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 Things we (hopefully) all agree on

Renormalization is a key concept in QFT and EFT

EFT is a model-independent method for analyzing low-energy (scale separation!) 
phenomena in and beyond the SM

Heavy-baryon ChPT is an example of a consistent EFT

In nuclear EFTs, it is not necessary to treat higher-order corrections to potentials 
non-perturbatively when solving the Schrödinger equation

NDA for a potential    NDA for the amplitude≠

The tensor part of the -exchange potential is singular      an infinite 
number of UV divergences generated from iterations in every spin-1 partial wave

1π ( ∼ 1/r3) ⇒

E.g.: (mq)6 ln Λ
Mπ

, m2Λ2(mq)4, …

see, e.g., Martin Savage, nucl-th/9804034



 Things I thought we agree on, but apparently not all do…

Lorentz-invariant BChPT (IR, EOMS): A consistent EFT?

Motivation: The HB expansion for the  
scalar FFs is known to break down in  
a vicinity of  t = 4M2

π

— Infrared Regularization (IR)  Tang, Ellis 1996; Becher, Leutwyler 1999


— Extended On-Mass-Shell (EOMS) scheme  Gegelia, Japaridze 1999;  Fuchs, Gegelia, Japaridze, Scherer 2003
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Contrary to HB, explicitly scale-depend results, which, however, agree with PC     consistent⇒

= + + + …
relativistic HB

Resummation of 1/m corrections in the IR scheme can be implemented via:



 Things we seem to disagree on

The meaning of RG invariance beyond perturbation theory (chiral EFT)

          Ashot Gasparyan30 

L- (In) Dependence in Large-Cutoff Scheme

Hammer, König, van Kolck,
 Rev. Mod. Phys. 92(2), 025004 (2020)

Grießhammer, EPJA 56 (4), 118 (2020)

Stronger than existence of L→ ∞ limit:

 too restrictive

More realistic:

Peng et al., PRC 112 (6),  064004 (2025)

“results (do not) depend 

on the value of Λ 

and on the choice of 

the regulator function”

for L/Lb~1-10, not 10250000

Hammer, König, van Kolck, RMP 92 (2020) 025004

This implies the existence of       UV stability of the amplitude for arbitrary large 

 must be required to claim RG invariance. 

lim
Λ→∞

T (ν)(Q, Λ) ⇒
Λ

Different opinions, most radical:

Appears problematic for several reasons:

— „technically“ impossible to realize beyond LO (exceptional cutoffs) unless one allows  
     renormalization conditions to vary with   Gasparyan, EE 2023; Peng, Long, Xu 2024, 2025Λ

Renormalized amplitudes

• No problem if at a given order one can reabsorb the ‘iteration divergences’ in the potential at that order,          
but  there are cases in which this doesn’t work, e.g.: 

6

Kaplan-Savage-Wise ’96, Mehen-Stewart ’99, Beane et al’ 02,  Nogga-Timmermans-van Kolck ’05 , Long-Yang ’11,’12, , …

• 1S0 channel: iteration of the LO contact and one-pion 
exchange. Need enhanced contact term ~ mπ2 

• Spin triplet waves with attractive 1π-exchange tensor 
potential (singular potential ~-1/r3) : 3P0,  … Need derivative 
contact terms at leading order

— First resum, then         First , then resumΛ → ∞ ≠ Λ → ∞

Vincenzo’s talk

EE, Gegelia, EPJA 41 (2009); EE et al. EPJA 52 (2019); EPJA 56 (2020); FBS 62 (2021); FBS 63 (2022)  



 Things we seem to disagree on

This remark is based on a "theorem",  which  as  far as I know has never been proven, but which I cannot imagine could be 

wrong. […] This can be put more precisely  in the context of perturbation theory:  if one writes down the 

most general possible Lagrangian,  including  all  terms consistent with assumed symmetry principles,  and  then calculates 

matrix elements with this Lagrangian  to any given order of perturbation theory, the result will simply be 

the most general possible S-matrix consistent with perturbative unitarity, analyticity, 

cluster decomposition, and the assumed symmetry properties.

Weinberg, Physica 96A (1979) 327; see also Leutwyler, Annals Phys. 235 (1994) 165
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by enforcing UV-finiteness with some manifestly nonperturbative prescription 
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A Field Theory of Weak Interactions. P
G. FzINBERGj'

Physics Department, Colgmbiu University, Kern Fork, Sew York

A. PAIS
INstetute for Adeauced Study, Princetort, screw Jersey

(Received 17 April 1963)

Higher order weak-interaction effects are studied in the framework of vector meson field theory. We find
that such effects may be observable even at low energy. The cause of this can be traced precisely to the
unrenormalizability of the theory in the sense of conventional perturbation expansions. These expansions
are circumvented by new techniques for summing the most singular parts of perturbation graphs. In this
first paper we study in detail the infinite subset of uncrossed ladder graphs. Purely leptonic processes are
considered to begin with. The corresponding Bethe-Salpeter equation is soluble by a new iteration scheme.
In leading order we reproduce the conventional zero-energy results provided g' is replaced by 3g'/4. (g =bare
meson lepton coupling constant). An argument is presented which leads to the conjecture that this result
is valid for larger classes of graphs. However, there exist energy-dependent deviations from the conventional
second-order results. These are in principle observable in p decay. The applicability of the theory to semi-
leptonic and nonleptonic phenomena depends on properties of the baryon and meson currents and on the
effects of the strong interactions. Preliminary considerations along these lines are given.

I. INTRODUCTION
' X this paper we present a new approach to the study
~- of higher-order effects due to weak leptonic inter-
actions. It has often been remarked that this is an
interesting theoretical problem in connection with the
meaning and the limitations of 6eld theories. It is
usually assumed, however, that at least in the low-
energy region such effects will be (or, indeed, ought to
be) too small to be observable. As will be noted in due
course, our present treatment of the higher order effects
is incomplete in several respects. But if the partial
results to be reported here are correct at least to order
of magnitude, one will have to abandon the view that
even at low frequencies (&100 MeV) the higher-order
effects are negligible.
Until now, the description of the weak. -interaction

phenomena has usually been in terms of a phenorneno-
logical or "S-matrix theory. "By this we mean that for
each weak process, the transition matrix element is
taken to be the simplest one consistent with the sym-
metry properties imposed. To give some background
for the considerations which led us to the present under-
taking, we shall begin by listing some of the reasons
why this procedure is in general unsatisfactory.
(1) Unitarity catastrophe. The matrix elements

which describe weak interactions at low energy cannot
represent these processes adequately at high energies
because they give cross sections inconsistent with uni-
tarity. ' For example, the cross section for the "leptonic"
process'

Po+8 + Pe+tt

is proportional to the incoming neutrino energy in the
lab system if we consider the four-fermion 5-matrix
coupling for p, decay to be valid at all energies. In ac-
cordance with recent observations' we introduce here
and throughout the distinction between two kinds of
neutrinos p„, v, which are paired with p and e, respec-
tively. %e only consider such reactions which obey the
additive laws of conservation of lepton number and of
p number.
(2) Ei—E'z mass difFerence. The measurement of

this quantity provides for the first time a numerical
value for an effect not included in the conventional
theory of the weak interactions. That is, since the
"effective coupling constant" for this mass difference is
10~ times smaller than the Fermi constant, it is neces-
sary to conclude either that there are "very weak inter-
actions" in addition to weak interactions or else (as is
customarily assumed) that the Ei Esmass difference- '

is a "higher order effect" in the weak interactions. In
the latter case we are directly faced with the problem
of how to compute such higher order effects, which
necessarily takes us beyond the S-matrix theory.
(3) The foregoing is a special example of a more

general question which we shall discuss in this paper:
Can some weak processes be generated by others, in cases
where the two are not linked by strong interactions'
The S-matrix theory begs this question which is of
particular interest in connection with the recent indi-
cations of AS=—AQ decays, ' and the difficulty of con-
structing a simple system of weak currents consistent
with such decays.

*Supported in part by the U. S. Atomic Energy Commission.
f Alfred P. Sloan Foundation Fellow.' This seems to have been emphasized first by W. Heisenberg,

Z. Physik 101, 533 (1936); Ann. Physik 32, 20 (1938).
2 W'e shall call reactions "leptonic" if they involve leptons only,

and "semileptonic" if they involve strongly interacting particles,
in addition to leptons.

' G. Danby, J. Gaillard, K. Goulianos, L. Lederman, N. Mistry,
M. Schwartz, and J. Steinberger, Phys. Rev. Letters 9, 36
(1962).
4 R. Kly, W. Powell, H. White, M. Baldo-Ceolin, E. Calimani,

S. Ciampolillo, 0. Fabbri, F. Farini, C. Filippi, K. Huzita, G.
Miari, U. Camerini, W. Fry, and S. Natali, Phys. Rev. Letters
8, 132 (1962).
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„…We have taken a theory which is unrenormalizable by standard techniques, and shown that 
a set of graphs which are divergent in the perturbation expansion can be summed to give final 
results.“

This is actually pretty much in the spirit of peratization:

!





 Things we seem to disagree on

This remark is based on a "theorem",  which  as  far as I know has never been proven, but which I cannot imagine could be 

wrong. […] This can be put more precisely  in the context of perturbation theory:  if one writes down the 

most general possible Lagrangian,  including  all  terms consistent with assumed symmetry principles,  and  then calculates 

matrix elements with this Lagrangian  to any given order of perturbation theory, the result will simply be 

the most general possible S-matrix consistent with perturbative unitarity, analyticity, 

cluster decomposition, and the assumed symmetry properties (?)

by enforcing UV-finiteness with some manifestly nonperturbative prescription 

If true — not allowed to fail !

!



 Things we seem to disagree on

This remark is based on a "theorem",  which  as  far as I know has never been proven, but which I cannot imagine could be 

wrong. […] This can be put more precisely  in the context of perturbation theory:  if one writes down the 

most general possible Lagrangian,  including  all  terms consistent with assumed symmetry principles,  and  then calculates 

matrix elements with this Lagrangian  to any given order of perturbation theory, the result will simply be 

the most general possible S-matrix consistent with perturbative unitarity, analyticity, 

cluster decomposition, and the assumed symmetry properties (?)

by enforcing UV-finiteness with some manifestly nonperturbative prescription 

If true — not allowed to fail !

!

Solvable counter-examples:

-less EFT for fine-tuned P-wave systems EE, Gegelia, Huesmann, Meißner, Ren, Few Body Syst. 62 (2021)  
 
π

„Chiral EFT“ with a separable long-range interaction EE, Gegelia, EPJA 41 (2009) 

„Chiral EFT“ with a local long-range force in 5d EE, Gasparyan, Gegelia, Krebs, Few Body Syst. 63 (2022) 

(see, however, Bira’s response in van Kolck, Front. in Phys. 8 (2020))

See also Frank, Land, Spector, RMP 43 (1971) for a comprehensive discussion of 
successes and failures of peratization and related techniques. 



 Fine-tuned P-wave systems in halo-EFT
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where k is the on-shell momentum, � denotes the phase shift, a is the scattering length (or, more generally, the
scattering volume for l 6= 0) while r and v2 refer to the e↵ective range and the first shape parameter, respectively. In
case the e↵ective range function k2l+1 cot � does not feature poles in the near-threshold region, the coe�cients in the
ERE starting from r are expected to scale with the corresponding powers of Mhi, i.e. r ⇠ M2l�1

hi
, v2 ⇠ M2l�3

hi
, while

the scattering volume a can take any value depending on the strength of the interaction. In this paper, we focus on the
EFT for P-wave scattering valid for momenta k ⇠ Mlo ⌧ Mhi. We are particularly interested in fine-tuned systems,
for which the scattering amplitude in Eq. (1) features poles located in the validity range of the EFT. Assuming that
the first two terms in the ERE are fine tuned according to

1/a ⇠ M3

lo
, r ⇠ Mlo , vn ⇠ M3�2n

hi
, (2)

it follows, in agreement with the conclusions of Ref. [35], that (at least) the first two lowest contact interactions in
the e↵ective two-particle potential

V = C2 p0p + C4 p0p
�
p02 + p2

�
+ . . . , (3)

need to be iterated in the LS equation to all orders. An alternative, less fine-tuned scenario with
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has been considered in Ref. [39]. The authors of both references employ the formulation of the EFT with an auxiliary
spin-1 dimer field following the approach developed originally in Ref. [23] for the case of NN S-wave scattering. By
analyzing the cancellation of UV divergences, they conclude that treating just the first two interactions to all orders is
indeed necessary and su�cient for proper renormalization. Below, we will re-examine this statement by considering the
e↵ective potential obtained from the Lagrangian with contact interactions only, i.e. without introducing the auxiliary
field.

Recently, also highly fine tuned S-wave systems featuring shallow resonances have been analyzed in the EFT using
the formulations without [18] and with [19] an auxiliary dimer field.

III. SUBTRACTIVELY RENORMALIZED HALO EFT FOR P -WAVE SCATTERING

To generate (virtual) shallow two-body bound states (or resonances) in low-energy EFT at least the leading order
(LO) potential has to be iterated to all orders. Considering halo nuclei in pionless EFT it has been argued in Ref. [35]
that for shallow P -waves at least the first two terms of the e↵ective potential, consisting of contact interaction terms
only, need to be iterated to all orders. This is obtained as the consequence of the power counting adopted in that
work

1

a
⇠ M3

lo
, r ⇠ Mlo , (5)

where a and r are the scattering length (volume) and the e↵ective range, while Mlo stands for the soft scale of the
problem. An alternative power counting has been suggested in Ref. [39] which considers

1

a
⇠ M2

lo
Mhi , r ⇠ Mhi , (6)

where Mhi is the hard scale. The authors of both refernces introduce an auxiliary dimer field ”for convenience” and
analysing the cancellation of UV divergences conclude that treating the first two interactions to all orders is indeed
necessary and su�cient for proper renormalization. Below we examine this statement by considering the e↵ective
potential obtained from the e↵ective Lagrangian with contact interactions only, i.e. without introducing the auxiliary
fields:

V = C2 p0p + C4 p0p
�
p02 + p2

�
+ . . . , (7)

where the period stands for higher-order terms. Straightforward UV power counting demonstrates that any approx-
imation with a finite number of terms to the potential V is perturbatively non-renormalizable, i.e. removal of UV
divergences from perturbative iterations requires inclusion of contributions of counter terms with higher and higher
powers of momenta/energy. To discuss the issues of the non-perturbative renormalization we start with the proce-
dure followed by practitioners of LCRG approach, i.e. apply the power counting to the bare potential, fit the bare
parameters available at given approximation to physical quantities and take large values of the cuto↵, examining the

E↵ective field theory for shallow P -wave states

E. Epelbaum,1 J. Gegelia,1, 2 H. P. Huesmann,1 U.-G. Meißner,3, 4, 2 and Xiu-Lei Ren5

1
Institut für Theoretische Physik II, Ruhr-Universität Bochum, D-44780 Bochum, Germany

2
Tbilisi State University, 0186 Tbilisi, Georgia

3
Helmholtz Institut für Strahlen- und Kernphysik and Bethe Center

for Theoretical Physics, Universität Bonn, D-53115 Bonn, Germany
4
Institute for Advanced Simulation, Institut für Kernphysik and Jülich Center for Hadron Physics,

Forschungszentrum Jülich, D-52425 Jülich, Germany
5
Institut für Kernphysik & Cluster of Excellence PRISMA

+
,

Johannes Gutenberg-Universität Mainz, D-55128 Mainz, Germany

We discuss the formulation of a non-relativistic e↵ective field theory for P -wave two-body scat-
tering in the presence of shallow states and critically address various approaches to renormalization
proposed in the literature. It is demonstrated that the consistent renormalization involving only a
finite number of parameters in the well-established formalism with auxiliary fields corresponds to
the inclusion of an infinite number of counter terms in the formulation with contact interactions
only. We also discuss the implications from the Wilsonian renormalization group analysis of P -wave
scattering.

I. INTRODUCTION

g1 In recent years, chiral e↵ective field theory (EFT) has been successfully developed into a precision tool in the
two-nucleon sector [1–6], see Refs. [7–9, 29] for review articles. In spite of this success, no consensus between di↵erent
groups could be reached on what concerns the proper renormalization and power counting for few-body problems
in chiral EFT. As any realistic quantum field theory (QFT), chiral EFT requires regularization of ultraviolet (UV)
divergences by means of some kind of a cuto↵. As the e↵ective Lagrangian contains all terms allowed by the underlying
symmetries, it is, in principle, possible to absorb the full cuto↵ dependence of physical quantities in a redefinition of
parameters entering the e↵ective Lagrangian, provided that the applied regularization does not violate the underlying
symmetries. [The following discussion should be made more precise. Why does one need a power counting scheme for
the Lagrangian? Are you referring to the e↵ective Lagrangian in the sense of the potential in pionless EFT (having
in mind the relation between the potential and the scattering amplitude)? This may be confusing for readers with
the background in ChPT. ] Since the e↵ective Lagrangian contains an infinite number of terms, one needs a power
counting rule to assign certain orders to various terms in the Lagrangian, which is then traded for an expansion of
physical quantities in terms of a corresponding small parameter(s). A careful specification is in order here. It is
a common practice in QFTs to split the bare parameters and fields into renormalized ones, which give rise to the
main part of the Lagrangian, and the corresponding counter terms. While in standard perturbative QFTs, all physical
quantities are calculated within power-series expansions in terms of renormalized coupling constants, in chiral EFT the
expansion is performed in small momenta and masses. This introduces an additional complication, since the relation
between the expansion of physical quantities in terms of small parameters and the corresponding expansion of the
e↵ective Lagrangian reflects the whole complexity of the QFT regularization and renormalization and becomes rather
nontrivial for fine-tuned systems whose description require performing certain kinds of nonperturbative resummations.
First, one needs to specify whether the power counting for the e↵ective Lagrangian [Again: what is power counting for
the e↵ective Lagrangian? Is this something beyond a formal classification of various terms according to the number
of derivatives and quark mass insertions?] is formulated in terms of bare or renormalized parameters. While in the
purely mesonic sector of chiral EFT this issue is irrelevant provided one uses the dimensional regularization, things
start becoming more complicated already in the single-nucleon sector. Using the heavy baryon approach [26, 27]
in combination with the dimensional regularization allows one to make the issue irrelevant also for this case. [You
probably want to say that in meson and 1N HB ChPT, the calculated results for the amplitude obey manifest
power counting regardless of whether they are written in terms of bare or renormalized parameters, right?] However,
starting with the two-nucleon sector, it seems impossible to find a formulation that would allow one to make no
distinction between the power counting being applied to bare or renormalized parameters. [Would the KSW approach
formally qualify for such a formulation?] In this context, it is important to keep in mind that the numerical values
and, therefore, the relative importance of bare parameters depend on the cuto↵ and are controlled by Wilsonian
renormalization group (RG) equations [10] while the renormalized couplings depend on the renormalization scales as
dictated by the Gell-Mann and Low RG equations [11–13]. These two kinds of RG equations are actually not the
same.

Our understanding of the chiral EFT approach for the two-nucleon system proposed by Weinberg in Refs. [24, 25]

FIG. 1: The lowest-order amplitude for fine-tuned P-wave systems described in Eqs. (2), (4) in the EFT with (upper panel)
and without (lower panel) a dimer field.

are particularly interested in fine-tuned systems, for which the scattering amplitude in Eq. (1) features poles located
within the validity range of the EFT. Assuming that the first two terms in the ERE are fine-tuned according to

1/a ⇠ M3

lo
, r ⇠ Mlo , vn ⇠ M3�2n

hi
, (2)

it follows that the two lowest-order contact interactions in the e↵ective two-particle potential

V = C2 p0p + C4 p0p
�
p02 + p2

�
+ . . . , (3)

where p ⌘ |~p | and p0
⌘ |~p 0

| refer to the initial and final momenta of the particles in the center-of-mass system, need
to be iterated in the LS equation to all orders [30], see the lower line in Fig. 1. An alternative, less fine-tuned scenario
with

1/a ⇠ M2

lo
Mhi , r ⇠ Mhi , vn ⇠ M3�2n

hi
, (4)

has been considered in Ref. [39]. The authors of both references employed the formulation of the EFT with an auxiliary
spin-1 dimer field following the approach developed originally in Ref. [43] for the case of NN S-wave scattering, see the
upper panel in Fig. 1. For applications of EFTs with auxiliary fields to nuclear systems see e.g. Refs. [44–49]. Notice
that the UV divergences in the dimeron self-energy at leading order are cancelled by the counterterms generated by
the bare particle-dimeron coupling constant g1 and the residual dimeron mass �1, see Refs. [30, 39] for details.

Recently, also highly fine tuned S-wave systems with shallow resonances have been analyzed in the EFTs without
[40] and with [41] an auxiliary dimer field assuming the scaling behavior a ⇠ r ⇠ 1/Mlo, vn ⇠ M1�2n

hi
, so that the

first two terms in the ERE are of the same order as the unitarity term �ik. The required deviation from NDA
for the first two terms in the ERE represents a minimal condition needed to generate low-lying resonance states in
S-waves. For the formulation without auxiliary fields, the authors of Ref. [40] considered energy-independent contact
interactions using the lcRG-invariant approach. That is, the expression for the on-shell amplitude resulting from the
iteration of the potential C0 + C2(p02 + p2) in the cuto↵-regularized LS equation is matched to the first two terms
in the ERE for arbitrarily large values of the UV cuto↵ ⇤. In fact, exactly the same approach was used a long time
ago by Beane et al. [31] to describe NN scattering. As already pointed out in the introduction, taking ⇤ � Mhi

leads to complex values for the bare LECs C0(⇤), C2(⇤) unless the e↵ective range is negative. This observation is
a manifestation of the well known Wigner bound [50], a constraint on the e↵ective range placed by the range of the
interaction R, r  2R[1 + O(R/a)], that relies on causality and unitarity. For a generalization of the Wigner bound
to higher partial waves and arbitrary dimensions, see Ref. [51]. So, how can then the positive experimental values for
the e↵ective range in the neutron-proton 1S0 and 3S1 channels, namely r = 2.75(5) fm and r = 1.759(5) fm [52], be
reconciled with the EFT? As pointed out in Refs. [32, 33] and will be demonstrated in the next section for the case
of P-wave scattering, the constraint on the value of r in the lcRG-invariant formulation of the EFT is an artifact of
the amplitude being only partially renormalized prior to taking the ⇤ ! 1 limit. The issue with the Wigner bound
becomes irrelevant once the amplitude is properly renormalized using e.g. a subtractive scheme regardless of whether
the C2-term is treated in perturbation theory or non-perturbatively. It also does not pose a problem in both pionless
and chiral EFTs for NN scattering if the UV cuto↵ is kept of the order of the corresponding hard scale as done e.g. in
Refs. [3–5]. Furthermore, if one assumes r ⇠ 1/M⇡ for both S-wave NN channels, the range corrections can be taken
into account perturbatively in pionless EFT with no restrictions on the value of r, regardless of the employed cuto↵
value.
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  choosing  is incompatible with the assumed scenario!⇒ Λ ≫ Mhi

Notice: Both the dimer-field and explicit renormalization by subtractions have no issues…

don’t let the artifacts of incomplete 
renormalization decide for you 


on the result using Λ ≫ Λb



 Summary of our point of view

If not all c.t.’s needed to renormalize perturbative series  (e.g., ChEFT) can be included, keep 
 instead of attempting self-adjoint extensions of the Hamiltonian for  (for which 

I see no justification in an EFT).
Λ ∼ Λb Λ ≫ Λb

Singular potentials (like  OPEP) do not provide a useful concept in chiral EFT as they are 
not supposed to yield valid approximations  for  .  The non-trivial predictive power of 
chiral EFT comes from chiral symmetry, which governs the    behavior of the 
interactions — this is what we are after!

1/r3

r ≲ Λ−1
b

Λ−1
b ≪ r ∼ M−1

π

Observables must be RG-invariant only up to higher-order corrections in . This point of 
view seems to be shared by some (many?) Grießhammer EPJA 56 (2020); Peng, Long, Xu, PRC 112 (2025); … 

Q /Λb

Power counting is controlled by the size of finite pieces in the Lagrangian.

It would be desirable to have a larger window of accessible cutoff values. May be possible by 
using partly perturbative approaches. However, don’t expect this to improve convergence…

Appreciate diagnostics using Bayesian statistics.

EE, Gasparyan, Gegelia, Huesmann, Krebs, Meißner, Ren
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Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN/|p⃗ |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.
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The resulting contributions in neutron matter and
a comparison to Hartree-Fock (HF) estimates of the
N2LO 3NFs [70] are shown in Fig. 2, for jD2j < 1=ð5f4πÞ
and jF2j < 1=ð5f4πÞ while neglecting the 3S1 couplings. In
symmetric matter, the corresponding contributions are
shown in Fig. 3 [71]. The results in these figures employ
the DR result for the 3N potentials. If we instead use the
regularization prescription of Refs. [51,75], the long-range
part of the potential tends to produce smaller contributions
in dense matter. For example, in the case of the D2,
the contributions in neutron matter differ by a factor
of EðΛÞ

NM=E
ðDRÞ
NM ¼ f0.10; 0.29; 0.59; 0.78g at n ¼ nsat, for

Λ ¼ f0.3; 0.5; 1; 2g GeV, where Λ is the cutoff in the
scheme of Refs. [51,75]. The prescription of Refs. [51,75]
removes the short-distance part of the D2 and F2 potentials
and would most likely affect the value of cE, when used in
favor of, e.g., DR. In addition, D2 and F2, as well as their
contributions, depend on the regulator. In theNNπ → NNπ
amplitude, this dependence is canceledwhen combinedwith
loop diagrams (see Fig. 2 of Ref. [67]). Similar cancellations
take place in the 3N sector when including the D2 and F2

contributions as well as the N3LO 3NFs[76–78]. This

implies that a fully consistent analysiswill have to determine
D2 and F2 together with the usual contact terms cD;E and
include the conventional N3LO 3NFs.
Implications—For Chiral EFT to provide a useful

description of nuclei and neutron-rich matter, the results
in Figs. 2 and 3 indicate that D2 and F2 will need to be
determined rather accurately. In an ab initio approach, they
would be deduced by fitting to the binding energies of light
nuclei or from pion-nucleus scattering data. In the former
approach, one would need to simultaneously determine cD,
cE, D2, and F2 from light nuclei. Absent such constraints,
in what follows we focus on neutron matter and adopt a
phenomenological approach to correlate D2 and F2 using
empirical information about the nuclear symmetry energy
S0 ¼ 31.7% 3.2 MeV at saturation density [79].
Since the LECs associated with the 2NF and the long-

range 3NF (c1 and c3) between neutrons are well con-
strained by scattering data, the associated interaction
energies denoted by E2N

NM and Eðc1þc3Þ
NM , respectively, can

be calculated accurately using quantum many-body meth-
ods [23,80,81]. Noting that the symmetry energy is the
difference between the energy per particle of neutron and
nuclear matter at saturation density, we define

δS0 ¼ S0 −
!
ẼNMðnsatÞ − ESMðnsatÞ

"
; ð20Þ

where

ẼNMðnBÞ ¼ Ekin
NMðnBÞ þ E2N

NMðnBÞ þ Eðc1þc3Þ
NM ðnBÞ ð21Þ

is the neutron matter energy when contributions from D2

and F2 are neglected and ESMðnsatÞ ≃ −16 MeV.
We correlate D2 and F2 by requiring that ED

NM þ EF
NM ¼

δS0 at nB ¼ nsat. Approximately, we find that ð100F2 þ
9D2Þ ≈ −ðδS0=MeVÞ=f4π .
In Fig. 4 we show δP, the net contribution from the

D2 and F2 operators to the pressure of neutron matter.

FIG. 2. The figure shows D2 and F2 contributions to the
energy per particle in neutron matter as a function of the density.
The bands are obtained by setting jD2j < 1=ð5f4πÞ and
jF2j < 1=ð5f4πÞ. For reference, we show the contributions from
the long-range Fujita-Miyazawa 3NF induced by the LECs c1
and c3, obtained by setting c1 ¼ −0.81=GeV and c3 ¼
−3.2=GeV [23].

FIG. 3. Same as Fig. 2, but for symmetric matter. For the single-
nucleon LECs we use c1 ¼ −0.76=GeV, c3 ¼ −4.78=GeV, and
c4 ¼ 3.96=GeV, while for the two- and three-nucleon terms we
take cD ¼ 2.08, and cE ¼ 0.23 for Λχ ¼ 700 MeV [70].
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the resulting contributions to the amplitude are enhanced by powers of mN/|p⃗ |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.
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the resulting contributions to the amplitude are enhanced by powers of mN/|p⃗ |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
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context of chiral EFT.
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The scaling and values of LECs like  and  are scheme dependent.  C0 D2

KSW:  C0 ∼ 𝒪(q−1), D2 ∼ 𝒪(q−2), … Weinberg:  C0 ∼ 𝒪(1), D2 ∼ 𝒪(1), …

 as assumed by Cirigliano et al.⇒ D2M2
π ∼ 𝒪(1)
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FIG. 3: Scaling of various diagrams for the KSW and Weinberg (W) choices of renormalization conditions specified in sections
IIA and II B are shown in the upper and lower rows, respectively. The scaling of diagrams involving two potential pions
is shown for spin-triplet NN channels, while the corresponding contributions in spin-singlet channels are suppressed. Notice
further that for the near-threshold kinematics, the contributions of the first two (subleading) diagrams in the Weinberg scheme
get enhanced by the factor of Q�2 after dressing them with the LO amplitude stemming from resummed diagrams on the
right-hand side of the inequality. For remaining notation see Fig. 1.

where f(x) is some function, whose explicit form is not relevant for our discussion, and ⌫ is the scale/subtraction point
of the logarithmic divergence. In the KSW scheme with C0(µ)|µ⇠M⇡ ⇠ O(Q�1), this contribution scales as ⇠ O(1)
and thus appears at NLO together with the operator D2(µ, ⌫)M2

⇡ , which ensures ⌫-independence of the amplitude
at this order. In the Weinberg scheme of sec. II B with C0(µ)|µ⇠⇤b ⇠ O(1), this diagram contributes at order Q2 as
does the D2(µ, ⌫)M2

⇡-operator with D2(µ, ⌫)|µ⇠⇤b ⇠ O(1). It should, however, be understood that the contributions
of the 1⇡-exchange and D2(µ, ⌫)M2

⇡ term, dressed with the full LO amplitude, are enhanced by the factor of Q�2

and appear at subleading order O(1) like in the KSW scheme. These considerations demonstrate that the widespread
claim about the inconsistency of the Weinberg power counting in the 1S0 partial wave [29, 57] based on the appearance
of a logarithmic divergence in the dressed 1⇡-exchange diagram is not correct3.

We also note in passing that Weinberg’s choice of renormalization conditions naturally explains the observed
small/large impact of the 1⇡-exchange potential in the 1S0/3S1 partial waves. To see this we write the 1⇡-exchange
in terms of the tensor operator T12(~q) := ~�1 · ~q ~�2 · ~q � 1/3 q2 ~�1 · ~�2 as
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The constant term can be absorbed into the LO contact interaction C0 (as was implicitly assumed in the above
discussion). The singular tensor part of the 1⇡-exchange / T12(~q ) does not contribute in spin-singlet channels. The
remaining term / M2

⇡ is non-singular, and its iterations cannot generate enhanced linear divergences. In contrast,
in the 3S1-3D1 channel, diagrams involving multiple 1⇡-exchange insertions like the last two graphs in Fig. 3 are
enhanced for µ ⇠ ⇤b and have to be resummed.

Even if not required from power counting, the 1⇡-exchange can still be included nonperturbatively in the 1S0
channel, as done, e.g., in the framework outlined in sec. II C. Contrary to the philosophy of the RG-invariant chiral
EFT approach described in sec. IID and to the argument put forward by Cirigliano et al. [27], the inclusion of the
1⇡-exchange potential at LO does not necessitate the need to promote the D2M2

⇡-operator to LO for properly chosen
renormalization conditions. In particular, assuming that C0(µ)|µ⇠⇤b is of natural size, the ⌫-dependent contribution

in Eq. (4) would only become comparable to LO terms for very large values of ⌫ of the order of ⌫ ⇠ e⇤
2
b/M

2
⇡ (expressed

in units of M⇡). In contrast, choosing ⌫ of the order of any mass scale in the problem like M⇡, ⇤b or m leads to
scale-dependent contributions beyond the LO accuracy.

The appearance of residual (i.e., of a higher order) renormalization scale dependence is, in fact, a common feature of
modern EFT approaches such as the well-established and widely used infrared regularized [58] and extended-on-mass-
shell (EOMS) [59, 60] formulations of covariant baryon chiral perturbation theory (ChPT) as well as the small-scale (✏)
expansion [61] within the covariant chiral EFT with explicit �(1232) degrees of freedom, see, e.g., Ref. [62]. Consider,
for example, the purely perturbative application of EOMS ChPT to pion-nucleon scattering. The one-loop diagram in

Fig. 4 (a) with a single insertion of vertices from the subleading ⇡N Lagrangian L
(2)
⇡N is of order O(Q4). Nevertheless,

3
We note, however, that Weinberg’s original way of formally justifying the nonperturbative resummation in the LO amplitude by counting

the nucleon mass according to mM⇡ ⇠ ⇤
2
b [9, 10], i.e. m ⇠ O(Q�1

), would indeed formally shift the expression in Eq. (4) to order O(1).
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FIG. 3: Scaling of various diagrams for the KSW and Weinberg (W) choices of renormalization conditions specified in sections
IIA and II B are shown in the upper and lower rows, respectively. The scaling of diagrams involving two potential pions
is shown for spin-triplet NN channels, while the corresponding contributions in spin-singlet channels are suppressed. Notice
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get enhanced by the factor of Q�2 after dressing them with the LO amplitude stemming from resummed diagrams on the
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RG invariance at LO (unless  is chosen meaninglessly large) — cf. IR or EOMS BChPT.ν
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To estimate  (and ), we follow the approach of Cirigliano et al. and use the coefficient of the Log:D2 F2

|D2 | , |F2 | ∼ g2
Am2

64π2F2π
C2

0

Using the SMS N4LO+ potentials, we estimate  significantly smaller than the 
estimate of  by Cirigliano et al.

|D2 | , |F2 | ≤ 1 fm4

|D2 | , |F2 | ≤ 4.2 fm4

In the 2N case,  -exchange  contributions are known to suffer from severe enhancements.   
One then should be careful with DimReg, which may lead to artificially enhanced short-range 
contributions that are scheme-dependent. 

2π

L(1)
⇡N = N̄

�
c1h�+i+ c3u · u+ . . .

�
N

V
(Q3)
2N = � 3g2A

16⇡F 4
⇡

(2M2
⇡ + q

2)
⇥
4c1M

2
⇡ � c3(2M

2
⇡ + q

2)
⇤
A(q) + . . .

V
(Q6)
3N =

3g2A
512⇡F 4

⇡

(2M2
⇡ + q

2)
⇥
2D2M

2
⇡ + F2(2M

2
⇡ + q

2)
⇤
A(q) + . . .

V
(Q3)
2N = � 3g2A

16⇡F 4
⇡

A(q)
h
2c1(2M

2
⇡ + q

2)

� c3(2M
2
⇡ + q

2)2
i

+ . . .

Ci(⇤) = C
r
i (µ) +

P
~n�(n)i (µ,⇤)

T
(�1)

T
Q�1

T
(0) O(1) O

�
Q

�1
�
a ⇠ r ⇠ M

�1
⇡ a ! 1

C
r
0(µ) =

4⇡

m

1

a�1 � µ
, C

r
2(µ) =

⇡

m

r

(a�1 � µ)2

T (k) = �4⇡

m

1

k cot � � ik
= �4⇡

m

1

� 1
a +

1
2rk

2 + . . .� ik
=

A(q) =
1

2q
arctan

q

2M⇡

V =
�
1� ~�1 · ~�2

�⇥
vD2(q3) + vF2(q3)

⇤
+ permutations

vD2(q) =
3g2AD2M

2
⇡

256⇡F 4
⇡

(2M2
⇡ + q

2)A(q),

vF2(q) =
3g2AF2

512⇡F 4
⇡

(2M2
⇡ + q

2)2 A(q)

!i =
q
~li
2 +M2

⇡

V3⇡ =

Z
d
3
l1 d

3
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It is thus instructive to first look at the well-understood long-range NN force…
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 The two-pion exchange NN potential
Testing chiral EFT predictions in peripheral NN scattering  Kaiser, Brockmann, Weise, NPA 625 (97)

Triple enhancement at N2LO: Factor of , large numerical factor + large ’s…  Breakdown of EFT?π ci χ

LO:  V1π
NLO:  V1π + V (2)

2π

N2LO:  V1π + V (2)
2π + V (3)

2π

V2π(q) = 2
π ∫

∞

2Mπ

μdμ
ρ(μ)

q2 + μ2 + … = 2
π ∫

Λb

2Mπ

μdμ
ρ(μ)

q2 + μ2 + 2
π ∫

∞

Λb

μdμ
ρ(μ)

q2 + μ2 + …

purely short-range contributions

  the long-range part of the TPEP enhancement improves agreement with the data⇒

 MeVΛb = 500…800
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We start with reproducing the results of Cirigliano et al.,:  

— using their (large) values for D2, F2
— without imposing a regulator

⟨V3N⟩Fermi gas = + …

EE, A.M. Gasparyan, J. Gegelia, D. Hog, H. Krebs, PRC 113 (2026) 044005
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 Conclusions from part II

RG arguments do NOT justify the need to promote  to LO, and thus do  
Not require promoting the new-class 3N forces from N5LO to N3LO

D2M2
π

In the approach we are using, estimate  fm4.  Of course, one cannot 
exclude that its actual value is larger — wait for lattice results… 

|D2 | ∼ 1

Within our regularization scheme (SMS), found up to 40 (!) times smaller contri-
butions of the ,  3N forces to nuclear matter than Cirigliano et al. No indication 
for the need to promote from phenomenological perspective.

D2 F2

On the other hand, chiral expansion of -exchange 3N forces known to suffer 
from enhancements beyond NDA Krebs, Gasparyan, EE 2012, 2013, 2015, 2018.  Also slow 
convergence for weak MECs    implications for 3H -decay (in preparation)

π

⇒ β

Thank you for your attention


