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Semi-inclusive deep-inelastic scattering (SIDIS)
Production of identified hadrons in DIS
• multiple hadron species: π,K,D,p,n,Λ,...
• hadron structure:                                              

parton distribution function (PDF) f(x,μ)
• parton-to-hadron fragmentation:                         

fragmentation function (FF) D(z,μ)
• probe flavour structure of PDFs and FFs
• flavour decomposition of sea quark PDFs
• constraints on polarized PDFs
• flavour separation of FFs for different hadrons

is becoming precision physics
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State-of-the-art: fragmentation functions
Global fits of collinear fragmentation functions
• data sets

• Semi-inclusive annihilation (SIA) e+e- → h+X
• Semi-inclusive deep-inelastic scattering (SIDIS) ep → eh+X
• Single-inclusive hadro-production (SIH) pp → h+X

• perturbative order until recently
• NNLO for time-like Altarelli-Parisi splitting functions                                                                    

[A.Almasy, S.Moch, A.Vogt; M.X.Luo, T.Z.Yang, H.X.Zhu, Y.J.Zhu; M.Ebert, B.Mistlberger, G.Vita]

• NNLO and N3LO for SIA coefficient functions [P.Rijken, W. van Neerven; C.Q.He, H.Xing, T.Z.Yang, H.X.Zhu]

• NLO for SIDIS coefficient functions                                                                                          
[G.Altarelli, K.Ellis, G.Martinelli, S.Pi; D.de Florian, M.Stratmann, W.Vogelsang]

• NLO for SIH coefficient functions                                                                                            
[F.Aversa, P.Chiappetta, M.Greco, J.P.Guillet; B.Jäger, A.Schäfer, M.Stratmann, W.Vogelsang]

• approximate NNLO from threshold resummation for SIDIS [M.Abele, D.de Florian, W.Vogelsang]
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State-of-the-art: fragmentation functions
Global fits of collinear fragmentation functions: π±0,Κ ±0,Λ,p,...
• NLO global fits

• BKK [J.Binnewies, B.Kniehl, G.Kramer]

• DSS [R.Sassot, D.de Florian, M.Stratmann]

• NNFF [V.Bertone, S.Carrazza, N.Hartland, E.Nocera, J.Rojo, L.Rottoli]

• JAM [E.Moffat, W.Melnitchouk, T.C.Rogers, N.Sato]

• NPC [J.Gao, C.Y.Liu, X.M.Shen, H.Xing, Y.Zhao, B.Zhou]

• NNLO SIA and aNNLO SIA+SIDIS+SIH fits 
• SIA-only [D.Anderle, F.Ringer, M.Stratmann]

• BDSSV [I.Borsa, D.de Florian, R.Sassot, M.Stratmann, W.Vogelsang]

• MAP [R.Abdul Khalek, V.Bertone, A.Khoudii, E.Nocera]

• NNFF [V.Bertone, S.Carrazza, N.Hartland, E.Nocera, J.Rojo]

• NPC [J.Gao, C.Y.Liu, X.M.Shen, H.Xing, Y.Zhao, B.Zhou]

• Fits differ in data selection and detailed methodology
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3. Fragmentation to p/p̄

For fragmentation to p/p̄ from the d quark, the three results are close at z > 0.2 , but error bands of NPC23
and NNFF do not overlap. For fragmentation from u, s quarks and g, the three results di↵er significantly in all
regions. For fragmentation from the c quark, DSS and NNFF are close at z > 0.2, while NPC23 is much larger. For
fragmentation from the b quark, NPC23 and NNFF are close at z > 0.2, with NNFF di↵ering significantly. Overall,
fragmentation functions to p/p̄ from di↵erent fits show the least agreement.
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FIG. 32: Comparison of our NLO fragmentation functions to pion with those from NNFF and DSS at Q = 5 GeV.
The DSS results are calculated by using DSS21 sets [48]. The NNFF results are from NNFF1.0 [54].

4. Fragmentation to ⇡+, K+

In Figs. 35 and 36 a comparative analysis of fragmentation functions to positively charged hadrons is presented. The
fragmentation functions derived from NPC23, JAM [53], and MAP [52] analyses exhibit varying patterns of agreement
and tension across di↵erent parton flavors for both ⇡+ and K+ at Q = 5 GeV. For favored quarks, JAM consistently
predicts higher fragmentation probabilities compared to both NPC23 and MAP, with this feature being particularly
pronounced in the pion sector. In contrast, the unfavored quark channels show better agreement among the three
analyses, especially notable in the ū ! K+ fragmentation. The gluon fragmentation functions demonstrate significant
di↵erences across all analyses for both mesons in terms of shape and magnitude, with MAP showing more pronounced
fluctuations in the intermediate-z region. For heavy quarks, all three analyses converge well within their uncertainties,
particularly in the high-z region, although some tension persists in the low-z domain where JAM typically exhibits
larger uncertainty bands. While the analyses show reasonable agreement in the high-z region across most parton
species, significant di↵erences in both central values and uncertainty estimates remain in the low-z region.



State-of-the-art: polarized PDFs
Global fits of polarized parton distributions
• data sets

• inclusive polarized DIS
• polarized SIDIS
• polarized proton-proton (RHIC)

• perturbative order
• NNLO splitting functions                                                                        

[S.Moch, J.Vermaseren, A.Vogt; J. Blümlein, C.Schneider, K.Schönwald]
• NNLO inclusive DIS and Drell-Yan                                          

[E.Zijstra, W.van Neerven; R.Boughezal, H.Li, F.Petriello]

• aNNLO SIDIS [M.Abele, D.de Florian, W.Vogelsang]

• most recently first NNLO fits 
• MAP24 [V.Bertone, E.Chiefa, E.Nocera]

• BDSSV24 [I.Borsa, D.de Florian, R.Sassot, M.Stratmann, W.Vogelsang]
• NNPDFpol2.0 [J.Cruz-Martinez et al.]
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Results

 Generally, fair agreement between the 
three sets within uncertainties  
 Striking agreement  between 

NNPDFpol2.0 and BDSSV24 central values 
 Smaller uncertainties in the case of 

BDSSV (larger dataset, fixed-form 
parametrization, no theoretical 
uncertainties)

Comparison between NNLO sets



New NNLO results for identified hadrons
Why compute higher orders?
• improve perturbative QCD description
• reliable quantification of uncertainties
• new kinematical features and partonic channels
• match quality of precision data
• strong coupling typically not small: αs(10 GeV) ~ 0.2

Recent results
• NNLO unpolarized SIDIS [S.Goyal, S.Moch, V.Pathak, N.Rana, V.Ravindran; L.Bonino, G.Stagnitto, TG]

• NNLO longitudinally polarized SIDIS                                                                                         
[S.Goyal, R.Lee, S.Moch, V.Pathak, N.Rana, V.Ravindran; L.Bonino, M.Löchner, K.Schönwald, G.Stagnitto, TG]

• NNLO unpolarized SIH [M.Czakon, T.Generet, A.Mitov, R.Poncelet]
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FIG. 1: Single inclusive ⇡0 pT spectrum at LO (green), NLO
(blue) and NNLO (red) QCD versus ALICE data. Top figure
shows ratio to NLO QCD; the colored bands represent scale
uncertainty. The inset magnifies the high-pT region. Bottom
figure: two NNLO predictions derived with di↵erent FF sets.
Shown is a breakdown of pdf, FF and scale uncertainty.

erature [10, 43, 44]. In this work we have not pursued
such techniques; instead, we have focused our attention
on the behavior of perturbation theory at fixed order.

While the upper plot in fig. 1 shows a fairly good the-
ory/data agreement, a meaningful theory/data compari-
son requires the investigation of all significant sources of
theoretical uncertainty. This is done in the lower figure of
fig. 1 where we have shown the scale and pdf uncertain-
ties of the NNLO prediction, together with the FF un-
certainties for two FF sets: NNFF [12] and MAPFF [18].
It is immediately apparent that in the whole pT range
considered in this work the pdf uncertainty is negligible
relative to the other sources of theoretical uncertainty.
On the other hand, the FF uncertainty dominates over
scale uncertainty for all pT above 2 GeV. In particular,
for pT (⇡0) > 6 GeV, the FF uncertainty exceeds the scale
one by a factor of five, or more, making FF variation by
far the largest source of theoretical uncertainty.

The FF uncertainty aside, fig. 1 demonstrates that the
inclusion of the NNLO correction has important impact,
especially in the pT range between 4 and 30 GeV where
the NNLO scale uncertainty is significantly smaller than
the NLO one yet not much smaller than the overall data
uncertainty.

The significance of the FF uncertainty in this observ-
able can be appreciated in two ways. First, one can com-
pare the FF uncertainty bands of the two di↵erent FF
sets. As one can see in fig. 1 both bands are roughly of
the same size. Second, one can compare the di↵erence
between the two FF sets. Strikingly, the two sets lead
to very di↵erent predictions and for pT above about 1
GeV they appear to be incompatible within their own
FF uncertainties. This apparent discrepancy between
two modern FF sets indicates that the FF uncertainties

FIG. 2: As in fig. 1 but for the invariant mass of two neutral
pions. No comparison to data is shown.

of existing FF sets are significant. In order to achieve
much improved theory/data comparisons in the future,
a new generation of FF sets may be needed. As already
mentioned in the Introduction, the calculation presented
in this work can be used to derive improved FF fits from
hadron collider data.

In fig. 2 we present predictions for the m(⇡0⇡0) distri-
bution of a pair of neutral pions in LO, NLO and NNLO
QCD. No data comparison is available in this case. The
prediction is for LHC with

p
s = 13 TeV and is subject

to the following selection cuts for each one of the two
pions: |y| < 2.1 and pT > 1 GeV.

Overall, the behavior of this observable through NNLO
is largely similar to the pT (⇡0) distribution discussed
above. One observes a consistent K-factor and scale de-
pendence reduction when going from LO to NLO and
then to NNLO. The NNLO correction increases the NLO
one, while remaining within the NLO scale uncertainty
band. The scale variation bands for the three perturba-
tive orders overlap and are consistent with each other.
The higher order correction is fairly flat throughout the
kinematic range. We conclude that the perturbative con-
vergence for this observable is good and its perturbative
description at NNLO is reliable.

As we already noticed in our discussion of the pT (⇡0)
distribution, the FF uncertainty is by far the largest
source of theoretical uncertainty in this observable. The
FF uncertainty dominates over the scale one in the full
kinematic range, while for m(⇡0⇡0) > 7 GeV the NNLO
scale uncertainty becomes negligible relative to the FF
one. A significant di↵erence between the predictions
made with the two FF sets, NNFF and MAPFF, can
also be observed in this case, although for this observable
the two predictions are not inconsistent with each other.
This comparison clearly indicates the potential for theo-
retical improvement in this observable with improved FF
sets.



SIDIS kinematics

variables

cross sections

Observables: multiplicity                                         spin asymmetry
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SIDIS coefficient functions
Parton model

Leading order
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SIDIS coefficient functions
Next-to-leading order [G.Altarelli, K.Ellis, G.Martinelli, S.Pi; D.de Florian, M.Stratmann, W.Vogelsang]

• real radiation at NLO:
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x̂

sjp = Q2 1� x̂

x̂



SIDIS coefficient functions at NNLO

Partonic channels
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NNLO corrections
VV: known massless two-loop form factors [T.Matsuura, W.van Neerven]

RV: one-loop single-real matrix elements

• phase space integral fully constrained, expand in distributions [R.Schürmann, TG]

RR: tree-level double-real matrix elements

• phase space integrals with kinematical constraint

• reduce to phase-space master integrals, computed through differential equations                    
[L.Bonino, M.Marcoli, R.Schürmann, G.Stagnitto, TG]
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NNLO corrections: RV 
RV: one-loop single-real matrix elements: massless bubble and box functions

• requires careful analytic continuation of one-loop functions (4 segments)

• can combine into single-valued functions [J.Haug, F.Wunder]

• example: Box(s12=sij , s23=spj)
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NNLO corrections: RR
RR: tree-level double-real matrix elements

• correspond to cut two-loop integrals

• use Cutkosky rule to arrive at Standard integral form
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NNLO corrections: RR

Reduction to master integrals: integration-by-part (IBP) equations [K. Chetyrkin, F. Tkachov]

• yield large system of linear relations among integrals
• solved using lexicographic ordering (Laporta algorithm): Reduze2 [A. von Manteuffel, C.Studerus]

Computation of master integrals: differential equations [E.Remiddi, TG]

• differential equations in x and z derived at integrand level
• generic solution by direct integration  
• specific solution (matching to boundary condition) by integration over z and comparison 

with inclusive RR integrals (DIS coefficient functions)
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NNLO corrections: RR
Integrals [L.Bonino, M.Marcoli, R.Schürmann, G.Stagnitto, TG]

• 12 propagators (4 cut),                                        
7 of them linearly independent

• 13 integral families with                                       
total 21 master integrals

• analytical results throughout

• family A,B,C previously                           
computed for photon                          
fragmentation                                             
[R.Schürmann, TG]
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where as in (3.1), the initial-state momentum p is used as a reference momentum to define
z:

z = x
(kp + pi)2

Q2
=

sip

sip + sik + sil
. (3.7)

Using the inverse unitarity relation

2⇡i�(k2) =
1

k2 + i✏
� 1

k2 � i✏
, (3.8)

the phase space integrals (3.6) are rewritten as 2 ! 2 three-loop-integrals in forward scat-
tering kinematics with four cut propagators (three on-shell conditions and the definition of
z). These are amenable to standard integral reduction techniques based on integration-by-
parts (IBP) relations [57] in the Laporta algorithm [58]. The resulting integrals all contain
four cut propagators and up to three linearly independent ordinary propagators. After
applying momentum conservation kk = q + pi � kp � kl, the following set of denominator
factors appears in the antenna functions:

D1 = (q � kp)
2
,

D2 = (pi + q � kp)
2
,

D3 = (pi � kl)
2
,

D4 = (q � kl)
2
,

D5 = (pi + q � kl)
2
,

D6 = (q � kp � kl)
2
,

D7 = (pi � kp � kl)
2
,

D8 = (kp + kl)
2
,

D9 = k
2

p ,

D10 = k
2

l
,

D11 = (q + pi � kp � kl)
2
,

D12 = (pi � kp)
2 +Q

2
z

x
, (3.9)

where the cut propagators are D9 to D12. Combining the cut propagators with any subset
of three linearly independent ordinary propagators yields an integral family, for which an
IBP reduction to master integrals can be performed. We use the Reduze2 [59] code for this
task.

The master integrals are labelled by their propagators factors (omitting the cut prop-
agators, which we require in each integral), for example:

I[�3, 7] =
Q

2(2⇡)�2d+3

x

Z
dd
kp dd

kl � (D9) � (D10) � (D11) � (D12)
D3

D7

, (3.10)

where a negative sign on the propagator label indicates its occurrence in the numerator. We
find 12 integral families and in total 21 master integrals which are summarised in Table 1.
The integral family F derives from the I[1, 3, 7] top-level integral which is reducible to
known integrals from other families. The master integrals are calculated using differential
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NNLO corrections: RR
Example: I[3,5,8]
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master integrals that contain both these propagators, I[3, 5, 8] (family K) and I[4, 5, 8]

(family M), must account for this behaviour and retain the exact dependence on the di-
mensional regulator at least in the z ! 0 limit. For both integrals, a naive approach of
solving the differential equations in x and z as a Laurent expansion in ✏ with symbolic
boundary conditions at a regular point in z yields integrals that contain at most ✏�1, while
the corresponding z-integrated inclusive initial-final master integrals with this combination
of propagators diverge as ✏

�3.
In the following, we provide a detailed description of the computation of I[3, 5, 8] =

I[358] in a closed form in ✏. The differential equations for this master integral contain only
I[0] and

I[5](Q2
, x, z) = N�

✓
1� 2✏

✏

◆2 �
Q

2
��2✏

(1� x)�2✏
x
2✏

⇥
✓
z
�✏

2F1(✏, 2✏, 1 + ✏; z)� z
�2✏

� (1� 2✏)�(1 + ✏)

�(1� ✏)

◆
. (3.13)

as subtopologies, and the differential equations in z and x are fully separable. Moreover,
its differential equation in x is homogeneous, implying that the x-dependence of I[358]

factorises fully. The differential equations read:

@I[358](Q2
, x, z)

@Q2
= �2(1 + ✏)

Q2
I[358](Q2

, x, z) ,

@I[358](Q2
, x, z)

@x
=

✓
1 + 2✏

1� x
+

2 + 2✏

x

◆
I[358](Q2

, x, z) ,

@I[358](Q2
, x, z)

@z
= �1 + 2✏

z
I[358](Q2

, x, z)� 2x3(1� 2✏)2(1 + z)

(Q2)3(1� x)2✏z2(1� z)2
I[0](Q2

, x, z)

+
2x2✏

(Q2)2(1� x)z2
I[5](Q2

, x, z) .

From the above equations, the functional dependence of I[358] on Q
2 and on x can be read

off. Moreover, the z-differential equation can be solved by means of an integrating factor
z
1+2✏. Introducing

I[358](Q2
, x, z) = N�

✓
1� 2✏

✏
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(Q2)�2�2✏(1� x)�1�2✏
x
2+2✏

z
�1�2✏

I
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and inserting (3.11),(3.13) yields

@I
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✏
z
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✏
z
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z
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. (3.15)

This equation can be integrated in a straightforward manner in the form of a primitive:

I
0[358](z) = �4(1� 2✏)2

✏(1 + ✏)
z
1+✏

2F1(1 + ✏, 1 + 2✏; 2 + ✏; z)
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0
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where C
0 is the constant of integration. In (3.16), which is exact in ✏, we note the simul-

taneous appearance of z✏ and ln z. This observation implies that the singular behaviour of
the master integral I[358](Q2

, x, z) at z ! 0 can not be expressed by an ansatz contain-
ing a finite number i of terms of the form z

�1�n✏ with integer n  i. Moreover, a naive
✏-expansion of (3.16) shows that its most singular piece is only 1/✏. The a priori unknown
boundary constant C

0 can be determined by computing the z-integral of I[358](Q2
, x, z)

and matching it onto the known inclusive result. The inclusive Iinc[358](Q2
, x) is itself not

a master integral but can be expressed in terms of the inclusive phase space Iinc[0](Q2
, x):

Iinc[358](Q
2
, x) =

3(1� 2✏)(4� 6✏)(2� 6✏)

✏3

x
3

(Q2)3(1� x)2
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Iinc[0](Q

2
, x) = N�(Q

2)1�2✏(1� x)1�2✏
x
�1+2✏

�(2� 2✏)�(1� ✏)

�(3� 3✏)
. (3.18)

We note that (3.17) diverges as 1/✏3. Dividing (3.16) by the integrating factor z
1+2✏ and

integrating over z, we obtain standard integrals yielding hypergeometric functions at unit
argument as well as from the last two terms:

Z
1

0

dz z�1�2✏ = � 1

2✏
,

Z
1

0

dz ln(z)z�1�2✏ = � 1

4✏2
, (3.19)

where in particular the occurrence of a double pole in the second integral is noteworthy.
By matching onto the inclusive integral, we then obtain a closed form expression:
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, x, z) = N�
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z
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(⇡ cot(⇡✏) + ln(z))

◆
. (3.20)

The master integral I[458] has considerably more subtopologies than I[358] and its
differential equations in z and x do not separate. After extracting its dominant behaviour
at z = 0, the computation for I[458] follows in principle the same steps as for I[358]. It is
however much more cumbersome and consequently less intuitive to describe.

For their insertion into the integrated antenna functions X 0, id.p

4,i
(x, z), master integrals

are calculated in terms of a Laurent expansion in ✏, after factoring the relevant regulating
factors in (1� x) and (1� z) from each integral. The results for the integrals are collected
in Appendix A and given in computer-readable format in an ancillary file. The regulating
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The master integral I[458] has considerably more subtopologies than I[358] and its
differential equations in z and x do not separate. After extracting its dominant behaviour
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Numerical results

Unpolarized SIDIS     
[L.Bonino, G.Stagnitto, TG]

• COMPASS kinematics

• PDF: NNPDF3.1
• FF: BDSSV22 [I.Borsa, D.de Florian, 

R.Sassot, M.Stratmann, W.Vogelsang] 

• 7-point scale variation
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Numerical results: π+ multiplicity
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From NLO to NNLO

 Improved description of COMPASS data, 
even with low cut 

 Improved description of SIA data 

 Tensions between HERMES and 
COMPASS data set remains with full NNLO 
corrections included

Q2−

Experiment # data NLO Approx. 
NNLO NNLO

SIA 288 1.05 0.96 0.85

COMPASS 510 0.98 1.14 0.96

HERMES 224 2.24 2.27 2.52

TOTAL 1022 1.27 1.33 1.260.0
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[I.Borsa: BDSSV22 revisited]



Numerical results
Polarized SIDIS [L.Bonino, M.Löchner, K.Schönwald, G.Stagnitto, TG]

• use Larin γ5

• finite scheme transformation of polarized PDFs to 
MS scheme

• PDF: BDSSV24 (pol) / MSHT20 (unpol)                    
[I.Borsa, D.de Florian, R.Sassot, M.Stratmann, W.Vogelsang;                                         
S.Bailey, T.Cridge, L.Harland-Lang, A.Martin, R.Thorne]

• FF: BDSSV21
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Numerical results
Polarized SIDIS [L.Bonino, M.Löchner, K.Schönwald, G.Stagnitto, TG]

• analytical agreement with competing group [S.Goyal, R.Lee, S.Moch, V.Pathak, N.Rana, V.Ravindran] 
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Neutrino-induced SIDIS
Charged-current DIS reaction

• legacy data from bubble chamber experiments at CERN and Fermilab νp → l± h±X
• prepare for charged-current processes at EIC: e±p → νh±X
• four charge combinations measured

• νp → l- π +X
• νp → l+ π-X
• νp → l- π-X
• νp → l+ π+X

• charged current selects quark charge
• charge hierarchy of fragmentation functions

• same-charge combinations probe                                                                                           
subdominant FF (sea content of final hadron)
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Neutrino-induced SIDIS
Impact of NNLO corrections[L.Bonino, M.Löchner, K.Schönwald, G.Stagnitto, TG]
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FIG. 1. Theory predictions for pion multiplicities for (anti-)neutrino induced DIS processes up to NNLO compared to the
ABCMO measurement [8].
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FIG. 2. Dominant partonic channels contributing to flavor-favored (left frames) and flavor-unfavored (right frames) SIDIS
reactions at NLO and NNLO. Contributions are normalized to unity in each bin.

vored sea-flavor combinations are dominant, accounting
for a significant fraction of the total SIDIS cross section.

The NNLO corrections even enhance the impact of un-
favored contributions compared to NLO, and they en-
large the negative u ! g and d ! g channels at small z,
bringing the overall cross section closer to the data. The
induced large cancellations increase the theoretical un-
certainty, as already observed for charged-lepton-induced
SIDIS [13, 14]. Especially in the high z regions, instabil-
ities in the flavor-unfavored channels at NNLO in Fig. 1
are due to large cancellations among partonic channels.
The related cross sections ⌫̄p ! µ+⇡�X (favored) and
⌫p ! µ�⇡�X (unfavored) display a similar pattern.

Sensitivity on Fragmentation Functions—In Fig. 3 we
examine the compatibility of the ABCMO data with
di↵erent modern FF sets. We consider the following
parametrizations: BDSSV22 NNLO [34], DSS07 NLO [36],

MAPFF10 NNLO [37], NNFF10 NNLO [38], NPC23 NLO [39],
and NPC23 NNLO [40] and compute the hadron multiplic-
ity distribution (8) at NNLO. We verified that the mul-
tiplicity is insensitive to the choice of PDF.

Both NLO sets [36] and [39] provide a good descrip-
tion of the data, with a tendency of overshooting the
data at small z for NPC23 NLO. When comparing NNLO
sets instead, we observe significant di↵erences. Among
all NNLO sets, the BDSSV22 NNLO set provides the best
description of the data. This is most likely due to the
inclusion of lower-virtuality (Q2 < 4GeV2) SIDIS data
in the fit [34]. The NPC23 NNLO set provides an over-
all good description of the data, in particular at mod-
erate and large z for the favored channels. The excess
of NPC23 NNLO in the low z region for the flavor-favored
processes can be attributed to the inclusion of e+e� data
from BESIII [41] into the fit. The NNFF10 NNLO set also

flavour-favoured                                                    flavour-unfavoured   



Neutrino-induced SIDIS
Sensitivity on fragmentation functions
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FIG. 3. Comparison of NNLO multiplicities computed with di↵erent FF sets to data. Ratios are taken with respect to the
multiplicity computed with the BDSSV22 NNLO set.

provides an overall satisfactory description of the data,
but it does not capture the shape of the distributions as
accurately as the former and systematically overshoots
the data by 50% in the favored channels. This is most
likely due to the absence of SIDIS data in this fit, which
help constrain the magnitude of individual FFs. The
MAPFF10 NNLO provides a reasonable description of the
data in the ⌫p ! µ�⇡+X channel as well as in the unfa-
vored channels for z & 0.2. Unlike the other FF sets, the
MAPFF10 NNLO FFs (central value and all replicas) fail to
predict the shape and size for ⌫̄p ! µ+⇡�X. This is
due to a significant amount of isospin breaking in this
parametrization: D⇡+

u 6= D⇡�

d .

We verified that the spread among the di↵erent
parametrizations in Fig. 3 is considerably larger than
the uncertainty on each parametrization, as quantified
by their associated replicas. This spread clearly demon-
strates the stringent constraints that (anti-)neutrino
SIDIS data provide on the flavor structure of the FFs,
highlighting their potential relevance for future global FF
fits.

Future Experiments—The FASER experiment, which
is situated in the very-forward region of the ATLAS in-
teraction point at the CERN LHC, has established the
flux of forward high-energy neutrinos from proton-proton
collisions [42]. Experiments in the context of the planned
Forward Physics Facility (FPF, [43]) at the HL-LHC
could be equipped to study SIDIS processes for various
final-state hadron species. In Fig. 4 we investigate the
behavior of the ⇡+ multiplicity distribution (8) in such
a measurement. We consider a representative muon neu-
trino energy of E⌫ ⇠ 300GeV [44] and employ the same
kinematic cuts as before: x > 0.1 and W > 3GeV. In
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FIG. 4. Expected pion multiplicity distribution for FPF-type
experiments at the LHC.

the kinematic range of the FPF the multiplicity displays
a non-negligible dependence on E⌫ such that more ded-
icated studies will require a weighted average over the
neutrino beam energy. We observe sizable QCD correc-
tions also at higher energies with improved perturbative
stability with respect to Fig. 1 due to the higher average
value of Q: the increase in energy results in a drastic re-
duction of scale uncertainties at NNLO. The corrections
become sizable only for large z, which can be attributed
to soft gluon radiation, requiring resummation in this re-
gion.

Conclusions—We have performed the first NNLO



Outlook
Fully differential SIDIS kinematics

• requires recoil at parton level
• Born processes eq → eqg and eg→ eqq are O(αs)
• analogous to two-jet production in DIS

NNLO corrections to fully differential SIDIS
• NNLO parton-level event generator: separate numerical evaluation of RR, RV, VV
• requires infrared subtraction scheme at NNLO
• including initial-state polarization
• antenna subtraction for hadron fragmentation                                                                     

processes up to NNLO                                                                                                         
[L.Bonino, M.Marcoli, R.Schürmann, G.Stagnitto, TG]
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Fig. 1. A schematic illustration of SIDIS kinematics

In the γ∗ − p c.m. frame, see Fig. 1, the measured transverse momentum, P T ,
of the final hadron is generated by the transverse momentum of the quark in the
target proton, k⊥, and of the final hadron with respect to the fragmenting quark,
p⊥. At order k⊥/Q it is simply given by

P T = z k⊥ + p⊥ . (2)

There is a general consensus that such a scheme holds in the kinematical region
defined by

PT ≃ ΛQCD ≪ Q . (3)

The presence of the two scales, small PT and large Q, allows to identify the contri-
bution from the unintegrated partonic distribution (PT ≃ k⊥), while remaining in
the region of validity of the QCD parton model.

Within this simple scheme we can successfully describe a wide range of unpo-
larized and polarized experimental data, provided we are able to model and phe-
nomenologically determine the appropriate TMDs, including their scale evolution.
Historically, in the Torino-Cagliari standard approach, TMDs are parametrized in
a form in which their dependence on the lightcone momentum fraction and on the
partonic intrinsic transverse momentum are factorized,

fq/p(x, k⊥) = fq/p(x,Q
2)

e−k2
⊥/⟨k2

⊥⟩

π⟨k2⊥⟩
, (4)

Dh/q(z, p⊥) = Dh/q(z,Q
2)

e−p2
⊥/⟨p2

⊥⟩

π⟨p2⊥⟩
, (5)

with a Q2-independent, normalized Gaussian factor giving the intrinsic transverse
momentum distribution, multiplied by a collinear unpolarized parton distribution
function (PDF) evolving with Q2 according to DGLAP equations; ⟨k2⊥⟩ and ⟨p2⊥⟩
are free parameters which can be extracted from experiments. A similar parameter-
ization is deviced for polarized TMDs, like the Sivers function

∆Nfq/p↑(x, k⊥) = 2Nq(x)h(k⊥) fq/p(x, k⊥, Q
2) (6)
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(x,Q2, z, phT ,�h)



Summary

NNLO corrections to SIDIS coefficient functions now available
• fully analytical expressions
• enable precision phenomenology with SIDIS data
• combine with numerical NNLO results on pp → h+X
• allow consistent NNLO fits of fragmentation functions and polarized PDFs 

Fully differential SIDIS
• kinematics of DIS 2j production
• precision calculations: numerical parton-level event generation
• in principle feasible at NNLO with present-day methods
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