡0 channels are on their unphysical RSs while the D+D+⇡� is on its physical RS.

A comment on the role played by the three-body dynamics in the T+
cc is in order here. As

mentioned above, the imaginary part of the pole can be treated as half of the T+
cc width. It is,

therefore, instructive to notice that neglecting the three-body dynamics due to the finite life time

of the D⇤ one overestimates the T+
cc width by up to a factor of 2 (compare the imaginary parts of

the pole positions for Schemes I and II quoted in Table III). This shift is partially overcome once

also the three-body cut is included in the scattering potential. If after neglecting the three-body

e↵ects, one employs the static approximation for the OPE, together with a constant width of the

D⇤, the half width of the T+
cc would turn out to be around 70 keV thus overestimating the full

The width of Tcc+: 56 keV
remove

OPE
36 keV

remove

dynam.width 74 keV

Neglecting 3-body unitarity: static OPE + constant width yields  140 keV

<latexit sha1_base64="Wes/y4bnTR0U4sdL/Adro9mvl5w="></latexit>

LHCb = 48 ± 2+0
14 keV

—too bad 28

Precision needs 3 body dynamics (problem: experimental resolution)
r = −2.4 ± 0.01 ± 0.85 fm, but r0 = +1.38 ± 0.01 ± 0.85 fm

=⇒ T+
cc qualifies as isoscalar DD∗ molecule
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LATTICE STUDY
We here focus on a DD∗ Lüscher analysis @ Mπ = 280 MeV

Padmanath & Prelovsek, PRL129(2022)032002

Then D∗ is stable (Mπ > ∆M = MD∗ − MD) → cut structure:

right-hand three-body cuts
right-hand two-body cut
left-hand cut

2

FIG. 1. Cut structure of the D∗D system: Perpendicular
blue lines indicate the right-hand cuts, while the horizontal
red line indicates the left-hand cut. The perpendicular green
wavy line indicates the two-body cut.

sheet [13].

Amongst the many exotic candidates, the Tcc is of par-

ticular interest, since for physical pion masses it acquires

its width only from the DDπ channel, while for pion

masses slightly larger that can be studied e.g. using lat-

tice QCD and chiral effective field theories, it is stable

with respect to the strong interaction. Accordingly, while

for the physical pion mass the DDπ cut is located below

the DD∗ threshold, at higher pion masses it is located

above. In the latter case the pion exchange induces a

second cut (indicated as the horizontal red line in Fig. 1)

as will be discussed in the next section — this so called

left-hand cut (lhc) is in the focus of this work. Since the

locations of its branch points are connected to the range

of the potential, while the discontinuity depends on its

strength, the cut is also called dynamical cut [14].

For the Tcc there are now three studies available using

lattice QCD, namely Refs. [15–17]. While the first two

use the Lüscher method to extractD∗D phase shifts δ(E)

at mπ = 280 and 350 MeV, respectively, the last one uses

the method of the HAL-QCD collaboration: Here first

a D∗D scattering potential is extracted which is then

used to calculate the phase shifts. The phase shifts are

connected to the scattering matrix via

T (E) =
1

p cot (δ(E))− ip
(1)

A pole of the T -matrix thus appears for

p cot(δ) = ip . (2)

Below the threshold the momentum p gets imaginary for

real energies, with i|p| (−i|p|) for the first (second) sheet.
Poles below the lowest production threshold on the real

s-axis are called bound states or virtual states, if they

are located on the first or second sheet, respectively. To

exploit the phase-shifts extracted from the lattice studies

of Refs. [15–17], p cot(δ) was parametrized by the first

. ...(a) mπ > ∆M (b) mπ < ∆M

FIG. 2. Sketch of the locations of the various branch cuts in
the complex s plane for mπ=280 MeV, (a), and the physical
pion mass, (b), employing the color coding of Fig. 1: The
left-hand cut in red, the D∗D cuts in green and the DDπ
three-body cut in blue. The black dots show typical locations
for the Tcc poles: They can appear as a pair of virtual states
or a resonance in case (a) (only the former is shown) and is a
resonance in case (b).

two terms of the effective range expansion (ERE)1,

p cot(δ) =
1

a
+

1

2
rp2 . (3)

The radius of convergence of the effective range expan-

sion is set by the location of the nearest singularity. For

the studies of relevance here, this is the left-hand cut, as

will be discussed below.

II. CUT STRUCTURE OF THE D∗D
AMPLITUDE

In line with the available lattice setting employed for an

analysis of the D∗D system, we work in the isospin limit.

Then the Tcc(3875) is a pure isoscalar state. The relevant

degrees of freedom for its description are D∗D and DDπ

introducing two-body and three-body branchpoints into

the amplitude, respectively. For physical pion masses, pi-

ons contribute to theD∗D dynamics in two ways, namely

to the D∗ self-energy and to the D∗D scattering poten-

tial. Both induce right-hand cuts to the amplitude, which

are shown as the right and left blue line in Fig. 1, respec-

tively. The part of the pion propagator embedded in the

three-body system that generates this cut can be written

as [19–22]

Gπ(E,k
′,k)−1 = E−2MD−

k2+k′2

2MD
−ωπ(q) (4)

where E denotes the total energy and k (k ′) the incom-

ing (outgoing) D∗D relative momentum in the overall

center-of-mass system. The pion energy in the intermedi-

ate state is ωπ(q)=
√
m2
π + q2, where q=p ′−p. Since for

1 If one of the scattering particles is unstable, the ERE needs to
performed around the complex branch point connected to the
two-body channels [18].

Left-hand cut appears as new non-analyticity very near-by
=⇒ Study its impact on pole extraction

M. L. Du et al., [arXiv:2303.09441 [hep-ph]]

We take lattice data above lhc for granted! lattice with lhc: Raposo and Hansen, PoS LATTICE2022(2023)051
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RESULTS AND DISCUSSION
From unitarity one gets T (E)=− (2π/µ)1/ (p cot (δ(E))− ip)
Often employed: Taylor expansion (effective range expansion (ERE))

p cot (δ(E)) = 1/a + (r/2)p2 =⇒ Epole=−9.9 MeV [(p/EDD∗)2=− 0.001]

-����� ����� ����� �����

-����

����

����

����

����

����

(�/���*)
�

�
�
�
�(
δ
)/
�
�
�
*

green dashed: Re(ip)/EDD∗

< 0: first sheet;
> 0: second sheet

black dashed:
location of left-hand cut (lhc)

gray band (line): (best) ERE fit

However, lhc sets radius of convergence for ERE
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IMPROVED ANALYSIS

= +
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D⇤ <latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤ <latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤

<latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D
<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D
<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D
<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D
<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D

<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D
<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D

<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D

<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D

<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D

<latexit sha1_base64="+WYBA/W7XJVStx+ftjNAkzuyEJw=">AAACJHicbVBNS8NAEN34bepHq0cvwSJ4Kq2I9lgrgkdFW4UmlM122i5udsPupFhCfoJX/Qf+Gm/iwYu/xU3bg1YfDDzem2FmXhgLbrBa/XQWFpeWV1bX1t3CxubWdrG00zYq0QxaTAml70NqQHAJLeQo4D7WQKNQwF34cJ77dyPQhit5i+MYgogOJO9zRtFKN37Mu8VytVKdwPtLajNSJjNcdUtOwe8plkQgkQlqTKceY5BSjZwJyFw/MRBT9kAH0LFU0ghMkE5OzbwDq/S8vtK2JHoT9edESiNjxlFoOyOKQzPv5eJ/XifBfj1IuYwTBMmmi/qJ8FB5+d9ej2tgKMaWUKa5vdVjQ6opQ5vOry2ASolQPWau659hEwZcXsgR10rmH6dIw0RQnaU+cjnObHy1+bD+kvZRpXZSOb4+LjeasyDXyB7ZJ4ekRk5Jg1ySK9IijAzIE3kmL86r8+a8Ox/T1gVnNrNLfsH5+gZ4J6V9</latexit>⇡

<latexit sha1_base64="bwsLLDp/HLS1eOiw82eBxXwS0Es="></latexit>c3
<latexit sha1_base64="8Ur06waWIoKIHihU3pfoFUVYhWY="></latexit>c2

+
<latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤

<latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤ <latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D

<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D

+ …
<latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤

<latexit sha1_base64="cBCoJfFKdSw5JKW7kKAxE6MFChQ=">AAACJHicbVDLTgJBEJzFF+IL9OhlIzExHggYohwRNfGIUcAEkMwODUyYndnM9BLJZj/Bq/6BX+PNePDitzg8DipW0kmlqjvdXV4guMF8/tNJLC2vrK4l11Mbm1vbO+nMbt2oUDOoMSWUvveoAcEl1JCjgPtAA/U9AQ1veDHxGyPQhit5h+MA2j7tS97jjKKVbi8fjjvpbD6Xn8JdJIU5yZI5qp2Ms9HqKhb6IJEJakyzFGA7oho5ExCnWqGBgLIh7UPTUkl9MO1oemrsHlql6/aUtiXRnao/JyLqGzP2PdvpUxyYv95E/M9rhtgrtSMugxBBstmiXihcVO7kb7fLNTAUY0so09ze6rIB1ZShTefXFkClhKce41SqdY4V6HN5JUdcKzn5OELqhYLqOGohl+PYxlf4G9YiqZ/kCqe54k0xW67Mg0ySfXJAjkiBnJEyuSZVUiOM9MkTeSYvzqvz5rw7H7PWhDOf2SO/4Hx9A8DopRQ=</latexit>

D⇤ <latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D

<latexit sha1_base64="pyUQsElZYXUmbRTRWTEjr5SLxr0=">AAACInicbVDLSgNBEJzxGddXokcvi0HwFDYimmOMCh4TMCokQWYnvXFwdmaZ6Q2GZb/Aq/6BX+NNPAl+jJPHwVdBQ1HVTXdXmEhhMQg+6Nz8wuLScmHFW11b39gslraurE4NhzbXUpubkFmQQkEbBUq4SQywOJRwHd6fjv3rIRgrtLrEUQK9mA2UiARn6KTW2W2xHFSCCfy/pDojZTJD87ZEV7t9zdMYFHLJrO3UEuxlzKDgEnKvm1pIGL9nA+g4qlgMtpdNDs39Paf0/UgbVwr9ifp9ImOxtaM4dJ0xwzv72xuL/3mdFKNaLxMqSREUny6KUumj9sdf+31hgKMcOcK4Ee5Wn98xwzi6bH5sAdRahvoh97zuCTZgINS5Ggqj1fjjDFmYSmbyrItCjXIXX/V3WH/J1UGlelQ5bB2W641ZkAWyQ3bJPqmSY1InF6RJ2oQTII/kiTzTF/pK3+j7tHWOzma2yQ/Qzy+IxaR4</latexit>

D

<latexit sha1_base64="+WYBA/W7XJVStx+ftjNAkzuyEJw=">AAACJHicbVBNS8NAEN34bepHq0cvwSJ4Kq2I9lgrgkdFW4UmlM122i5udsPupFhCfoJX/Qf+Gm/iwYu/xU3bg1YfDDzem2FmXhgLbrBa/XQWFpeWV1bX1t3CxubWdrG00zYq0QxaTAml70NqQHAJLeQo4D7WQKNQwF34cJ77dyPQhit5i+MYgogOJO9zRtFKN37Mu8VytVKdwPtLajNSJjNcdUtOwe8plkQgkQlqTKceY5BSjZwJyFw/MRBT9kAH0LFU0ghMkE5OzbwDq/S8vtK2JHoT9edESiNjxlFoOyOKQzPv5eJ/XifBfj1IuYwTBMmmi/qJ8FB5+d9ej2tgKMaWUKa5vdVjQ6opQ5vOry2ASolQPWau659hEwZcXsgR10rmH6dIw0RQnaU+cjnObHy1+bD+kvZRpXZSOb4+LjeasyDXyB7ZJ4ekRk5Jg1ySK9IijAzIE3kmL86r8+a8Ox/T1gVnNrNLfsH5+gZ4J6V9</latexit>⇡
<latexit sha1_base64="qaFZOXA+nIZiyOMzybSeumrcHuI=">AAACJHicdVDJSgNBEO2JW0xcEj16GQyCp 5BI0BxjRPDgIaJZIAmhp1NJmvR0D901wWGYT/Cqf+DXeBMPXvwWJ4tgXB4UPN6roqqe4wlusFB4txIrq2vrG8nNVHpre2c3k91rGOVrBnWmhNIthxoQXEIdOQpoeRqo6whoOuOLqd+cgDZcyTsMPOi6dCj5gDOKsXTLete9TK6YL8xgF36RLytHFqj1sla601fMd0EiE9SYdtnDbkg1ciYgSnV8Ax5lYzqEdkwldcF0w9mpkX0UK317oHRcEu2Z+n0ipK4xgevEnS7FkfnpTcW/vLaPg3I35NLzESSbLxr4wkZlT/+2+1wDQxHEhDLN41ttNqKaMozTWdoCqJRw1H2USnXOsQpDLi/lhGslpx+HSB1fUB2FHeQyiL7H9z9pnOSLp/nSTSlXqS6CTJIDckiOSZGckQq5IjVSJ4wMyQN5JE/Ws/VivVpv89aEtZjZJ0uwPj4BNeylVw==</latexit>cL

<latexit sha1_base64="bwsLLDp/HLS1eOiw82eBxXwS0Es="></latexit>c3

We still have

p cot (δ(E))=− 2π
µ T (E)−1+ip

However, it now becomes
complex below lhc
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M. L. Du et al., [arXiv:2303.09441 [hep-ph]].
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SUMMARY AND CONCLUSION
For near threshold states Weinberg criterion provides proper diagnostics

View extended by studying the SU(3)f multiplet structure

what kinds of multiplets are there?

pattern of symmetry breaking important

Cuts can be of significance

Two-body cuts

Three-body cuts (from three-body thresholds)

Left-hand cuts (from t-channel exchanges)

We are on a good path to identify the hadronic molecules in the spectrum

... thanks a lot for your attention
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BACK-UP SLIDES
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REMARKS OF EFFECTIVE RANGE
General parametrisation of line shapes (for stable constituents):

dσ
dE

∼ function of E
∣∣∣R(E) + i

2 [g
2
1

√
2µ1E + g2

2

√
2µ2(E − δ) + Γinel.(E)]

∣∣∣
2

where g1 = g2 = g encodes isoscalar nature of the state, and
R(E) analytic in E : effective range expansion:

2R(E)/g2 = −1/a − (r0/2)k2 +O(k4) =⇒ r0=− 2
µ1g2

(
dR
dE

∣∣
E=0

)

modify for unstable constituents
for |E | ≈ Eb ≪ δ:

i
√

2µ2

(
k2

2µ1
− δ

)
= −√

2µ2δ +
1
2

√
µ2

2µ2
1δ︸ ︷︷ ︸

−(rδ/2)

k2 +O(k4)

=⇒ rδ → ∞ in the isospin limit
=⇒ Only r0 ∝ 1/g2 contains structure information!
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CUTS FROM OPE FOR ∆M < Mπ
D∗(k⃗) D(k⃗ ′)

π(k⃗−k⃗ ′)

D(−k⃗) D∗(−k⃗ ′)

Gπ(E , k⃗ ′, k⃗)−1 = E − 2MD − k2 + k ′2

2MD
− ωπ

(
(k⃗−k⃗ ′)2

)

≈ ∆M +
2p2 − k2 − k ′2

2MD
−
√
(k⃗−k⃗ ′)2 + M2

π

where E = MD∗ + MD + p2/(2µ) ≈ MD∗ + MD + p2/MD

Two-body branch point: At D∗D threshold =⇒ p2 = 0

Three-body branch point: Smallest p2 > 0 s.t. G−1
π = 0
=⇒ p2 = 2µ(∆M − Mπ)

Left-hand branch point: largest p2 = k2 = k ′2 < 0 s.t. G−1
π = 0

=⇒ p2 = (∆M2 − M2
π)/4
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PRELIMINARY LÜSCHER RESULTS FOR πD
SCATTERING @Mπ ≈ 600 MEV
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We see
repulsion in [15]
attraction, leading to a virtual state in [6]
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