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QCD Phase Diagram

We can explore the QCD phase diagram by changing
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Lattice QCD is the most reliable theoretical tool to ?%
study the QCD phase diagram. | @ .
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QCD Phase Diagram

We can explore the QCD phase diagram by changing
/s in relativistic heavy ion collisions

Models predict a first order phase transition line with
a critical point

Lattice QCD is the most reliable theoretical tool to
study the QCD phase diagram.

Sign problem:

Equation of state for low to moderate pp/T. L5
Borsanyi, Fodor, Guenther et al., PRL 126 (2021)
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Why a critical point?
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Model Requirements

We need a simplified theoretical framework that describes QCD
in the desired energy range. J

Interpret data <= make predictions J

W
® QCD symmetries, degrees of .
freedom, thermodynamics, and/or [
interactions. o f
L stout HISQ

® Agreement with Lattice EoS at (e-3p)T* W - 1

pTé ]

u =0 ! s/4T3 4

. Agreement With la’ttice ) N N N S S S Ny | I-I—I['V!e\ll]l 1 I—

0
130 170 210 250 290 330 370

y stout: S. Borsanyi et al., 1309.5258, PBL (2014)

HISQ: A. Bazavov et al., 1407.6387, PRD (2014)

susceptibilities at © =0
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Critical point predictions as of some years ago
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- Lattice-QCD crossover
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Baryon Chemical Potential Mg (MeV)
Figure adapted from A. Pandav, D. Mallick, B. Mohanty, Prog. Part. Nucl. Phys. 125 (2022)

® Including the scenario of no critical point at all.
de Forcrand, Philipsen, JHEP 01, 077 (2007); VV, Steinheimer, Philipsen, Stoecker, PRD 97, 114030 (2018)
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Holography (Gauge/String duality)

Holographic gauge/gravity correspondence

5D Classical Gravity with <= 341D Strongly coupled QFT
asymptotically anti-de Sitter geometry in Minkowski spacetime

Maldacena 1997; Witten 1998; Gubser, Polyakov, Klebanov 1998

e Strongly coupled, nearly perfect fluid behavior of the
QGP.

Kovtun, Son, Starinets. PRL 94 (2005)
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Holographic gauge/gravity correspondence

5D Classical Gravity with <= 3+1D Strongly coupled QFT
asymptotically anti-de Sitter geometry in Minkowski spacetime

Maldacena 1997; Witten 1998; Gubser, Polyakov, Klebanov 1998

® Strongly coupled, nearly perfect fluid behavior of the
QGP.

Kovtun, Son, Starinets. PRL 94 (2005)

® BH solutions — QFT in T" and pu.
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Holography (Gauge/String duality)

Holographic gauge/gravity correspondence

5D Classical Gravity with <= 3+1D Strongly coupled QFT
asymptotically anti-de Sitter geometry in Minkowski spacetime

Maldacena 1997; Witten 1998; Gubser, Polyakov, Klebanov 1998
® Strongly coupled, nearly perfect fluid behavior of the
QGP.

Kovtun, Son, Starinets. PRL 94 (2005)

® BH solutions — QFT in T" and pu.

® (Can be constrained to mimic Lattice EoS at u =0,

and make predictions at finite density.
J. G., et al. PRD 104 (2021)
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Holography (Gauge/String duality)

Holographic gauge/gravity correspondence

5D Classical Gravity with <= 3+1D Strongly coupled QFT
asymptotically anti-de Sitter geometry in Minkowski spacetime

Maldacena 1997; Witten 1998; Gubser, Polyakov, Klebanov 1998
® Strongly coupled, nearly perfect fluid behavior of the
QGP.

Kovtun, Son, Starinets. PRL 94 (2005)
® BH solutions — QFT in T" and pu.

® (Can be constrained to mimic Lattice EoS at u =0,

and make predictions at finite density.
J. G., et al. PRD 104 (2021)

® Able to handle near and out-of-equilibrium

calculations.
S. S. Gubser et al. PRL 101, (2008), J. G. et al. PRD 106 (2022)
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Dualities

i(I}la;rl(%e theory JE (3;) T;w(flf) Tr F2 (QZ)
A S A |
mse AV gun(er) o)

Most general gravitational effective action
1 1 1
S = P fdox\/ {R — —(0p0)? = V(o) — Zf(‘b)FJ%IN}

Thermodynamics ' . Solutions of Einstein’s
in QFT equations with a black hole
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Holography (Black Hole engineering - EMD model - gauge/gravity duality )
O DeWolfe et al. Phys.Rev.D 83, (2011). R Rougemont et al. JHEP(2016)102. R. Critelli et al., Phys.Rev.D96(2017).
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Comparison with the state-of-the-art lattice QCD thermodynamics

4.5

pp/T =0

pp/T =05
/T = 1.0
pp/T =15
pp/T =20
ps/T = 2.5
[,LB/T =3.0

MB/T=3.5

Lattice results: S. Borsanyi et al. 10.1103/PhysRevLett.126.232001

Joaquin Grefa (Kent State University)
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Criticality in QCD
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Locating the Critical End Point (CEP)

Tepp = 89 MeV pSEr = 724 MeV
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Equation of State
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Criticality in QCD

¢ Entropy density and
baryon density exhibit a
gap that corresponds to
the line of first order
phase transition.

e (ritical point localized
(see pressure)

® The minimum on c%
corresponds to the
location of the critical
point.

plots: J. G et al. PRD.104 (2021)
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Bayesian black-hole engineering

® How do lattice results constrain phase
diagram/critical point?

® Systematic scan over possible extrapolations to
higher densities.

® Bayesian black-hole engineering: what scenarios
described by model compatible with the lattice
results 4 error bars.

129:]

M. Hippert, J.G., T.A. Manning. J. Noronha, J. Noronha-Hostler, I. Portillo, C. Ratti, R. Rougemont,
M. Trujillo, arXiv:2309.00579.
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https://arxiv.org/abs/2309.00579

Holographic Bayesian Analysis: posterior critical points

(Te, ppe)pra = (104 + 3, 589758) MeV,  (T., ppe)pa = (107 £1, 571 £+ 11) MeV.
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® Both Anséitze overlap at 10. Robust results!

M. Hippert, J.G., T.A. Manning. J. Noronha, J. Noronha-Hostler, I. Portillo, C. Ratti, R. Rougemont,
M. Trujillo, arXiv:2309.00579.
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https://arxiv.org/abs/2309.00579

Functional methods

Based on the truncated expansion of the QCD functional, and requires control of errors to
compute thermodynamics.

Functional renormalization group
Dyson—Schwinger Equations (DSE) (FRG)

e integral equations derived from the ® describing how the effective QCD

QCD action that relate the
propagators (Green’s functions) of
quarks and gluons to each other.

® are solved approximately using
truncation schemes and modeling of
the interaction vertices.

Joaquin Grefa (Kent State University)

Criticality in QCD

action changes as one varies the energy
scale.

allows for a continuous evolution from
microscopic physics to macroscopic
phenomena, capturing quantum,
thermal, and density fluctuations along
the way.
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Effective QCD theories prediction

e Different effective approaches, all in excellent agreement with lattice QCD at ug =0
(and pp/T ~ 3.5), predict the location of the critical point in a similar region.

® [f true, reachable in heavy ion collisions at \/syny ~ 3 — 5 GeV.

Dyson-Schwinger equations

160 T—
Backcoupling:
— no [6]
140 1 —no
—
= n&o
= 120
&~
Chiral transition type:
100 4 ---- Crossover
® CEP
—— First-order spinodal
80 y T T
0.0 0.2 04 0.6

B [GeV]
Gunkel, Fischer, PRD 104, 054202 (2021)

v (Kent

200

Functional renormalization group

m== =211
*  CEP:N;=2
@ CEP:N;=2+41
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g [MeV]|

Fu, Pawlowski, Rennecke, PRD 101, 053032 (2020)

Criticality in QCD

Black-hole engineering

crossover lattice
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Hpe (MeV)

600

Hippert, J.G., et al., PRD 110, 094006 (2024)
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EoS constructions that includes a critical point

T’ alternative expansion scheme

B

x1 (T, nB) B

XL BBl E (T’,o)
KB

T

T/ (T.up) =T [14 EE (@) (“75)2 + R PB(T) (”73)4 o]

Borsanyi et al., PRL 126, 232001 (2021)

—— EoS w/ Critical point

1.0 I Lattice

2D Ising T.Ex.S

10 < T < 800 MeV; up < 700 MeV
M. Kahangirwe, et al., PRD 109 (2024)

® Using the the new alt. exp., a CP can be
mapped from the 3D Ising model to to
study criticality in a QCD EoS.

Criticality in QCD

0.4

e’0.2
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Entropy density contours

o If lines of constant s cross, it suggests a first order phase transition with a CP;
otherwise, the EoS only exhibits a crossover.

2 B 2. B’ 2 4
2Toxy (To)+Txs (To) B 0% (p/T)
T “Th) = T ) Y. T = — 2 0X2 . _
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v »
Toeross T 15 B¢ 2 UB
M1 < ppc < Ha $1 <S8 <5

H. Shah et al. arXiv:2410.16026
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Entropy density contours

® Excelent agreement with state-of-the-art lattice QCD data up to ug/T = 3.5

Borsanyi et al., PRL 126, 232001 (2021)

py = 602 & 62 MeV T°=114+£7 MeV
40
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H. Shah et al. arXiv:2410.16026
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Constraints with improved lattice data

e New continuum extrapolated equation of state at zero density with improved
precision & new data at imaginary chemical potential
® CP excluded at up <~ 450 MeV

' WB Transitior line [2002.02821
170 F WB finite volume transition line [2410.06216
7! Freezeout Andronic et al [1710.09425
Freezeout estimate Lysenko et al [2408.06473] e
STAR freezeout [1701.07065]

DSE-crossover [2106.08356)
160 26 exclusion range [This work] .

0 100 200 300 400 500 600
up [MeV]

Borsanyi et al. arXiv:2502.1026
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Critical point predictions as of some years ago

T T T i T T T
200} e 1
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® LSMeerc-2001) ded 4 CJT(ero-2003)
o QCD-BHE(ero-2017)
o " CO(pro-1994)
£ A
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- Lattice-QCD crossover
ol L L L L L L
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Baryon Chemical Potential Mg (MeV)
Figure adapted from A. Pandav, D. Mallick, B. Mohanty, Prog. Part. Nucl. Phys. 125 (2022)

® Including the scenario of no critical point at all.
de Forcrand, Philipsen, JHEP 01, 077 (2007); VV, Steinheimer, Philipsen, Stoecker, PRD 97, 114030 (2018)
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Critical point with new lattice constraints: no CP at mupg < 450 MeV
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Figure adapted from A. Pandav, D. Mallick, B. Mohanty, Prog. Part. Nucl. Phys. 125 (2022)

® Including the scenario of no critical point at all.
de Forcrand, Philipsen, JHEP 01, 077 (2007); VV, Steinheimer, Philipsen, Stoecker, PRD 97, 114030 (2018)
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Current scenario

® Predictions converge to the same region...

160 Lamce Crossover Critical pOint estimate at 0(‘“%)
"""""""" T,=114+7 MeV, pp = 602 + 62 MeV

S 140 Estimates from recent literature:
g -~ QCD Ccritical Point YLE-1: D.A. Clarke et al. (Bielefeld-Parma), arXiv:2405.10196
=120 7>~ Shah etal., 2410.16206
- : YLE-2: G. Basar, PRC 110, 015203 (2024)
*
100

DSE/fRG: Gao, Pawlowski., PLB 820, 136584 (2021)

800 200 200 600 800 DSE: P.J. Gunkel et al., PRD 104, 052022 (2021)
FSS: A. Sorensen et al., arXiv:2405.10278
Hg [MeV]

Adapted from H. Shah et al. arXiv:2410.16026
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Current scenario

® Predictions converge to the same region...

because lattice QCD has not ruled out that region yet?

160 Lamce Crossover Critical pOint estimate at 0(‘“%)
"""""""" T,=114+7 MeV, pp = 602 + 62 MeV

S 140 Estimates from recent literature:
g -~ QCD Ccritical Point YLE-1: D.A. Clarke et al. (Bielefeld-Parma), arXiv:2405.10196
=120 7>~ Shah etal., 2410.16206
- YLE-2: G. Basar, PRC 110, 015203 (2024)
*
100

DSE/fRG: Gao, Pawlowski., PLB 820, 136584 (2021)

800 200 200 600 800 DSE: P.J. Gunkel et al., PRD 104, 052022 (2021)
FSS: A. Sorensen et al., arXiv:2405.10278
Hg [MeV]

Adapted from H. Shah et al. arXiv:2410.16026
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Fluctuations

Cumulants measure the chemical potential derivatives of the QCD equation of state

Cumulants as chemical potential

derivatives of the EoS

Cumulants as moments of the

particle number distribution In Z(T,V, 1) = In [¥ N/ 2(T, V, N)]
variance: ko = <(AN)2> =0 fim OC 8"8(1nnZ)

skewness: k3 = ((AN)?) H

kurtosis: k4 = <(AN)4> -3 <(AN)2>2 Critical opalescence

v

2 4.
ko~ €2 k3~ EYS kg~ €T

& — o0
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Fluctuations

Cumulants measure the chemical potential derivatives of the QCD equation of state

‘ n=2 VENN
anilozsd — gw
Cumulants as moments of the NS
particle number distribution o
. e N
variance: k2 = ((AN)?) =¢o N ——
skewness: k3 = ((AN)?)
. 2 /—\
kurtosis: ks = ((AN)*) — 3 {(AN)?) 0
o an
n=1 VNN
2 45 7 snilsasd — pw
ko~ &%, K3~E°, kg~ E
rrrrr —0
€ % oo Hmax < HCP
o an
M. Stephanov. SQM 2024
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cumulants

® QOverall agreement with the baseline for \/syy ~ 10 — 20 GeV

Net-proton cumulant ratios

| ® Data (0-5%) ] I Au+Au Collisions at RHIC 1.5 STAR
0: ; ¢ Data (70-80%) 04< pT < 2.0 GeVle, |y| <0.5
I e o] F| S U ——
c
o 5 A A O A A Oy S
° FO 1 | ¢ 0‘5;.%--0":'5 o @ | I % 0 Qe ?1%
g S 8 W e e 05 %
% 09 . 0 p o I
z @r@ﬂ 0.5} - -HydroEV —
L 7’ Cz 4 | HRG CE CS or C4 n
- (a) taco b= @z
08k (p+P) L UrQMD (0-5%) 1 r 2
5 16 20 50 1 (I)O 200 5 1‘0 20 50 1 (I)O 200 5 1I0 20 50 1I00 200

Joaquin Grefa

(Kent

Collision Energy sy, (GeV)

Criticality in QCD

STAR, arXiv:2504.00817
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Factorial cumulants!

e FExhibit more structure
Proton factorial cumulant ratios

T T K‘ ~ T T K‘ 0 5 [ T T K‘
~ - Hydro EV (d)=2 1 o.0sf @ =1 N =
ok HRG CE Ky @‘ﬁ Ky Ky
; LQCD ~
c UrQMD (0-5%) 0 O 00 @\@ o
L Of-mmeee oo Of-------- - CER - Tﬁ—- ofF-- - % — -
,5_9 Onaany® 0 % _ - @ %
OO O Er e
-0.1F e
o
. -0.05F  BESI _, BES-I| o
1 1 T ! i -0.51 1 ! ]
50 100 200 5 10 20 50 100 200 5 10 20 50 100 200
STAR, arXiv:2504.00817

Collision Energy ysy, (GeV)
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factorial cumulants

V. Vovchenko, arXiv:2504.01368, and adapted from Stephanov, arXiv:2410.02861

wa =G/ G
) - BES-II data:
(universal EOS) critical xr, : Vo plot from A. Pandav, CPOD2024
[y I i "
T —— LR STAR_]
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wgitieal /%__“.5; _ 04<p <20Gevk
baseline ——-. PRy 3
E
g Lﬂ
0 T 0 —w el R
S
8 L
nB w K,
SNN L (3= 4
051 (3) %]

+.A so-gTs—03 E
"fo+o'”f1 B b
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Collision Energy S, (GeV)

-0.25

Expected signatures: bump in w2 and ws, dip then bump in w4
for CP at up > 420 MeV

non monotonic ka/K1, k3/k1 and maybe k4/k;

Criticality in QCD

Factorial cumulants: Irreducible
n-particle correlations that remove
Poisson contribution and probe genuine
correlations
Ordinary cumulants: mix correlations
of different order
Cp~(N(N=-1(N—=2)...).

Cr =0

Co=Cy—Cy

é3 =(C5—-3Cy +2C,

04 =Cy—6C3+11Cy — 6Cy

Bzdak, Koch, Strodthoff, PRC 95, 054906 (2017)
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More fluctuations! py fluctuations

. 10¢ T T ™
Mean p+ fluctuations: ; Au-Au Collisions at RHIC ]
[ Charged hadrons jﬁlnmuumm ]
(ApT iApTi) ~(A(p7~)2) 2 H ____ 02<p <20GeVic, 0.5<n,,<05 g
, , s F ﬂ“\ Statistical Error | 7|

Mean pr probes the temperature a e =

Gardim et al, Nature Phys. (2020) = iy
>\: 1 = P T o o =
{pr) o« Ty i .
Q..:- F | —8— eeswos% Dumnumm;_:) :
3 [ il 3 eesasox .umnu-s(m 3.6, Tom Reichert) |
L —§— BESH 0:5% (Published) I:l J
—J— BES- 3040 % (Published) AMPT 0-5 % (Detauli
(ApT,iApT,i) ~ (ATZ) 107 Fixed-Target Collider i
T2 3 10 100 1000
In equilibrium: (AT?) = Voo Collision Energy |s, (GeV)
v

R. Manikandhan (STAR), QM2025

At the critical point ¢, — o ‘ Minimum in /sy dependence?
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Critical point estimate at O (u3):
T,=114+7 MV, pp =602 + 62 MeV

= 140 ) Estimates from recent literature:
g le:g (l:‘ri(iztd;%l);cgism YLE-1: D.A. Clarke et al. (Bielefeld-Parma), arXiv:2405.10196
= 120 s YLE-2: G. Basar, PRC 110, 015203 (2024)
100
DSE/fRG: Gao, Pawlowski., PLB 820, 136584 (2021)
800 200 200 600 800 DSF P.J. Gunkel et al., PRD 104 052032 (2021)
FSS: A. Sorensen et al., arXiv:2405.10278
Mg [MeV]
® No indication of critical behavior from lattice QCD for up < 450 MeV.
e Several effective theories predict the location of the critical point to T~ 90 — 120
MeV and pp ~ 500 — 650 MeV.
® No critical behavior describe proton cumulants at \/syny > 20 GeV.
[ ]

This trend changes around /syny ~ 10 GeV; in particular, for factorial cumulants
and the presence of the CP could be a reasonable explanation.
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Ordinary vs. Factorial Cumulants in Heavy-Ion Collisions

Ordinary Cumulants
Cp ~ (ON™)
® Built from moments of distribution
(mean, variance, etc).
® Sensitive to critical fluctuations.

® Connected to thermodynamic
susceptibilities.

e Higher orders diverge near critical
point.

]EA‘actorial Cumulants
Cp~(N(N—=1)(N=2)...)

Built from factorial moments.

Vanish for Poisson baseline = better
contrast.

More robust under detection
inefficiencies.

Useful in experimental fluctuation
analyses.
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Which Cumulants Are Better for the QCD Critical Point?

Both are useful, but serve different purposes:
¢ Ordinary cumulants: C,, ~ (6N")

® Theoretically well-defined.
® Connected to QCD susceptibilities.

e Factorial cumulants: C,, ~ (N(N — 1)(N —2)...).

® (Cleaner signals under real-world detector conditions.
¢ Efficient background suppression (e.g., Poisson noise).

® PBest approach: use both and compare.

See: Bzdak et al. Phys. Rept. 853 (2020), Kitazawa Asakawa PRC 85 (2012), STAR Collaboration (2022)
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What happens at finite/large densities?

® We need to merge the lattice QCD < 200
EoS with other effective theories. s

¢ Study the regime of validity of each %
effective model. g

e Constrained internal parameters to 5100

adhere know experimental and
theoretical limits.

e Test models to validate/exclude
them.

Net-baryon density
n/ng

® EoS to guide/interpret
experimental data.
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Range of validity for the MUSES Heavy Ion EoS’

300
250
200 .
% i
S 1507 :
—  BQSTExS ~ TExS NHTEREE |
100+ b
50 ]
: Hs=Ha=0
% 200 400 600 800
ug [MeV]
M. Reinke Pelicer et al. in preparation
From Colliders to Cosmos 5/7

Joaquin Grefa (Kent State University) Criticality in QCD



BQS EoS 2D Ising T.Ex.S

10 < T' < 800 MeV; pup < 700 MeV

10 < T < 600 MeV; up < 450 MeV
M. Kahangirwe, et al., PRD 109 (2024)

J. Noronha-Hostler, et al., PRC (2019)

. 9 B
P(T, 1By hQ, HS) _ 1 XgQg(MBY(MQ)J (ui>k X (T, pB) —xB (T’,o)
7 S gtk ik T i T KB
o / 2 BB B \*
T(T,uB)=T[1+n (T)<T> + Ky (T)<T> +]
i+ji+k 4
(Bas _ itk (p/T4)
igk o (1B 5 (HQ) 5 (rs\F . L. A .
T T T —0 ® Includes a 3D Ising model critical behavior into a lattice
KB HQ LS = . :
alternative expansion EoS.
035 — 07 —
03 0.6 — )
0.25 - 0.5 1 —— EoS w/ Critical point HplT=35
o, 027 o, 04 1 1.0 I Lattice
= 015} = 03 4
0.1 lattice < 0.2 4
0.05 Parameterization —— 0.1 4
0 SBimit = 0 P
0 0.1 02 03 04 05 0.6 0 0.1 02 03 04 05 06
0.04
0 ]
0.03 + -0.05 4
-0.1 4
g 002r 2 015 ]
3 T o02 ]
=00ty = 025 —
0 —— -0.3 ——— . N
-0.35 - 120 140 160 180 200 220 240

T [MeV]
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HRG Model

0 <T <160 MeV; up < 1000 MeV
V. Vovchenko, CPC (2019)

® Provides a realistic hadronic EoS at low T

® Interacting hadrons can be modeled by an
ideal gas of resonances.

® For a realistic EoS at higher densities,
Van der Waals interactions are added.

® Describes the liquid-gas phase transition.
w

180

BB
vOW-HRG O

0 d
0 100 200 300 400 500 600 700 800 900 1000
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Holography (NumRelHolo)

40 < T < 400 MeV; pp < 1200 MeV
J. G., et al., PRD (2021), PRD (2022)

® Based on the gauge/gravity duality and
constrained to reproduce lattice-QCD
thermodynamics

® Large coverage of the EoS in the
strongly-interacting regime.

® Predicts the location of the QCD CP.

Criticality in QCD

Ene
300 T
=
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- 200
T [MeV] ¢ o e [MeV]
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