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The atom as a laboratory for new physics searches

• Electromagnetic interaction
• Weak interaction
• Strong interaction

are present in atoms and may be probed and tested

Complexity/simplicity of system may be 
varied by changing nuclear charge (Z), 
isotope, ionisation degree, state 


• Possibilities for enhancement

• May choose more theoretically tractable 

system
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Neutral weak currents

• Discovered at CERN (1973) in neutrino-nucleon and 
antineutrino-electron scattering experiments 

Hadronic neutral current event: neutrino-nucleon scattering
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Bismuth experiment

• e-N weak interaction produces optical activity

• Plane of polarisation of light is rotated on passing 

through bismuth vapour 
• Coherent, macroscopic parity-violating effect

optical rotation animation

https://ja01.chem.buffalo.edu/
tutorials/opticalactivity.html
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The discovery of a new kind of a parity nonconserving weak 
interaction of electrons with nucleons is an example of a 
situation when a branch of physics (in this case, atomic 
spectroscopy) long since believed to be classical, again proves 
to be at the forefront of our understanding of nature… 
Table-top apparatus has proved to be an important addition 
to the experimental methods traditional for elementary particle 
physics. I am convinced that this case is not the last and that 
the time of table-top experiments in studying fundamental 
properties of matter is far from over. 

                — I. B. Khriplovich 

Bismuth experiment

• e-N weak interaction produces optical activity

• Plane of polarisation of light is rotated on passing 

through bismuth vapour 
• Coherent, macroscopic parity-violating effect



Precision atomic theory needed to extract fundamental parameters from atomic experiments for comparison with SM

Atomic parity violation (APV) Electric dipole moments (EDMs)

sociated to CP-violating, EDM-generating interactions.
One would naturally expect those phases, sometimes
called vA and vB, to be substantial, as is the phase angle d
in the standard model. The great puzzle—called the SUSY
CP problem—is why SUSY phases do not lead to EDMs
considerably larger than present limits exclude. We return
to this puzzle at the end of the article.

Theorists have expended considerable effort calcu-
lating the sizes of EDMs—for the electron, the neutron,
and various atomic nuclei—in SUSY and other theories
with spin-zero bosons.3, 6–8 Figure 2a shows a simple
Feynman diagram that would be part of a typical calcu-
lation. The physics behind the graph is that a fermionic
quark or electron is not a single, placid entity but one
that continually splits apart and comes back together
again, creating and reabsorbing bosons. As a result, the
fermion, instead of being viewed as a point charge, can
be seen as more like a cloud of charge. When T is vio-
lated, the process forming the cloud generates a net dis-
placement of charge along the spin axis—in other words,
an EDM. The larger the mass M of the boson, the smaller
the size of the cloud and the smaller the EDM. Calcula-
tions show3 the EDM scales as 1/M2. In the standard
model, a quark creates and reabsorbs W bosons, as shown
in figure 2b. In that case, splitting apart and coming back
together generate equal and opposite CP violation and no
net EDM. 

Electrons and nuclei in atoms and molecules
The simplest method, in principle, for detecting an EDM
is to apply an electric field and look for the energy shift 
⊗d ! E. That works for a neutral particle, but fails for a
charged particle, which is accelerated in the electric field.
Instead, one might attempt to detect the EDM of a charged
particle inside an atom by applying an electric field to the
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Figure 3. A spinning particle with an electric or magnetic di-
pole moment experiences a torque when subjected to paral-
lel external electric E and magnetic B fields. The particle pre-
cesses about the common field axis, much as a spinning top
precesses about a vertical axis due to the torque of gravity.

Parity- and time-reversal-violating

EPV = ξ QW
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Violations of fundamental symmetries in atoms

APV amplitude: Atomic EDM:
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W = − 73.23(1)
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where  is nuclear weak charge.QW

Parity-violating nature

Non-relativistic limit:                   

SM value known well,  QSM
W = − 73.23(1)



Atomic parity violation and the nuclear weak charge
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Axial vector coupling to electrons,                    
vector coupling to quarks

Leads to parity-violating interaction Hamiltonian for electrons
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Bouchiat, Bouchiat (1974)

hPV / � · p
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Parity operation:                      
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where  is nuclear weak charge.QW

Parity-violating nature

Non-relativistic limit:                   

Enhancement with Z 

EPV / R(Z)Z3

Parity-violating amplitude:

relativistic 
enhancement 
factor

nuclear charge

SM value known well,  QSM
W = − 73.23(1)
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n

⟨nP1/2 |HPV |S1/2⟩
E6S1/2

− EnP1/2

|nP1/2⟩
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�Im(EPV)/� = 1.5935(1± 0.35%)mV/cm

  —  transition polarisabilityβ



Atomic parity violation in cesium
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Dzuba, Flambaum, Ginges, PRD (2002); Flambaum, Ginges, PRA (2005)
Porsev, Beloy, Derevianko, PRL (2009); Dzuba, Berengut, Flambaum, Roberts, PRL (2012)
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Figure 1. Constraints on parity-violating, weak electron–quark couplings from electron scattering and APNC, showing their
complementarity; the red dot is the SM prediction, dashed circles show the remarkable sensitivity for ‘new’ physics at mass scales
Λ/g. Plot generated from data provided in [21].

Figure 2. Past and future measurements of the Weinberg angle. Data points for future experiments are arbitrarily centered on
the SM prediction (solid black line). Reproduced from [23]. CC BY 4.0. Chiral Belle from [24]. Scenarios with dark Z bosons for
mZd

of (a) 50 MeV, (b) and (c) 15 GeV (where area (c) is in tension with existing constraints) from [25, 26].

shown to be regular, for example by hf anomaly measurements [31, 32], it is an excellent candidate for
anapole studies [33].

4. Atomic parity non-conservation

The exchange of weak neutral currents between electrons and nucleons constitutes the main source of parity
violation in atomic transitions. The currents are of two kinds, depending on whether the electron or the
nucleon enters as the axial vector current.

The Hamiltonian for an infinitely heavy nucleon without radiative corrections is [11]

H =
G√

2
(κ1iγ5 − κnsd,iσn · α) δ(r), (2)

where G is the Fermi constant, γ5 and α are Dirac matrices, σn are Pauli matrices, and κ1i and κnsd,i are
constants of the interaction with i = p, n for a proton or a neutron and nsd = nuclear spin dependent. The
δ-function is a manifestation of the short range of the weak interaction. The SM tree level values for the nsi
constants are κ1p = 1

2 (1 − 4 sin2 θW) and κ1n = − 1
2 , with sin2 θW ≈ 0.23, and θW the Weinberg angle. In an

atom, the contribution from equation (2) for all the nucleons must be added. For the nsi part, we obtain for

3

New result for vector polarizability shifts APV result (red):         G. Toh et al., PRL (2019)
Figure from:   Gwinner and Orozco, Quantum Sci. Technol (2022)

QWEAK  -  electron-proton scattering   
E158       -  electron-electron scattering @ SLAC
PVDIS     - parity-violation in deep inelastic scattering

-DIS       - neutrino deep inelastic scattering
Tevatron  -  proton-antiproton collider
LEP         -  Large Electron Positron collider
SLAC       -  Stanford Linear Collider, electron-positron collider 
LHC         -  Large Hadron Collider,  proton-proton collider

ν

• Experiment and theory: nuclear weak charge:      QW = − 73.07(28)(33) ⇒ QW − QSM
W = 0.16(43)
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Searches for new physics

e.g.

New physics QW = QSM
W +�QW
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Z
<latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit>



Z 0
<latexit sha1_base64="OjVt2H8R41H8rTMCEXDwW6dntNI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPbUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/eNpr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzBxkqjQ8=</latexit><latexit sha1_base64="OjVt2H8R41H8rTMCEXDwW6dntNI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPbUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/eNpr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzBxkqjQ8=</latexit><latexit sha1_base64="OjVt2H8R41H8rTMCEXDwW6dntNI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPbUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/eNpr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzBxkqjQ8=</latexit><latexit sha1_base64="OjVt2H8R41H8rTMCEXDwW6dntNI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPbUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/eNpr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzBxkqjQ8=</latexit>

Searches for new physics

e.g.

New physics QW = QSM
W +�QW

<latexit sha1_base64="J9hwcBSr4yFfgp1GAzPmynR8Zgk=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEEoSQi6EYo6sKN0KJ9QBPDZDpph85MwsxEKKELN/6KGxeKuPUj3Pk3TtsstPXAhcM593LvPWHCqNKO820tLC4tr6wW1orrG5tb2/bOblPFqcSkgWMWy3aIFGFUkIammpF2IgniISOtcHA59lsPRCoaizs9TIjPUU/QiGKkjRTYpXrQOjd1n3mSw9ub0ZF3RZhG0GiBXXYqzgRwnrg5KYMctcD+8roxTjkRGjOkVMd1Eu1nSGqKGRkVvVSRBOEB6pGOoQJxovxs8sQIHhilC6NYmhIaTtTfExniSg15aDo50n01643F/7xOqqMzP6MiSTUReLooShnUMRwnArtUEqzZ0BCEJTW3QtxHEmFtciuaENzZl+dJ87jiOhW3flKuXuRxFEAJ7IND4IJTUAXXoAYaAINH8AxewZv1ZL1Y79bHtHXBymf2wB9Ynz/Xcpbt</latexit><latexit sha1_base64="J9hwcBSr4yFfgp1GAzPmynR8Zgk=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEEoSQi6EYo6sKN0KJ9QBPDZDpph85MwsxEKKELN/6KGxeKuPUj3Pk3TtsstPXAhcM593LvPWHCqNKO820tLC4tr6wW1orrG5tb2/bOblPFqcSkgWMWy3aIFGFUkIammpF2IgniISOtcHA59lsPRCoaizs9TIjPUU/QiGKkjRTYpXrQOjd1n3mSw9ub0ZF3RZhG0GiBXXYqzgRwnrg5KYMctcD+8roxTjkRGjOkVMd1Eu1nSGqKGRkVvVSRBOEB6pGOoQJxovxs8sQIHhilC6NYmhIaTtTfExniSg15aDo50n01643F/7xOqqMzP6MiSTUReLooShnUMRwnArtUEqzZ0BCEJTW3QtxHEmFtciuaENzZl+dJ87jiOhW3flKuXuRxFEAJ7IND4IJTUAXXoAYaAINH8AxewZv1ZL1Y79bHtHXBymf2wB9Ynz/Xcpbt</latexit><latexit sha1_base64="J9hwcBSr4yFfgp1GAzPmynR8Zgk=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEEoSQi6EYo6sKN0KJ9QBPDZDpph85MwsxEKKELN/6KGxeKuPUj3Pk3TtsstPXAhcM593LvPWHCqNKO820tLC4tr6wW1orrG5tb2/bOblPFqcSkgWMWy3aIFGFUkIammpF2IgniISOtcHA59lsPRCoaizs9TIjPUU/QiGKkjRTYpXrQOjd1n3mSw9ub0ZF3RZhG0GiBXXYqzgRwnrg5KYMctcD+8roxTjkRGjOkVMd1Eu1nSGqKGRkVvVSRBOEB6pGOoQJxovxs8sQIHhilC6NYmhIaTtTfExniSg15aDo50n01643F/7xOqqMzP6MiSTUReLooShnUMRwnArtUEqzZ0BCEJTW3QtxHEmFtciuaENzZl+dJ87jiOhW3flKuXuRxFEAJ7IND4IJTUAXXoAYaAINH8AxewZv1ZL1Y79bHtHXBymf2wB9Ynz/Xcpbt</latexit><latexit sha1_base64="J9hwcBSr4yFfgp1GAzPmynR8Zgk=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEEoSQi6EYo6sKN0KJ9QBPDZDpph85MwsxEKKELN/6KGxeKuPUj3Pk3TtsstPXAhcM593LvPWHCqNKO820tLC4tr6wW1orrG5tb2/bOblPFqcSkgWMWy3aIFGFUkIammpF2IgniISOtcHA59lsPRCoaizs9TIjPUU/QiGKkjRTYpXrQOjd1n3mSw9ub0ZF3RZhG0GiBXXYqzgRwnrg5KYMctcD+8roxTjkRGjOkVMd1Eu1nSGqKGRkVvVSRBOEB6pGOoQJxovxs8sQIHhilC6NYmhIaTtTfExniSg15aDo50n01643F/7xOqqMzP6MiSTUReLooShnUMRwnArtUEqzZ0BCEJTW3QtxHEmFtciuaENzZl+dJ87jiOhW3flKuXuRxFEAJ7IND4IJTUAXXoAYaAINH8AxewZv1ZL1Y79bHtHXBymf2wB9Ynz/Xcpbt</latexit>

New tree-level physics. Probing mass scale:
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<latexit sha1_base64="7AkzeXBlzHBIjxiJAH9hZStOnCw="></latexit><latexit sha1_base64="7AkzeXBlzHBIjxiJAH9hZStOnCw="></latexit><latexit sha1_base64="7AkzeXBlzHBIjxiJAH9hZStOnCw="></latexit><latexit sha1_base64="7AkzeXBlzHBIjxiJAH9hZStOnCw="></latexit>

strongly interacting               , weakly interacting  2 ⇠ 1
<latexit sha1_base64="jNVr3K9W98c8nEq/C7UjN+aoC6Q=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8ld0i6LHoxWMF+wHdbZlNs21okg1JViml/8OLB0W8+l+8+W9M2z1o64OBx3szzMyLFWfG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJs00oQ2S8lS3YzCUM0kblllO20pTEDGnrXh0O/Nbj1QblsoHO1Y0EjCQLGEErJO64QiUgm41NEzgoFcq+xV/DrxKgpyUUY56r/QV9lOSCSot4WBMJ/CVjSagLSOcTothZqgCMoIB7TgqQVATTeZXT/G5U/o4SbUrafFc/T0xAWHMWMSuU4AdmmVvJv7ndTKbXEcTJlVmqSSLRUnGsU3xLALcZ5oSy8eOANHM3YrJEDQQ64IquhCC5ZdXSbNaCfxKcH9Zrt3kcRTQKTpDFyhAV6iG7lAdNRBBGj2jV/TmPXkv3rv3sWhd8/KZE/QH3ucPrgqR9Q==</latexit><latexit sha1_base64="jNVr3K9W98c8nEq/C7UjN+aoC6Q=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8ld0i6LHoxWMF+wHdbZlNs21okg1JViml/8OLB0W8+l+8+W9M2z1o64OBx3szzMyLFWfG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJs00oQ2S8lS3YzCUM0kblllO20pTEDGnrXh0O/Nbj1QblsoHO1Y0EjCQLGEErJO64QiUgm41NEzgoFcq+xV/DrxKgpyUUY56r/QV9lOSCSot4WBMJ/CVjSagLSOcTothZqgCMoIB7TgqQVATTeZXT/G5U/o4SbUrafFc/T0xAWHMWMSuU4AdmmVvJv7ndTKbXEcTJlVmqSSLRUnGsU3xLALcZ5oSy8eOANHM3YrJEDQQ64IquhCC5ZdXSbNaCfxKcH9Zrt3kcRTQKTpDFyhAV6iG7lAdNRBBGj2jV/TmPXkv3rv3sWhd8/KZE/QH3ucPrgqR9Q==</latexit><latexit sha1_base64="jNVr3K9W98c8nEq/C7UjN+aoC6Q=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8ld0i6LHoxWMF+wHdbZlNs21okg1JViml/8OLB0W8+l+8+W9M2z1o64OBx3szzMyLFWfG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJs00oQ2S8lS3YzCUM0kblllO20pTEDGnrXh0O/Nbj1QblsoHO1Y0EjCQLGEErJO64QiUgm41NEzgoFcq+xV/DrxKgpyUUY56r/QV9lOSCSot4WBMJ/CVjSagLSOcTothZqgCMoIB7TgqQVATTeZXT/G5U/o4SbUrafFc/T0xAWHMWMSuU4AdmmVvJv7ndTKbXEcTJlVmqSSLRUnGsU3xLALcZ5oSy8eOANHM3YrJEDQQ64IquhCC5ZdXSbNaCfxKcH9Zrt3kcRTQKTpDFyhAV6iG7lAdNRBBGj2jV/TmPXkv3rv3sWhd8/KZE/QH3ucPrgqR9Q==</latexit><latexit sha1_base64="jNVr3K9W98c8nEq/C7UjN+aoC6Q=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8ld0i6LHoxWMF+wHdbZlNs21okg1JViml/8OLB0W8+l+8+W9M2z1o64OBx3szzMyLFWfG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJs00oQ2S8lS3YzCUM0kblllO20pTEDGnrXh0O/Nbj1QblsoHO1Y0EjCQLGEErJO64QiUgm41NEzgoFcq+xV/DrxKgpyUUY56r/QV9lOSCSot4WBMJ/CVjSagLSOcTothZqgCMoIB7TgqQVATTeZXT/G5U/o4SbUrafFc/T0xAWHMWMSuU4AdmmVvJv7ndTKbXEcTJlVmqSSLRUnGsU3xLALcZ5oSy8eOANHM3YrJEDQQ64IquhCC5ZdXSbNaCfxKcH9Zrt3kcRTQKTpDFyhAV6iG7lAdNRBBGj2jV/TmPXkv3rv3sWhd8/KZE/QH3ucPrgqR9Q==</latexit>

2 ⇠ ↵
<latexit sha1_base64="NqwfZBUaQ5xH9SYhh7yH2gt2V+o=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5IUQY9FLx4r2FZoYplst+3S3WTZ3Qgh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmRZIzbTzv2ymtrW9sbpW3Kzu7e/sH7uFRRyepIrRNEp6o+wg05SymbcMMp/dSURARp91ocj3zu49UaZbEdyaTNBQwitmQETBW6rvVYAJSwkMj0EzgALgcQ9+teXVvDrxK/ILUUIFW3/0KBglJBY0N4aB1z/ekCXNQhhFOp5Ug1VQCmcCI9iyNQVAd5vPjp/jUKgM8TJSt2OC5+nsiB6F1JiLbKcCM9bI3E//zeqkZXoY5i2VqaEwWi4YpxybBsyTwgClKDM8sAaKYvRWTMSggxuZVsSH4yy+vkk6j7nt1//a81rwq4iijY3SCzpCPLlAT3aAWaiOCMvSMXtGb8+S8OO/Ox6K15BQzVfQHzucPT2aUiQ==</latexit><latexit sha1_base64="NqwfZBUaQ5xH9SYhh7yH2gt2V+o=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5IUQY9FLx4r2FZoYplst+3S3WTZ3Qgh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmRZIzbTzv2ymtrW9sbpW3Kzu7e/sH7uFRRyepIrRNEp6o+wg05SymbcMMp/dSURARp91ocj3zu49UaZbEdyaTNBQwitmQETBW6rvVYAJSwkMj0EzgALgcQ9+teXVvDrxK/ILUUIFW3/0KBglJBY0N4aB1z/ekCXNQhhFOp5Ug1VQCmcCI9iyNQVAd5vPjp/jUKgM8TJSt2OC5+nsiB6F1JiLbKcCM9bI3E//zeqkZXoY5i2VqaEwWi4YpxybBsyTwgClKDM8sAaKYvRWTMSggxuZVsSH4yy+vkk6j7nt1//a81rwq4iijY3SCzpCPLlAT3aAWaiOCMvSMXtGb8+S8OO/Ox6K15BQzVfQHzucPT2aUiQ==</latexit><latexit sha1_base64="NqwfZBUaQ5xH9SYhh7yH2gt2V+o=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5IUQY9FLx4r2FZoYplst+3S3WTZ3Qgh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmRZIzbTzv2ymtrW9sbpW3Kzu7e/sH7uFRRyepIrRNEp6o+wg05SymbcMMp/dSURARp91ocj3zu49UaZbEdyaTNBQwitmQETBW6rvVYAJSwkMj0EzgALgcQ9+teXVvDrxK/ILUUIFW3/0KBglJBY0N4aB1z/ekCXNQhhFOp5Ug1VQCmcCI9iyNQVAd5vPjp/jUKgM8TJSt2OC5+nsiB6F1JiLbKcCM9bI3E//zeqkZXoY5i2VqaEwWi4YpxybBsyTwgClKDM8sAaKYvRWTMSggxuZVsSH4yy+vkk6j7nt1//a81rwq4iijY3SCzpCPLlAT3aAWaiOCMvSMXtGb8+S8OO/Ox6K15BQzVfQHzucPT2aUiQ==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="HjR9MjNQKCk55QTZBvzb+ET+4PI=">AAAB8XicbZBLSwMxFIXv+Ky16qhLN8EiuCoz3ehScOOygn1AZyx30kwbmpkJSUYYhvpX3LhQxD/jzn9j+lho64HAxzkJ9+ZEUnBtPO/b2djc2t7ZrexV92sHh0fuca2js1xR1qaZyFQvQs0ET1nbcCNYTyqGSSRYN5rczvLuE1OaZ+mDKSQLExylPOYUjbUG7mkwQSnxsRlonpAAhRzjwK17DW8usg7+EuqwVGvgfgXDjOYJSw0VqHXf96QJS1SGU8Gm1SDXTCKd4Ij1LaaYMB2W8+Wn5MI6QxJnyp7UkLn7+0WJidZFEtmbCZqxXs1m5n9ZPzfxdVjyVOaGpXQxKM4FMRmZNUGGXDFqRGEBqeJ2V0LHqJAa21fVluCvfnkdOs2G7zX8ew8qcAbncAk+XMEN3EEL2kChgBd4g3fn2Xl1PhZ1bTjL3k7gj5zPH+s6kyI=</latexit><latexit sha1_base64="HjR9MjNQKCk55QTZBvzb+ET+4PI=">AAAB8XicbZBLSwMxFIXv+Ky16qhLN8EiuCoz3ehScOOygn1AZyx30kwbmpkJSUYYhvpX3LhQxD/jzn9j+lho64HAxzkJ9+ZEUnBtPO/b2djc2t7ZrexV92sHh0fuca2js1xR1qaZyFQvQs0ET1nbcCNYTyqGSSRYN5rczvLuE1OaZ+mDKSQLExylPOYUjbUG7mkwQSnxsRlonpAAhRzjwK17DW8usg7+EuqwVGvgfgXDjOYJSw0VqHXf96QJS1SGU8Gm1SDXTCKd4Ij1LaaYMB2W8+Wn5MI6QxJnyp7UkLn7+0WJidZFEtmbCZqxXs1m5n9ZPzfxdVjyVOaGpXQxKM4FMRmZNUGGXDFqRGEBqeJ2V0LHqJAa21fVluCvfnkdOs2G7zX8ew8qcAbncAk+XMEN3EEL2kChgBd4g3fn2Xl1PhZ1bTjL3k7gj5zPH+s6kyI=</latexit><latexit sha1_base64="winBsYo0YCF0n4e+Hv+qRg0jsIo=">AAAB/HicbVBNS8NAEN3Ur1q/qj16WSyCp5L0oseiF48V7Ac0sUy2m3bpbrLsboQQ6l/x4kERr/4Qb/4bt20O2vpg4PHeDDPzQsmZNq777ZQ2Nre2d8q7lb39g8Oj6vFJVyepIrRDEp6ofgiachbTjmGG075UFETIaS+c3sz93iNVmiXxvckkDQSMYxYxAsZKw2rNn4KU8ND0NRPYBy4nMKzW3Ya7AF4nXkHqqEB7WP3yRwlJBY0N4aD1wHOlCXJQhhFOZxU/1VQCmcKYDiyNQVAd5IvjZ/jcKiMcJcpWbPBC/T2Rg9A6E6HtFGAmetWbi/95g9REV0HOYpkaGpPloijl2CR4ngQeMUWJ4ZklQBSzt2IyAQXE2LwqNgRv9eV10m02PLfh3bn11nURRxmdojN0gTx0iVroFrVRBxGUoWf0it6cJ+fFeXc+lq0lp5ipoT9wPn8ATiaUhQ==</latexit><latexit sha1_base64="NqwfZBUaQ5xH9SYhh7yH2gt2V+o=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5IUQY9FLx4r2FZoYplst+3S3WTZ3Qgh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmRZIzbTzv2ymtrW9sbpW3Kzu7e/sH7uFRRyepIrRNEp6o+wg05SymbcMMp/dSURARp91ocj3zu49UaZbEdyaTNBQwitmQETBW6rvVYAJSwkMj0EzgALgcQ9+teXVvDrxK/ILUUIFW3/0KBglJBY0N4aB1z/ekCXNQhhFOp5Ug1VQCmcCI9iyNQVAd5vPjp/jUKgM8TJSt2OC5+nsiB6F1JiLbKcCM9bI3E//zeqkZXoY5i2VqaEwWi4YpxybBsyTwgClKDM8sAaKYvRWTMSggxuZVsSH4yy+vkk6j7nt1//a81rwq4iijY3SCzpCPLlAT3aAWaiOCMvSMXtGb8+S8OO/Ox6K15BQzVfQHzucPT2aUiQ==</latexit><latexit sha1_base64="NqwfZBUaQ5xH9SYhh7yH2gt2V+o=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5IUQY9FLx4r2FZoYplst+3S3WTZ3Qgh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmRZIzbTzv2ymtrW9sbpW3Kzu7e/sH7uFRRyepIrRNEp6o+wg05SymbcMMp/dSURARp91ocj3zu49UaZbEdyaTNBQwitmQETBW6rvVYAJSwkMj0EzgALgcQ9+teXVvDrxK/ILUUIFW3/0KBglJBY0N4aB1z/ekCXNQhhFOp5Ug1VQCmcCI9iyNQVAd5vPjp/jUKgM8TJSt2OC5+nsiB6F1JiLbKcCM9bI3E//zeqkZXoY5i2VqaEwWi4YpxybBsyTwgClKDM8sAaKYvRWTMSggxuZVsSH4yy+vkk6j7nt1//a81rwq4iijY3SCzpCPLlAT3aAWaiOCMvSMXtGb8+S8OO/Ox6K15BQzVfQHzucPT2aUiQ==</latexit><latexit sha1_base64="NqwfZBUaQ5xH9SYhh7yH2gt2V+o=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5IUQY9FLx4r2FZoYplst+3S3WTZ3Qgh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmRZIzbTzv2ymtrW9sbpW3Kzu7e/sH7uFRRyepIrRNEp6o+wg05SymbcMMp/dSURARp91ocj3zu49UaZbEdyaTNBQwitmQETBW6rvVYAJSwkMj0EzgALgcQ9+teXVvDrxK/ILUUIFW3/0KBglJBY0N4aB1z/ekCXNQhhFOp5Ug1VQCmcCI9iyNQVAd5vPjp/jUKgM8TJSt2OC5+nsiB6F1JiLbKcCM9bI3E//zeqkZXoY5i2VqaEwWi4YpxybBsyTwgClKDM8sAaKYvRWTMSggxuZVsSH4yy+vkk6j7nt1//a81rwq4iijY3SCzpCPLlAT3aAWaiOCMvSMXtGb8+S8OO/Ox6K15BQzVfQHzucPT2aUiQ==</latexit><latexit sha1_base64="NqwfZBUaQ5xH9SYhh7yH2gt2V+o=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5IUQY9FLx4r2FZoYplst+3S3WTZ3Qgh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmRZIzbTzv2ymtrW9sbpW3Kzu7e/sH7uFRRyepIrRNEp6o+wg05SymbcMMp/dSURARp91ocj3zu49UaZbEdyaTNBQwitmQETBW6rvVYAJSwkMj0EzgALgcQ9+teXVvDrxK/ILUUIFW3/0KBglJBY0N4aB1z/ekCXNQhhFOp5Ug1VQCmcCI9iyNQVAd5vPjp/jUKgM8TJSt2OC5+nsiB6F1JiLbKcCM9bI3E//zeqkZXoY5i2VqaEwWi4YpxybBsyTwgClKDM8sAaKYvRWTMSggxuZVsSH4yy+vkk6j7nt1//a81rwq4iijY3SCzpCPLlAT3aAWaiOCMvSMXtGb8+S8OO/Ox6K15BQzVfQHzucPT2aUiQ==</latexit><latexit sha1_base64="NqwfZBUaQ5xH9SYhh7yH2gt2V+o=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5IUQY9FLx4r2FZoYplst+3S3WTZ3Qgh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmRZIzbTzv2ymtrW9sbpW3Kzu7e/sH7uFRRyepIrRNEp6o+wg05SymbcMMp/dSURARp91ocj3zu49UaZbEdyaTNBQwitmQETBW6rvVYAJSwkMj0EzgALgcQ9+teXVvDrxK/ILUUIFW3/0KBglJBY0N4aB1z/ekCXNQhhFOp5Ug1VQCmcCI9iyNQVAd5vPjp/jUKgM8TJSt2OC5+nsiB6F1JiLbKcCM9bI3E//zeqkZXoY5i2VqaEwWi4YpxybBsyTwgClKDM8sAaKYvRWTMSggxuZVsSH4yy+vkk6j7nt1//a81rwq4iijY3SCzpCPLlAT3aAWaiOCMvSMXtGb8+S8OO/Ox6K15BQzVfQHzucPT2aUiQ==</latexit><latexit sha1_base64="NqwfZBUaQ5xH9SYhh7yH2gt2V+o=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5IUQY9FLx4r2FZoYplst+3S3WTZ3Qgh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmRZIzbTzv2ymtrW9sbpW3Kzu7e/sH7uFRRyepIrRNEp6o+wg05SymbcMMp/dSURARp91ocj3zu49UaZbEdyaTNBQwitmQETBW6rvVYAJSwkMj0EzgALgcQ9+teXVvDrxK/ILUUIFW3/0KBglJBY0N4aB1z/ekCXNQhhFOp5Ug1VQCmcCI9iyNQVAd5vPjp/jUKgM8TJSt2OC5+nsiB6F1JiLbKcCM9bI3E//zeqkZXoY5i2VqaEwWi4YpxybBsyTwgClKDM8sAaKYvRWTMSggxuZVsSH4yy+vkk6j7nt1//a81rwq4iijY3SCzpCPLlAT3aAWaiOCMvSMXtGb8+S8OO/Ox6K15BQzVfQHzucPT2aUiQ==</latexit>

f
Z

<latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit>

Z
<latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit>

Ramsey-Musolf, PRC (1999)



Z 0
<latexit sha1_base64="OjVt2H8R41H8rTMCEXDwW6dntNI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPbUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/eNpr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzBxkqjQ8=</latexit><latexit sha1_base64="OjVt2H8R41H8rTMCEXDwW6dntNI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPbUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/eNpr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzBxkqjQ8=</latexit><latexit sha1_base64="OjVt2H8R41H8rTMCEXDwW6dntNI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPbUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/eNpr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzBxkqjQ8=</latexit><latexit sha1_base64="OjVt2H8R41H8rTMCEXDwW6dntNI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPbUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/eNpr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzBxkqjQ8=</latexit>

Searches for new physics

e.g.

New physics QW = QSM
W +�QW

<latexit sha1_base64="J9hwcBSr4yFfgp1GAzPmynR8Zgk=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEEoSQi6EYo6sKN0KJ9QBPDZDpph85MwsxEKKELN/6KGxeKuPUj3Pk3TtsstPXAhcM593LvPWHCqNKO820tLC4tr6wW1orrG5tb2/bOblPFqcSkgWMWy3aIFGFUkIammpF2IgniISOtcHA59lsPRCoaizs9TIjPUU/QiGKkjRTYpXrQOjd1n3mSw9ub0ZF3RZhG0GiBXXYqzgRwnrg5KYMctcD+8roxTjkRGjOkVMd1Eu1nSGqKGRkVvVSRBOEB6pGOoQJxovxs8sQIHhilC6NYmhIaTtTfExniSg15aDo50n01643F/7xOqqMzP6MiSTUReLooShnUMRwnArtUEqzZ0BCEJTW3QtxHEmFtciuaENzZl+dJ87jiOhW3flKuXuRxFEAJ7IND4IJTUAXXoAYaAINH8AxewZv1ZL1Y79bHtHXBymf2wB9Ynz/Xcpbt</latexit><latexit sha1_base64="J9hwcBSr4yFfgp1GAzPmynR8Zgk=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEEoSQi6EYo6sKN0KJ9QBPDZDpph85MwsxEKKELN/6KGxeKuPUj3Pk3TtsstPXAhcM593LvPWHCqNKO820tLC4tr6wW1orrG5tb2/bOblPFqcSkgWMWy3aIFGFUkIammpF2IgniISOtcHA59lsPRCoaizs9TIjPUU/QiGKkjRTYpXrQOjd1n3mSw9ub0ZF3RZhG0GiBXXYqzgRwnrg5KYMctcD+8roxTjkRGjOkVMd1Eu1nSGqKGRkVvVSRBOEB6pGOoQJxovxs8sQIHhilC6NYmhIaTtTfExniSg15aDo50n01643F/7xOqqMzP6MiSTUReLooShnUMRwnArtUEqzZ0BCEJTW3QtxHEmFtciuaENzZl+dJ87jiOhW3flKuXuRxFEAJ7IND4IJTUAXXoAYaAINH8AxewZv1ZL1Y79bHtHXBymf2wB9Ynz/Xcpbt</latexit><latexit sha1_base64="J9hwcBSr4yFfgp1GAzPmynR8Zgk=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEEoSQi6EYo6sKN0KJ9QBPDZDpph85MwsxEKKELN/6KGxeKuPUj3Pk3TtsstPXAhcM593LvPWHCqNKO820tLC4tr6wW1orrG5tb2/bOblPFqcSkgWMWy3aIFGFUkIammpF2IgniISOtcHA59lsPRCoaizs9TIjPUU/QiGKkjRTYpXrQOjd1n3mSw9ub0ZF3RZhG0GiBXXYqzgRwnrg5KYMctcD+8roxTjkRGjOkVMd1Eu1nSGqKGRkVvVSRBOEB6pGOoQJxovxs8sQIHhilC6NYmhIaTtTfExniSg15aDo50n01643F/7xOqqMzP6MiSTUReLooShnUMRwnArtUEqzZ0BCEJTW3QtxHEmFtciuaENzZl+dJ87jiOhW3flKuXuRxFEAJ7IND4IJTUAXXoAYaAINH8AxewZv1ZL1Y79bHtHXBymf2wB9Ynz/Xcpbt</latexit><latexit sha1_base64="J9hwcBSr4yFfgp1GAzPmynR8Zgk=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEEoSQi6EYo6sKN0KJ9QBPDZDpph85MwsxEKKELN/6KGxeKuPUj3Pk3TtsstPXAhcM593LvPWHCqNKO820tLC4tr6wW1orrG5tb2/bOblPFqcSkgWMWy3aIFGFUkIammpF2IgniISOtcHA59lsPRCoaizs9TIjPUU/QiGKkjRTYpXrQOjd1n3mSw9ub0ZF3RZhG0GiBXXYqzgRwnrg5KYMctcD+8roxTjkRGjOkVMd1Eu1nSGqKGRkVvVSRBOEB6pGOoQJxovxs8sQIHhilC6NYmhIaTtTfExniSg15aDo50n01643F/7xOqqMzP6MiSTUReLooShnUMRwnArtUEqzZ0BCEJTW3QtxHEmFtciuaENzZl+dJ87jiOhW3flKuXuRxFEAJ7IND4IJTUAXXoAYaAINH8AxewZv1ZL1Y79bHtHXBymf2wB9Ynz/Xcpbt</latexit>

New tree-level physics. Probing mass scale:
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<latexit sha1_base64="7AkzeXBlzHBIjxiJAH9hZStOnCw="></latexit><latexit sha1_base64="7AkzeXBlzHBIjxiJAH9hZStOnCw="></latexit><latexit sha1_base64="7AkzeXBlzHBIjxiJAH9hZStOnCw="></latexit><latexit sha1_base64="7AkzeXBlzHBIjxiJAH9hZStOnCw="></latexit>

⇡ 30TeV
<latexit sha1_base64="baOQ6ZM+uoEdjdEfvI/eY425AJw="></latexit><latexit sha1_base64="baOQ6ZM+uoEdjdEfvI/eY425AJw="></latexit><latexit sha1_base64="baOQ6ZM+uoEdjdEfvI/eY425AJw="></latexit><latexit sha1_base64="baOQ6ZM+uoEdjdEfvI/eY425AJw="></latexit>

strongly interacting               , weakly interacting  2 ⇠ 1
<latexit sha1_base64="jNVr3K9W98c8nEq/C7UjN+aoC6Q=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8ld0i6LHoxWMF+wHdbZlNs21okg1JViml/8OLB0W8+l+8+W9M2z1o64OBx3szzMyLFWfG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJs00oQ2S8lS3YzCUM0kblllO20pTEDGnrXh0O/Nbj1QblsoHO1Y0EjCQLGEErJO64QiUgm41NEzgoFcq+xV/DrxKgpyUUY56r/QV9lOSCSot4WBMJ/CVjSagLSOcTothZqgCMoIB7TgqQVATTeZXT/G5U/o4SbUrafFc/T0xAWHMWMSuU4AdmmVvJv7ndTKbXEcTJlVmqSSLRUnGsU3xLALcZ5oSy8eOANHM3YrJEDQQ64IquhCC5ZdXSbNaCfxKcH9Zrt3kcRTQKTpDFyhAV6iG7lAdNRBBGj2jV/TmPXkv3rv3sWhd8/KZE/QH3ucPrgqR9Q==</latexit><latexit sha1_base64="jNVr3K9W98c8nEq/C7UjN+aoC6Q=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8ld0i6LHoxWMF+wHdbZlNs21okg1JViml/8OLB0W8+l+8+W9M2z1o64OBx3szzMyLFWfG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJs00oQ2S8lS3YzCUM0kblllO20pTEDGnrXh0O/Nbj1QblsoHO1Y0EjCQLGEErJO64QiUgm41NEzgoFcq+xV/DrxKgpyUUY56r/QV9lOSCSot4WBMJ/CVjSagLSOcTothZqgCMoIB7TgqQVATTeZXT/G5U/o4SbUrafFc/T0xAWHMWMSuU4AdmmVvJv7ndTKbXEcTJlVmqSSLRUnGsU3xLALcZ5oSy8eOANHM3YrJEDQQ64IquhCC5ZdXSbNaCfxKcH9Zrt3kcRTQKTpDFyhAV6iG7lAdNRBBGj2jV/TmPXkv3rv3sWhd8/KZE/QH3ucPrgqR9Q==</latexit><latexit sha1_base64="jNVr3K9W98c8nEq/C7UjN+aoC6Q=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8ld0i6LHoxWMF+wHdbZlNs21okg1JViml/8OLB0W8+l+8+W9M2z1o64OBx3szzMyLFWfG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJs00oQ2S8lS3YzCUM0kblllO20pTEDGnrXh0O/Nbj1QblsoHO1Y0EjCQLGEErJO64QiUgm41NEzgoFcq+xV/DrxKgpyUUY56r/QV9lOSCSot4WBMJ/CVjSagLSOcTothZqgCMoIB7TgqQVATTeZXT/G5U/o4SbUrafFc/T0xAWHMWMSuU4AdmmVvJv7ndTKbXEcTJlVmqSSLRUnGsU3xLALcZ5oSy8eOANHM3YrJEDQQ64IquhCC5ZdXSbNaCfxKcH9Zrt3kcRTQKTpDFyhAV6iG7lAdNRBBGj2jV/TmPXkv3rv3sWhd8/KZE/QH3ucPrgqR9Q==</latexit><latexit sha1_base64="jNVr3K9W98c8nEq/C7UjN+aoC6Q=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8ld0i6LHoxWMF+wHdbZlNs21okg1JViml/8OLB0W8+l+8+W9M2z1o64OBx3szzMyLFWfG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJs00oQ2S8lS3YzCUM0kblllO20pTEDGnrXh0O/Nbj1QblsoHO1Y0EjCQLGEErJO64QiUgm41NEzgoFcq+xV/DrxKgpyUUY56r/QV9lOSCSot4WBMJ/CVjSagLSOcTothZqgCMoIB7TgqQVATTeZXT/G5U/o4SbUrafFc/T0xAWHMWMSuU4AdmmVvJv7ndTKbXEcTJlVmqSSLRUnGsU3xLALcZ5oSy8eOANHM3YrJEDQQ64IquhCC5ZdXSbNaCfxKcH9Zrt3kcRTQKTpDFyhAV6iG7lAdNRBBGj2jV/TmPXkv3rv3sWhd8/KZE/QH3ucPrgqR9Q==</latexit>

2 ⇠ ↵
<latexit sha1_base64="NqwfZBUaQ5xH9SYhh7yH2gt2V+o=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5IUQY9FLx4r2FZoYplst+3S3WTZ3Qgh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmRZIzbTzv2ymtrW9sbpW3Kzu7e/sH7uFRRyepIrRNEp6o+wg05SymbcMMp/dSURARp91ocj3zu49UaZbEdyaTNBQwitmQETBW6rvVYAJSwkMj0EzgALgcQ9+teXVvDrxK/ILUUIFW3/0KBglJBY0N4aB1z/ekCXNQhhFOp5Ug1VQCmcCI9iyNQVAd5vPjp/jUKgM8TJSt2OC5+nsiB6F1JiLbKcCM9bI3E//zeqkZXoY5i2VqaEwWi4YpxybBsyTwgClKDM8sAaKYvRWTMSggxuZVsSH4yy+vkk6j7nt1//a81rwq4iijY3SCzpCPLlAT3aAWaiOCMvSMXtGb8+S8OO/Ox6K15BQzVfQHzucPT2aUiQ==</latexit><latexit sha1_base64="NqwfZBUaQ5xH9SYhh7yH2gt2V+o=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5IUQY9FLx4r2FZoYplst+3S3WTZ3Qgh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmRZIzbTzv2ymtrW9sbpW3Kzu7e/sH7uFRRyepIrRNEp6o+wg05SymbcMMp/dSURARp91ocj3zu49UaZbEdyaTNBQwitmQETBW6rvVYAJSwkMj0EzgALgcQ9+teXVvDrxK/ILUUIFW3/0KBglJBY0N4aB1z/ekCXNQhhFOp5Ug1VQCmcCI9iyNQVAd5vPjp/jUKgM8TJSt2OC5+nsiB6F1JiLbKcCM9bI3E//zeqkZXoY5i2VqaEwWi4YpxybBsyTwgClKDM8sAaKYvRWTMSggxuZVsSH4yy+vkk6j7nt1//a81rwq4iijY3SCzpCPLlAT3aAWaiOCMvSMXtGb8+S8OO/Ox6K15BQzVfQHzucPT2aUiQ==</latexit><latexit sha1_base64="NqwfZBUaQ5xH9SYhh7yH2gt2V+o=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5IUQY9FLx4r2FZoYplst+3S3WTZ3Qgh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmRZIzbTzv2ymtrW9sbpW3Kzu7e/sH7uFRRyepIrRNEp6o+wg05SymbcMMp/dSURARp91ocj3zu49UaZbEdyaTNBQwitmQETBW6rvVYAJSwkMj0EzgALgcQ9+teXVvDrxK/ILUUIFW3/0KBglJBY0N4aB1z/ekCXNQhhFOp5Ug1VQCmcCI9iyNQVAd5vPjp/jUKgM8TJSt2OC5+nsiB6F1JiLbKcCM9bI3E//zeqkZXoY5i2VqaEwWi4YpxybBsyTwgClKDM8sAaKYvRWTMSggxuZVsSH4yy+vkk6j7nt1//a81rwq4iijY3SCzpCPLlAT3aAWaiOCMvSMXtGb8+S8OO/Ox6K15BQzVfQHzucPT2aUiQ==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="HjR9MjNQKCk55QTZBvzb+ET+4PI=">AAAB8XicbZBLSwMxFIXv+Ky16qhLN8EiuCoz3ehScOOygn1AZyx30kwbmpkJSUYYhvpX3LhQxD/jzn9j+lho64HAxzkJ9+ZEUnBtPO/b2djc2t7ZrexV92sHh0fuca2js1xR1qaZyFQvQs0ET1nbcCNYTyqGSSRYN5rczvLuE1OaZ+mDKSQLExylPOYUjbUG7mkwQSnxsRlonpAAhRzjwK17DW8usg7+EuqwVGvgfgXDjOYJSw0VqHXf96QJS1SGU8Gm1SDXTCKd4Ij1LaaYMB2W8+Wn5MI6QxJnyp7UkLn7+0WJidZFEtmbCZqxXs1m5n9ZPzfxdVjyVOaGpXQxKM4FMRmZNUGGXDFqRGEBqeJ2V0LHqJAa21fVluCvfnkdOs2G7zX8ew8qcAbncAk+XMEN3EEL2kChgBd4g3fn2Xl1PhZ1bTjL3k7gj5zPH+s6kyI=</latexit><latexit sha1_base64="HjR9MjNQKCk55QTZBvzb+ET+4PI=">AAAB8XicbZBLSwMxFIXv+Ky16qhLN8EiuCoz3ehScOOygn1AZyx30kwbmpkJSUYYhvpX3LhQxD/jzn9j+lho64HAxzkJ9+ZEUnBtPO/b2djc2t7ZrexV92sHh0fuca2js1xR1qaZyFQvQs0ET1nbcCNYTyqGSSRYN5rczvLuE1OaZ+mDKSQLExylPOYUjbUG7mkwQSnxsRlonpAAhRzjwK17DW8usg7+EuqwVGvgfgXDjOYJSw0VqHXf96QJS1SGU8Gm1SDXTCKd4Ij1LaaYMB2W8+Wn5MI6QxJnyp7UkLn7+0WJidZFEtmbCZqxXs1m5n9ZPzfxdVjyVOaGpXQxKM4FMRmZNUGGXDFqRGEBqeJ2V0LHqJAa21fVluCvfnkdOs2G7zX8ew8qcAbncAk+XMEN3EEL2kChgBd4g3fn2Xl1PhZ1bTjL3k7gj5zPH+s6kyI=</latexit><latexit sha1_base64="winBsYo0YCF0n4e+Hv+qRg0jsIo=">AAAB/HicbVBNS8NAEN3Ur1q/qj16WSyCp5L0oseiF48V7Ac0sUy2m3bpbrLsboQQ6l/x4kERr/4Qb/4bt20O2vpg4PHeDDPzQsmZNq777ZQ2Nre2d8q7lb39g8Oj6vFJVyepIrRDEp6ofgiachbTjmGG075UFETIaS+c3sz93iNVmiXxvckkDQSMYxYxAsZKw2rNn4KU8ND0NRPYBy4nMKzW3Ya7AF4nXkHqqEB7WP3yRwlJBY0N4aD1wHOlCXJQhhFOZxU/1VQCmcKYDiyNQVAd5IvjZ/jcKiMcJcpWbPBC/T2Rg9A6E6HtFGAmetWbi/95g9REV0HOYpkaGpPloijl2CR4ngQeMUWJ4ZklQBSzt2IyAQXE2LwqNgRv9eV10m02PLfh3bn11nURRxmdojN0gTx0iVroFrVRBxGUoWf0it6cJ+fFeXc+lq0lp5ipoT9wPn8ATiaUhQ==</latexit><latexit sha1_base64="NqwfZBUaQ5xH9SYhh7yH2gt2V+o=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5IUQY9FLx4r2FZoYplst+3S3WTZ3Qgh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmRZIzbTzv2ymtrW9sbpW3Kzu7e/sH7uFRRyepIrRNEp6o+wg05SymbcMMp/dSURARp91ocj3zu49UaZbEdyaTNBQwitmQETBW6rvVYAJSwkMj0EzgALgcQ9+teXVvDrxK/ILUUIFW3/0KBglJBY0N4aB1z/ekCXNQhhFOp5Ug1VQCmcCI9iyNQVAd5vPjp/jUKgM8TJSt2OC5+nsiB6F1JiLbKcCM9bI3E//zeqkZXoY5i2VqaEwWi4YpxybBsyTwgClKDM8sAaKYvRWTMSggxuZVsSH4yy+vkk6j7nt1//a81rwq4iijY3SCzpCPLlAT3aAWaiOCMvSMXtGb8+S8OO/Ox6K15BQzVfQHzucPT2aUiQ==</latexit><latexit sha1_base64="NqwfZBUaQ5xH9SYhh7yH2gt2V+o=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5IUQY9FLx4r2FZoYplst+3S3WTZ3Qgh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmRZIzbTzv2ymtrW9sbpW3Kzu7e/sH7uFRRyepIrRNEp6o+wg05SymbcMMp/dSURARp91ocj3zu49UaZbEdyaTNBQwitmQETBW6rvVYAJSwkMj0EzgALgcQ9+teXVvDrxK/ILUUIFW3/0KBglJBY0N4aB1z/ekCXNQhhFOp5Ug1VQCmcCI9iyNQVAd5vPjp/jUKgM8TJSt2OC5+nsiB6F1JiLbKcCM9bI3E//zeqkZXoY5i2VqaEwWi4YpxybBsyTwgClKDM8sAaKYvRWTMSggxuZVsSH4yy+vkk6j7nt1//a81rwq4iijY3SCzpCPLlAT3aAWaiOCMvSMXtGb8+S8OO/Ox6K15BQzVfQHzucPT2aUiQ==</latexit><latexit sha1_base64="NqwfZBUaQ5xH9SYhh7yH2gt2V+o=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5IUQY9FLx4r2FZoYplst+3S3WTZ3Qgh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmRZIzbTzv2ymtrW9sbpW3Kzu7e/sH7uFRRyepIrRNEp6o+wg05SymbcMMp/dSURARp91ocj3zu49UaZbEdyaTNBQwitmQETBW6rvVYAJSwkMj0EzgALgcQ9+teXVvDrxK/ILUUIFW3/0KBglJBY0N4aB1z/ekCXNQhhFOp5Ug1VQCmcCI9iyNQVAd5vPjp/jUKgM8TJSt2OC5+nsiB6F1JiLbKcCM9bI3E//zeqkZXoY5i2VqaEwWi4YpxybBsyTwgClKDM8sAaKYvRWTMSggxuZVsSH4yy+vkk6j7nt1//a81rwq4iijY3SCzpCPLlAT3aAWaiOCMvSMXtGb8+S8OO/Ox6K15BQzVfQHzucPT2aUiQ==</latexit><latexit sha1_base64="NqwfZBUaQ5xH9SYhh7yH2gt2V+o=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5IUQY9FLx4r2FZoYplst+3S3WTZ3Qgh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmRZIzbTzv2ymtrW9sbpW3Kzu7e/sH7uFRRyepIrRNEp6o+wg05SymbcMMp/dSURARp91ocj3zu49UaZbEdyaTNBQwitmQETBW6rvVYAJSwkMj0EzgALgcQ9+teXVvDrxK/ILUUIFW3/0KBglJBY0N4aB1z/ekCXNQhhFOp5Ug1VQCmcCI9iyNQVAd5vPjp/jUKgM8TJSt2OC5+nsiB6F1JiLbKcCM9bI3E//zeqkZXoY5i2VqaEwWi4YpxybBsyTwgClKDM8sAaKYvRWTMSggxuZVsSH4yy+vkk6j7nt1//a81rwq4iijY3SCzpCPLlAT3aAWaiOCMvSMXtGb8+S8OO/Ox6K15BQzVfQHzucPT2aUiQ==</latexit><latexit sha1_base64="NqwfZBUaQ5xH9SYhh7yH2gt2V+o=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5IUQY9FLx4r2FZoYplst+3S3WTZ3Qgh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmRZIzbTzv2ymtrW9sbpW3Kzu7e/sH7uFRRyepIrRNEp6o+wg05SymbcMMp/dSURARp91ocj3zu49UaZbEdyaTNBQwitmQETBW6rvVYAJSwkMj0EzgALgcQ9+teXVvDrxK/ILUUIFW3/0KBglJBY0N4aB1z/ekCXNQhhFOp5Ug1VQCmcCI9iyNQVAd5vPjp/jUKgM8TJSt2OC5+nsiB6F1JiLbKcCM9bI3E//zeqkZXoY5i2VqaEwWi4YpxybBsyTwgClKDM8sAaKYvRWTMSggxuZVsSH4yy+vkk6j7nt1//a81rwq4iijY3SCzpCPLlAT3aAWaiOCMvSMXtGb8+S8OO/Ox6K15BQzVfQHzucPT2aUiQ==</latexit><latexit sha1_base64="NqwfZBUaQ5xH9SYhh7yH2gt2V+o=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5IUQY9FLx4r2FZoYplst+3S3WTZ3Qgh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmRZIzbTzv2ymtrW9sbpW3Kzu7e/sH7uFRRyepIrRNEp6o+wg05SymbcMMp/dSURARp91ocj3zu49UaZbEdyaTNBQwitmQETBW6rvVYAJSwkMj0EzgALgcQ9+teXVvDrxK/ILUUIFW3/0KBglJBY0N4aB1z/ekCXNQhhFOp5Ug1VQCmcCI9iyNQVAd5vPjp/jUKgM8TJSt2OC5+nsiB6F1JiLbKcCM9bI3E//zeqkZXoY5i2VqaEwWi4YpxybBsyTwgClKDM8sAaKYvRWTMSggxuZVsSH4yy+vkk6j7nt1//a81rwq4iijY3SCzpCPLlAT3aAWaiOCMvSMXtGb8+S8OO/Ox6K15BQzVfQHzucPT2aUiQ==</latexit>

f
Z

<latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit>

Z
<latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit>

Ramsey-Musolf, PRC (1999)

for 0.5%



Z 0
<latexit sha1_base64="OjVt2H8R41H8rTMCEXDwW6dntNI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPbUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/eNpr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzBxkqjQ8=</latexit><latexit sha1_base64="OjVt2H8R41H8rTMCEXDwW6dntNI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPbUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/eNpr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzBxkqjQ8=</latexit><latexit sha1_base64="OjVt2H8R41H8rTMCEXDwW6dntNI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPbUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/eNpr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzBxkqjQ8=</latexit><latexit sha1_base64="OjVt2H8R41H8rTMCEXDwW6dntNI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPbUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/eNpr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzBxkqjQ8=</latexit>

Searches for new physics

e.g.

New physics QW = QSM
W +�QW

<latexit sha1_base64="J9hwcBSr4yFfgp1GAzPmynR8Zgk=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEEoSQi6EYo6sKN0KJ9QBPDZDpph85MwsxEKKELN/6KGxeKuPUj3Pk3TtsstPXAhcM593LvPWHCqNKO820tLC4tr6wW1orrG5tb2/bOblPFqcSkgWMWy3aIFGFUkIammpF2IgniISOtcHA59lsPRCoaizs9TIjPUU/QiGKkjRTYpXrQOjd1n3mSw9ub0ZF3RZhG0GiBXXYqzgRwnrg5KYMctcD+8roxTjkRGjOkVMd1Eu1nSGqKGRkVvVSRBOEB6pGOoQJxovxs8sQIHhilC6NYmhIaTtTfExniSg15aDo50n01643F/7xOqqMzP6MiSTUReLooShnUMRwnArtUEqzZ0BCEJTW3QtxHEmFtciuaENzZl+dJ87jiOhW3flKuXuRxFEAJ7IND4IJTUAXXoAYaAINH8AxewZv1ZL1Y79bHtHXBymf2wB9Ynz/Xcpbt</latexit><latexit sha1_base64="J9hwcBSr4yFfgp1GAzPmynR8Zgk=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEEoSQi6EYo6sKN0KJ9QBPDZDpph85MwsxEKKELN/6KGxeKuPUj3Pk3TtsstPXAhcM593LvPWHCqNKO820tLC4tr6wW1orrG5tb2/bOblPFqcSkgWMWy3aIFGFUkIammpF2IgniISOtcHA59lsPRCoaizs9TIjPUU/QiGKkjRTYpXrQOjd1n3mSw9ub0ZF3RZhG0GiBXXYqzgRwnrg5KYMctcD+8roxTjkRGjOkVMd1Eu1nSGqKGRkVvVSRBOEB6pGOoQJxovxs8sQIHhilC6NYmhIaTtTfExniSg15aDo50n01643F/7xOqqMzP6MiSTUReLooShnUMRwnArtUEqzZ0BCEJTW3QtxHEmFtciuaENzZl+dJ87jiOhW3flKuXuRxFEAJ7IND4IJTUAXXoAYaAINH8AxewZv1ZL1Y79bHtHXBymf2wB9Ynz/Xcpbt</latexit><latexit sha1_base64="J9hwcBSr4yFfgp1GAzPmynR8Zgk=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEEoSQi6EYo6sKN0KJ9QBPDZDpph85MwsxEKKELN/6KGxeKuPUj3Pk3TtsstPXAhcM593LvPWHCqNKO820tLC4tr6wW1orrG5tb2/bOblPFqcSkgWMWy3aIFGFUkIammpF2IgniISOtcHA59lsPRCoaizs9TIjPUU/QiGKkjRTYpXrQOjd1n3mSw9ub0ZF3RZhG0GiBXXYqzgRwnrg5KYMctcD+8roxTjkRGjOkVMd1Eu1nSGqKGRkVvVSRBOEB6pGOoQJxovxs8sQIHhilC6NYmhIaTtTfExniSg15aDo50n01643F/7xOqqMzP6MiSTUReLooShnUMRwnArtUEqzZ0BCEJTW3QtxHEmFtciuaENzZl+dJ87jiOhW3flKuXuRxFEAJ7IND4IJTUAXXoAYaAINH8AxewZv1ZL1Y79bHtHXBymf2wB9Ynz/Xcpbt</latexit><latexit sha1_base64="J9hwcBSr4yFfgp1GAzPmynR8Zgk=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEEoSQi6EYo6sKN0KJ9QBPDZDpph85MwsxEKKELN/6KGxeKuPUj3Pk3TtsstPXAhcM593LvPWHCqNKO820tLC4tr6wW1orrG5tb2/bOblPFqcSkgWMWy3aIFGFUkIammpF2IgniISOtcHA59lsPRCoaizs9TIjPUU/QiGKkjRTYpXrQOjd1n3mSw9ub0ZF3RZhG0GiBXXYqzgRwnrg5KYMctcD+8roxTjkRGjOkVMd1Eu1nSGqKGRkVvVSRBOEB6pGOoQJxovxs8sQIHhilC6NYmhIaTtTfExniSg15aDo50n01643F/7xOqqMzP6MiSTUReLooShnUMRwnArtUEqzZ0BCEJTW3QtxHEmFtciuaENzZl+dJ87jiOhW3flKuXuRxFEAJ7IND4IJTUAXXoAYaAINH8AxewZv1ZL1Y79bHtHXBymf2wB9Ynz/Xcpbt</latexit>

New tree-level physics. Probing mass scale:
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<latexit sha1_base64="7AkzeXBlzHBIjxiJAH9hZStOnCw="></latexit><latexit sha1_base64="7AkzeXBlzHBIjxiJAH9hZStOnCw="></latexit><latexit sha1_base64="7AkzeXBlzHBIjxiJAH9hZStOnCw="></latexit><latexit sha1_base64="7AkzeXBlzHBIjxiJAH9hZStOnCw="></latexit>

⇡ 30TeV
<latexit sha1_base64="baOQ6ZM+uoEdjdEfvI/eY425AJw="></latexit><latexit sha1_base64="baOQ6ZM+uoEdjdEfvI/eY425AJw="></latexit><latexit sha1_base64="baOQ6ZM+uoEdjdEfvI/eY425AJw="></latexit><latexit sha1_base64="baOQ6ZM+uoEdjdEfvI/eY425AJw="></latexit>

strongly interacting               , weakly interacting  2 ⇠ 1
<latexit sha1_base64="jNVr3K9W98c8nEq/C7UjN+aoC6Q=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8ld0i6LHoxWMF+wHdbZlNs21okg1JViml/8OLB0W8+l+8+W9M2z1o64OBx3szzMyLFWfG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJs00oQ2S8lS3YzCUM0kblllO20pTEDGnrXh0O/Nbj1QblsoHO1Y0EjCQLGEErJO64QiUgm41NEzgoFcq+xV/DrxKgpyUUY56r/QV9lOSCSot4WBMJ/CVjSagLSOcTothZqgCMoIB7TgqQVATTeZXT/G5U/o4SbUrafFc/T0xAWHMWMSuU4AdmmVvJv7ndTKbXEcTJlVmqSSLRUnGsU3xLALcZ5oSy8eOANHM3YrJEDQQ64IquhCC5ZdXSbNaCfxKcH9Zrt3kcRTQKTpDFyhAV6iG7lAdNRBBGj2jV/TmPXkv3rv3sWhd8/KZE/QH3ucPrgqR9Q==</latexit><latexit sha1_base64="jNVr3K9W98c8nEq/C7UjN+aoC6Q=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8ld0i6LHoxWMF+wHdbZlNs21okg1JViml/8OLB0W8+l+8+W9M2z1o64OBx3szzMyLFWfG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJs00oQ2S8lS3YzCUM0kblllO20pTEDGnrXh0O/Nbj1QblsoHO1Y0EjCQLGEErJO64QiUgm41NEzgoFcq+xV/DrxKgpyUUY56r/QV9lOSCSot4WBMJ/CVjSagLSOcTothZqgCMoIB7TgqQVATTeZXT/G5U/o4SbUrafFc/T0xAWHMWMSuU4AdmmVvJv7ndTKbXEcTJlVmqSSLRUnGsU3xLALcZ5oSy8eOANHM3YrJEDQQ64IquhCC5ZdXSbNaCfxKcH9Zrt3kcRTQKTpDFyhAV6iG7lAdNRBBGj2jV/TmPXkv3rv3sWhd8/KZE/QH3ucPrgqR9Q==</latexit><latexit sha1_base64="jNVr3K9W98c8nEq/C7UjN+aoC6Q=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8ld0i6LHoxWMF+wHdbZlNs21okg1JViml/8OLB0W8+l+8+W9M2z1o64OBx3szzMyLFWfG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJs00oQ2S8lS3YzCUM0kblllO20pTEDGnrXh0O/Nbj1QblsoHO1Y0EjCQLGEErJO64QiUgm41NEzgoFcq+xV/DrxKgpyUUY56r/QV9lOSCSot4WBMJ/CVjSagLSOcTothZqgCMoIB7TgqQVATTeZXT/G5U/o4SbUrafFc/T0xAWHMWMSuU4AdmmVvJv7ndTKbXEcTJlVmqSSLRUnGsU3xLALcZ5oSy8eOANHM3YrJEDQQ64IquhCC5ZdXSbNaCfxKcH9Zrt3kcRTQKTpDFyhAV6iG7lAdNRBBGj2jV/TmPXkv3rv3sWhd8/KZE/QH3ucPrgqR9Q==</latexit><latexit sha1_base64="jNVr3K9W98c8nEq/C7UjN+aoC6Q=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8ld0i6LHoxWMF+wHdbZlNs21okg1JViml/8OLB0W8+l+8+W9M2z1o64OBx3szzMyLFWfG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJs00oQ2S8lS3YzCUM0kblllO20pTEDGnrXh0O/Nbj1QblsoHO1Y0EjCQLGEErJO64QiUgm41NEzgoFcq+xV/DrxKgpyUUY56r/QV9lOSCSot4WBMJ/CVjSagLSOcTothZqgCMoIB7TgqQVATTeZXT/G5U/o4SbUrafFc/T0xAWHMWMSuU4AdmmVvJv7ndTKbXEcTJlVmqSSLRUnGsU3xLALcZ5oSy8eOANHM3YrJEDQQ64IquhCC5ZdXSbNaCfxKcH9Zrt3kcRTQKTpDFyhAV6iG7lAdNRBBGj2jV/TmPXkv3rv3sWhd8/KZE/QH3ucPrgqR9Q==</latexit>
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Ramsey-Musolf, PRC (1999)

for 0.5%

Z’ boson: mZ0 & 1TeV
<latexit sha1_base64="GKWLpi1g7mGIGXpglNZAgWNnhtE=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYVgQFWCkGCsYGEsUl+iiSLHdVqrthPZDlIVZWDhV1gYQIiVj2Djb3DbDNByJEtH55yr63vChFGlHefbKq2srq1vlDcrW9s7u3v2/kFHxanEpI1jFsteiBRhVJC2ppqRXiIJ4iEj3XB8M/W7D0QqGouWniTE52goaEQx0kYK7CoPsvuT3Btqk+HQ9c5g5kkOW6STB3bNqTszwGXiFqQGCjQD+8sbxDjlRGjMkFJ910m0nyGpKWYkr3ipIgnCYzQkfUMF4kT52eyIHB4bZQCjWJonNJypvycyxJWa8NAkOdIjtehNxf+8fqqjKz+jIkk1EXi+KEoZ1DGcNgIHVBKs2cQQhCU1f4V4hCTC2vRWMSW4iycvk8553XXq7t1FrXFd1FEGVXAEToELLkED3IImaAMMHsEzeAVv1pP1Yr1bH/NoySpmDsEfWJ8/bYSXSw==</latexit><latexit sha1_base64="GKWLpi1g7mGIGXpglNZAgWNnhtE=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYVgQFWCkGCsYGEsUl+iiSLHdVqrthPZDlIVZWDhV1gYQIiVj2Djb3DbDNByJEtH55yr63vChFGlHefbKq2srq1vlDcrW9s7u3v2/kFHxanEpI1jFsteiBRhVJC2ppqRXiIJ4iEj3XB8M/W7D0QqGouWniTE52goaEQx0kYK7CoPsvuT3Btqk+HQ9c5g5kkOW6STB3bNqTszwGXiFqQGCjQD+8sbxDjlRGjMkFJ910m0nyGpKWYkr3ipIgnCYzQkfUMF4kT52eyIHB4bZQCjWJonNJypvycyxJWa8NAkOdIjtehNxf+8fqqjKz+jIkk1EXi+KEoZ1DGcNgIHVBKs2cQQhCU1f4V4hCTC2vRWMSW4iycvk8553XXq7t1FrXFd1FEGVXAEToELLkED3IImaAMMHsEzeAVv1pP1Yr1bH/NoySpmDsEfWJ8/bYSXSw==</latexit><latexit sha1_base64="GKWLpi1g7mGIGXpglNZAgWNnhtE=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYVgQFWCkGCsYGEsUl+iiSLHdVqrthPZDlIVZWDhV1gYQIiVj2Djb3DbDNByJEtH55yr63vChFGlHefbKq2srq1vlDcrW9s7u3v2/kFHxanEpI1jFsteiBRhVJC2ppqRXiIJ4iEj3XB8M/W7D0QqGouWniTE52goaEQx0kYK7CoPsvuT3Btqk+HQ9c5g5kkOW6STB3bNqTszwGXiFqQGCjQD+8sbxDjlRGjMkFJ910m0nyGpKWYkr3ipIgnCYzQkfUMF4kT52eyIHB4bZQCjWJonNJypvycyxJWa8NAkOdIjtehNxf+8fqqjKz+jIkk1EXi+KEoZ1DGcNgIHVBKs2cQQhCU1f4V4hCTC2vRWMSW4iycvk8553XXq7t1FrXFd1FEGVXAEToELLkED3IImaAMMHsEzeAVv1pP1Yr1bH/NoySpmDsEfWJ8/bYSXSw==</latexit><latexit sha1_base64="GKWLpi1g7mGIGXpglNZAgWNnhtE=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYVgQFWCkGCsYGEsUl+iiSLHdVqrthPZDlIVZWDhV1gYQIiVj2Djb3DbDNByJEtH55yr63vChFGlHefbKq2srq1vlDcrW9s7u3v2/kFHxanEpI1jFsteiBRhVJC2ppqRXiIJ4iEj3XB8M/W7D0QqGouWniTE52goaEQx0kYK7CoPsvuT3Btqk+HQ9c5g5kkOW6STB3bNqTszwGXiFqQGCjQD+8sbxDjlRGjMkFJ910m0nyGpKWYkr3ipIgnCYzQkfUMF4kT52eyIHB4bZQCjWJonNJypvycyxJWa8NAkOdIjtehNxf+8fqqjKz+jIkk1EXi+KEoZ1DGcNgIHVBKs2cQQhCU1f4V4hCTC2vRWMSW4iycvk8553XXq7t1FrXFd1FEGVXAEToELLkED3IImaAMMHsEzeAVv1pP1Yr1bH/NoySpmDsEfWJ8/bYSXSw==</latexit>



Z 0
<latexit sha1_base64="OjVt2H8R41H8rTMCEXDwW6dntNI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPbUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/eNpr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzBxkqjQ8=</latexit><latexit sha1_base64="OjVt2H8R41H8rTMCEXDwW6dntNI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPbUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/eNpr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzBxkqjQ8=</latexit><latexit sha1_base64="OjVt2H8R41H8rTMCEXDwW6dntNI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPbUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/eNpr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzBxkqjQ8=</latexit><latexit sha1_base64="OjVt2H8R41H8rTMCEXDwW6dntNI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPbUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/eNpr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzBxkqjQ8=</latexit>

Searches for new physics

e.g.

New physics QW = QSM
W +�QW

<latexit sha1_base64="J9hwcBSr4yFfgp1GAzPmynR8Zgk=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEEoSQi6EYo6sKN0KJ9QBPDZDpph85MwsxEKKELN/6KGxeKuPUj3Pk3TtsstPXAhcM593LvPWHCqNKO820tLC4tr6wW1orrG5tb2/bOblPFqcSkgWMWy3aIFGFUkIammpF2IgniISOtcHA59lsPRCoaizs9TIjPUU/QiGKkjRTYpXrQOjd1n3mSw9ub0ZF3RZhG0GiBXXYqzgRwnrg5KYMctcD+8roxTjkRGjOkVMd1Eu1nSGqKGRkVvVSRBOEB6pGOoQJxovxs8sQIHhilC6NYmhIaTtTfExniSg15aDo50n01643F/7xOqqMzP6MiSTUReLooShnUMRwnArtUEqzZ0BCEJTW3QtxHEmFtciuaENzZl+dJ87jiOhW3flKuXuRxFEAJ7IND4IJTUAXXoAYaAINH8AxewZv1ZL1Y79bHtHXBymf2wB9Ynz/Xcpbt</latexit><latexit sha1_base64="J9hwcBSr4yFfgp1GAzPmynR8Zgk=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEEoSQi6EYo6sKN0KJ9QBPDZDpph85MwsxEKKELN/6KGxeKuPUj3Pk3TtsstPXAhcM593LvPWHCqNKO820tLC4tr6wW1orrG5tb2/bOblPFqcSkgWMWy3aIFGFUkIammpF2IgniISOtcHA59lsPRCoaizs9TIjPUU/QiGKkjRTYpXrQOjd1n3mSw9ub0ZF3RZhG0GiBXXYqzgRwnrg5KYMctcD+8roxTjkRGjOkVMd1Eu1nSGqKGRkVvVSRBOEB6pGOoQJxovxs8sQIHhilC6NYmhIaTtTfExniSg15aDo50n01643F/7xOqqMzP6MiSTUReLooShnUMRwnArtUEqzZ0BCEJTW3QtxHEmFtciuaENzZl+dJ87jiOhW3flKuXuRxFEAJ7IND4IJTUAXXoAYaAINH8AxewZv1ZL1Y79bHtHXBymf2wB9Ynz/Xcpbt</latexit><latexit sha1_base64="J9hwcBSr4yFfgp1GAzPmynR8Zgk=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEEoSQi6EYo6sKN0KJ9QBPDZDpph85MwsxEKKELN/6KGxeKuPUj3Pk3TtsstPXAhcM593LvPWHCqNKO820tLC4tr6wW1orrG5tb2/bOblPFqcSkgWMWy3aIFGFUkIammpF2IgniISOtcHA59lsPRCoaizs9TIjPUU/QiGKkjRTYpXrQOjd1n3mSw9ub0ZF3RZhG0GiBXXYqzgRwnrg5KYMctcD+8roxTjkRGjOkVMd1Eu1nSGqKGRkVvVSRBOEB6pGOoQJxovxs8sQIHhilC6NYmhIaTtTfExniSg15aDo50n01643F/7xOqqMzP6MiSTUReLooShnUMRwnArtUEqzZ0BCEJTW3QtxHEmFtciuaENzZl+dJ87jiOhW3flKuXuRxFEAJ7IND4IJTUAXXoAYaAINH8AxewZv1ZL1Y79bHtHXBymf2wB9Ynz/Xcpbt</latexit><latexit sha1_base64="J9hwcBSr4yFfgp1GAzPmynR8Zgk=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEEoSQi6EYo6sKN0KJ9QBPDZDpph85MwsxEKKELN/6KGxeKuPUj3Pk3TtsstPXAhcM593LvPWHCqNKO820tLC4tr6wW1orrG5tb2/bOblPFqcSkgWMWy3aIFGFUkIammpF2IgniISOtcHA59lsPRCoaizs9TIjPUU/QiGKkjRTYpXrQOjd1n3mSw9ub0ZF3RZhG0GiBXXYqzgRwnrg5KYMctcD+8roxTjkRGjOkVMd1Eu1nSGqKGRkVvVSRBOEB6pGOoQJxovxs8sQIHhilC6NYmhIaTtTfExniSg15aDo50n01643F/7xOqqMzP6MiSTUReLooShnUMRwnArtUEqzZ0BCEJTW3QtxHEmFtciuaENzZl+dJ87jiOhW3flKuXuRxFEAJ7IND4IJTUAXXoAYaAINH8AxewZv1ZL1Y79bHtHXBymf2wB9Ynz/Xcpbt</latexit>

New tree-level physics. Probing mass scale:
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<latexit sha1_base64="7AkzeXBlzHBIjxiJAH9hZStOnCw="></latexit><latexit sha1_base64="7AkzeXBlzHBIjxiJAH9hZStOnCw="></latexit><latexit sha1_base64="7AkzeXBlzHBIjxiJAH9hZStOnCw="></latexit><latexit sha1_base64="7AkzeXBlzHBIjxiJAH9hZStOnCw="></latexit>

⇡ 30TeV
<latexit sha1_base64="baOQ6ZM+uoEdjdEfvI/eY425AJw="></latexit><latexit sha1_base64="baOQ6ZM+uoEdjdEfvI/eY425AJw="></latexit><latexit sha1_base64="baOQ6ZM+uoEdjdEfvI/eY425AJw="></latexit><latexit sha1_base64="baOQ6ZM+uoEdjdEfvI/eY425AJw="></latexit>

strongly interacting               , weakly interacting  2 ⇠ 1
<latexit sha1_base64="jNVr3K9W98c8nEq/C7UjN+aoC6Q=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8ld0i6LHoxWMF+wHdbZlNs21okg1JViml/8OLB0W8+l+8+W9M2z1o64OBx3szzMyLFWfG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJs00oQ2S8lS3YzCUM0kblllO20pTEDGnrXh0O/Nbj1QblsoHO1Y0EjCQLGEErJO64QiUgm41NEzgoFcq+xV/DrxKgpyUUY56r/QV9lOSCSot4WBMJ/CVjSagLSOcTothZqgCMoIB7TgqQVATTeZXT/G5U/o4SbUrafFc/T0xAWHMWMSuU4AdmmVvJv7ndTKbXEcTJlVmqSSLRUnGsU3xLALcZ5oSy8eOANHM3YrJEDQQ64IquhCC5ZdXSbNaCfxKcH9Zrt3kcRTQKTpDFyhAV6iG7lAdNRBBGj2jV/TmPXkv3rv3sWhd8/KZE/QH3ucPrgqR9Q==</latexit><latexit sha1_base64="jNVr3K9W98c8nEq/C7UjN+aoC6Q=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8ld0i6LHoxWMF+wHdbZlNs21okg1JViml/8OLB0W8+l+8+W9M2z1o64OBx3szzMyLFWfG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJs00oQ2S8lS3YzCUM0kblllO20pTEDGnrXh0O/Nbj1QblsoHO1Y0EjCQLGEErJO64QiUgm41NEzgoFcq+xV/DrxKgpyUUY56r/QV9lOSCSot4WBMJ/CVjSagLSOcTothZqgCMoIB7TgqQVATTeZXT/G5U/o4SbUrafFc/T0xAWHMWMSuU4AdmmVvJv7ndTKbXEcTJlVmqSSLRUnGsU3xLALcZ5oSy8eOANHM3YrJEDQQ64IquhCC5ZdXSbNaCfxKcH9Zrt3kcRTQKTpDFyhAV6iG7lAdNRBBGj2jV/TmPXkv3rv3sWhd8/KZE/QH3ucPrgqR9Q==</latexit><latexit sha1_base64="jNVr3K9W98c8nEq/C7UjN+aoC6Q=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8ld0i6LHoxWMF+wHdbZlNs21okg1JViml/8OLB0W8+l+8+W9M2z1o64OBx3szzMyLFWfG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJs00oQ2S8lS3YzCUM0kblllO20pTEDGnrXh0O/Nbj1QblsoHO1Y0EjCQLGEErJO64QiUgm41NEzgoFcq+xV/DrxKgpyUUY56r/QV9lOSCSot4WBMJ/CVjSagLSOcTothZqgCMoIB7TgqQVATTeZXT/G5U/o4SbUrafFc/T0xAWHMWMSuU4AdmmVvJv7ndTKbXEcTJlVmqSSLRUnGsU3xLALcZ5oSy8eOANHM3YrJEDQQ64IquhCC5ZdXSbNaCfxKcH9Zrt3kcRTQKTpDFyhAV6iG7lAdNRBBGj2jV/TmPXkv3rv3sWhd8/KZE/QH3ucPrgqR9Q==</latexit><latexit sha1_base64="jNVr3K9W98c8nEq/C7UjN+aoC6Q=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8ld0i6LHoxWMF+wHdbZlNs21okg1JViml/8OLB0W8+l+8+W9M2z1o64OBx3szzMyLFWfG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJs00oQ2S8lS3YzCUM0kblllO20pTEDGnrXh0O/Nbj1QblsoHO1Y0EjCQLGEErJO64QiUgm41NEzgoFcq+xV/DrxKgpyUUY56r/QV9lOSCSot4WBMJ/CVjSagLSOcTothZqgCMoIB7TgqQVATTeZXT/G5U/o4SbUrafFc/T0xAWHMWMSuU4AdmmVvJv7ndTKbXEcTJlVmqSSLRUnGsU3xLALcZ5oSy8eOANHM3YrJEDQQ64IquhCC5ZdXSbNaCfxKcH9Zrt3kcRTQKTpDFyhAV6iG7lAdNRBBGj2jV/TmPXkv3rv3sWhd8/KZE/QH3ucPrgqR9Q==</latexit>

2 ⇠ ↵
<latexit sha1_base64="NqwfZBUaQ5xH9SYhh7yH2gt2V+o=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5IUQY9FLx4r2FZoYplst+3S3WTZ3Qgh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmRZIzbTzv2ymtrW9sbpW3Kzu7e/sH7uFRRyepIrRNEp6o+wg05SymbcMMp/dSURARp91ocj3zu49UaZbEdyaTNBQwitmQETBW6rvVYAJSwkMj0EzgALgcQ9+teXVvDrxK/ILUUIFW3/0KBglJBY0N4aB1z/ekCXNQhhFOp5Ug1VQCmcCI9iyNQVAd5vPjp/jUKgM8TJSt2OC5+nsiB6F1JiLbKcCM9bI3E//zeqkZXoY5i2VqaEwWi4YpxybBsyTwgClKDM8sAaKYvRWTMSggxuZVsSH4yy+vkk6j7nt1//a81rwq4iijY3SCzpCPLlAT3aAWaiOCMvSMXtGb8+S8OO/Ox6K15BQzVfQHzucPT2aUiQ==</latexit><latexit sha1_base64="NqwfZBUaQ5xH9SYhh7yH2gt2V+o=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5IUQY9FLx4r2FZoYplst+3S3WTZ3Qgh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmRZIzbTzv2ymtrW9sbpW3Kzu7e/sH7uFRRyepIrRNEp6o+wg05SymbcMMp/dSURARp91ocj3zu49UaZbEdyaTNBQwitmQETBW6rvVYAJSwkMj0EzgALgcQ9+teXVvDrxK/ILUUIFW3/0KBglJBY0N4aB1z/ekCXNQhhFOp5Ug1VQCmcCI9iyNQVAd5vPjp/jUKgM8TJSt2OC5+nsiB6F1JiLbKcCM9bI3E//zeqkZXoY5i2VqaEwWi4YpxybBsyTwgClKDM8sAaKYvRWTMSggxuZVsSH4yy+vkk6j7nt1//a81rwq4iijY3SCzpCPLlAT3aAWaiOCMvSMXtGb8+S8OO/Ox6K15BQzVfQHzucPT2aUiQ==</latexit><latexit sha1_base64="NqwfZBUaQ5xH9SYhh7yH2gt2V+o=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5IUQY9FLx4r2FZoYplst+3S3WTZ3Qgh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmRZIzbTzv2ymtrW9sbpW3Kzu7e/sH7uFRRyepIrRNEp6o+wg05SymbcMMp/dSURARp91ocj3zu49UaZbEdyaTNBQwitmQETBW6rvVYAJSwkMj0EzgALgcQ9+teXVvDrxK/ILUUIFW3/0KBglJBY0N4aB1z/ekCXNQhhFOp5Ug1VQCmcCI9iyNQVAd5vPjp/jUKgM8TJSt2OC5+nsiB6F1JiLbKcCM9bI3E//zeqkZXoY5i2VqaEwWi4YpxybBsyTwgClKDM8sAaKYvRWTMSggxuZVsSH4yy+vkk6j7nt1//a81rwq4iijY3SCzpCPLlAT3aAWaiOCMvSMXtGb8+S8OO/Ox6K15BQzVfQHzucPT2aUiQ==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="HjR9MjNQKCk55QTZBvzb+ET+4PI=">AAAB8XicbZBLSwMxFIXv+Ky16qhLN8EiuCoz3ehScOOygn1AZyx30kwbmpkJSUYYhvpX3LhQxD/jzn9j+lho64HAxzkJ9+ZEUnBtPO/b2djc2t7ZrexV92sHh0fuca2js1xR1qaZyFQvQs0ET1nbcCNYTyqGSSRYN5rczvLuE1OaZ+mDKSQLExylPOYUjbUG7mkwQSnxsRlonpAAhRzjwK17DW8usg7+EuqwVGvgfgXDjOYJSw0VqHXf96QJS1SGU8Gm1SDXTCKd4Ij1LaaYMB2W8+Wn5MI6QxJnyp7UkLn7+0WJidZFEtmbCZqxXs1m5n9ZPzfxdVjyVOaGpXQxKM4FMRmZNUGGXDFqRGEBqeJ2V0LHqJAa21fVluCvfnkdOs2G7zX8ew8qcAbncAk+XMEN3EEL2kChgBd4g3fn2Xl1PhZ1bTjL3k7gj5zPH+s6kyI=</latexit><latexit sha1_base64="HjR9MjNQKCk55QTZBvzb+ET+4PI=">AAAB8XicbZBLSwMxFIXv+Ky16qhLN8EiuCoz3ehScOOygn1AZyx30kwbmpkJSUYYhvpX3LhQxD/jzn9j+lho64HAxzkJ9+ZEUnBtPO/b2djc2t7ZrexV92sHh0fuca2js1xR1qaZyFQvQs0ET1nbcCNYTyqGSSRYN5rczvLuE1OaZ+mDKSQLExylPOYUjbUG7mkwQSnxsRlonpAAhRzjwK17DW8usg7+EuqwVGvgfgXDjOYJSw0VqHXf96QJS1SGU8Gm1SDXTCKd4Ij1LaaYMB2W8+Wn5MI6QxJnyp7UkLn7+0WJidZFEtmbCZqxXs1m5n9ZPzfxdVjyVOaGpXQxKM4FMRmZNUGGXDFqRGEBqeJ2V0LHqJAa21fVluCvfnkdOs2G7zX8ew8qcAbncAk+XMEN3EEL2kChgBd4g3fn2Xl1PhZ1bTjL3k7gj5zPH+s6kyI=</latexit><latexit sha1_base64="winBsYo0YCF0n4e+Hv+qRg0jsIo=">AAAB/HicbVBNS8NAEN3Ur1q/qj16WSyCp5L0oseiF48V7Ac0sUy2m3bpbrLsboQQ6l/x4kERr/4Qb/4bt20O2vpg4PHeDDPzQsmZNq777ZQ2Nre2d8q7lb39g8Oj6vFJVyepIrRDEp6ofgiachbTjmGG075UFETIaS+c3sz93iNVmiXxvckkDQSMYxYxAsZKw2rNn4KU8ND0NRPYBy4nMKzW3Ya7AF4nXkHqqEB7WP3yRwlJBY0N4aD1wHOlCXJQhhFOZxU/1VQCmcKYDiyNQVAd5IvjZ/jcKiMcJcpWbPBC/T2Rg9A6E6HtFGAmetWbi/95g9REV0HOYpkaGpPloijl2CR4ngQeMUWJ4ZklQBSzt2IyAQXE2LwqNgRv9eV10m02PLfh3bn11nURRxmdojN0gTx0iVroFrVRBxGUoWf0it6cJ+fFeXc+lq0lp5ipoT9wPn8ATiaUhQ==</latexit><latexit sha1_base64="NqwfZBUaQ5xH9SYhh7yH2gt2V+o=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5IUQY9FLx4r2FZoYplst+3S3WTZ3Qgh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmRZIzbTzv2ymtrW9sbpW3Kzu7e/sH7uFRRyepIrRNEp6o+wg05SymbcMMp/dSURARp91ocj3zu49UaZbEdyaTNBQwitmQETBW6rvVYAJSwkMj0EzgALgcQ9+teXVvDrxK/ILUUIFW3/0KBglJBY0N4aB1z/ekCXNQhhFOp5Ug1VQCmcCI9iyNQVAd5vPjp/jUKgM8TJSt2OC5+nsiB6F1JiLbKcCM9bI3E//zeqkZXoY5i2VqaEwWi4YpxybBsyTwgClKDM8sAaKYvRWTMSggxuZVsSH4yy+vkk6j7nt1//a81rwq4iijY3SCzpCPLlAT3aAWaiOCMvSMXtGb8+S8OO/Ox6K15BQzVfQHzucPT2aUiQ==</latexit><latexit sha1_base64="NqwfZBUaQ5xH9SYhh7yH2gt2V+o=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5IUQY9FLx4r2FZoYplst+3S3WTZ3Qgh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmRZIzbTzv2ymtrW9sbpW3Kzu7e/sH7uFRRyepIrRNEp6o+wg05SymbcMMp/dSURARp91ocj3zu49UaZbEdyaTNBQwitmQETBW6rvVYAJSwkMj0EzgALgcQ9+teXVvDrxK/ILUUIFW3/0KBglJBY0N4aB1z/ekCXNQhhFOp5Ug1VQCmcCI9iyNQVAd5vPjp/jUKgM8TJSt2OC5+nsiB6F1JiLbKcCM9bI3E//zeqkZXoY5i2VqaEwWi4YpxybBsyTwgClKDM8sAaKYvRWTMSggxuZVsSH4yy+vkk6j7nt1//a81rwq4iijY3SCzpCPLlAT3aAWaiOCMvSMXtGb8+S8OO/Ox6K15BQzVfQHzucPT2aUiQ==</latexit><latexit sha1_base64="NqwfZBUaQ5xH9SYhh7yH2gt2V+o=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5IUQY9FLx4r2FZoYplst+3S3WTZ3Qgh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmRZIzbTzv2ymtrW9sbpW3Kzu7e/sH7uFRRyepIrRNEp6o+wg05SymbcMMp/dSURARp91ocj3zu49UaZbEdyaTNBQwitmQETBW6rvVYAJSwkMj0EzgALgcQ9+teXVvDrxK/ILUUIFW3/0KBglJBY0N4aB1z/ekCXNQhhFOp5Ug1VQCmcCI9iyNQVAd5vPjp/jUKgM8TJSt2OC5+nsiB6F1JiLbKcCM9bI3E//zeqkZXoY5i2VqaEwWi4YpxybBsyTwgClKDM8sAaKYvRWTMSggxuZVsSH4yy+vkk6j7nt1//a81rwq4iijY3SCzpCPLlAT3aAWaiOCMvSMXtGb8+S8OO/Ox6K15BQzVfQHzucPT2aUiQ==</latexit><latexit sha1_base64="NqwfZBUaQ5xH9SYhh7yH2gt2V+o=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5IUQY9FLx4r2FZoYplst+3S3WTZ3Qgh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmRZIzbTzv2ymtrW9sbpW3Kzu7e/sH7uFRRyepIrRNEp6o+wg05SymbcMMp/dSURARp91ocj3zu49UaZbEdyaTNBQwitmQETBW6rvVYAJSwkMj0EzgALgcQ9+teXVvDrxK/ILUUIFW3/0KBglJBY0N4aB1z/ekCXNQhhFOp5Ug1VQCmcCI9iyNQVAd5vPjp/jUKgM8TJSt2OC5+nsiB6F1JiLbKcCM9bI3E//zeqkZXoY5i2VqaEwWi4YpxybBsyTwgClKDM8sAaKYvRWTMSggxuZVsSH4yy+vkk6j7nt1//a81rwq4iijY3SCzpCPLlAT3aAWaiOCMvSMXtGb8+S8OO/Ox6K15BQzVfQHzucPT2aUiQ==</latexit><latexit sha1_base64="NqwfZBUaQ5xH9SYhh7yH2gt2V+o=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5IUQY9FLx4r2FZoYplst+3S3WTZ3Qgh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmRZIzbTzv2ymtrW9sbpW3Kzu7e/sH7uFRRyepIrRNEp6o+wg05SymbcMMp/dSURARp91ocj3zu49UaZbEdyaTNBQwitmQETBW6rvVYAJSwkMj0EzgALgcQ9+teXVvDrxK/ILUUIFW3/0KBglJBY0N4aB1z/ekCXNQhhFOp5Ug1VQCmcCI9iyNQVAd5vPjp/jUKgM8TJSt2OC5+nsiB6F1JiLbKcCM9bI3E//zeqkZXoY5i2VqaEwWi4YpxybBsyTwgClKDM8sAaKYvRWTMSggxuZVsSH4yy+vkk6j7nt1//a81rwq4iijY3SCzpCPLlAT3aAWaiOCMvSMXtGb8+S8OO/Ox6K15BQzVfQHzucPT2aUiQ==</latexit><latexit sha1_base64="NqwfZBUaQ5xH9SYhh7yH2gt2V+o=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5IUQY9FLx4r2FZoYplst+3S3WTZ3Qgh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmRZIzbTzv2ymtrW9sbpW3Kzu7e/sH7uFRRyepIrRNEp6o+wg05SymbcMMp/dSURARp91ocj3zu49UaZbEdyaTNBQwitmQETBW6rvVYAJSwkMj0EzgALgcQ9+teXVvDrxK/ILUUIFW3/0KBglJBY0N4aB1z/ekCXNQhhFOp5Ug1VQCmcCI9iyNQVAd5vPjp/jUKgM8TJSt2OC5+nsiB6F1JiLbKcCM9bI3E//zeqkZXoY5i2VqaEwWi4YpxybBsyTwgClKDM8sAaKYvRWTMSggxuZVsSH4yy+vkk6j7nt1//a81rwq4iijY3SCzpCPLlAT3aAWaiOCMvSMXtGb8+S8OO/Ox6K15BQzVfQHzucPT2aUiQ==</latexit>

f
Z

<latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit>

Z
<latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit>

Ramsey-Musolf, PRC (1999)

for 0.5%

Z’ boson: mZ0 & 1TeV
<latexit sha1_base64="GKWLpi1g7mGIGXpglNZAgWNnhtE=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYVgQFWCkGCsYGEsUl+iiSLHdVqrthPZDlIVZWDhV1gYQIiVj2Djb3DbDNByJEtH55yr63vChFGlHefbKq2srq1vlDcrW9s7u3v2/kFHxanEpI1jFsteiBRhVJC2ppqRXiIJ4iEj3XB8M/W7D0QqGouWniTE52goaEQx0kYK7CoPsvuT3Btqk+HQ9c5g5kkOW6STB3bNqTszwGXiFqQGCjQD+8sbxDjlRGjMkFJ910m0nyGpKWYkr3ipIgnCYzQkfUMF4kT52eyIHB4bZQCjWJonNJypvycyxJWa8NAkOdIjtehNxf+8fqqjKz+jIkk1EXi+KEoZ1DGcNgIHVBKs2cQQhCU1f4V4hCTC2vRWMSW4iycvk8553XXq7t1FrXFd1FEGVXAEToELLkED3IImaAMMHsEzeAVv1pP1Yr1bH/NoySpmDsEfWJ8/bYSXSw==</latexit><latexit sha1_base64="GKWLpi1g7mGIGXpglNZAgWNnhtE=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYVgQFWCkGCsYGEsUl+iiSLHdVqrthPZDlIVZWDhV1gYQIiVj2Djb3DbDNByJEtH55yr63vChFGlHefbKq2srq1vlDcrW9s7u3v2/kFHxanEpI1jFsteiBRhVJC2ppqRXiIJ4iEj3XB8M/W7D0QqGouWniTE52goaEQx0kYK7CoPsvuT3Btqk+HQ9c5g5kkOW6STB3bNqTszwGXiFqQGCjQD+8sbxDjlRGjMkFJ910m0nyGpKWYkr3ipIgnCYzQkfUMF4kT52eyIHB4bZQCjWJonNJypvycyxJWa8NAkOdIjtehNxf+8fqqjKz+jIkk1EXi+KEoZ1DGcNgIHVBKs2cQQhCU1f4V4hCTC2vRWMSW4iycvk8553XXq7t1FrXFd1FEGVXAEToELLkED3IImaAMMHsEzeAVv1pP1Yr1bH/NoySpmDsEfWJ8/bYSXSw==</latexit><latexit sha1_base64="GKWLpi1g7mGIGXpglNZAgWNnhtE=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYVgQFWCkGCsYGEsUl+iiSLHdVqrthPZDlIVZWDhV1gYQIiVj2Djb3DbDNByJEtH55yr63vChFGlHefbKq2srq1vlDcrW9s7u3v2/kFHxanEpI1jFsteiBRhVJC2ppqRXiIJ4iEj3XB8M/W7D0QqGouWniTE52goaEQx0kYK7CoPsvuT3Btqk+HQ9c5g5kkOW6STB3bNqTszwGXiFqQGCjQD+8sbxDjlRGjMkFJ910m0nyGpKWYkr3ipIgnCYzQkfUMF4kT52eyIHB4bZQCjWJonNJypvycyxJWa8NAkOdIjtehNxf+8fqqjKz+jIkk1EXi+KEoZ1DGcNgIHVBKs2cQQhCU1f4V4hCTC2vRWMSW4iycvk8553XXq7t1FrXFd1FEGVXAEToELLkED3IImaAMMHsEzeAVv1pP1Yr1bH/NoySpmDsEfWJ8/bYSXSw==</latexit><latexit sha1_base64="GKWLpi1g7mGIGXpglNZAgWNnhtE=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYVgQFWCkGCsYGEsUl+iiSLHdVqrthPZDlIVZWDhV1gYQIiVj2Djb3DbDNByJEtH55yr63vChFGlHefbKq2srq1vlDcrW9s7u3v2/kFHxanEpI1jFsteiBRhVJC2ppqRXiIJ4iEj3XB8M/W7D0QqGouWniTE52goaEQx0kYK7CoPsvuT3Btqk+HQ9c5g5kkOW6STB3bNqTszwGXiFqQGCjQD+8sbxDjlRGjMkFJ910m0nyGpKWYkr3ipIgnCYzQkfUMF4kT52eyIHB4bZQCjWJonNJypvycyxJWa8NAkOdIjtehNxf+8fqqjKz+jIkk1EXi+KEoZ1DGcNgIHVBKs2cQQhCU1f4V4hCTC2vRWMSW4iycvk8553XXq7t1FrXFd1FEGVXAEToELLkED3IImaAMMHsEzeAVv1pP1Yr1bH/NoySpmDsEfWJ8/bYSXSw==</latexit>
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Singly-ionized atoms: Ba+ (Seattle) ; Ra+ (Groningen)

Experiments in preparation/progress



Nuclear-spin-dependent

Neutral atoms: Cs (Purdue) ; Fr (TRIUMF; Tokyo)
Singly-ionized atoms: Ba+ (Seattle) ; Ra+ (Groningen)

Experiments in preparation/progress

• from , Z-boson axial vector coupling to 
quarks and vector coupling to electrons:

 nuclear-spin-dependent effects in atoms

C2q

⇒

• Dominated by another effect:                       
nuclear anapole moment, produced from 
parity-violating nuclear forces

Haxton and Wieman, Ann. Rev. Nuc. Part. Sci. (2001)
Flambaum and Ginges, Phys. Rep. (2004)



Nuclear-spin-dependent

Also APV along an isotope chain! Remove dependence on atomic theory

Experiments in preparation/progress

• from , Z-boson axial vector coupling to 
quarks and vector coupling to electrons:

 nuclear-spin-dependent effects in atoms

C2q

⇒

• Dominated by another effect:                       
nuclear anapole moment, produced from 
parity-violating nuclear forces

Budker group, Mainz: Yb, Dy. D. Antypas et al., Nature Physics (2019)Haxton and Wieman, Ann. Rev. Nuc. Part. Sci. (2001)
Flambaum and Ginges, Phys. Rep. (2004) FrPNC collaboration: Fr



Overview

Testing the SM and searching for new physics in atoms

• Atomic parity violation

• Time-reversal-violating electric dipole moments


Adventures at the intersection of atomic and nuclear physics

• Case study in the hyperfine structure



Our precision atomic theory group at UQ — goal 

To maximise the discovery potential of precision atomic experiments

➤  Push state-of-the-art atomic calculations to 0.1% precision

➤  Development of high-precision many-body methods

➤  Improved benchmarking of atomic theory



Our precision atomic theory group at UQ — goal

To maximise the discovery potential of precision atomic experiments

➤  Push state-of-the-art atomic calculations to 0.1% precision

➤  Development of high-precision many-body methods

➤  Improved benchmarking of atomic theory

Remove nuclear structure uncertainties that hinder tests of atomic theory
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Benchmarking atomic theory
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Fine and hyperfine structure

Fine and hyperfine splitting of levels in 133Cs

Nuclear spin ,                                                
total angular momentum 

I = (7/2)+

F = I + J



Fine and hyperfine structure

Fine and hyperfine splitting of levels in 133Cs

Nuclear spin ,                                                
total angular momentum 

I = (7/2)+

F = I + J

Primary standard for the SI 
unit for time, the second

Hyperfine splitting in cesium

NIST-F2 Atomic clock

6 2S1/2
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Interaction

Standard ways to model 
F(r), until recently

F (r) = (r/rm)3

⇢m

rrm

Ball, Fermi distribution
⇢m

rrm

Hyperfine splitting quantified by hyperfine constant A,  A = A0(1 + ✏) + �AQED
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Many-body result,
finite nuclear charge effect included
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Interaction

Standard ways to model 
F(r), until recently

F (r) = (r/rm)3
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Ball, Fermi distribution
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Hyperfine splitting quantified by hyperfine constant A,  A = A0(1 + ✏) + �AQED
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I

Modeling the hyperfine structure
 nuclear magnetic moment µ = µI/I
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describes radial distribution of μ ;
point-nucleus,               F (r) = 1
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         Bohr-Weisskopf (BW) effect or magnetic hyperfine anomaly
                       — finite nuclear magnetisation contribution
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Interaction

Standard ways to model 
F(r), until recently
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Ball, Fermi distribution
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Hyperfine splitting quantified by hyperfine constant A,  A = A0(1 + ✏) + �AQED
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Modeling the hyperfine structure
 nuclear magnetic moment µ = µI/I
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describes radial distribution of μ ;
point-nucleus,               F (r) = 1
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Quantum electrodynamics 
radiative correction



hhfs =
1

c

µ · (r⇥↵)

r3
F (r)

<latexit sha1_base64="Rce+X+fsGUyuKV8iv6z2rH0dGKw="></latexit><latexit sha1_base64="Rce+X+fsGUyuKV8iv6z2rH0dGKw="></latexit><latexit sha1_base64="Rce+X+fsGUyuKV8iv6z2rH0dGKw="></latexit><latexit sha1_base64="Rce+X+fsGUyuKV8iv6z2rH0dGKw="></latexit>

Interaction

Standard ways to model 
F(r), until recently

F (r) = (r/rm)3

⇢m

rrm

Ball, Fermi distribution
⇢m

rrm

Hyperfine splitting quantified by hyperfine constant A,  A = A0(1 + ✏) + �AQED
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I

Modeling the hyperfine structure
 nuclear magnetic moment µ = µI/I

<latexit sha1_base64="fr5VMdchiQPAXY5Wa/4C9NSZ0Fw=">AAACAnicdVDLSgMxFM34rPVVdSVugkVwNWam6tSFUHRjdxXsA9pSMmmmDc08SDJCGYobf8WNC0Xc+hXu/Bsz0woqeiDk5Jx7ubnHjTiTCqEPY25+YXFpObeSX11b39gsbG03ZBgLQusk5KFouVhSzgJaV0xx2ooExb7LadMdXaZ+85YKycLgRo0j2vXxIGAeI1hpqVfYTTquBzt+PIHn6QWzd3VyVO0Visi00YlTsiEyT8slC5U1sR2nfOZAy0QZimCGWq/w3umHJPZpoAjHUrYtFKlugoVihNNJvhNLGmEywgPa1jTAPpXdJFthAg+00odeKPQJFMzU7x0J9qUc+66u9LEayt9eKv7ltWPllbsJC6JY0YBMB3kxhyqEaR6wzwQlio81wUQw/VdIhlhgonRqeR3C16bwf9KwTQuZ1vVxsXIxiyMH9sA+OAQWcEAFXIEaqAMC7sADeALPxr3xaLwYr9PSOWPWswN+wHj7BKAnlkw=</latexit><latexit sha1_base64="fr5VMdchiQPAXY5Wa/4C9NSZ0Fw=">AAACAnicdVDLSgMxFM34rPVVdSVugkVwNWam6tSFUHRjdxXsA9pSMmmmDc08SDJCGYobf8WNC0Xc+hXu/Bsz0woqeiDk5Jx7ubnHjTiTCqEPY25+YXFpObeSX11b39gsbG03ZBgLQusk5KFouVhSzgJaV0xx2ooExb7LadMdXaZ+85YKycLgRo0j2vXxIGAeI1hpqVfYTTquBzt+PIHn6QWzd3VyVO0Visi00YlTsiEyT8slC5U1sR2nfOZAy0QZimCGWq/w3umHJPZpoAjHUrYtFKlugoVihNNJvhNLGmEywgPa1jTAPpXdJFthAg+00odeKPQJFMzU7x0J9qUc+66u9LEayt9eKv7ltWPllbsJC6JY0YBMB3kxhyqEaR6wzwQlio81wUQw/VdIhlhgonRqeR3C16bwf9KwTQuZ1vVxsXIxiyMH9sA+OAQWcEAFXIEaqAMC7sADeALPxr3xaLwYr9PSOWPWswN+wHj7BKAnlkw=</latexit><latexit sha1_base64="fr5VMdchiQPAXY5Wa/4C9NSZ0Fw=">AAACAnicdVDLSgMxFM34rPVVdSVugkVwNWam6tSFUHRjdxXsA9pSMmmmDc08SDJCGYobf8WNC0Xc+hXu/Bsz0woqeiDk5Jx7ubnHjTiTCqEPY25+YXFpObeSX11b39gsbG03ZBgLQusk5KFouVhSzgJaV0xx2ooExb7LadMdXaZ+85YKycLgRo0j2vXxIGAeI1hpqVfYTTquBzt+PIHn6QWzd3VyVO0Visi00YlTsiEyT8slC5U1sR2nfOZAy0QZimCGWq/w3umHJPZpoAjHUrYtFKlugoVihNNJvhNLGmEywgPa1jTAPpXdJFthAg+00odeKPQJFMzU7x0J9qUc+66u9LEayt9eKv7ltWPllbsJC6JY0YBMB3kxhyqEaR6wzwQlio81wUQw/VdIhlhgonRqeR3C16bwf9KwTQuZ1vVxsXIxiyMH9sA+OAQWcEAFXIEaqAMC7sADeALPxr3xaLwYr9PSOWPWswN+wHj7BKAnlkw=</latexit><latexit sha1_base64="fr5VMdchiQPAXY5Wa/4C9NSZ0Fw=">AAACAnicdVDLSgMxFM34rPVVdSVugkVwNWam6tSFUHRjdxXsA9pSMmmmDc08SDJCGYobf8WNC0Xc+hXu/Bsz0woqeiDk5Jx7ubnHjTiTCqEPY25+YXFpObeSX11b39gsbG03ZBgLQusk5KFouVhSzgJaV0xx2ooExb7LadMdXaZ+85YKycLgRo0j2vXxIGAeI1hpqVfYTTquBzt+PIHn6QWzd3VyVO0Visi00YlTsiEyT8slC5U1sR2nfOZAy0QZimCGWq/w3umHJPZpoAjHUrYtFKlugoVihNNJvhNLGmEywgPa1jTAPpXdJFthAg+00odeKPQJFMzU7x0J9qUc+66u9LEayt9eKv7ltWPllbsJC6JY0YBMB3kxhyqEaR6wzwQlio81wUQw/VdIhlhgonRqeR3C16bwf9KwTQuZ1vVxsXIxiyMH9sA+OAQWcEAFXIEaqAMC7sADeALPxr3xaLwYr9PSOWPWswN+wHj7BKAnlkw=</latexit>

describes radial distribution of μ ;
point-nucleus,               F (r) = 1
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contains factor µ
<latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit>



Hyperfine comparisons

Aexpt  ! A0(1 + ✏) + �AQED
<latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="VqvsUMl1imA0CzqpfBf6xFbVIDc="></latexit><latexit sha1_base64="VqvsUMl1imA0CzqpfBf6xFbVIDc="></latexit><latexit sha1_base64="jzCw3oPHqrPN3KL9OtXbvkbBVb4="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit>

  ➤ Nuclear magnetic moments µ
<latexit sha1_base64="lBEEG7NCtGS1ObQqeGkv/8vSbkQ=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxorWFdinZNNuGZrNLkhVK6U/w4kERr/4ib/4bs20FFX0w8Hhvhpl5QSKFsRh/eLmV1bX1jfxmYWt7Z3evuH9wZ+JUM95isYx1J6CGS6F4yworeSfRnEaB5O1gfJn57XuujYjVrZ0k3I/oUIlQMGqddNOL0n6xhMsYY0IIygipnmNH6vVahdQQySyHEizR7Bffe4OYpRFXlklqTJfgxPpTqq1gks8KvdTwhLIxHfKuo4pG3PjT+akzdOKUAQpj7UpZNFe/T0xpZMwkClxnRO3I/PYy8S+vm9qw5k+FSlLLFVssClOJbIyyv9FAaM6snDhCmRbuVsRGVFNmXToFF8LXp+h/clcpE1wm12elxsUyjjwcwTGcAoEqNOAKmtACBkN4gCd49qT36L14r4vWnLecOYQf8N4+AapUjgw=</latexit><latexit sha1_base64="lBEEG7NCtGS1ObQqeGkv/8vSbkQ=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxorWFdinZNNuGZrNLkhVK6U/w4kERr/4ib/4bs20FFX0w8Hhvhpl5QSKFsRh/eLmV1bX1jfxmYWt7Z3evuH9wZ+JUM95isYx1J6CGS6F4yworeSfRnEaB5O1gfJn57XuujYjVrZ0k3I/oUIlQMGqddNOL0n6xhMsYY0IIygipnmNH6vVahdQQySyHEizR7Bffe4OYpRFXlklqTJfgxPpTqq1gks8KvdTwhLIxHfKuo4pG3PjT+akzdOKUAQpj7UpZNFe/T0xpZMwkClxnRO3I/PYy8S+vm9qw5k+FSlLLFVssClOJbIyyv9FAaM6snDhCmRbuVsRGVFNmXToFF8LXp+h/clcpE1wm12elxsUyjjwcwTGcAoEqNOAKmtACBkN4gCd49qT36L14r4vWnLecOYQf8N4+AapUjgw=</latexit><latexit sha1_base64="lBEEG7NCtGS1ObQqeGkv/8vSbkQ=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxorWFdinZNNuGZrNLkhVK6U/w4kERr/4ib/4bs20FFX0w8Hhvhpl5QSKFsRh/eLmV1bX1jfxmYWt7Z3evuH9wZ+JUM95isYx1J6CGS6F4yworeSfRnEaB5O1gfJn57XuujYjVrZ0k3I/oUIlQMGqddNOL0n6xhMsYY0IIygipnmNH6vVahdQQySyHEizR7Bffe4OYpRFXlklqTJfgxPpTqq1gks8KvdTwhLIxHfKuo4pG3PjT+akzdOKUAQpj7UpZNFe/T0xpZMwkClxnRO3I/PYy8S+vm9qw5k+FSlLLFVssClOJbIyyv9FAaM6snDhCmRbuVsRGVFNmXToFF8LXp+h/clcpE1wm12elxsUyjjwcwTGcAoEqNOAKmtACBkN4gCd49qT36L14r4vWnLecOYQf8N4+AapUjgw=</latexit><latexit sha1_base64="lBEEG7NCtGS1ObQqeGkv/8vSbkQ=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxorWFdinZNNuGZrNLkhVK6U/w4kERr/4ib/4bs20FFX0w8Hhvhpl5QSKFsRh/eLmV1bX1jfxmYWt7Z3evuH9wZ+JUM95isYx1J6CGS6F4yworeSfRnEaB5O1gfJn57XuujYjVrZ0k3I/oUIlQMGqddNOL0n6xhMsYY0IIygipnmNH6vVahdQQySyHEizR7Bffe4OYpRFXlklqTJfgxPpTqq1gks8KvdTwhLIxHfKuo4pG3PjT+akzdOKUAQpj7UpZNFe/T0xpZMwkClxnRO3I/PYy8S+vm9qw5k+FSlLLFVssClOJbIyyv9FAaM6snDhCmRbuVsRGVFNmXToFF8LXp+h/clcpE1wm12elxsUyjjwcwTGcAoEqNOAKmtACBkN4gCd49qT36L14r4vWnLecOYQf8N4+AapUjgw=</latexit>

  ➤ Bohr-Weisskopf effect ✏
<latexit sha1_base64="SdO7sxJQEnsE4/djP8Q+ZfZ4q00=">AAAB73icdVBNSwMxEM3Wr1q/qh69BIvgqSRFbHsrevFYwdZCu5RsOtuGZrNrkhVK6Z/w4kERr/4db/4bs20FFX0w8Hhvhpl5QSKFsYR8eLmV1bX1jfxmYWt7Z3evuH/QNnGqObR4LGPdCZgBKRS0rLASOokGFgUSboPxZebf3oM2IlY3dpKAH7GhEqHgzDqp04PECBmrfrFEyoQQSinOCK2eE0fq9VqF1jDNLIcSWqLZL773BjFPI1CWS2ZMl5LE+lOmreASZoVeaiBhfMyG0HVUsQiMP53fO8MnThngMNaulMVz9fvElEXGTKLAdUbMjsxvLxP/8rqpDWv+VKgktaD4YlGYSmxjnD2PB0IDt3LiCONauFsxHzHNuHURFVwIX5/i/0m7UqakTK/PSo2LZRx5dISO0SmiqIoa6Ao1UQtxJNEDekLP3p336L14r4vWnLecOUQ/4L19ApnHkFY=</latexit><latexit sha1_base64="SdO7sxJQEnsE4/djP8Q+ZfZ4q00=">AAAB73icdVBNSwMxEM3Wr1q/qh69BIvgqSRFbHsrevFYwdZCu5RsOtuGZrNrkhVK6Z/w4kERr/4db/4bs20FFX0w8Hhvhpl5QSKFsYR8eLmV1bX1jfxmYWt7Z3evuH/QNnGqObR4LGPdCZgBKRS0rLASOokGFgUSboPxZebf3oM2IlY3dpKAH7GhEqHgzDqp04PECBmrfrFEyoQQSinOCK2eE0fq9VqF1jDNLIcSWqLZL773BjFPI1CWS2ZMl5LE+lOmreASZoVeaiBhfMyG0HVUsQiMP53fO8MnThngMNaulMVz9fvElEXGTKLAdUbMjsxvLxP/8rqpDWv+VKgktaD4YlGYSmxjnD2PB0IDt3LiCONauFsxHzHNuHURFVwIX5/i/0m7UqakTK/PSo2LZRx5dISO0SmiqIoa6Ao1UQtxJNEDekLP3p336L14r4vWnLecOUQ/4L19ApnHkFY=</latexit><latexit sha1_base64="SdO7sxJQEnsE4/djP8Q+ZfZ4q00=">AAAB73icdVBNSwMxEM3Wr1q/qh69BIvgqSRFbHsrevFYwdZCu5RsOtuGZrNrkhVK6Z/w4kERr/4db/4bs20FFX0w8Hhvhpl5QSKFsYR8eLmV1bX1jfxmYWt7Z3evuH/QNnGqObR4LGPdCZgBKRS0rLASOokGFgUSboPxZebf3oM2IlY3dpKAH7GhEqHgzDqp04PECBmrfrFEyoQQSinOCK2eE0fq9VqF1jDNLIcSWqLZL773BjFPI1CWS2ZMl5LE+lOmreASZoVeaiBhfMyG0HVUsQiMP53fO8MnThngMNaulMVz9fvElEXGTKLAdUbMjsxvLxP/8rqpDWv+VKgktaD4YlGYSmxjnD2PB0IDt3LiCONauFsxHzHNuHURFVwIX5/i/0m7UqakTK/PSo2LZRx5dISO0SmiqIoa6Ao1UQtxJNEDekLP3p336L14r4vWnLecOUQ/4L19ApnHkFY=</latexit><latexit sha1_base64="SdO7sxJQEnsE4/djP8Q+ZfZ4q00=">AAAB73icdVBNSwMxEM3Wr1q/qh69BIvgqSRFbHsrevFYwdZCu5RsOtuGZrNrkhVK6Z/w4kERr/4db/4bs20FFX0w8Hhvhpl5QSKFsYR8eLmV1bX1jfxmYWt7Z3evuH/QNnGqObR4LGPdCZgBKRS0rLASOokGFgUSboPxZebf3oM2IlY3dpKAH7GhEqHgzDqp04PECBmrfrFEyoQQSinOCK2eE0fq9VqF1jDNLIcSWqLZL773BjFPI1CWS2ZMl5LE+lOmreASZoVeaiBhfMyG0HVUsQiMP53fO8MnThngMNaulMVz9fvElEXGTKLAdUbMjsxvLxP/8rqpDWv+VKgktaD4YlGYSmxjnD2PB0IDt3LiCONauFsxHzHNuHURFVwIX5/i/0m7UqakTK/PSo2LZRx5dISO0SmiqIoa6Ao1UQtxJNEDekLP3p336L14r4vWnLecOUQ/4L19ApnHkFY=</latexit>

  ➤ QED radiative corrections �AQED
<latexit sha1_base64="nKG0+YrAz2A3jkxH/dlIN15kD28=">AAAB+3icdVDLSgMxFM34rPVV69JNsAiuSlLEtrv6Apct2Ae0tWQymTY0kxmSjFiG/oobF4q49Ufc+Tdm2goqeuDC4Zx7ufceNxJcG4Q+nKXlldW19cxGdnNre2c3t5dv6TBWlDVpKELVcYlmgkvWNNwI1okUI4ErWNsdX6R++44pzUN5YyYR6wdkKLnPKTFWGuTyPY8JQ+DZbdJTAWxcXU4HuQIqIoQwxjAluHyKLKlWKyVcgTi1LApggfog997zQhoHTBoqiNZdjCLTT4gynAo2zfZizSJCx2TIupZKEjDdT2a3T+GRVTzoh8qWNHCmfp9ISKD1JHBtZ0DMSP/2UvEvrxsbv9JPuIxiwySdL/JjAU0I0yCgxxWjRkwsIVRxeyukI6IINTaurA3h61P4P2mVihgVceOkUDtfxJEBB+AQHAMMyqAGrkEdNAEF9+ABPIFnZ+o8Oi/O67x1yVnM7IMfcN4+ATXhk+c=</latexit><latexit sha1_base64="nKG0+YrAz2A3jkxH/dlIN15kD28=">AAAB+3icdVDLSgMxFM34rPVV69JNsAiuSlLEtrv6Apct2Ae0tWQymTY0kxmSjFiG/oobF4q49Ufc+Tdm2goqeuDC4Zx7ufceNxJcG4Q+nKXlldW19cxGdnNre2c3t5dv6TBWlDVpKELVcYlmgkvWNNwI1okUI4ErWNsdX6R++44pzUN5YyYR6wdkKLnPKTFWGuTyPY8JQ+DZbdJTAWxcXU4HuQIqIoQwxjAluHyKLKlWKyVcgTi1LApggfog997zQhoHTBoqiNZdjCLTT4gynAo2zfZizSJCx2TIupZKEjDdT2a3T+GRVTzoh8qWNHCmfp9ISKD1JHBtZ0DMSP/2UvEvrxsbv9JPuIxiwySdL/JjAU0I0yCgxxWjRkwsIVRxeyukI6IINTaurA3h61P4P2mVihgVceOkUDtfxJEBB+AQHAMMyqAGrkEdNAEF9+ABPIFnZ+o8Oi/O67x1yVnM7IMfcN4+ATXhk+c=</latexit><latexit sha1_base64="nKG0+YrAz2A3jkxH/dlIN15kD28=">AAAB+3icdVDLSgMxFM34rPVV69JNsAiuSlLEtrv6Apct2Ae0tWQymTY0kxmSjFiG/oobF4q49Ufc+Tdm2goqeuDC4Zx7ufceNxJcG4Q+nKXlldW19cxGdnNre2c3t5dv6TBWlDVpKELVcYlmgkvWNNwI1okUI4ErWNsdX6R++44pzUN5YyYR6wdkKLnPKTFWGuTyPY8JQ+DZbdJTAWxcXU4HuQIqIoQwxjAluHyKLKlWKyVcgTi1LApggfog997zQhoHTBoqiNZdjCLTT4gynAo2zfZizSJCx2TIupZKEjDdT2a3T+GRVTzoh8qWNHCmfp9ISKD1JHBtZ0DMSP/2UvEvrxsbv9JPuIxiwySdL/JjAU0I0yCgxxWjRkwsIVRxeyukI6IINTaurA3h61P4P2mVihgVceOkUDtfxJEBB+AQHAMMyqAGrkEdNAEF9+ABPIFnZ+o8Oi/O67x1yVnM7IMfcN4+ATXhk+c=</latexit><latexit sha1_base64="nKG0+YrAz2A3jkxH/dlIN15kD28=">AAAB+3icdVDLSgMxFM34rPVV69JNsAiuSlLEtrv6Apct2Ae0tWQymTY0kxmSjFiG/oobF4q49Ufc+Tdm2goqeuDC4Zx7ufceNxJcG4Q+nKXlldW19cxGdnNre2c3t5dv6TBWlDVpKELVcYlmgkvWNNwI1okUI4ErWNsdX6R++44pzUN5YyYR6wdkKLnPKTFWGuTyPY8JQ+DZbdJTAWxcXU4HuQIqIoQwxjAluHyKLKlWKyVcgTi1LApggfog997zQhoHTBoqiNZdjCLTT4gynAo2zfZizSJCx2TIupZKEjDdT2a3T+GRVTzoh8qWNHCmfp9ISKD1JHBtZ0DMSP/2UvEvrxsbv9JPuIxiwySdL/JjAU0I0yCgxxWjRkwsIVRxeyukI6IINTaurA3h61P4P2mVihgVceOkUDtfxJEBB+AQHAMMyqAGrkEdNAEF9+ABPIFnZ+o8Oi/O67x1yVnM7IMfcN4+ATXhk+c=</latexit>

Provides test of atomic many-body theory in the 
nuclear vicinity only if the following properties/
contributions are known well (< 0.1% uncertainty):



Hyperfine comparisons

Aexpt  ! A0(1 + ✏) + �AQED
<latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="VqvsUMl1imA0CzqpfBf6xFbVIDc="></latexit><latexit sha1_base64="VqvsUMl1imA0CzqpfBf6xFbVIDc="></latexit><latexit sha1_base64="jzCw3oPHqrPN3KL9OtXbvkbBVb4="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit>

  ➤ Nuclear magnetic moments µ
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FIG. 1. Feynman diagrams representing the self-energy correc-
tion to the hyperfine splitting. The wavy line indicates the photon
propagator and the double line indicates the bound-electron wave
functions and propagators in the effective potential comprising the
Coulomb and screening potentials. The dashed line terminated with
the triangle denotes the hyperfine interaction.

ions where one can use the pure Coulomb potential as the
zeroth-order approximation (the original Furry picture), for
neutral atoms the calculations begin with a local screening
potential (the extended Furry picture). In this work we employ
the core-Hartree and Kohn-Sham potentials, Eqs. (4) and (5),
respectively. In this section we evaluate the self-energy and
vacuum polarization corrections within the extended Furry
representation for the hyperfine structure intervals for the
ground states of Rb, Cs, Ba+, Fr, and Ra+.

The complete gauge invariant set of diagrams that need to
be considered are shown in Figs. 1 and 2 for the self-energy
and vacuum polarization corrections, respectively. The formal
expressions for these diagrams from the first principles of
QED are derived by employing the two-time Green’s function
method [45]. The correction due to the self-energy diagrams
may be written as

νSE =2
εn ̸=εa∑

n

⟨a|T0|n⟩⟨n|#(εa)|a⟩
εa − εn

+⟨a|d#(ε)
dε

∣∣∣∣
ε=εa

|a⟩⟨a|T0|a⟩

+ i

2π

∫ ∞

−∞
dω

∑

n1 n2

⟨an2|I (ω)|n1a⟩ ⟨n1|T0|n2⟩
(εa − ω − εn1u)(εa − ω − εn2u)

,

(8)

where the first term is the so-called irreducible part, the second
is the reducible, and the third one is the vertex contribution.
The self-energy operator #(ε), its derivative d#(ε)/dε, the

FIG. 2. Feynman diagrams representing the vacuum polarization
correction to the hyperfine splitting. Notations are the same as in
Fig. 1.

interelectronic-interaction operator I (ω), and the hyperfine
operator T0 are defined in a similar way as in Refs. [46–48],
and u = 1 − i0 preserves the proper treatment of poles of
the electron propagators. The self-energy corrections given by
Eq. (8) suffer from ultraviolet divergences. In order to cancel
these divergences explicitly we have employed the standard
renormalization scheme, details of which may be found, e.g.,
in Ref. [49]. The infrared divergences which occur in the
reducible and vertex terms are regularized by introducing a
nonzero photon mass and are canceled analytically.

Now let us turn to the vacuum polarization correction to the
hyperfine splitting. The corresponding diagrams are depicted
in Fig. 2 and provide the following contribution,

νVP = 2
εn ̸=εa∑

n

⟨a|T0|n⟩⟨n|U el
VP|a⟩

εa − εn

+ ⟨a|Uml
VP|a⟩, (9)

where the first term is the electric-loop part and the second
is the magnetic-loop contribution. The electric-field-induced
U el

VP and the magnetic-field-induced Uml
VP vacuum polarization

potentials are defined in a similar way as in Ref. [50].
In order to regularize the ultraviolet divergence terms one
has to decompose these potentials into the Uehling and the
Wichmann-Kroll parts. Only the Uehling part contains the
divergent terms, and these may be completely removed using
the standard renormalization procedure [49]. In this work
we have rigorously evaluated the Uehling parts for both the
electric- and magnetic-loop contributions. We assume that the
ratio of the Uehling and higher-order Wichmann-Kroll terms
for neutral atoms remains similar to the case for hydrogenlike
ions. Rigorous calculations [51] of the vacuum polarization
correction in hydrogenlike ions reveal that the Wichmann-
Kroll term increases with nuclear charge and reaches 10% of
the Uehling term for the heaviest ions considered (Z = 83).
Here, we do not account for the Wichmann-Kroll terms, since
the uncertainty in the treatment of the screening effects is larger
than the estimated contribution of these terms.

In Table III we present our results for the QED radiative
corrections to the hyperfine structure intervals. Our calcula-
tions were performed for finite nuclear charge (Fermi distribu-
tion) and finite nuclear magnetization (uniformly magnetized
sphere). Overall our Kohn-Sham results for Rb, Cs, and Fr
are in good agreement with the results of Ref. [19]. For the
vacuum polarization correction, the small deviation is due
to the finite nuclear magnetization effect accounted for in
our values. For the case of the self-energy, the calculations
are much more involved and the difference can be explained
by numerical uncertainties. The QED corrections amount to
−0.2% for Rb, −0.4% for Cs and Ba+, and −0.6% for Fr and
Ra+. The size of these corrections is significant and on the
level of correlation uncertainties, as we will see in Sec. V. The
variation in results found in CH and KS potentials is within
20%, giving an indication of the sensitivity of QED effects to
different treatment of electron screening.

In order to determine the total QED radiative corrections to
the hyperfine splitting, we will apply the same relative QED
corrections F QED found in the core-Hartree approximation to
the final many-body results presented in Sec. V. We estimate
the error associated with this scaling procedure using two
methods as follows. First, based on the results of rigorous
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potential (the extended Furry picture). In this work we employ
the core-Hartree and Kohn-Sham potentials, Eqs. (4) and (5),
respectively. In this section we evaluate the self-energy and
vacuum polarization corrections within the extended Furry
representation for the hyperfine structure intervals for the
ground states of Rb, Cs, Ba+, Fr, and Ra+.

The complete gauge invariant set of diagrams that need to
be considered are shown in Figs. 1 and 2 for the self-energy
and vacuum polarization corrections, respectively. The formal
expressions for these diagrams from the first principles of
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interelectronic-interaction operator I (ω), and the hyperfine
operator T0 are defined in a similar way as in Refs. [46–48],
and u = 1 − i0 preserves the proper treatment of poles of
the electron propagators. The self-energy corrections given by
Eq. (8) suffer from ultraviolet divergences. In order to cancel
these divergences explicitly we have employed the standard
renormalization scheme, details of which may be found, e.g.,
in Ref. [49]. The infrared divergences which occur in the
reducible and vertex terms are regularized by introducing a
nonzero photon mass and are canceled analytically.

Now let us turn to the vacuum polarization correction to the
hyperfine splitting. The corresponding diagrams are depicted
in Fig. 2 and provide the following contribution,

νVP = 2
εn ̸=εa∑
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⟨a|T0|n⟩⟨n|U el
VP|a⟩

εa − εn

+ ⟨a|Uml
VP|a⟩, (9)

where the first term is the electric-loop part and the second
is the magnetic-loop contribution. The electric-field-induced
U el

VP and the magnetic-field-induced Uml
VP vacuum polarization

potentials are defined in a similar way as in Ref. [50].
In order to regularize the ultraviolet divergence terms one
has to decompose these potentials into the Uehling and the
Wichmann-Kroll parts. Only the Uehling part contains the
divergent terms, and these may be completely removed using
the standard renormalization procedure [49]. In this work
we have rigorously evaluated the Uehling parts for both the
electric- and magnetic-loop contributions. We assume that the
ratio of the Uehling and higher-order Wichmann-Kroll terms
for neutral atoms remains similar to the case for hydrogenlike
ions. Rigorous calculations [51] of the vacuum polarization
correction in hydrogenlike ions reveal that the Wichmann-
Kroll term increases with nuclear charge and reaches 10% of
the Uehling term for the heaviest ions considered (Z = 83).
Here, we do not account for the Wichmann-Kroll terms, since
the uncertainty in the treatment of the screening effects is larger
than the estimated contribution of these terms.

In Table III we present our results for the QED radiative
corrections to the hyperfine structure intervals. Our calcula-
tions were performed for finite nuclear charge (Fermi distribu-
tion) and finite nuclear magnetization (uniformly magnetized
sphere). Overall our Kohn-Sham results for Rb, Cs, and Fr
are in good agreement with the results of Ref. [19]. For the
vacuum polarization correction, the small deviation is due
to the finite nuclear magnetization effect accounted for in
our values. For the case of the self-energy, the calculations
are much more involved and the difference can be explained
by numerical uncertainties. The QED corrections amount to
−0.2% for Rb, −0.4% for Cs and Ba+, and −0.6% for Fr and
Ra+. The size of these corrections is significant and on the
level of correlation uncertainties, as we will see in Sec. V. The
variation in results found in CH and KS potentials is within
20%, giving an indication of the sensitivity of QED effects to
different treatment of electron screening.

In order to determine the total QED radiative corrections to
the hyperfine splitting, we will apply the same relative QED
corrections F QED found in the core-Hartree approximation to
the final many-body results presented in Sec. V. We estimate
the error associated with this scaling procedure using two
methods as follows. First, based on the results of rigorous
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nuclear vicinity only if the following properties/
contributions are known well (< 0.1% uncertainty):

Cs Ba+ Fr Ra+ Reference

-0.38(6) -0.37(4) -0.60(1) -0.55(8) Ginges, Volotka, Fritzsche, PRA (2017)

-0.42 -0.6 Sapirstein and Cheng, PRA (2003)

QED corrections to g.s. hyperfine constants (%)



Hyperfine comparisons
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FIG. 1. Feynman diagrams representing the self-energy correc-
tion to the hyperfine splitting. The wavy line indicates the photon
propagator and the double line indicates the bound-electron wave
functions and propagators in the effective potential comprising the
Coulomb and screening potentials. The dashed line terminated with
the triangle denotes the hyperfine interaction.

ions where one can use the pure Coulomb potential as the
zeroth-order approximation (the original Furry picture), for
neutral atoms the calculations begin with a local screening
potential (the extended Furry picture). In this work we employ
the core-Hartree and Kohn-Sham potentials, Eqs. (4) and (5),
respectively. In this section we evaluate the self-energy and
vacuum polarization corrections within the extended Furry
representation for the hyperfine structure intervals for the
ground states of Rb, Cs, Ba+, Fr, and Ra+.

The complete gauge invariant set of diagrams that need to
be considered are shown in Figs. 1 and 2 for the self-energy
and vacuum polarization corrections, respectively. The formal
expressions for these diagrams from the first principles of
QED are derived by employing the two-time Green’s function
method [45]. The correction due to the self-energy diagrams
may be written as

νSE =2
εn ̸=εa∑

n

⟨a|T0|n⟩⟨n|#(εa)|a⟩
εa − εn

+⟨a|d#(ε)
dε

∣∣∣∣
ε=εa

|a⟩⟨a|T0|a⟩

+ i

2π

∫ ∞

−∞
dω

∑

n1 n2

⟨an2|I (ω)|n1a⟩ ⟨n1|T0|n2⟩
(εa − ω − εn1u)(εa − ω − εn2u)

,

(8)

where the first term is the so-called irreducible part, the second
is the reducible, and the third one is the vertex contribution.
The self-energy operator #(ε), its derivative d#(ε)/dε, the

FIG. 2. Feynman diagrams representing the vacuum polarization
correction to the hyperfine splitting. Notations are the same as in
Fig. 1.

interelectronic-interaction operator I (ω), and the hyperfine
operator T0 are defined in a similar way as in Refs. [46–48],
and u = 1 − i0 preserves the proper treatment of poles of
the electron propagators. The self-energy corrections given by
Eq. (8) suffer from ultraviolet divergences. In order to cancel
these divergences explicitly we have employed the standard
renormalization scheme, details of which may be found, e.g.,
in Ref. [49]. The infrared divergences which occur in the
reducible and vertex terms are regularized by introducing a
nonzero photon mass and are canceled analytically.

Now let us turn to the vacuum polarization correction to the
hyperfine splitting. The corresponding diagrams are depicted
in Fig. 2 and provide the following contribution,

νVP = 2
εn ̸=εa∑

n

⟨a|T0|n⟩⟨n|U el
VP|a⟩

εa − εn

+ ⟨a|Uml
VP|a⟩, (9)

where the first term is the electric-loop part and the second
is the magnetic-loop contribution. The electric-field-induced
U el

VP and the magnetic-field-induced Uml
VP vacuum polarization

potentials are defined in a similar way as in Ref. [50].
In order to regularize the ultraviolet divergence terms one
has to decompose these potentials into the Uehling and the
Wichmann-Kroll parts. Only the Uehling part contains the
divergent terms, and these may be completely removed using
the standard renormalization procedure [49]. In this work
we have rigorously evaluated the Uehling parts for both the
electric- and magnetic-loop contributions. We assume that the
ratio of the Uehling and higher-order Wichmann-Kroll terms
for neutral atoms remains similar to the case for hydrogenlike
ions. Rigorous calculations [51] of the vacuum polarization
correction in hydrogenlike ions reveal that the Wichmann-
Kroll term increases with nuclear charge and reaches 10% of
the Uehling term for the heaviest ions considered (Z = 83).
Here, we do not account for the Wichmann-Kroll terms, since
the uncertainty in the treatment of the screening effects is larger
than the estimated contribution of these terms.

In Table III we present our results for the QED radiative
corrections to the hyperfine structure intervals. Our calcula-
tions were performed for finite nuclear charge (Fermi distribu-
tion) and finite nuclear magnetization (uniformly magnetized
sphere). Overall our Kohn-Sham results for Rb, Cs, and Fr
are in good agreement with the results of Ref. [19]. For the
vacuum polarization correction, the small deviation is due
to the finite nuclear magnetization effect accounted for in
our values. For the case of the self-energy, the calculations
are much more involved and the difference can be explained
by numerical uncertainties. The QED corrections amount to
−0.2% for Rb, −0.4% for Cs and Ba+, and −0.6% for Fr and
Ra+. The size of these corrections is significant and on the
level of correlation uncertainties, as we will see in Sec. V. The
variation in results found in CH and KS potentials is within
20%, giving an indication of the sensitivity of QED effects to
different treatment of electron screening.

In order to determine the total QED radiative corrections to
the hyperfine splitting, we will apply the same relative QED
corrections F QED found in the core-Hartree approximation to
the final many-body results presented in Sec. V. We estimate
the error associated with this scaling procedure using two
methods as follows. First, based on the results of rigorous
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zeroth-order approximation (the original Furry picture), for
neutral atoms the calculations begin with a local screening
potential (the extended Furry picture). In this work we employ
the core-Hartree and Kohn-Sham potentials, Eqs. (4) and (5),
respectively. In this section we evaluate the self-energy and
vacuum polarization corrections within the extended Furry
representation for the hyperfine structure intervals for the
ground states of Rb, Cs, Ba+, Fr, and Ra+.

The complete gauge invariant set of diagrams that need to
be considered are shown in Figs. 1 and 2 for the self-energy
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expressions for these diagrams from the first principles of
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interelectronic-interaction operator I (ω), and the hyperfine
operator T0 are defined in a similar way as in Refs. [46–48],
and u = 1 − i0 preserves the proper treatment of poles of
the electron propagators. The self-energy corrections given by
Eq. (8) suffer from ultraviolet divergences. In order to cancel
these divergences explicitly we have employed the standard
renormalization scheme, details of which may be found, e.g.,
in Ref. [49]. The infrared divergences which occur in the
reducible and vertex terms are regularized by introducing a
nonzero photon mass and are canceled analytically.

Now let us turn to the vacuum polarization correction to the
hyperfine splitting. The corresponding diagrams are depicted
in Fig. 2 and provide the following contribution,

νVP = 2
εn ̸=εa∑
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εa − εn
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where the first term is the electric-loop part and the second
is the magnetic-loop contribution. The electric-field-induced
U el

VP and the magnetic-field-induced Uml
VP vacuum polarization

potentials are defined in a similar way as in Ref. [50].
In order to regularize the ultraviolet divergence terms one
has to decompose these potentials into the Uehling and the
Wichmann-Kroll parts. Only the Uehling part contains the
divergent terms, and these may be completely removed using
the standard renormalization procedure [49]. In this work
we have rigorously evaluated the Uehling parts for both the
electric- and magnetic-loop contributions. We assume that the
ratio of the Uehling and higher-order Wichmann-Kroll terms
for neutral atoms remains similar to the case for hydrogenlike
ions. Rigorous calculations [51] of the vacuum polarization
correction in hydrogenlike ions reveal that the Wichmann-
Kroll term increases with nuclear charge and reaches 10% of
the Uehling term for the heaviest ions considered (Z = 83).
Here, we do not account for the Wichmann-Kroll terms, since
the uncertainty in the treatment of the screening effects is larger
than the estimated contribution of these terms.

In Table III we present our results for the QED radiative
corrections to the hyperfine structure intervals. Our calcula-
tions were performed for finite nuclear charge (Fermi distribu-
tion) and finite nuclear magnetization (uniformly magnetized
sphere). Overall our Kohn-Sham results for Rb, Cs, and Fr
are in good agreement with the results of Ref. [19]. For the
vacuum polarization correction, the small deviation is due
to the finite nuclear magnetization effect accounted for in
our values. For the case of the self-energy, the calculations
are much more involved and the difference can be explained
by numerical uncertainties. The QED corrections amount to
−0.2% for Rb, −0.4% for Cs and Ba+, and −0.6% for Fr and
Ra+. The size of these corrections is significant and on the
level of correlation uncertainties, as we will see in Sec. V. The
variation in results found in CH and KS potentials is within
20%, giving an indication of the sensitivity of QED effects to
different treatment of electron screening.

In order to determine the total QED radiative corrections to
the hyperfine splitting, we will apply the same relative QED
corrections F QED found in the core-Hartree approximation to
the final many-body results presented in Sec. V. We estimate
the error associated with this scaling procedure using two
methods as follows. First, based on the results of rigorous
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Provides test of atomic many-body theory in the 
nuclear vicinity only if the following properties/
contributions are known well (< 0.1% uncertainty):

✅

Cs Ba+ Fr Ra+ Reference

-0.38(6) -0.37(4) -0.60(1) -0.55(8) Ginges, Volotka, Fritzsche, PRA (2017)

-0.42 -0.6 Sapirstein and Cheng, PRA (2003)

QED corrections to g.s. hyperfine constants (%)



Hyperfine comparisons

Aexpt  ! A0(1 + ✏) + �AQED
<latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="VqvsUMl1imA0CzqpfBf6xFbVIDc="></latexit><latexit sha1_base64="VqvsUMl1imA0CzqpfBf6xFbVIDc="></latexit><latexit sha1_base64="jzCw3oPHqrPN3KL9OtXbvkbBVb4="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit>
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  ➤ Bohr-Weisskopf effect ✏
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  ➤ QED radiative corrections �AQED
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Provides test of atomic many-body theory in the 
nuclear vicinity only if the following properties/
contributions are known well (< 0.1% uncertainty):

A(7s)/A(7p1/2) vs atomic mass for francium

Found μ with 0.5% uncertainty

Known with 1-2% uncertainty for Fr isotopes.                               
We can do better!

Aexpt  ! Ath(µth)(µ/µth)
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TABLE I. Literature values for the root-mean-square charge
radii (rrms), magnetic moments (µ), spin (I) and parity (⇧)
designations, and configurations for the unpaired proton (⇡)
and neutron (⌫) for Fr nuclei. The final columns show the
relative BW corrections (✏) determined in this work.

A rrms [36] µ [33] Config. [33] ✏ (%)

(fm) (µN ) I⇧ ⇡ ⌫ 7s 7p1/2
207 5.5720(18) 3.89(8) 9/2� h9/2 �1.26 �0.37
208 5.5729(18) 4.75(10) 7+ h9/2 f5/2 �1.66 �0.50
209 5.5799(18) 3.95(8) 9/2� h9/2 �1.29 �0.38
210 5.5818(18) 4.40(9) 6+ h9/2 f5/2 �1.67 �0.50
211 5.5882(18) 4.00(8) 9/2� h9/2 �1.32 �0.39
212 5.5915(18) 4.62(9) 5+ h9/2 p1/2 �1.77 �0.53
213 5.5977(18) 4.02(8) 9/2� h9/2 �1.33 �0.40

the hyperfine constant assuming a pointlike nucleus (for
both the magnetization and charge distributions) with gI
factored out. Importantly, a0 is the same for all isotopes
of a given atom [37]. (The QED e↵ect, essentially the
same for each isotope, is absorbed here into a0.)

We form ratios using the 7s and 7p1/2 states for each
of the considered Fr isotopes [16] (see also [18, 38, 39]):

Rsp ⌘ As

Ap
⇡ a0s

a0p
(1 + ✏s � ✏p + �s � �p). (12)

The term in the parenthesis (less 1) is the sp hyperfine
anomaly [18]. Rsp is independent of the nuclear mo-
ments, which for most Fr isotopes are only known to
2% [40]. A comparison between our calculations and the
experimental ratios is presented in Fig. 2. The isotope
dependence of Rsp is dominated by ✏s (for Fr, ✏s > 3✏p).

Though |�|> |✏|, � is modeled accurately by the charge
distribution (3), and changes only slightly between
nearby isotopes. We quantify possible errors in � by mak-
ing adjustments to the c and t values in Eq. (3), and find
the resulting uncertainties to be negligible.

Since the proton configuration remains unchanged, the
di↵erences in R along the isotope chain are due to the
contribution of the unpaired neutron to the BW e↵ect,
✏(⌫) (see Fig. 2). Thus, we can cleanly extract ✏(⌫) from
the ratio of R between neighboring isotopes. Comparing
our values to experimental ratios [16, 17], we find that
we reproduce ✏(⌫) to between 5 and 35%. The neutron
contributes about 30% to the total ✏, see Table I.

To gauge the accuracy of the calculated proton contri-
bution to ✏, we examine R for the odd isotopes. While R
does not depend on the nuclear moments, it does depend
on the electron wavefunctions, and the di↵erence between
the theory and experiment is likely dominated by errors
in the electron correlations. We therefore re-scale R for
Fr by the factor ⇠ = RExpt.

sp (133Cs)/RTh.
sp (133Cs), which

corrects the Cs R value, and amounts to a shift of smaller
than 1%. The relative correlation corrections between Cs
and Fr are similar [25], so this is expected to roughly ac-
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FIG. 2. Calculated ratios of the 7s to 7p1/2 hyperfine con-
stants for 207�213Fr using the ball and single-particle (SP)
nuclear magnetization models, and comparison with experi-
ment [17]. The odd-even staggering is due to the addition of
neutrons; the slight negative slope is due to the changing nu-
clear radius. The dashed blue line shows the calculated (SP)
ratios corrected by the factor ⇠(133Cs); see text for details.

count for correlation errors in R(Fr). After re-scaling, we
find agreement with experiment to 0.1% (dashed line in
Fig. 2). Since the relative s-state BW e↵ect is an order
of magnitude larger for Fr than for Cs [41], this provides
a good method for testing the accuracy of the Fr BW
correction. The BW e↵ect contributes about 1% to R,
implying we accurately reproduce the proton contribu-
tion to the BW e↵ect to about 10%. A similar result is
reached if we instead re-scale by the Rb ⇠ factor. We
therefore conclude that the BW e↵ect is calculated accu-
rately, and take the uncertainty to be 20%.

Results and discussion— In Table II, we present our
calculated hyperfine constants for 87Rb, 133Cs, and 211Fr,
along with experimental values for comparison. Note
that for Fr the uncertainty in the calculated A is dom-
inated by that of the literature value for µ. The ratio
ATh./µ, however, is independent of this uncertainty.

To estimate the theoretical uncertainty, we assigned
errors individually for each of the important contribu-
tions, which are presented separately in Table II. These
are taken as twice the di↵erence between the fitted and
unfitted correlation potentials (‘�⌃’ row), and 20% for
each of the combined structure radiation and normaliza-
tion of states (SR+NS), Breit, and BW contributions.
We take QED uncertainties of 15–20% from Ref. [28].
This leads to theoretical uncertainties of approximately
0.6%, 0.5%, and 0.5%, for Rb, Cs, and Fr, respectively.
We believe these are conservative estimates, justified by
the very good agreement between theory and experiment
for Rb and Cs (0.4% and 0.2%, respectively). Further,
recent calculations using the same method for the 135Ba+

and 225Ra+ ions also have excellent agreement with ex-
periment, both with discrepancies of about 0.2% [28].

Experimental values: FrPNC collaboration



Hyperfine comparisons
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  ➤ QED radiative corrections �AQED
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Provides test of atomic many-body theory in the 
nuclear vicinity only if the following properties/
contributions are known well (< 0.1% uncertainty):

A(7s)/A(7p1/2) vs atomic mass for francium

Found μ with 0.5% uncertainty

Known with 1-2% uncertainty for Fr isotopes.                               
We can do better!

Aexpt  ! Ath(µth)(µ/µth)
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TABLE I. Literature values for the root-mean-square charge
radii (rrms), magnetic moments (µ), spin (I) and parity (⇧)
designations, and configurations for the unpaired proton (⇡)
and neutron (⌫) for Fr nuclei. The final columns show the
relative BW corrections (✏) determined in this work.

A rrms [36] µ [33] Config. [33] ✏ (%)

(fm) (µN ) I⇧ ⇡ ⌫ 7s 7p1/2
207 5.5720(18) 3.89(8) 9/2� h9/2 �1.26 �0.37
208 5.5729(18) 4.75(10) 7+ h9/2 f5/2 �1.66 �0.50
209 5.5799(18) 3.95(8) 9/2� h9/2 �1.29 �0.38
210 5.5818(18) 4.40(9) 6+ h9/2 f5/2 �1.67 �0.50
211 5.5882(18) 4.00(8) 9/2� h9/2 �1.32 �0.39
212 5.5915(18) 4.62(9) 5+ h9/2 p1/2 �1.77 �0.53
213 5.5977(18) 4.02(8) 9/2� h9/2 �1.33 �0.40

the hyperfine constant assuming a pointlike nucleus (for
both the magnetization and charge distributions) with gI
factored out. Importantly, a0 is the same for all isotopes
of a given atom [37]. (The QED e↵ect, essentially the
same for each isotope, is absorbed here into a0.)

We form ratios using the 7s and 7p1/2 states for each
of the considered Fr isotopes [16] (see also [18, 38, 39]):

Rsp ⌘ As

Ap
⇡ a0s

a0p
(1 + ✏s � ✏p + �s � �p). (12)

The term in the parenthesis (less 1) is the sp hyperfine
anomaly [18]. Rsp is independent of the nuclear mo-
ments, which for most Fr isotopes are only known to
2% [40]. A comparison between our calculations and the
experimental ratios is presented in Fig. 2. The isotope
dependence of Rsp is dominated by ✏s (for Fr, ✏s > 3✏p).

Though |�|> |✏|, � is modeled accurately by the charge
distribution (3), and changes only slightly between
nearby isotopes. We quantify possible errors in � by mak-
ing adjustments to the c and t values in Eq. (3), and find
the resulting uncertainties to be negligible.

Since the proton configuration remains unchanged, the
di↵erences in R along the isotope chain are due to the
contribution of the unpaired neutron to the BW e↵ect,
✏(⌫) (see Fig. 2). Thus, we can cleanly extract ✏(⌫) from
the ratio of R between neighboring isotopes. Comparing
our values to experimental ratios [16, 17], we find that
we reproduce ✏(⌫) to between 5 and 35%. The neutron
contributes about 30% to the total ✏, see Table I.

To gauge the accuracy of the calculated proton contri-
bution to ✏, we examine R for the odd isotopes. While R
does not depend on the nuclear moments, it does depend
on the electron wavefunctions, and the di↵erence between
the theory and experiment is likely dominated by errors
in the electron correlations. We therefore re-scale R for
Fr by the factor ⇠ = RExpt.

sp (133Cs)/RTh.
sp (133Cs), which

corrects the Cs R value, and amounts to a shift of smaller
than 1%. The relative correlation corrections between Cs
and Fr are similar [25], so this is expected to roughly ac-
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FIG. 2. Calculated ratios of the 7s to 7p1/2 hyperfine con-
stants for 207�213Fr using the ball and single-particle (SP)
nuclear magnetization models, and comparison with experi-
ment [17]. The odd-even staggering is due to the addition of
neutrons; the slight negative slope is due to the changing nu-
clear radius. The dashed blue line shows the calculated (SP)
ratios corrected by the factor ⇠(133Cs); see text for details.

count for correlation errors in R(Fr). After re-scaling, we
find agreement with experiment to 0.1% (dashed line in
Fig. 2). Since the relative s-state BW e↵ect is an order
of magnitude larger for Fr than for Cs [41], this provides
a good method for testing the accuracy of the Fr BW
correction. The BW e↵ect contributes about 1% to R,
implying we accurately reproduce the proton contribu-
tion to the BW e↵ect to about 10%. A similar result is
reached if we instead re-scale by the Rb ⇠ factor. We
therefore conclude that the BW e↵ect is calculated accu-
rately, and take the uncertainty to be 20%.

Results and discussion— In Table II, we present our
calculated hyperfine constants for 87Rb, 133Cs, and 211Fr,
along with experimental values for comparison. Note
that for Fr the uncertainty in the calculated A is dom-
inated by that of the literature value for µ. The ratio
ATh./µ, however, is independent of this uncertainty.

To estimate the theoretical uncertainty, we assigned
errors individually for each of the important contribu-
tions, which are presented separately in Table II. These
are taken as twice the di↵erence between the fitted and
unfitted correlation potentials (‘�⌃’ row), and 20% for
each of the combined structure radiation and normaliza-
tion of states (SR+NS), Breit, and BW contributions.
We take QED uncertainties of 15–20% from Ref. [28].
This leads to theoretical uncertainties of approximately
0.6%, 0.5%, and 0.5%, for Rb, Cs, and Fr, respectively.
We believe these are conservative estimates, justified by
the very good agreement between theory and experiment
for Rb and Cs (0.4% and 0.2%, respectively). Further,
recent calculations using the same method for the 135Ba+

and 225Ra+ ions also have excellent agreement with ex-
periment, both with discrepancies of about 0.2% [28].

✅

Experimental values: FrPNC collaboration



Hyperfine comparisons
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  ➤ Nuclear magnetic moments µ
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  ➤ Bohr-Weisskopf effect ✏
<latexit sha1_base64="SdO7sxJQEnsE4/djP8Q+ZfZ4q00=">AAAB73icdVBNSwMxEM3Wr1q/qh69BIvgqSRFbHsrevFYwdZCu5RsOtuGZrNrkhVK6Z/w4kERr/4db/4bs20FFX0w8Hhvhpl5QSKFsYR8eLmV1bX1jfxmYWt7Z3evuH/QNnGqObR4LGPdCZgBKRS0rLASOokGFgUSboPxZebf3oM2IlY3dpKAH7GhEqHgzDqp04PECBmrfrFEyoQQSinOCK2eE0fq9VqF1jDNLIcSWqLZL773BjFPI1CWS2ZMl5LE+lOmreASZoVeaiBhfMyG0HVUsQiMP53fO8MnThngMNaulMVz9fvElEXGTKLAdUbMjsxvLxP/8rqpDWv+VKgktaD4YlGYSmxjnD2PB0IDt3LiCONauFsxHzHNuHURFVwIX5/i/0m7UqakTK/PSo2LZRx5dISO0SmiqIoa6Ao1UQtxJNEDekLP3p336L14r4vWnLecOUQ/4L19ApnHkFY=</latexit><latexit sha1_base64="SdO7sxJQEnsE4/djP8Q+ZfZ4q00=">AAAB73icdVBNSwMxEM3Wr1q/qh69BIvgqSRFbHsrevFYwdZCu5RsOtuGZrNrkhVK6Z/w4kERr/4db/4bs20FFX0w8Hhvhpl5QSKFsYR8eLmV1bX1jfxmYWt7Z3evuH/QNnGqObR4LGPdCZgBKRS0rLASOokGFgUSboPxZebf3oM2IlY3dpKAH7GhEqHgzDqp04PECBmrfrFEyoQQSinOCK2eE0fq9VqF1jDNLIcSWqLZL773BjFPI1CWS2ZMl5LE+lOmreASZoVeaiBhfMyG0HVUsQiMP53fO8MnThngMNaulMVz9fvElEXGTKLAdUbMjsxvLxP/8rqpDWv+VKgktaD4YlGYSmxjnD2PB0IDt3LiCONauFsxHzHNuHURFVwIX5/i/0m7UqakTK/PSo2LZRx5dISO0SmiqIoa6Ao1UQtxJNEDekLP3p336L14r4vWnLecOUQ/4L19ApnHkFY=</latexit><latexit sha1_base64="SdO7sxJQEnsE4/djP8Q+ZfZ4q00=">AAAB73icdVBNSwMxEM3Wr1q/qh69BIvgqSRFbHsrevFYwdZCu5RsOtuGZrNrkhVK6Z/w4kERr/4db/4bs20FFX0w8Hhvhpl5QSKFsYR8eLmV1bX1jfxmYWt7Z3evuH/QNnGqObR4LGPdCZgBKRS0rLASOokGFgUSboPxZebf3oM2IlY3dpKAH7GhEqHgzDqp04PECBmrfrFEyoQQSinOCK2eE0fq9VqF1jDNLIcSWqLZL773BjFPI1CWS2ZMl5LE+lOmreASZoVeaiBhfMyG0HVUsQiMP53fO8MnThngMNaulMVz9fvElEXGTKLAdUbMjsxvLxP/8rqpDWv+VKgktaD4YlGYSmxjnD2PB0IDt3LiCONauFsxHzHNuHURFVwIX5/i/0m7UqakTK/PSo2LZRx5dISO0SmiqIoa6Ao1UQtxJNEDekLP3p336L14r4vWnLecOUQ/4L19ApnHkFY=</latexit><latexit sha1_base64="SdO7sxJQEnsE4/djP8Q+ZfZ4q00=">AAAB73icdVBNSwMxEM3Wr1q/qh69BIvgqSRFbHsrevFYwdZCu5RsOtuGZrNrkhVK6Z/w4kERr/4db/4bs20FFX0w8Hhvhpl5QSKFsYR8eLmV1bX1jfxmYWt7Z3evuH/QNnGqObR4LGPdCZgBKRS0rLASOokGFgUSboPxZebf3oM2IlY3dpKAH7GhEqHgzDqp04PECBmrfrFEyoQQSinOCK2eE0fq9VqF1jDNLIcSWqLZL773BjFPI1CWS2ZMl5LE+lOmreASZoVeaiBhfMyG0HVUsQiMP53fO8MnThngMNaulMVz9fvElEXGTKLAdUbMjsxvLxP/8rqpDWv+VKgktaD4YlGYSmxjnD2PB0IDt3LiCONauFsxHzHNuHURFVwIX5/i/0m7UqakTK/PSo2LZRx5dISO0SmiqIoa6Ao1UQtxJNEDekLP3p336L14r4vWnLecOUQ/4L19ApnHkFY=</latexit>

  ➤ QED radiative corrections �AQED
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Provides test of atomic many-body theory in the 
nuclear vicinity only if the following properties/
contributions are known well (< 0.1% uncertainty):

nuclear model 133Cs 135Ba+ 211Fr 225Ra+

ball -0.71 -0.74 -2.7 -2.8
single-particle (SP) -0.21 -1.0 -1.3 -2.8
SP (WS, spin-orbit) -0.19(14) -1.3(4) -1.4(5) -4.3(13)

BW corrections (%) to hyperfine constants 

Difference 0.5% 1.3%
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for  I=L+1/2

Ginges, Volotka, Fritzsche , PRA (2017)

SP model:



Hyperfine comparisons

Aexpt  ! A0(1 + ✏) + �AQED
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  ➤ Nuclear magnetic moments µ
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  ➤ Bohr-Weisskopf effect ✏
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  ➤ QED radiative corrections �AQED
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Provides test of atomic many-body theory in the 
nuclear vicinity only if the following properties/
contributions are known well (< 0.1% uncertainty):

❌

nuclear model 133Cs 135Ba+ 211Fr 225Ra+

ball -0.71 -0.74 -2.7 -2.8
single-particle (SP) -0.21 -1.0 -1.3 -2.8
SP (WS, spin-orbit) -0.19(14) -1.3(4) -1.4(5) -4.3(13)

BW corrections (%) to hyperfine constants 

Difference 0.5% 1.3%
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for  I=L+1/2

Ginges, Volotka, Fritzsche , PRA (2017)

SP model:



Total hyperfine intervals

Ginges, Volotka, Fritzsche, PRA (2017)            
 Extraction of Ra+ BW effect, -4.7%:            Skripnikov, J. Chem. Phys. (2020)            

133Cs 135Ba+ 211Fr 225Ra+

Many-body 9229.5 7286.8 45374 -29113

BW -17.0(131) -91.8(275) -641(244) 1267(380)

QED -35.1(58) -27.1(30) -273(56) 159(23)

Total theory 9177.4 7167.9 44460 -27687

Experiment 9192.6 7183.3 43570 -27731

Difference -15.2 -15.4 890 44

Difference (%) -0.17(16) -0.21(38) 2.0(6)(20) -0.2(14)

Calculations of hyperfine intervals and comparison with experiment. Units: MHz

And from molecules!  RaF            S. Wilkins et al., arxiv:2311.04121            



Differential hyperfine anomaly

A(1)/A(2) = g(1)I /g(2)I (1 +1 �2)
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Ratio of hyperfine constants of different isotopes of same element:

Typically for nuclei of different spin:  1�2 ⇡ ✏(1) � ✏(2)
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TABLE I. Bohr-Weisskopf corrections ϵ and hyperfine anomalies 1"2 calculated in the ball and single-particle (SP) nuclear magnetization
models for the lowest states of several atoms of interest, and comparison with experimental differential anomalies. A is the atomic mass number
for the isotope, and Iπ is the nuclear spin and parity.

Isotope 1 Isotope 2 Differential anomaly 1"2 (%)

A Iπ ϵBall (%) ϵSP (%) A Iπ ϵBall (%) ϵSP (%) Ball SP Expt. [59]

37Rb 5s1/2 85 5/2− −0.306 0.044 87 3/2− −0.306 −0.278 −0.001 0.323 0.35142(30)
86 2− −0.306 −0.139 0.000 0.183 0.17(9)

47Ag 5s1/2 107 1/2− −0.497 −4.20 103 7/2+ −0.493 −0.347 −0.018 −3.88 −3.4(17)
109 1/2− −0.498 −3.78 0.007 −0.431 −0.41274(29)

55Cs 6s1/2 133 7/2+ −0.716 −0.209 131 5/2+ −0.716 −0.596 −0.001 0.389 0.45(5)a

135 7/2+ −0.716 −0.247 0.002 0.039 0.037(9)b

134 4+ −0.716 −0.371 0.000 0.163 0.169(30)

56Ba+ 6s1/2 135 3/2+ −0.747 −1.03 137 3/2+ −0.747 −1.03 0.001 0.001 −0.191(5)
70Yb+ 6s1/2 171 1/2− −1.37 −2.41 173 5/2− −1.38 −1.79 0.014 −0.618 −0.425(5)
79Au 6s1/2 197 3/2+ −1.97 15.5 199 3/2+ −1.97 7.47 0.013 7.48 3.64(29)
80Hg+ 6s1/2 199 1/2− −2.04 −3.57 201 3/2− −2.05 −2.20 0.016 −1.39 −0.16257(5)
81Tl 7s1/2 203 1/2+ −2.13 −2.13 205 1/2+ −2.13 −2.13 0.015 0.015 0.0294(81)c

81Tl 6p1/2 203 1/2+ −0.780 −0.780 205 1/2+ −0.781 −0.781 0.005 0.005 0.01035(15)

aReference [69].
bReference [70].
cReference [71].

III. DIFFERENTIAL HYPERFINE ANOMALY

The differential hyperfine anomaly 1"2 is defined via the
ratio of the hyperfine constants for different isotopes of the
same atom (see, e.g., Ref. [59]):

A(1)

A(2)
= g(1)

I

g(2)
I

(
1 + 1"2). (7)

This quantity, which is a measure of the deviation of the
hyperfine structure from the case of a pointlike nucleus, may
be found with high accuracy from experiment, provided the
nuclear magnetic moments are known well and determined
independently of the hyperfine measurements [59]. As for the
theoretical determination of 1"2, the correlation corrections
beyond RPA that contribute to the hyperfine constants A(1)

and A(2) cancel in the ratio [66,68], making the electronic
structure calculations robust at the level of RPA and of high
accuracy. Note that there is a strong cancellation of the BR
corrections in the differential anomaly, δ(1) − δ(2). For nuclei
with different spins, the differential hyperfine anomaly is typ-
ically dominated by the BW effect [59],

1"2 ≈ ϵ (1) − ϵ (2). (8)

The comparison of calculated and measured hyperfine anoma-
lies therefore presents a powerful test of the validity of nuclear
magnetization models.

In Table I we present our results for the BW effects and
differential hyperfine anomalies obtained using the ball (2)
and single-particle (3) models. The numerical accuracy for the
BW calculations is better than 1%, well below the model un-
certainty. We present results for the lowest states of systems of
interest for atomic parity violation and electric dipole moment
studies, and we also present results for Ag and Au, which
may be treated as single-valence-electron systems and for
which the BW effects and hyperfine anomalies are particularly

large. The anomaly is calculated using Eq. (7) rather than
Eq. (8), which means that the small differential BR effect is
included. The calculated values for 1"2 are compared against
available experimental data [59]. Note that the uncertainties
in the measured values are dominated by uncertainties in the
nuclear magnetic moments [72].

We draw attention to several points. First, the BW correc-
tion is a significant effect, typically entering at the level of
several 0.1% to several 1% for the considered systems. For
Ag and Au the effect is even larger, contributing at around
10% for Au. Second, the ball and single-particle models often
lead to substantially different BW effects. For 85Rb and 133Cs,
the difference is as large as 0.4% and 0.5%, respectively,
matching or exceeding the atomic structure theory uncertainty
[28,30]. Finally, from a comparison of the calculated and
measured hyperfine anomalies in Table I, it is seen that the
nuclear SP model leads to substantially better agreement with
experiment for the majority of cases. The agreement is partic-
ularly good for isotopes of Rb, Cs, and Ag, and is reasonably
good for Yb+. Our results for Au reproduce the (atypical)
sign and large size of the effect, and agree well with the SP
results of recent atomic many-body calculations [73]. We note
that in Ref. [73] it was found that the BW effect for 197Au
in the SP model is too large to be consistent with a value
directly extracted from the measured hyperfine constant, and
our own calculations, including correlation corrections, agree
with this conclusion. In the ball model, the only difference
in the BW effect between isotopes comes from changing the
nuclear radius, similarly to the differential BR effect, so the
calculated anomaly is always small and the model generally
cannot produce the observed anomalies.

Recently, we considered the case of Fr in detail, and we
demonstrated using “double” differential hyperfine anoma-
lies [74] that the single-particle model works very well for
both odd and doubly-odd isotopes between 207 and 213 [30]

022823-3

→  Gives difference in BW effect for different isotopes

Roberts and Ginges, PRA (2021)
Expt. data from:    Persson, At. Data Nucl. Data Tables (2013)



BW effect — properties

✏ =

R rm
0 drf(r)g(r)[F (r)� 1]/r2

R1
0 drf(r)g(r)/r2
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Relative BW correction

Shabaev et al., PRL (2001)

Roberts, Ranclaud, Ginges, PRA (2022)
Skripnikov, J. Chem. Phys. (2020)



BW effect — properties

✏ =

R rm
0 drf(r)g(r)[F (r)� 1]/r2

R1
0 drf(r)g(r)/r2
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Relative BW correction

•  In the nuclear region, the electrons see the unscreened 
Coulomb field of the nucleus

•  Since the binding energies                   , wave functions 
with the same angular dependence are proportional.

" ⌧ V (r)
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For hydrogenlike ions, the simple atomic structure allows
for calculations with particularly high precision. Accurate de-
termination of the Bohr-Weisskopf effect from experiments is
therefore possible,

A1s
expt = A1s

0 (1 + ϵ1s) + δA1s
QED, (5)

as long as the QED contribution δA1s
QED and the nuclear

magnetic moment—which enters both terms on the right-
hand side of Eq. (5)—are known sufficiently well. Indeed,
the QED contributions have been evaluated with high pre-
cision for hydrogenlike ions spanning much of the periodic
table [8,21,34,36,37,40,42,44–49]. The BW effect is known
to ∼1% or better from measurements with 203,205Tl

80+
[9],

207Pb81+ [31], and 209Bi82+ [2].

A. Electron screening

For many-electron atoms, the situation is different, and
direct extraction of the BW effect from comparison of theory
with experiment is strongly limited by uncertainties in the
atomic structure that enter A0. We proceed by introducing an
electron screening factor,

xscr = ϵ/ϵH-like, (6)

and express the hyperfine constant for many-electron systems
as

A = A0(1 + xscr ϵH−like ) + δAQED, (7)

where ϵH−like is the BW effect for the 1s or 2p1/2 state of
the H-like ion of the same nucleus. For states with j > 1/2,
the Bohr-Weisskopf effect is essentially zero in the hydro-
genlike case, and only becomes nonzero for many-electron
atoms due to core polarization effects. The screening factors
depend only very weakly on the nuclear model and on atomic
many-body effects beyond core polarization, as we explore
further below, and they may therefore be determined with high
accuracy.

Indeed, the possibility to accurately determine such elec-
tronic screening factors forms the basis of the specific
difference approach for removal of the BW effect in tests of
QED, which has been formulated for Li-like ions and imple-
mented for Li-like Bi [3,21,50].

It is worth noting that QED corrections δAQED to the hy-
perfine structure for many-electron atoms may be rigorously
evaluated, with uncertainties well below those connected to
nuclear structure evaluation of the BW effect. Calculations
have been performed for the ground states of the alkali-metal
atoms in Ref. [41], and for the lowest-lying p1/2 and p3/2
states in Refs. [42,49]. High-precision calculations of the hy-
perfine structure for the ground states of Rb, Cs, Ba+, Fr, and
Ra+ were carried out in Ref. [24], and the QED corrections
evaluated with uncertainties amounting to only 0.1% or less
of the hyperfine constants.

To elucidate the behavior of the electron wave functions at
small distances and the BW effect, consider the single-particle
Dirac equation (HD − ε)φ = 0, where

HD = c α · p + (β − 1) c2 + V, (8)

with p the electron momentum operator, β a Dirac matrix, and
V the sum of nuclear and electronic potentials. We express the

single-particle electron orbitals as

φnκm(r) = 1
r

(
fnκ (r) 'κm(n)

ignκ (r) '−κ,m(n)

)
, (9)

where f and g are the large and small radial components
of the orbital [normalized as

∫
( f 2 + g2) dr = 1], ' are

two-component spherical spinors, n is the principal quan-
tum number, and κ = (l − j)(2 j + 1) is the Dirac quantum
number (with j and l the total and orbital angular momen-
tum quantum numbers, and m = jz). Then, for a spherically
symmetric potential V (r), the single-particle radial Dirac
equation may be expressed for a given κ as

[
V (r) − ε c(κ/r − ∂r )

c(κ/r + ∂r ) V (r) − ε − 2c2

][
fnκ

gnκ

]
= 0. (10)

The Bohr-Weisskopf effect can be seen via Eqs. (1) and (4)
to depend on the factor F (r) − 1, which is nonzero only inside
the nucleus:

ϵnκ =
∫ rm

0 fnκ (r)gnκ (r) [F (r) − 1]/r2 dr∫
fnκ (r)gnκ (r)/r2 dr

. (11)

At small radial distances, r ≪ a0/Z , the electronic screen-
ing potential is negligible, and V ≈ −Z/r. It is seen from
Eq. (10) that for a given κ the only state dependence comes
from the energy ε. Since |V | ≫ |ε|, the electron wave func-
tions for each angular symmetry differ only by a multiplicative
constant in this region, determined by the normalization of
the wave function. This applies to states of different principal
quantum number n of the same atom, and is valid across all
degrees of ionization of the atom, from neutral to H-like. In
the context of the Bohr-Weisskopf effect, this behavior has
been exploited in the formulation of the specific difference
[21] and ratio [22] methods, and the n independence of the
BW effect has been observed experimentally in neutral 85,87Rb
[51,52].

Note furthermore that in the nuclear region the potential
|V | ≫ mc2, and there is a symmetry between the fκ and gκ ′

components with κ ′ = −κ , as may be seen from Eq. (10).
Therefore, in this region fs1/2 ∝ gp1/2 and fp1/2 ∝ gs1/2 , and the
integrand in the numerator of Eq. (11) for s and p1/2 states is
different only by a numerical factor. The above consideration
means that the nuclear magnetization effects in atoms (and
molecules) may be related fundamentally to the BW matrix
element for the 1s state of the H-like system, a point that was
highlighted in a recent work by Skripnikov [23] in which the
theory for molecules was set out and applied to RaF.

Though the s-state Bohr-Weisskopf effect depends only
weakly on correlation effects, the many-body effect known
as core polarization (hyperfine correction to the states in the
atomic core) gives an important contribution, particularly for
states with l > 0 [53]. We include this effect in the calcula-
tions via the relativistic time-dependent Hartree-Fock (TDHF)
method, equivalent to the random-phase approximation with
exchange. Calculations are performed in the V N−1 approxima-
tion (N refers to the total number of electrons in the system),
with the N − 1 core electrons solved for self-consistently in
the average potential formed by the remaining core electrons.
Thallium is also treated using this approach, with the 6s2 sub-
shell relegated to the core. Without core polarization, this is
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BW effect — properties

✏ =

R rm
0 drf(r)g(r)[F (r)� 1]/r2

R1
0 drf(r)g(r)/r2
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Relative BW correction

•  In the nuclear region, the electrons see the unscreened 
Coulomb field of the nucleus

•  Since the binding energies                   , wave functions 
with the same angular dependence are proportional.

" ⌧ V (r)
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BW effect is independent of principal quantum number!
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For hydrogenlike ions, the simple atomic structure allows
for calculations with particularly high precision. Accurate de-
termination of the Bohr-Weisskopf effect from experiments is
therefore possible,

A1s
expt = A1s

0 (1 + ϵ1s) + δA1s
QED, (5)

as long as the QED contribution δA1s
QED and the nuclear

magnetic moment—which enters both terms on the right-
hand side of Eq. (5)—are known sufficiently well. Indeed,
the QED contributions have been evaluated with high pre-
cision for hydrogenlike ions spanning much of the periodic
table [8,21,34,36,37,40,42,44–49]. The BW effect is known
to ∼1% or better from measurements with 203,205Tl

80+
[9],

207Pb81+ [31], and 209Bi82+ [2].

A. Electron screening

For many-electron atoms, the situation is different, and
direct extraction of the BW effect from comparison of theory
with experiment is strongly limited by uncertainties in the
atomic structure that enter A0. We proceed by introducing an
electron screening factor,

xscr = ϵ/ϵH-like, (6)

and express the hyperfine constant for many-electron systems
as

A = A0(1 + xscr ϵH−like ) + δAQED, (7)

where ϵH−like is the BW effect for the 1s or 2p1/2 state of
the H-like ion of the same nucleus. For states with j > 1/2,
the Bohr-Weisskopf effect is essentially zero in the hydro-
genlike case, and only becomes nonzero for many-electron
atoms due to core polarization effects. The screening factors
depend only very weakly on the nuclear model and on atomic
many-body effects beyond core polarization, as we explore
further below, and they may therefore be determined with high
accuracy.

Indeed, the possibility to accurately determine such elec-
tronic screening factors forms the basis of the specific
difference approach for removal of the BW effect in tests of
QED, which has been formulated for Li-like ions and imple-
mented for Li-like Bi [3,21,50].

It is worth noting that QED corrections δAQED to the hy-
perfine structure for many-electron atoms may be rigorously
evaluated, with uncertainties well below those connected to
nuclear structure evaluation of the BW effect. Calculations
have been performed for the ground states of the alkali-metal
atoms in Ref. [41], and for the lowest-lying p1/2 and p3/2
states in Refs. [42,49]. High-precision calculations of the hy-
perfine structure for the ground states of Rb, Cs, Ba+, Fr, and
Ra+ were carried out in Ref. [24], and the QED corrections
evaluated with uncertainties amounting to only 0.1% or less
of the hyperfine constants.

To elucidate the behavior of the electron wave functions at
small distances and the BW effect, consider the single-particle
Dirac equation (HD − ε)φ = 0, where

HD = c α · p + (β − 1) c2 + V, (8)

with p the electron momentum operator, β a Dirac matrix, and
V the sum of nuclear and electronic potentials. We express the

single-particle electron orbitals as

φnκm(r) = 1
r

(
fnκ (r) 'κm(n)

ignκ (r) '−κ,m(n)

)
, (9)

where f and g are the large and small radial components
of the orbital [normalized as

∫
( f 2 + g2) dr = 1], ' are

two-component spherical spinors, n is the principal quan-
tum number, and κ = (l − j)(2 j + 1) is the Dirac quantum
number (with j and l the total and orbital angular momen-
tum quantum numbers, and m = jz). Then, for a spherically
symmetric potential V (r), the single-particle radial Dirac
equation may be expressed for a given κ as

[
V (r) − ε c(κ/r − ∂r )

c(κ/r + ∂r ) V (r) − ε − 2c2

][
fnκ

gnκ

]
= 0. (10)

The Bohr-Weisskopf effect can be seen via Eqs. (1) and (4)
to depend on the factor F (r) − 1, which is nonzero only inside
the nucleus:

ϵnκ =
∫ rm

0 fnκ (r)gnκ (r) [F (r) − 1]/r2 dr∫
fnκ (r)gnκ (r)/r2 dr

. (11)

At small radial distances, r ≪ a0/Z , the electronic screen-
ing potential is negligible, and V ≈ −Z/r. It is seen from
Eq. (10) that for a given κ the only state dependence comes
from the energy ε. Since |V | ≫ |ε|, the electron wave func-
tions for each angular symmetry differ only by a multiplicative
constant in this region, determined by the normalization of
the wave function. This applies to states of different principal
quantum number n of the same atom, and is valid across all
degrees of ionization of the atom, from neutral to H-like. In
the context of the Bohr-Weisskopf effect, this behavior has
been exploited in the formulation of the specific difference
[21] and ratio [22] methods, and the n independence of the
BW effect has been observed experimentally in neutral 85,87Rb
[51,52].

Note furthermore that in the nuclear region the potential
|V | ≫ mc2, and there is a symmetry between the fκ and gκ ′

components with κ ′ = −κ , as may be seen from Eq. (10).
Therefore, in this region fs1/2 ∝ gp1/2 and fp1/2 ∝ gs1/2 , and the
integrand in the numerator of Eq. (11) for s and p1/2 states is
different only by a numerical factor. The above consideration
means that the nuclear magnetization effects in atoms (and
molecules) may be related fundamentally to the BW matrix
element for the 1s state of the H-like system, a point that was
highlighted in a recent work by Skripnikov [23] in which the
theory for molecules was set out and applied to RaF.

Though the s-state Bohr-Weisskopf effect depends only
weakly on correlation effects, the many-body effect known
as core polarization (hyperfine correction to the states in the
atomic core) gives an important contribution, particularly for
states with l > 0 [53]. We include this effect in the calcula-
tions via the relativistic time-dependent Hartree-Fock (TDHF)
method, equivalent to the random-phase approximation with
exchange. Calculations are performed in the V N−1 approxima-
tion (N refers to the total number of electrons in the system),
with the N − 1 core electrons solved for self-consistently in
the average potential formed by the remaining core electrons.
Thallium is also treated using this approach, with the 6s2 sub-
shell relegated to the core. Without core polarization, this is
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R1
0 drf(r)g(r)/r2
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Relative BW correction

•  In the nuclear region, the electrons see the unscreened 
Coulomb field of the nucleus

•  Since the binding energies                   , wave functions 
with the same angular dependence are proportional.

" ⌧ V (r)
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BW effect is independent of principal quantum number!

Also, in the nuclear region, for heavy systems:

fs1/2 / gp1/2
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BW effects in atoms related to BW matrix element 
for 1s state of H-like ion

Shabaev et al., PRL (2001)

Roberts, Ranclaud, Ginges, PRA (2022)
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For hydrogenlike ions, the simple atomic structure allows
for calculations with particularly high precision. Accurate de-
termination of the Bohr-Weisskopf effect from experiments is
therefore possible,

A1s
expt = A1s

0 (1 + ϵ1s) + δA1s
QED, (5)

as long as the QED contribution δA1s
QED and the nuclear

magnetic moment—which enters both terms on the right-
hand side of Eq. (5)—are known sufficiently well. Indeed,
the QED contributions have been evaluated with high pre-
cision for hydrogenlike ions spanning much of the periodic
table [8,21,34,36,37,40,42,44–49]. The BW effect is known
to ∼1% or better from measurements with 203,205Tl

80+
[9],

207Pb81+ [31], and 209Bi82+ [2].

A. Electron screening

For many-electron atoms, the situation is different, and
direct extraction of the BW effect from comparison of theory
with experiment is strongly limited by uncertainties in the
atomic structure that enter A0. We proceed by introducing an
electron screening factor,

xscr = ϵ/ϵH-like, (6)

and express the hyperfine constant for many-electron systems
as

A = A0(1 + xscr ϵH−like ) + δAQED, (7)

where ϵH−like is the BW effect for the 1s or 2p1/2 state of
the H-like ion of the same nucleus. For states with j > 1/2,
the Bohr-Weisskopf effect is essentially zero in the hydro-
genlike case, and only becomes nonzero for many-electron
atoms due to core polarization effects. The screening factors
depend only very weakly on the nuclear model and on atomic
many-body effects beyond core polarization, as we explore
further below, and they may therefore be determined with high
accuracy.

Indeed, the possibility to accurately determine such elec-
tronic screening factors forms the basis of the specific
difference approach for removal of the BW effect in tests of
QED, which has been formulated for Li-like ions and imple-
mented for Li-like Bi [3,21,50].

It is worth noting that QED corrections δAQED to the hy-
perfine structure for many-electron atoms may be rigorously
evaluated, with uncertainties well below those connected to
nuclear structure evaluation of the BW effect. Calculations
have been performed for the ground states of the alkali-metal
atoms in Ref. [41], and for the lowest-lying p1/2 and p3/2
states in Refs. [42,49]. High-precision calculations of the hy-
perfine structure for the ground states of Rb, Cs, Ba+, Fr, and
Ra+ were carried out in Ref. [24], and the QED corrections
evaluated with uncertainties amounting to only 0.1% or less
of the hyperfine constants.

To elucidate the behavior of the electron wave functions at
small distances and the BW effect, consider the single-particle
Dirac equation (HD − ε)φ = 0, where

HD = c α · p + (β − 1) c2 + V, (8)

with p the electron momentum operator, β a Dirac matrix, and
V the sum of nuclear and electronic potentials. We express the

single-particle electron orbitals as

φnκm(r) = 1
r

(
fnκ (r) 'κm(n)

ignκ (r) '−κ,m(n)

)
, (9)

where f and g are the large and small radial components
of the orbital [normalized as

∫
( f 2 + g2) dr = 1], ' are

two-component spherical spinors, n is the principal quan-
tum number, and κ = (l − j)(2 j + 1) is the Dirac quantum
number (with j and l the total and orbital angular momen-
tum quantum numbers, and m = jz). Then, for a spherically
symmetric potential V (r), the single-particle radial Dirac
equation may be expressed for a given κ as

[
V (r) − ε c(κ/r − ∂r )

c(κ/r + ∂r ) V (r) − ε − 2c2

][
fnκ

gnκ

]
= 0. (10)

The Bohr-Weisskopf effect can be seen via Eqs. (1) and (4)
to depend on the factor F (r) − 1, which is nonzero only inside
the nucleus:

ϵnκ =
∫ rm

0 fnκ (r)gnκ (r) [F (r) − 1]/r2 dr∫
fnκ (r)gnκ (r)/r2 dr

. (11)

At small radial distances, r ≪ a0/Z , the electronic screen-
ing potential is negligible, and V ≈ −Z/r. It is seen from
Eq. (10) that for a given κ the only state dependence comes
from the energy ε. Since |V | ≫ |ε|, the electron wave func-
tions for each angular symmetry differ only by a multiplicative
constant in this region, determined by the normalization of
the wave function. This applies to states of different principal
quantum number n of the same atom, and is valid across all
degrees of ionization of the atom, from neutral to H-like. In
the context of the Bohr-Weisskopf effect, this behavior has
been exploited in the formulation of the specific difference
[21] and ratio [22] methods, and the n independence of the
BW effect has been observed experimentally in neutral 85,87Rb
[51,52].

Note furthermore that in the nuclear region the potential
|V | ≫ mc2, and there is a symmetry between the fκ and gκ ′

components with κ ′ = −κ , as may be seen from Eq. (10).
Therefore, in this region fs1/2 ∝ gp1/2 and fp1/2 ∝ gs1/2 , and the
integrand in the numerator of Eq. (11) for s and p1/2 states is
different only by a numerical factor. The above consideration
means that the nuclear magnetization effects in atoms (and
molecules) may be related fundamentally to the BW matrix
element for the 1s state of the H-like system, a point that was
highlighted in a recent work by Skripnikov [23] in which the
theory for molecules was set out and applied to RaF.

Though the s-state Bohr-Weisskopf effect depends only
weakly on correlation effects, the many-body effect known
as core polarization (hyperfine correction to the states in the
atomic core) gives an important contribution, particularly for
states with l > 0 [53]. We include this effect in the calcula-
tions via the relativistic time-dependent Hartree-Fock (TDHF)
method, equivalent to the random-phase approximation with
exchange. Calculations are performed in the V N−1 approxima-
tion (N refers to the total number of electrons in the system),
with the N − 1 core electrons solved for self-consistently in
the average potential formed by the remaining core electrons.
Thallium is also treated using this approach, with the 6s2 sub-
shell relegated to the core. Without core polarization, this is
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gs1/2 / fp1/2
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BW effect: ratio method
By taking a ratio of two states with different principal 
quantum number, dependence on BW effect may 
be removed! 

May be used to make high-precision predictions of 
the hyperfine constants!

Ratio method:           Ginges and Volotka, PRA (2018)
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⇣
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BW effect: ratio method

Ref. [16] :   Grunefeld, Roberts, Ginges, PRA (2019)

By taking a ratio of two states with different principal 
quantum number, dependence on BW effect may 
be removed! 

May be used to make high-precision predictions of 
the hyperfine constants!

Ratio method:           Ginges and Volotka, PRA (2018)
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TABLE III. Summary of results for the line centers of the hyperfine components of the 6s → 12s and 6s → 13s transitions, and the state
energies Ecg/h of the 12s, 13s, 11d3/2, and 11d5/2 states of 133Cs. The numbers in parentheses following each value are the 1σ standard error
of the mean in the least significant digits.

Ecg/h (MHz)

Line ν33 (MHz) ν44 (MHz) This work Prior expt. [36]

6s → 12s 444 726 731.369 (22) 444 722 187.689 (19) 889 448 351.098 (29) 889 448 348.5 (60)
6s → 13s 450 227 707.055 (13) 450 223 147.601 (15) 900 450 284.724 (20) 900 450 282.0 (60)
6s → 11d3/2 896 269 630.698 (65) 896 269 624.7 (60)
6s → 11d5/2 896 365 856.56 (24) 896 365 852.6 (60)

while the difference gives the hyperfine coupling constant

Ahfs,ns = Ahfs,6s − 1
2 {ν33 − ν44}. (5)

We have included Ecg/h in Table III. The values of the state
energies Ecg/h are in agreement with, but more precise by a
factor of a few hundred than the previous determination [36].

We show our results for the hyperfine coupling constants
Ahfs,12s and Ahfs,13s in Table IV. The relative uncertainty of
each is smaller than 0.06%. We also present in Table IV
values of these coupling constants measured previously using
level-crossing spectroscopy [24,25]. Their results agree with
our results well within their uncertainties. Our uncertainties
are smaller by a factor of almost 10. There are two theoretical
values of Ahfs,12s available for comparison. The authors of
Ref. [37] used the Dirac-Fock wave functions, with third-
order many-body perturbation theory, and a coupled-cluster
method in single and double approximations. Their result
differs by 0.14% from our value. The theoretical calculations
of Ginges et al. [16] is in better agreement with our value,
differing by slightly less than their estimated uncertainty of
0.08%. For Ahfs,13s, the result of Ref. [16] is in similar good
agreement with our value, consistent to within less than the
combined estimated uncertainties.

III. 11d 2D3/2 and 11d 2D5/2 MEASUREMENTS

We used a similar procedure to measure the hyperfine
structure of the 11d3/2 and 11d5/2 levels at a wavelength of

TABLE IV. Summary of results for the hyperfine coupling con-
stants Ahfs of the 12s, 13s, 11d3/2, and 11d5/2 states of 133Cs. The
numbers in parentheses following each value are the 1σ standard
error of the mean in the least significant digits. The techniques
employed in Refs. [38] and [39] yielded the magnitude of Ahfs, but
not its sign. Therefore, we have listed these results preceded by the
“±” sign.

Ahfs (MHz)

Experiment Theory

State This work Prior expt. Ref. [37] Ref. [16]

12s 26.318 (15) 26.31 (10) [24] 26.28 26.30 (2)
13s 18.431 (10) 18.40 (11) [25] 18.42 (1)
11d3/2 +1.0530 (69) ±1.055 (15) [38] 1.06

±1.05 (4) [39]
11d5/2 −0.21 (6) ±0.24 (6) [38] −0.142

λ = 668.98 and 668.91 nm, respectively. The most significant
differences between these measurements and those of the 12s
and 13s states are that the 11d lines are somewhat stronger, the
hyperfine structure is more interesting (four or five hyperfine
components within each spectrum), and the hyperfine splitting
is much smaller. We show an energy level diagram of the
11d3/2 and 11d5/2 states in Fig. 6.

We show sample spectra in Fig. 7. The upper two spectra
are 6s, F → 11d3/2, F ′, with F = (a) 4 and (b) 3, while the
lower spectra are 6s, F → 11d5/2, F ′, with F = (c) 4 and (d)
3. Selection rules for these two-photon transitions allow |$F |
up to 2. The vertical lines in Fig. 7 show the positions of the
individual components of these transitions, with the height
of the lines indicating the calculated relative strength of the
transition, and F ′ labeled for each. Some of the individual
peaks in the 11d3/2 spectra are resolved. We fit a multicom-
ponent line shape to the measured spectra, using computed
values for the relative spacing and heights of the individual
components, and show the results as the green solid lines in
the figures. The only adjustable parameters for these fits are
the line center frequency, the linewidth of individual lines, the
hyperfine coupling constant Ahfs, the baseline, and an overall
peak height.

For the 6s, F → 11d5/2, F ′ spectra, shown in Figs. 7(c)
and 7(d), the spacing between the hyperfine components of
the transition is much smaller than the linewidth of the in-

FIG. 6. Energy level diagram showing the hyperfine components
of the 11d3/2 and 11d5/2 states in cesium. Not shown here is the
ground state from which we excite the cesium atoms. Note that
the 11d5/2 state is inverted, with the level energy decreasing with
increasing F ′. The energy spacings of the 11d3/2 state are not drawn
to scale with the energy spacings of the 11d5/2 state, nor is the
fine-structure interval between the 11d3/2 and 11d5/2 states to scale.
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TABLE I. Summary of results for the hyperfine coupling con-
stant A, in MHz, of the 8p1/2 level. The numbers in paren-
theses following each value are the 1� standard error of the
mean in the least significant digits.

A Source
Experiment
42.97 (10) Tai et al., 1973 [40]
42.92 (25) Cataliotti et al., 1996 [48]
42.95 (25) Liu & Baird, 2000 [49]
42.933 (8) This work

Theory
42.43 Safronova et al., 1999 [46]
42.32 Tang et al., 2019 [47]

42.95 (9) fit method, Grunefeld et al., 2019 [34]
42.93 (7) ratio method, Grunefeld et al., 2019 [34]

(Safronova et al., 1999 [46] and Tang et al., 2019 [47]).
Our measured value of A di↵ers from these results by
⇠1-1.5%.

The sources of uncertainty for these measurements are
recorded in Table II. The uncertainty in the fit includes
the statistical uncertainty in the repeated measurements
of the center frequency, along with the uncertainty in ex-
trapolating to zero laser power. The uncertainty in the
frequency comb laser (FCL) is the uncertainty derived
from the fractional uncertainty (10�12) of the GPS con-
ditioned time base used to stabilize the comb and the
comb tooth number. The uncertainty in the shift due to
the Zeeman e↵ect is determined by the resolution of our
measurement and the degree to which we cancel out mag-
netic fields. We observe no shifts in center frequency for
any of the lines when applying a one Gauss field and we
zero the magnetic field to better than 10 mGauss. With
this, we estimate that the uncertainty is less than the
resolution of the measurement times 1/100. The uncer-
tainty due to beam misalignment is the residual Doppler
error due to imperfect retro reflection. This uncertainty
is only included in the absolute frequency determinations,
discussed in Section IV.

TABLE II. Sources of error and the uncertainty resulting from
each, for the determinations of line centers for each of the
spectra. We add the errors in quadrature to obtain the total
uncertainty. *Beam misalignment a↵ects only the absolute
frequency determinations.

Source �int(kHz)

Fit, �⌫ 12-28

FCL frequency, ⌫FLC < 0.5

Zeeman < 0.2

Beam misalignment* 145

Total Uncertainty, �total
int 12-28

FIG. 5. Energy level diagram showing the hyperfine compo-
nents (not to scale) of the 8p3/2 states of cesium.

III. 8p 2P3/2 MEASUREMENTS

The energy levels of the 8p3/2 states are shown in
Fig. 5. The energies of the hyperfine components of the
8p 2P3/2 state are shifted from the center-of-gravity en-
ergy Ecg of the 8p state by the magnetic dipole (A),
electric quadrupole (B), and magnetic octupole (C) in-
teractions. The coupling constants for these interactions
are represented by A, B, and C, as indicated. The energy
shifts due to each of these terms are

EF 0=5 = Ecg +
h

4
(21A+B + 4C)

EF 0=4 = Ecg +
h

28
(7A� 13B � 132C) (3)

EF 0=3 = Ecg +
h

28
(�105A� 5B + 220C)

EF 0=2 = Ecg +
h

28
(�189A+ 15B � 132C)

as given in Refs. [43, 50]. The spacing between lines then
yield the hyperfine coupling constants A, B, and C, using

A =
11

120
�⌫54 +

2

21
�⌫43 +

3

56
�⌫32

B =
77

120
�⌫54 �

1

3
�⌫43 �

5

8
�⌫32 (4)

C =
7

480
�⌫54 �

1

24
�⌫43 +

1

32
�⌫32,

where�⌫ij = (EF 0=i�EF 0=j)/h is the frequency spacing
between the hyperfine peaks.

A. Experimental Configuration and Procedure

The experimental procedure for measuring the hyper-
fine splitting on the 8p3/2 line is similar to that for the
8p1/2, but varies in a few ways. The wavelength of the
transition is similar, 387.7 nm, so the same laser source
and LBO crystal are used. The hyperfine splitting on
the 8p3/2 line is less than that of the 8p1/2 line, allowing
us to scan across all of the allowable transitions in a sin-
gle sweep. The required scan length is larger by 1.5 to
2 times to include each peak in a single scan. Unfortu-
nately, this smaller spectral spacing also means that the
individual lines are not completely resolvable (see Figs. 6

Ahfs (MHz) for 8p1/2    
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H-like ion result may be used to find BW effect in 
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Nuclear structure uncertainty is entirely removed from 
atomic calculations!
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H-like ion result may be used to find BW effect in 
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Nuclear structure uncertainty is entirely removed from 
atomic calculations!
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Historical data on muonic hyperfine structure for Cs! 

from muonic atom experiment

Roberts, Ranclaud, Ginges, PRA (2022)
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H-like ion result may be used to find BW effect in 
many-electron atoms!
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Nuclear structure uncertainty is entirely removed from 
atomic calculations!
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Historical data on muonic hyperfine structure for Cs! 

from muonic atom experiment

Roberts, Ranclaud, Ginges, PRA (2022)
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Proposed and implemented       
method to extract BW effect in 
muonic Cs and translate to Cs 

Elizarov et al., Opt. Spectrosc. (2006)
Sanamyan, Roberts, Ginges, PRL (2023)
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Historical data on muonic hyperfine structure for Cs! 

              Cs atom — SP model:  -0.21%
                SP(WS) model:  -0.19(14)%

              “ball”/fermi model:  -0.7%  

from muonic atom experiment

Roberts, Ranclaud, Ginges, PRA (2022)
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Proposed and implemented       
method to extract BW effect in 
muonic Cs and translate to Cs 

Elizarov et al., Opt. Spectrosc. (2006)
Sanamyan, Roberts, Ginges, PRL (2023)



BW effect: from H-like ion
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Historical data on muonic hyperfine structure for Cs! 

              Cs atom — SP model:  -0.21%
                SP(WS) model:  -0.19(14)%

              “ball”/fermi model:  -0.7%  

from muonic atom experiment

Roberts, Ranclaud, Ginges, PRA (2022)
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these systems a different sensitivity to the nuclear mag-
netization distribution across r. To more clearly illustrate
this, the function FðrÞ=r2, in the three simple models
considered above, is shown alongside.
To translate the empirical BWeffect in amuonic atom to a

BWeffect for the H-like system, and account for the nuclear
model dependence, we follow the procedure introduced in
Ref. [46]. We use the simple SP magnetization models from
that work, and find effective nuclear magnetic radii Rm such
that the experimental BW effects in muonic atoms are
reproduced. These SP models have different parametriza-
tions for the unpaired nucleon wave function across the
nucleus: zeroth, first, and second powers of r and ðRm − rÞ.
Thesemodels are then applied to theH-like systems, andBW
effects determined. The uncertainty due to the model
dependence is captured through the spread in results, and
thecentral value isgivenby themidpoint.ForH-like 133Cswe
obtainϵ ¼ −0.227ð174Þð10Þ%,where the first uncertainty is
experimental and the second is due to themodel dependence.
Our final results are presented in Table II. The uncer-

tainties for the H-like results determined from muonic atom
experiments comprise of those from experiment (the
relative uncertainty is taken to be equal to that for the
muonic atom value Aexp

BW) and those from the model
dependence of the magnetization distribution, added in
quadrature. For Cs and Bi, the former dominates, while for
Tl the latter is larger by 2–3 times. The results for Tl80þ and
Bi82þ may be checked against accurate data from direct
H-like experiments, shown in the table. It is seen that the
data for Bi82þ are in agreement, and for Tl80þ the results lie
only marginally outside the 1σ error bars. This gives
confidence in the result for Cs54þ, and that any missed
effects, such as from nuclear polarization (considered, e.g.,
for the hyperfine structure in muonic deuterium in Ref. [62]
and for energies of heavy muonic atoms in Ref. [63]), may
be omitted at the current level of uncertainty.
In the final column of Table II we present the result for

the ground state of 133Cs. This is found using an electronic

“screening” factor [47], which relates the BW effect in a
many-electron atom or ion to the BW effect in the
corresponding H-like ion, xscrð6sÞ ¼ 1.047. Our empiri-
cally derived BW effect for the 6s state of atomic 133Cs,
−0.24ð18Þ%, agrees with nuclear single-particle predic-
tions, with the SP value −0.21% [11,16] and the SP-WS
value −0.19ð14Þ% [16], and with configuration mixing
calculations, −0.22% [65]. However, it deviates signifi-
cantly from predictions (−0.7%) of the commonly used
uniform distribution, amounting to a sizable 0.5% differ-
ence in the hyperfine structure constant. Taken together
with the high-precision many-body result of Ref. [16] for
the ground-state hyperfine structure constant for 133Cs, our
empirical result corresponds to an absolute BW correction
of −5.5ð4.2Þ MHz. This yields a total value of
2293.1 MHz, which agrees with experiment (2298.157…
MHz [67]) at the level of the uncertainty from the BW
effect.
The BW effects in s and p states exhibit weak depend-

ence on principal quantum number [29,68,69], and the
obtained result for 6s is valid also for excited ns states of
133Cs. Furthermore, since the BW effect in atomic states
may be determined from the 1s state in the corresponding
H-like ion [47] (see also [48]), the effect in other states may
also be found. We find the BW effects −0.015ð12Þ% for
np1=2 states and −0.065ð50Þ% for np3=2 states.
We use the empirical BW result for 133Cs to obtain values

of the BWeffects for other isotopes using measured data for
differential hyperfine anomalies. The differential anomaly
(1Δ2) between isotopes 1 and 2 is defined as [19]

1Δ2 ¼ ðA1=A2Þðg2=g1Þ − 1 ≈ 1δ2þ ϵð1Þ − ϵð2Þ; ð10Þ

where 1δ2 ¼ δð1Þ − δð2Þ is the differential Breit-Rosenthal
(BR) effect [modeled accurately using a Fermi charge
distribution for VnucðrÞ in Eq. (1)], and ϵð1Þ and ϵð2Þ are BW
effects for isotopes 1 and 2. The results for s states for
isotopes A ¼ 131, 134, 135 are presented in Table III.
In summary, we have determined accurate empirical

Bohr-Weisskopf effects for s and p states of Cs isotopes.
TABLE II. Relative BW corrections −ϵ (%) to lowest s states of
muonic atoms, H-like ions, and neutral Cs. Subheadings “μ exp”
and “H-like exp” indicate that results are extracted from muonic
and H-like experiments, respectively.

μ-atoms H-like ions Atomsa

μ exp μ exp H-like exp μ exp
133Cs 18(14) 0.23(17) % % % 0.24(18)
203Tl 50.8(1.6) 1.93(15) 2.21(8)b
205Tl 51.8(8) 1.98(15) 2.25(8)b
209Bi 28.8(3.9) 0.98(14) 1.03(5)c

aBW effects for other atomic states (e.g., p states) may also be
deduced from the effect in H-like ion [47]; see text for details.

bReference [43].
cReference [64].

TABLE III. Relative BW corrections ϵð2Þs for s states of atomic
cesium isotopes, from measured differential anomalies 1Δ2

exp, our
BW value for 133Cs, ϵð1Þ ¼ −0.24ð18Þ%, and calculated differ-
ential BR effects 1δ2. Að1Þ, Að2Þ and Iπ1 , Iπ2 are atomic mass
numbers and nuclear spins of isotopes 1 and 2.

Að1Þ Iπ1 Að2Þ Iπ2
1Δ2

exp (%) 1δ2 (%) −ϵð2Þs (%)

133 7=2þ 131 5=2þ 0.45(5)a −0.001 0.69(19)
133 7=2þ 134 4þ 0.169(30)b 0.000 0.41(18)
133 7=2þ 135 7=2þ 0.037(9)c 0.001 0.27(18)

aReference [70];
bReference [19];
cReference [71].
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Bohr-Weisskopf effect summary

Accurate modelling of the finite magnetisation distribution in atomic nuclei is important for

➤ Hyperfine comparisons
- Tests of atomic wave functions in the nuclear region
- Reducing APV theory uncertainty to 0.1%

➤ Nuclear structure theory

➤ Determination of nuclear moments

➤ Probing the neutron distribution

➤ Tests of quantum electrodynamics



Summary

Atoms can be used to do breakthrough particle physics!

• Atomic parity violation

• Time-reversal-violating electric dipole moments


Lots of interdisciplinary discoveries that can be made on the way!

• Includes nuclear physics insights


Precision atomic theory 

• Necessary and difficult! Though proceeding to reduce atomic theory uncertainties 
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