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1. Early conjecture by Pontecorvo (1950’s) that neutrinos had non-
zero masses and could mix

2. Consistent with Wolfenstein (1979) and Mikheyev & Smirnov 
(1985) solution to solar neutrino problem

3. Pantaleone (1992) pointed out non-linear effects could be 
important in dense media

4. Samuel (1993) did early simulations and saw novel effects

Neutrino Oscillations 2



Mass eigenbasis is not coincident with Weak eigenbasis

 1. Unitary Transformation in vacuum: PMNS matrix

 2. Neutrinos oscillate between weak eigenstates

 3. Density matrix for neutrino distribution

�m2
� = 7.5⇥ 10�5 eV2

�m2
atm = 2.6⇥ 10�3 eV2

Mass squared 

differences:

c/o George Fuller

Neutrino Mass
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Sigl & Raffelt (1993) 5

1. Refractive Index Matrix:

a. #!×#! matrix with off-diagonal terms for neutrino refraction

b. Both test neutrino and refractive index matrix described by 

density matrix

2. Evolution of exact %-particle Green’s functions can be expanded 

pertubatively in 1-particle functions

3. Solve QKEs for charge-current, neutral current, and self-interaction 

terms
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Volpe et al (2013) 6

1. Based upon the Bogoliobov-Born-Green-Kirkwood-Yvon (BBGKY) 

hierarchy with truncation

2. Tower of Equations: truncate after &"

3. Consistent with the mean field and collision terms in Sigl & Raffelt

(1993)
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Blaschke & Cirigliano (2016) 7

1. Finite-temperature field-theory approach first used in Vlasenko, 

Fuller, Cirigliano (2013)

2.  %-particle Green’s functions truncated to single-particle in 

perturbative expansion akin to Sigl and Raffelt (1993)

Neutrinos:

Antineutrinos:

Generalized 2N!⨉ 2N!
density matrices

N!: number of flavors

2 helicity states



Neutrino Density Matrices & QKEs
1. Ignore spin coherence and wrong helicity states

2. Only keep single-particle correlation functions

3. QKEs from Blaschke & Cirigliano (2016):
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Change array dimensions from Boltzmann to QKE:

2 Generalized 3 ⨉ 3 

density matrices

(no spin coherence)

": Energy-like variable

Equations of motion for neutrinos:

→ Nonlinear coupled ODEs

H: Hamiltonian-like 

potential (coherent)

C: Collision term from 

Blaschke & Cirigliano (2016)

QKEs in the Early Universe

df

dt
= �i[H, f ] + C[f ]
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Vacuum Oscillations

Symmetric term

(proportional to 

energy density)

Asymmetric TermHA =
p
2GF (L+ eL)

HS = �8
p
2GF ✏Tcm

3m2
W

(E + cos2 ✓W eE)

H = HV +HA +HS

HV =
1

2✏Tcm
UM

2
U

†
M2 = diag(0, �m2

�,±�m2
atm)

10Coherent Term in the Early Universe



Self-Interacting Term (Neglect in EU)

Self-Interacting term (nonlinear in density matrices):

Angle between

3-momenta

vectors
cos# =

~p · ~q
pq

H⌫ =

p
2GF

(2⇡)3

Z
d
3
q(1� cos#)[%(t, ~x, ~q)� %

⇤(t, ~x, ~q)]
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Positron-Electron Annihilation

Loss Potential (Blaschke & Cirigliano 2016)

Amplitudes
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Matrices in Weak eigenbasis

YL =

2

4
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Collision Term
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Damping procedure for off-diagonal collision 

terms

A. Dolgov et al (2002)

G. Mangano et al (2005)

Mixed procedures for off-diagonal

P. de Salas & S. Pastor (2016)

QKE formalism for off-diagonal

Akita & Yamaguchi (2020)

Froustey et al (2020)

Bennet et al (2021)

Early Universe work in 3 flavor
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QKE only

Boltz. or QKE
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Fast Flavor Instability -- Qualitative
1. As neutrino moves through compact object environment:

a. Neutrinos propagate through field of other neutrinos

b. Self-energy diagrams have (relatively) large amplitudes ~(#

1. Non-linear self-interactions sensitive to asymmetry of neutrinos vs. 

anti-neutrinos ⟹ lepton number

2. Self-interacting term can couple to vacuum and create spectral 

split: (Slow) Collective Oscillations [see Duan, Fuller, Qian 2010]

3. Lepton number crossings (in angle) can give rise to rapid flavor 

transformation (Sawyer, 2005): Fast Flavor Conversion

16



ELN Crossing 17
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Collective FFC 18

1. Much work has been done on characterizing FFC in dense 

environments

2. Asymptotic states via conservation law for lepton number and 

crossing disappearance in ELN-XLN [cf. H. Nagakura]

a. Characterize quasi-steady state with angular moments

3. Scan over large volume of simulation space using angular moments 

[cf. J. Froustey]

4. Flavor depolarization in 1D box and sensitivity to initial 

perturbations [cf. Z. Xiong]



Collisional Instabilities 19

1. Associated with asymmetries between neutrino and anti-neutrino 

collision rates – can couple to FFC

2. Instability in homogeneous and isotropic conditions [cf. H. Duan]

a. Energy dependent scattering

b. Two kinds of instabilities with resonance-like features

3. FFC energy-independent but collisions are not [cf. H. Nagakura]

a. Isoenergetic scattering via neutral current

b. Emission and absorption via charge current

4. Instabilities in spherical symmetry around neutrinosphere

[cf. Z. Xiong]



Thermodynamics of Oscillating Neutrinos 
[cf. L. Johns]
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Thermodynamics of oscillating neutrinos

Lucas Johns⇤

Departments of Astronomy & Physics, University of California, Berkeley, CA 94720, USA

The title theory is formulated. It entails a quantum-coherent variant of the Fermi–Dirac distri-
bution and casts new light on neutrino oscillations. It might enable the incorporation of neutrino
mixing into the modeling of core-collapse supernovae and neutron-star mergers.

Introduction.—Neutrino astronomy began with an
unexpected deficit in the solar flux [1]. The puzzle’s reso-
lution finally arrived three decades later, with experimen-
tal confirmation of flavor oscillations [2–5]. Advances in
the theory of neutrino propagation were integral to this
triumph [6–13].

Neutrino transport theory is today in need of an-
other wave of progress. The urgency comes especially
from core-collapse supernovae and neutron-star mergers.
Even though these sites are two of the marquee tar-
gets of multimessenger astronomy, and two of the most
carefully modeled systems in computational astrophysics,
neutrino oscillations are yet to be reliably incorporated
into the relevant simulations and predictions [14–21]. In
recent years, evidence has piled up that the current sit-
uation is unacceptable. The best estimates of flavor
mixing’s e↵ects—on explosion dynamics, nucleosynthe-
sis, kilonova light curves, and emitted neutrino signals—
point to them being substantial [22–35].

E↵orts to solve the oscillation problem in compact stel-
lar systems have been based on kinetic theory [36–52].
The challenge is that the equations are nonlinear, multi-
scale, and far beyond the reach of direct numerical sim-
ulation. This sounds dire, but a simplified analogy gives
us hope. Climate simulations would likewise be out of
reach if they were based on the Boltzmann equation for
air and water molecules. And yet, because of hydrody-
namics, sophisticated modeling is possible.

For neutrino atmospheres, hydrodynamics is too
coarse. Oscillations occur where neutrinos are at most
weakly collisional. The appropriate theory, which we aim
to develop, is intermediate between kinetics and hydro-
dynamics (Fig. 1). We call it miscidynamics, borrowing
the Latin root shared with words like mixing and mis-
cible, because it describes transport under the condition
that mixing is in local equilibrium. Kinetics coarse-grains
over the microscopic dynamics at the de Broglie scale but
stops short of oscillations. This level of detail is unneces-
sary and intractable. In miscidynamics, the granularity
is set by the same macroscopic scales that determine the
numerical resolution in simulations.

En route to miscidynamics, we first need to formulate
mixing equilibrium. The subject of particle mixing dates
back nearly 70 years [53–55]. It has far-reaching signifi-
cance in the Standard Model and beyond. Nevertheless,
a thermodynamic theory of the phenomenon has not yet
been proposed. Only now do we face an open problem

Length scales, coarse-grainings, & transport theories

Microscale
De Broglie

length

Mesoscale
Oscillation

length

Exact
many-body
dynamics Kinetics

Miscidynamics

Hydro-
dynamics

Computationally infeasible Inapplicable
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FIG. 1. In core-collapse supernovae and neutron-star mergers,
neutrino oscillations unfold at the mesoscale (10�3 m . losc .
1 m), well-separated from the quantum microscale (ldB .
10�14 m) and the collisional macroscale (lmfp & 103 m).
Kinetics is unworkable because it attempts to resolve the
mesoscopic details. Hydrodynamics is as well because op-
tical depths are low. Miscidynamics (from Latin miscere, “to
mix”) is a new macroscopic transport theory based on local
mixing equilibrium.

that seems to require one.
The new thermodynamics is interesting in its own

right, apart from its possible utility for transport. It
describes the equilibrium phases of collisionless neutrino
matter, i.e., of relativistic fermions that exist indefinitely
in mass superpositions. Thermalization occurs without
any dissipation or decoherence, facilitated instead by
small-scale fluctuations of the neutrino system itself. Be-
low, we derive the equilibrium theory from kinetics and
discuss some of its basic aspects. We then broaden the
scope of the theory to encompass transport. Overall, the
viewpoint here is that neutrino mass raises fundamental
questions not only for particle physics (which it does by
demanding content beyond the Standard Model) but for
statistical physics as well.
Kinetics.—Our starting point is the kinetic equation

i (@t + p̂ · @x) ⇢⌫ (t,x,p) = [H⌫(t,x,p), ⇢⌫ (t,x,p)]

+ iC⌫(t,x,p). (1)

The density matrix ⇢⌫ is an Nf ⇥Nf matrix, where Nf is
the number of flavors. (Quantities for antineutrinos will
be denoted by the same symbols but with subscript ⌫̄.)
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i(@t + p̂ · @x)⇢⌫ = [H⌫ , ⇢⌫ ] + iC⌫

i(@t + p̂ · @x)⇢eq⌫ = iCeq
⌫

=)

Miscidynamics:
bridge kinetics and hydrodynamics

Equilibration of neutrino mixing

Thermalization set by fluctuations

in the neutrino system



1. Mean-field/QKEs give the evolution of the neutrino flavor field using 

single particle correlation functions (reduced density matrices)

2. The Early Universe provides a symmetrical system to solve the QKEs 

robustly: adiabaticity

3. Instabilities exist in compact object environment: fast flavor and 

collisional

4. Compact Objects do not exhibit the same symmetry as the Early Universe 

[cf. S. Richers]

Conclusion 21
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Next INT workshop:

Beyond the QKEs and 
the standard model – 
implications on 
nuclear and dark 
physics

2026?

Winter? !


